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Phase-field modeling of individual and collective cell migration
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Abstract Cell motion is crucial in human health and de-
velopment. Cells may migrate individually or in highly co-
ordinated groups. Cell motion results from complex intra-
and extra-cellular mechanochemical interactions. Computa-
tional models have become a powerful tool to shed light on
the mechanisms that regulate cell migration. The phase-field
method is an emerging modeling technique that permits a
simple and direct formulation of the moving cell problem
and the interaction between the cell and its environment.
This paper intends to be a comprehensive review of phase-
field models of individual and collective cell migration. We
describe a numerical implementation, based on isogeometric
analysis, which successfully deals with the challenges asso-
ciated with phase-field problems. We present numerical sim-
ulations that illustrate the unique capabilities of the phase-
field approach for cell migration. In particular, we show 2D
and 3D simulations of individual cell migration in confined
and fibrous environments that highlight the mechanochemi-
cal interplay between the cell and the extracellular environ-
ment. We also show 2D simulations of cell co-attraction in
non-confluent multicellular systems, in which the use of the
phase-field method is crucial to capture the dynamics of the
multicellular system.
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1 Introduction

Cell motion occurs in many biological processes essential
for life. While some cells move in a liquid medium by using
cilia or flagella, most eukaryotic cells in the human body
move through solid environments such as, e.g., the extra-
cellular matrix or the basal lamina. Here we focus on the
latter kind of cell migration. Thus, by cell migration we will
refer to the crawling motion of cells on solid media. Cell
migration is a highly coordinated process that results from
complex interactions between the constituents of the cel-
lular motile machinery and the extracellular environment.
Cell motion manifests as individual motile cells or orga-
nized groups of cells that move as functional units. Both
individual and collective cell migration regulate key biolog-
ical functions such as tissue formation, wound healing, or
cancer metastasis. Therefore, the biomechanics of cell mi-
gration has been, and continues to be, an active field of re-
search.

Computational modeling of cell migration is an emerg-
ing field in biomechanics and biophysics. Computational mod-
els can overcome the intrinsic limitations of the experimen-
tal setups and help to further understand the mechanisms in-
volved in cell migration. Likewise, the models can suggest
new hypotheses to be tested in experiments. The biomechan-
ical interactions between the intra- and extra-cellular agents
are usually described through dynamic equations, coupled to
a momentum balance law that accounts for the forces driv-
ing cell motion. A motile cell is an outstanding example of a
moving boundary problem. Most of the challenges related to
the numerical solution of moving boundary problems can be
bypassed by using the phase-field method. The phase-field
method is a modeling technique whose main advantage is
the reformulation of a moving-boundary problem on a fixed
domain. The phase-field method has become a prominent
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approach to model problems with moving interfaces, such
as cell motion.

In this paper, we review phase-field models of individ-
ual and collective cell migration. The paper is organized as
follows: In Sect. 2 we provide a biological background to
understand the mechanisms that produce cell motion. Sec-
tion 3 reviews the state of the art of phase-field modeling
of cell migration. In Sect. 4 we describe numerical methods
used to solve the phase-field models, where we highlight a
formulation based on isogeometric analysis. In Sect. 5 we
show several 2D numerical examples of individual and col-
lective cell migration, as well as a 3D example of individual
cell migration in a fibrous environment. We finalize with the
conclusions in Sect. 6.

2 Biomechanics of cell migration

At the beginning of this section, we provide a biological de-
scription of the eukaryotic cell. Then, we introduce the ex-
tracellular and intracellular elements involved in cell migra-
tion. Finally, we explain the mechanisms that produce cell
motion and we indicate the different kinds of cell migration.

2.1 The eukaryotic cell

Eukaryotic cells (see Fig. 1) can be distinguished from other
types of cells by their nucleus, a membrane-enclosed intra-
cellular compartment where DNA is kept. Eukaryotic cells
have other intracellular compartments that carry out diverse
metabolic functions and a cytoskeleton that organizes the
compartments, provides support, and drives cell motion.

Proteins. Proteins are the principal catalysts for most of the
chemical reactions occurring in the cell. Proteins [5] are
composed of modular units, called domains, which display
a globular shape and contain from 40 to 350 amino acids.
Proteins are in charge of diverse cellular functions, such as,
e.g., generation of mechanical forces, the selective transport
of molecules across the cell membrane, or the regulation of
cellular processes. All these functions are accomplished by
protein shape changes induced by ligand-binding events.

The cell membrane. The cell membrane consists of a con-
tinuous double layer of amphiphilic1 lipid molecules that
create closed compartments. The lipid bilayer behaves as
a fluid in the in-plane direction and as a solid in the out-
of-plane direction. In the in-plane direction, individual lipid
molecules diffuse rapidly within their own monolayer. Mem-
brane proteins, which are embedded in the lipid bilayer (see

1 The lipid molecules possess one end with hydrophilic properties
and the other end with hydrophobic properties.

inset 1 in Fig. 1), are responsible for most of the membrane
functions (e.g., signal transduction or cell-cell adhesion).
Membrane proteins can diffuse throughout the membrane.
However, cells have mechanisms to localize specific mem-
brane proteins to certain regions of the membrane, causing
the polarization of the cell (see Sect. 2.3).

Cytoplasm, cytosol, and organelles. Though there is contro-
versy about this nomenclature, we will consider that the cy-
toplasm comprises the cytosol and the organelles (see Fig. 1).
The cytosol, located in the cell’s interior, is a complex mix-
ture of ions, small molecules, and large water-soluble molecules
such as proteins dissolved in water [5]. The eukaryotic cell
is subdivided into functionally distinct membrane-enclosed
compartments, or organelles, which display different struc-
tural organizations. On average, the membrane-enclosed com-
partments together occupy nearly half the volume of the cell,
while the cytosol constitutes the other half. The cytoskele-
ton is a cellular scaffolding or skeleton that plays important
roles in, e.g., intracellular transport, cellular division, or cell
motility. We analyze the properties of the cytoskeleton in
Sect. 2.2.

Cellular organization and body tissues. Tissue is a cellular
organizational level intermediate between cells and organs.
A tissue is an aggregate of similar cells that have the same
origin and develop a specific function. Animal tissues can
be grouped into four types, namely, (1) connective tissue,
which supports, connects, and separates different types of
tissues and organs of the body; (2) nervous tissue; (3) muscle
tissue; and (4) epithelial tissue, which lines the cavities and
surfaces of the structures throughout the body.

2.2 Constituents of cell motility

2.2.1 Cytoskeleton

The cytoplasm of the cell is spatially organized by a network
of protein filaments known as the cytoskeleton [5]. The cy-
toskeleton also develops an active role in processes such as
cell division, cell polarity, cell motility, and cellular shaping.
The cytoskeleton is composed of three types of filaments
(see Fig. 1):

Actin filaments. Two-stranded helical polymers comprised
by the protein actin. Actin filaments are flexible structures
which may be organized into a variety of linear bundles,
two-dimensional networks, and three-dimensional gels.

Microtubules. Long and hollow cylinders made of the
protein tubulin. They are usually organized with one end at-
tached to a single microtubule-organizing center, called cen-
trosome.
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Fig. 1 Schematic representation of an eukaryotic cell. Inset 1 shows a detailed view of the cell membrane. Inset 2 shows the cytoskeleton filaments.
(Adapted from [5])

Intermediate filaments. Rope-like fibers made of inter-
mediate filament proteins. Intermediate filaments constitute
a large and heterogeneous family of proteins in charge of
different functions (e.g., mechanical strength or span cell
junctions).

Compared to microtubules and intermediate filaments,
actin filaments play a prime role in cell migration. Hence-
forth, we focus on actin filaments (F-actin), which are made
up of smaller compact and globular subunits (G-actin). While
F-actin forms a network that spreads throughout the cell, G-
actin can diffuse rapidly within the cytosol. Cells are able to
undergo rapid structural reorganizations by disassembling
filaments at certain regions of the cell and reassembling new
filaments in other regions. The process in which G-actin as-
semble into F-actin is called polymerization.

2.2.2 Accessory proteins

By accessory proteins we refer to hundreds of proteins that
regulate the spatial organization and the dynamic behavior
of the filaments and the subunits by binding to them. The re-
sponse of these cytoskeleton-associated proteins is dictated
by extracellular and intracellular signals. These accessory
proteins are able to change the kinetics and determine the
location of filament assembly and disassembly, or establish
the kind of structure created by the filament network. Ex-
amples of accessory proteins are the pro-nucleation Arp2/3
complex, formin, and profilin, the destabilizing cofilin, or
the gel-forming filamin and spectrin.

2.2.3 Molecular motors

Molecular motors are a type of proteins with the ability to
bind to a filament and move steadily along it. The main func-
tions of the molecular motors are the displacement of or-
ganelles within the cell and the cytoskeleton contraction in-
volved in cell motion. Here, we focus on the myosin family,
in particular, on myosin II, which binds to F-actin. Myosin II

is composed of two heavy chains (see inset 1 in Fig. 1), each
one with a globular head domain followed by a very long
amino acid sequence. The myosin head, which moves along
the actin filament, contains the force-generating machinery.
On the other hand, the tail forms a long coiled-coil that may
bundle with the tails of other myosin molecules. Myosin II
achieves movement from the energy derived from repeated
cycles of ATP hydrolysis2 (more details in [5]). The contrac-
tion of the filament network is achieved by pairs of myosin
with attached tails and heads bound to different filaments.

2.2.4 Basal lamina and extracellular matrix

The basal lamina is a layer of the extracellular matrix se-
creted by epithelial cells. The basal lamina separates the
epithelium from the underlying connective tissue, and also
constitutes the mechanical connection between them; see
Fig. 2. The basal lamina works as a selective filter, estab-
lishes cell polarity, influences the cell metabolism, promotes
cell survival, proliferation, differentiation, and is the sub-
strate where cells migrate. The basal lamina is mostly com-
posed of fibrous proteins (laminin, collagen IV, nidogen and
perlecan).

The extracellular matrix (ECM) is an intricate network
of macromolecules assembled into an organized mesh. The
main component of the ECM is glycosaminoglycn, which
usually creates a highly hydrated gel-like substance where
the fibrous proteins are embedded. The gel provides resis-
tance to compressive forces and also permits the rapid dif-
fusion of nutrients through the network. The main fibrous
proteins that comprise the ECM are collagen, elastin, and
fibronectin (see [5] for further details). The ECM not only
serves as a medium for migration, but also has direct conse-
quences on the shape, polarity, and mode of migration of the
cells (see Sect. 2.3).

2 ATP hydrolysis is a molecular reaction that produces mechanical
energy from chemical energy.
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Fig. 2 Basal lamina and extracellular matrix (ECM). The basal lamina
separates the epithelium from the underlying connective tissue. Cad-
herins mediate cell-cell adhesion. Integrins mediate cell-ECM adhe-
sion.

2.2.5 Adhesion proteins

Cell-cell and cell-ECM junctions are diverse and develop
functions such as signal transduction across the cell mem-
brane, mechanical connection to other cells or the environ-
ment, or the tight sealing between cells in epithelia. Cad-
herin and integrin are two superfamilies that play a promi-
nent role in cell migration (represented schematically in Fig. 2).

Cadherin and cell-cell adhesion. Cadherin is in charge of
cell-cell adhesion and mediates symmetric junctions (i.e.,
cadherin binds to other cadherin). Strong connections are
achieved by the formation of many individual bonds in par-
allel. Cadherins attach to the cytoskeleton filaments by means
of a cluster of accessory proteins that connect the tail of the
cadherin to the filament. Cadherins play a crucial role in
tissue segregation, tissue formation, contact guidance, and
chemotaxis.

Integrin and cell-ECM adhesion. Integrin is the main fam-
ily of cellular adhesion receptors and is able to bind to most
ECM proteins. Integrin develops both the anchoring and the
signaling functions. Intregrin binds to laminin or fibronectin
outside the cell, and to a complex of proteins connected to
the cytoskeleton inside the cell. In case of integrin-actin fil-
ament connection, the main compounds of the cluster are
talin and vinculin. Integrin may be found in an active or an
inactive state (see inset 1 in Fig. 1). Only active integrins can
conduct the connection. Integrin activation can be caused
by an extracellular ligand that binds to integrin, or by intra-
cellular regulatory molecules that activate talin, and conse-
quently, integrin. Integrin activation usually constitutes the
response to signals generated by other cells or the cell it-

self. The crosstalk between these signaling pathways per-
mits complex interactions between the cell and its physical
and chemical environment.

2.2.6 Actin cortex

The actin cortex is a thin network composed of actin fila-
ments, myosin motors, and actin-binding proteins that lies
directly beneath the plasma membrane [50]; see Fig. 1. The
actomyosin cortex is attached to the cell membrane and may
modify the properties of the membrane (e.g., the surface ten-
sion) by inducing stresses. Changes in the mechanical prop-
erties of the cortex are involved in cellular processes such as,
e.g., cell division, tissue morphogenesis, and cell migration.

2.2.7 Membrane receptors

Membrane receptors are transmembrane proteins that medi-
ate the communication between cells and their environment.
They also undergo complex interactions with other mem-
brane proteins such as integrin or cadherin. Receptors detect
extracellular signals (e.g., an extracellular ligand that binds
to the receptor) and trigger intracellular signal transduction
pathways that control the cellular response to those signals.
Receptors are key elements in the migration of cells directed
by external signals.

2.2.8 Proteases

By proteases we refer to any kind of enzyme that is able
to perform proteolysis, i.e., the breakdown of proteins into
smaller amino acids. The most important proteases involved
in ECM degradation are matrix metalloproteases (MMPs).
As we describe in Sect. 2.3, MMPs have an outstanding role
in cell migration, since they modulate the extracellular mi-
croenvironment providing new escape routes for the cells.

2.3 Cell migration

2.3.1 Molecular mechanisms

Cell migration is a multistep process that involves the inte-
gration and coordination of complex biochemomechanical
signals. Cell motion can be initiated by chemical and physi-
cal factors in the cell environment, although some cells can
undergo spontaneous migration. Individual cell migration is
explained by the five-step model [71] plotted in Fig. 3. The
closely coordinated steps of the model are the following:

1. Protrusion of the leading edge. Actin filaments assem-
ble at the leading edge and push the cell membrane out-
wards. Different kinds of protrusive structures may be
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Fig. 3 Five-step model of cell migration. The steps are closely coordinated and correspond to cell motion through the ECM. In case of migration
on a planar surface (e.g., the basal lamina) the steps are analogous with the exception of ECM degration, which does not occur. (Adapted from
[71])

generated: filopodia (1D protrusions), lamellipodia (2D
structures), or pseudopodia (3D protrusions). Cell pro-
trusion is the result of the polymerization of F-actin un-
derneath the membrane.

2. Cell-matrix interaction and formation of focal con-
tacts. Integrins bind to ECM ligands at the leading edge
of the cell, followed by the clustering of integrins and the
recruitment of signaling proteins. This process leads to
the formation of focal adhesions (multiprotein structures
that regulate the cell response). Focal adhesions trans-
mit forces to the environment and regulate cell motility
through different signaling pathways.

3. ECM degradation. Proteolysis of the ECM by recruit-
ment of surface proteases. ECM degradation is likely to
provide the space required for cell expansion and migra-
tion.

4. Cell contraction by actomyosin. Myosin II binds to
actin filaments forming a network known as actomyosin
network. This network undergoes contraction, mainly lo-
cated at the rear and central part of the cell. The forces
generated by myosin are transmitted through the actin
network to the surrounding environment (the substrate
in the case of 2D migration).

5. Detachment of the trailing edge. Focal contacts dis-
assemble at the trailing edge, while the cell’s front is
tightly attached. Thus, the actomyosin contraction pro-
duces the displacement of the cell body towards the lead-
ing edge.

These five points can be coordinated in many ways. The
most common way (the morphological variants of cell mi-
gration are described in Sect. 2.3.3) involves the extension of
F-actin structures that attach to the ECM via integrin molecules.
Integrins cluster and develop a small focal complex that may
grow, stabilize, and form a focal adhesion. Focal adhesions
may induce the recruitment of proteases that degrade the
ECM, which facilitates the extension of protrusions at the
cell’s front. At the same time, the actomyosin network un-
dergoes contraction at the cell’s body. Overall, the exten-
sion of protrusions at the cell’s front and the retraction of
the cell’s back cause the motion of the cell.

2.3.2 Regulation of cell motion

The cellular response to temporal and spatial gradients of
extracellular signals causes specific molecular events in dif-
ferent regions of the cell. The spatially distinctive molecular
accumulation inside the cells, usually a front-back distinc-
tion, is known as cell polarity [145]. Significant progress
[58,176,188] has been made to uncover the interactions be-
tween the different signaling pathways, also known as mod-
ules. The modules can be classified according to their main
compounds, namely, phosphoinositides (PIs), their phosphatases,
and Rho GTPases. Let us focus on the Rho GTPases [134]
to illustrate the mechanisms of cell motility regulation. The
main members of the Rho GTPases family are the Cdc42,
Rac1, and RhoA proteins. Rho proteins are evenly distributed
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Fig. 4 Different modes of individual and collective cell migration. Cells can undergo transitions between different modes of migration. A transition
implies an adaptive response to changes in the factors that control the modes of migration. We have indicated the main transitions observed in cell
motility. Note that transitions are bidirectional processes (not indicated in the figure). (Adapted from [71])

in a resting and unpolarized cell. When the cell receives
a signal that induces motion, Rho proteins reorganize spa-
tially, such that Cdc42 and Rac1 are located at the cell’s front
(promoting actin polymerization) and RhoA at the cell’s back
(promoting contraction and F-actin bundling). These pro-
teins can transition between a membrane-bound state and
a cytosolic state, which permits a rapid diffusion through-
out the cell. The activation of these proteins is initiated by
members of their own module or another module, and is
usually originated upstream in the signaling pathway by ac-
tivated membrane receptors. The activation may be caused
by chemical or mechanical (through the process known as
mechanotransduction) stimuli. The mechanisms of cell reg-
ulation vary depending on the cell type and the mode of mi-
gration displayed by the cell.

Directed motion. An outstanding feature of motile cells is
their ability to perceive external stimuli that can direct their
motion, usually sensed by membrane proteins. The most
common types of directed cell motion are: (1) Chemotaxis,
induced by chemical cues, i.e., extracellular ligands that bind
to the membrane receptors generating a chemotactic response
through different signaling pathways; (2) Haptotaxis, driven
by a gradient of cellular adhesion sites in the ECM or sub-
strate [19]; (3) Durotaxis, caused by variations in the rigidity
of the substrate (cells usually migrate to stiffer substrates be-
cause they can support stronger forces); (4) Others, such as
electrotaxis [54], or tensotaxis [34].

2.3.3 Diversity in cell migration

Cell migration may be classified as individual or collective
migration [72]. Both individual and collective migration dis-

play different morphological variants based, among other
factors, on the cell type, the level of integrin engagement, the
predominant cytoskeleton structure, and the production of
proteases. The morphological variants are denoted as modes
of cell migration (see Fig. 4). We list here some representa-
tive examples of cell migration modes:

– Mesenchymal migration. Individual cell migration with
high levels of cell-ECM adhesion, cytoskeleton contrac-
tility, and ECM degradation. Mesenchymal cells follow
the five-step model explained above and usually display
a fibroblast-like shape.

– Amoeboid migration. Individual migration of elongated
cells that translocate via rapid extensions and retractions
of the membrane caused by dynamic actin-rich struc-
tures. Amoeboid cells usually lack stress fibers, focal-
ized proteolytic activity, and mature focal adhesions. Cell
movement is achieved by squeezing through the gaps be-
tween the ECM fibers.

– Blebbing migration. Individual cell migration similar
to amoeboid motion where the membrane extensions are
caused by blebs. Blebs [47] are rounded protrusions of
the membrane caused by the increase of the intracellu-
lar cytosolic pressure along with the disruption of the
membrane-actin cortex connection.

– Chain migration. It is not considered a collective, but a
multicellular mode of migration where cells stream one
after another in a strand-like fashion. The strand is gen-
erated by the first invading cell, while the rest of the cells
transiently form and disrupt cell-cell contacts.

– Collective migration. The cytoskeletons of different cells
are connected via cell-cell adhesions, which leads to a
large and multicellular body moving as a functional unit.
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Fig. 5 Ephitelial-mesenchymal transition. Epithelial cells lose cell-cell adhesion and undergo the epithelial-mesenchymal transition. Mesenchymal
migration in the ECM causes fiber degradation and reorientation.

The common configuration of the body consists of a
group of highly motile cells located at the front which
produce the migratory traction, while the inner and trail-
ing cells are passively dragged behind (although in some
cases, the inner cells are the ones that generate the active
motile forces [184]). Depending on whether the group of
moving cells detaches from the original tissue or not, we
would refer to the group as a strand (the protruding body
maintains contact with its original location) or a cluster
(the group of cells is detached).

2.3.4 Plasticity of cell migration

Each cell type displays a particular default mode of migra-
tion. If any of the factors that determine the mode of migra-
tion is altered (e.g., ECM fiber density, orientation, stiffness,
cell-cell adhesion, cell-ECM adhesion, or protease produc-
tion), the cell could stop. However, cells may modify their
migration mode showing an adaptive response, known as
plasticity [177]. The cells may alter the mode of migration
as an escape strategy in a process known as transition. The
main transitions involved in cell invasion (some of them are
shown in Fig. 4) are the following:

Epithelial-Mesenchymal Transition (EMT). An epithelial cell
undergoes multiple biochemical changes that make the cell
acquire a mesenchymal phenotype [180]. EMT involves the
loss of the epithelial cell polarity, the detachment from the
basal lamina, and the loss of cell-cell adhesion, which is
regulated by E-cadherins. The emerging proteolytic activ-
ity produces the rupture of the basal lamina, which enable
the penetration of the cells. Finally, the cell acquires a mes-
enchymal phenotype and initiates its migration, as shown in
Fig. 5. The proteolytic activity takes place in the neighbor-
hood of the leading edge. Instead of a complete breakdown,
the fibers of the ECM are reoriented parallel to the direction
of the cell’s motion.

Mesenchymal-Amoeboid Transition (MAT). Cells transition
from a mesenchymal to an amoeboid phenotype. MAT pro-
duces changes in the cell’s morphology, the distribution of
integrins, and the organization of the actin cytoskeleton. MAT
may be caused by the disruption of proteolysis, a decrease
of cell-ECM adhesion, or the inhibition of RhoA activity.

Collective-Amoeboid Transition (CAT). CAT is a transition
similar to EMT. In a CAT, after the disruption of cell-cell
adhesion and the detachment from the multicellular body,
the cell displays integrin-independent amoeboid migration.

Mesenchymal-Epithelial Transition (MET). Plasticity of motile
cells may occur in a bidirectional way. Both transitions from
amoeboid to collective and amoeboid to mesenchymal have
been observed. A common case is the MET, which involves
the same molecular processes described for EMT in the op-
posite direction.

2.3.5 Singularities of collective cell migration

Collective migration is not only the result of many individ-
ual moving cells. On the contrary, collective motion displays
a coordinate behavior not observed in individual cells, in
which cell-cell adhesion and cell-cell communication play
a crucial role. The intercellular junctions, mediated by cad-
herins, originate a particular type of actin cortex, which is
connected to the cortex of the neighboring cells. The con-
nection conducts force transmission and transforms the mul-
ticellular system into a contractile body that moves as a func-
tional unit. The coordinate behavior observed in collective
motion also requires intercellular communication. For in-
stance, cell-cell communication promotes chemotaxis of cell
clusters in shallow gradients of chemoattractant, where in-
dividual cells cannot chemotax effectively [120,179]. Cell
clusters also increase their motility by releasing a chemokine3

3 Chemokines are signaling proteins secreted by the cells.
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that creates a pericellular gradient. The chemokine gradi-
ent keeps the cluster packed and guides the cells behind the
leading edge in the same direction as the leading cells [177].
The cooperative behavior is also observed in the cluster me-
chanics. It has been largely assumed that the cells located at
the cluster’s front (also known as the leaders) generate the
motile forces, while the cells behind the leaders (known as
the followers) are just passively dragged. A similar behav-
ior was observed in [153], where the leaders are polarized
but not the followers. Apart from force generation, leader
cells also conduct ECM degradation and chemokine secre-
tion, which proves the pivotal role of the leaders in collec-
tive migration. However, recent research has shown some
cases in which follower cells push the leaders [184], sug-
gesting that the tug-of-war between leaders and followers is
more complex. The morphodynamics of multicellular sys-
tems is also determined by other factors such as the cell
type, the pericellular proteolytic activity, or the properties
of the extracellular environment. Although most experimen-
tal studies of collective motion focus on 2D monolayers (by
means of the scratch-wound assay [151]), collective migra-
tion also manifests as 3D strands, multilayered bodies, or
non-confluent clusters of cells.

2.3.6 Most common cells used in cell migration
experiments

Experiments of cell migration resort to some types of cells
due to particular features that make them suitable for exper-
imental manipulation and observation. Here, we introduce
some of those cells, which will be computationally studied
in the following sections.

The simplest mode of cell motion on flat surfaces is dis-
played by keratocytes. The keratocyte motile machinery con-
sists of a 2D network of actin filaments. The network is sub-
jected to myosin contraction at the cell’s rear and forms a
dense and quasi-stationary 2D structure at the cell’s front
called lamellipodium. The lamellipodium exerts protrusive
forces on the cell’s membrane. The actin network is con-
nected to the substrate through adhesion clutches. This con-
nection, mediated by integrin, permits the transmission of
the actomyosin forces to the environment and, thus, the mo-
tion of the cell. Keratocytes possess many features that make
them suitable for studying cell migration. For instance, they
migrate spontaneously (they do not require any external stim-
ulus) and their cellular motile machinery is simple and ro-
bust. In fact, Euteneuer and Schliwa observed that enucle-
ated fragments of keratocytes exhibit the same motile ma-
chinery as the intact keratocytes [66], which allows direct
experimental validation of simple cell migration models that
do not consider the cell’s nucleus.

Dictyostelium discoideum and neutrophils are the most
common cells used to study amoeboid motion. Let us fo-

cus on Dictyostelium, which contrary to neutrophils, per-
form spontaneous migration. Dictyostelium is an elongated
and highly deformable cell that achieves motion via rapidly
protruding and retracting extensions generally called pseu-
dopods. Pseudopods are dynamic actin-rich protrusions that
locally drive the cell membrane outwards. Pseudopod growth
is controlled by membrane signaling molecules such as, e.g.,
PIP3 [188]. Amoeboid motion results from the balance be-
tween myosin-induced contraction and alternating cycles of
pseudopod extension. The pseudopod-centered view [92] states
that external stimuli are not required for pseudopod forma-
tion. When subject to external chemical signals, the loca-
tion of the growing pseudopods is biased by the extracel-
lular chemical factors. Therefore, the pseudopod-centered
view accounts for the spontaneous migration observed in
Dictyostelium. The pseudopod-centered view is contrary to
the signal-centered view, which states that external stimuli
are necessary for pseudopod formation. The chemotactic re-
sponse of Dictyostelium is triggered by the association be-
tween the membrane receptors and the extracellular factors.
Receptor activation produces reactions that modify the dy-
namics of the membrane signaling molecules that control
pseudopod growth.

Finally, collective migration is usually studied in the form
of confluent epithelial monolayers. The wound-scratch as-
say [148,151] is the most common experimental approach to
study collective motion. Madin-Darby canine kidney (MDCK)
cells [191], normal rat kidney (NRK) cells [148], or kerato-
cytes [153] are some examples of cells used in experiments
of collective migration.

3 Mathematical models

We begin this section by presenting a general overview of
the mathematical models that, in our opinion, settled the
bases for modeling cell motility. Then, we introduce the phase-
field method, i.e., a formulation employed to capture the
moving cell. Finally, we review the state of the art of the
phase-field models of individual and collective cell migra-
tion.

3.1 Overview

The literature related to modeling of cell migration is ex-
tensive. In this section, we will mention what we consider
the most prominent models. Mathematical models of cell
motility are based on experimental and theoretical evidence,
which includes the study of cell-motion patterns [74,150,
175,201,202], modes of cell migration [72,105,177], cy-
tosol dynamics [22,49,83,121,194], or the regulatory sys-
tems involved in the membrane signaling pathways [63,111,
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119,158]. Computational modeling has been recently pro-
posed as an effective way to test conceptual models of cell
motility. Detailed reviews of cell migration models may be
found in [36,57,87,131,177,207]. There may be multiple
classifications of the computational models of cell motility,
which vary according to the factors selected to carry out the
sorting. Here, we propose three classification criteria:

Scale. The models may be classified according to their
scale in: (1) Subcellular models, which explain particular
processes occurring at some regions of the cell, such as actin
polymerization [15,43,101], bleb formation [173], actomyosin
network dynamics [28,100], or cell-substrate adhesion [46,
63]; (2) Cellular-scale models that simulate the entire cell
and may focus either on the membrane molecule dynam-
ics [109,129], on the laws governing the cytosolic compo-
nents [7,16,165], or couple both compartments [126,137];
(3) Tissue-level models representing collective motion [8,
124,155,203] (more information in the last paragraph of this
section).

Cell deformation. Some models assume that the geom-
etry of the cell stays fixed during motion [102,174], while
others consider cell deformation [114,118,143].

Cell shape formulation. The models that consider cell
shape as an unknown can be classified by the formulation
used to determine the cell morphology. We highlight three
different alternatives: (1) Interface-tracking approach, where
the boundary, i.e., the cell’s membrane, is explicitly tracked
(e.g., through Lagrangian marker points [85,192], the im-
mersed boundary method [45,172], or moving bulk and sur-
face meshes [62,118]); (2) Level set method, which uses
a time-evolving distance function, defined on a fixed do-
main, to locate the cell membrane [141,167]; (3) Phase-field
method, which, as the level set method, avoids the use of
moving meshes. The phase-field method resorts to an auxil-
iary field to identify the region occupied by the cell [24,60,
135] (more details in Sect. 3.2).

The complexity of cellular-scale models has increased
over the years (from 1D [82] to 3D [182] models and from
cells with fixed geometry [19] to highly deformable cells
[137]). Most cellular-scale models have focused on the rhe-
ology of the actin network. Earlier models treated the net-
work as a viscoelastic gel represented by a set of nodes con-
nected by viscoelastic springs [31]. The assumption of con-
tinuum mechanics to model the viscoelastic gel [81,106]
leads to the concept of active stress [44,95], which allows
to account for protrusion and contraction. Thus, the acto-
myosin network has been modeled as a Newtonian [18,19]
or non-Newtonian [159], compressible [165] or incompress-
ible [24] fluid. The momentum conservation equation in-
cludes the forces caused by the cell motion machinery and
may be coupled to myosin, actin, and adhesion complex
dynamics [19,165]. A more detailed theory considers the
cytosol as a multiphase fluid [11,52,104,172], where one

phase represents the cytosolic fluid and the other the actin
network. According to [131], the most accurate description
of the cytosol corresponds to a poroviscoelastic material. A
different approach to model the actin network dynamics re-
sorts to a polarization vector, which accounts for the polar
orientation of the filaments [60,115,208] (more details in
Sect. 3.3).

Cell motility is controlled by a group of molecules that
activate the cytosolic motile machinery. A number of mathe-
matical models have studied the interactions of these molecules
along the signaling pathway, which mainly occur in the vicin-
ity of the membrane. Some models have successfully re-
produced the overall behavior of these molecules by using
a set of activators and inhibitors located in the membrane
(e.g., Meinhardt’s model [129] and local-excitation global-
inhibition (LEGI) [109] models). Those models may be ex-
tended by adding other modules that account for cell po-
larization, cytoskeleton dynamics, or biased excitable net-
works (BEN) [59,90,91]. Other models have studied in de-
tail the interactions between the signaling molecules (e.g.,
the Rho GTPases and PIs families) [75,123,174]. A differ-
ent approach resorted to a phenomenological abstraction of
the signaling events, such as, e.g., the wave-pinning model
[134,145] or stochastic models [30,187]. To gain further in-
sight into these signaling models, many authors have solved
them on deformable geometries [62,141,167]. For instance,
in [141], the velocity of the cell membrane is assumed to be
proportional to the activator concentration and this leads to
a criteria that permits to update the cell’s shape.

A number of models have studied the interaction be-
tween the cell and its environment [41,86,99,156,183]. For
instance, [156] proposed a 3D model of mesenchymal mo-
tion that couples the dynamics of the membrane signaling
molecules with the extension of filopodia in the ECM. In
[156], the ECM is assumed to be an elastic body, while in
other works (e.g., [86]) the ECM is modeled as a viscoelas-
tic solid. The authors of [183] proposed a hybrid model to
study amoeboid migration in confined matrix environments.
In [183], the nucleus, the actin cortex, the cell membrane,
and the ECM fibers are represented by sets of discrete nodes.

The migration of multicellular systems (see Fig. 6) has
been and continues to be modeled by using continuum ap-
proaches [186,193], in which mass and momentum balance
equations account for the tissue dynamics. A paradigm of a
continuum model for multicellular chemotaxis is [97], which
includes cellular and chemoattractant density fields. Cell dy-
namics in [97] is modeled as a Brownian motion, an ap-
proach widely used in multicellular systems [14,74,157].
Collective migration models have also resorted to the so-
called agent-based models. In agent-based models, the loca-
tion of each cell is explicitly tracked, which permits a more
direct modeling of cellular processes such as cell prolifera-
tion, cell death, cell-cell adhesion, or cell migration. Agent-
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Fig. 6 Tissue-level models. Schematic representation of different types
of multicellular models.

based models permit to account for cellular-level inhomo-
geneities. Inspired by [36,189], we classify agent-based mod-
els as lattice or off-lattice models. Lattice models employ a
fixed geometrical lattice; see Fig. 6. The cellular automaton
[84,108,122,140] is an example of lattice model where each
cell occupies one lattice site. In the cellular automaton ap-
proach, cells may be in different states and a set of rules con-
trols the transition between states. The cellular Potts model
[27,123,163] constitutes an example of lattice model with
a cell spanning several sites. In this case, a Hamiltonian
energy determines the shift between the different cellular
states. Off-lattice models do not restrict the location of the
cell to a specific spatial discretization. Off-lattice models are
divided in center-based and deformable-cell models. Center-
based models establish force balance equations (or energy
functionals) as a function of the position of the cells cen-
ters (ri in Fig. 6). Center-based models may assume a fixed
(or slightly deformable) cell geometry [1,40,61,147,190,
209] or a cellular shape obtained from the Voronoi diagram
of the cells centers [23,88,128]. Voronoi models permit a
more accurate modeling of the cell geometry and the cell-
cell interactions in case of confluent layers. Deformable-cell
models formulate the evolution equations based on the set
of nodes (r j in Fig. 6) that define the geometry of the cells.
Voronoi and deformable-cell models allow to represent ar-
bitrary cell shapes. Vertex models [67,68,113], a prime ex-
ample of deformable-cell models, track the dynamics of the
polygon vertexes that delimit the cell. According to the pre-
vious classification, multicellular phase-field models [116,
142,146] are considered deformable-cell models. A detailed
description of phase-field models for collective migration
may be found in Sect. 3.4. Finally, hybrid models couple
agent-based and continuum models to overcome the specific
limitations of each model alone. Hybrid models have sim-

ulated processes such as, e.g., angiogenesis [70], durotaxis
[65], or wound healing [80,204].

3.2 The phase-field method

Cell migration can be thought of as a moving boundary prob-
lem (MBP), where the boundary represents the cell mem-
brane. The numerical treatment of MBP is quite complex.
The phase-field method [12,48,64,77,79,152] (also known
as diffuse-interface or diffuse domain method) has emerged
as a mathematical theory that reformulates the MBP as partial-
differential equations (PDEs) posed on a known and fixed
computational domain. This methodology introduces a new
variable, the phase field φ , defined on the entire domain,
which serves as a marker of the location of the cell (φ = 1
inside the cell and φ = 0 outside). The interface, i.e., the cell
membrane, displays a rapid but smooth transition of φ ; see
Fig. 7. The interface width is controlled by the regularization
parameter ε . In many cases, one may prove that the phase-
field problem converges to its associated MBP as ε tends
to zero. This is why the MBP is also called sharp-interface
model in the phase-field community. However, phase-field
problems do not necessarily possess an associated sharp-
interface problem. The evolution equations of the phase-
field problem can be derived directly from an energy func-
tional that controls the dynamics of the phases by using the
classical theory of thermodynamics and Coleman-Noll-type
approaches [53,185]. For example, in case of the canoni-
cal Allen-Cahn (AC) [6] and Cahn-Hilliard (CH) [35] equa-
tions, the energy functional may be written as

F ε [φ ] =
∫

Ω

ΨdΩ =
∫

Ω

(
G(φ)

ε
+

ε

2
|∇φ |2

)
dΩ , (1)

where the function G(φ) is a double-well potential with min-
ima in φ = 0 and φ = 1. The functional derivative of F ε ,
called chemical potential, takes the expression

δF ε

δφ
=

G′(φ)
ε
− ε∇

2
φ . (2)

By establishing constitutive relations and imposing energy
dissipation of the system, we can derive the AC and CH
equations (see [79] for more details), which may be written,
respectively, as

∂φ

∂ t
=−m(φ)

δF ε

δφ
,

∂φ

∂ t
= ∇ ·

[
m(φ)∇

δF ε

δφ

]
, (3)

where m(φ) is a positive function. The AC equation assumes
non-conserved mass dynamics, while CH assumes mass con-
servation. A different approach to derive a diffuse-interface
problem consists of diffusifying the corresponding sharp-
interface problem; see [79] for more details.
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Although the use of the phase-field method avoids the
numerical issues associated to moving boundaries, new com-
putational challenges emerge: (i) Regions of large gradients
of φ in the neighborhood of the interface. The use of local re-
finement methods [117,195] is appropriate; (ii) Phase-field
theories are usually governed by higher-order PDEs, which
cannot be directly solved with classical finite element meth-
ods (FEM). Isogeometric analysis [89] is a novel computa-
tional method that allows straightforward discretization of
higher-order PDEs on mapped geometries (see [78]); (iii)
The dynamics of the phase field, which may include the
emergence and vanishing of interfaces, involves multiple time
scales.

We believe the phase-field approach is an ideal method-
ology for cell migration models because it can accomplish
three important goals simultaneously:

Define cell shape. As mentioned above, the phase field φ(x, t)
identifies the region occupied by the cell. If we make the as-
sumption that cell membrane deformations are driven by the
F-actin network, our goal is to move the interface with a ve-
locity u(x, t), where u is the velocity of the actin network.
At this point, let us assume, for simplicity, that u is known.
Biben and collaborators [24,25] proposed a phase-field ap-
proach for vesicle dynamics in which the interface moves
with velocity u while φ maintains a hyperbolic tangent pro-
file. The phase-field equation proposed in [24], which can
be interpreted as a perturbation of the level set equation
∂φ

∂ t +u ·∇φ = 0, is written as

∂φ

∂ t
+u ·∇φ = Γφ

(
ε∇

2
φ − G′(φ)

ε
+ cε|∇φ |

)
, (4)

where Γφ is a constant and c = −∇ · (∇φ/|∇φ |) is the cur-
vature of the interface. Contrary to the level set equation, in
which φ takes the form of a distance function, Eq. (4) [in
particular, the right-hand side of Eq. (4)] imposes a hyper-
bolic tangent profile for φ . Note that Eq. (4) allows for cell
volume changes. Cell volume conservation should be im-
posed through the dynamics of the velocity u. Another pos-
sibility is to include a volume-conservation term in Eq. (4);
see, e.g., [166,196].

Localize evolution equations to moving volumes and sur-
faces. The phase-field method allows us to compute the dy-
namics of compounds located in moving domains by us-
ing a fixed mesh. Examples of these compounds are the
cytoskeleton constituents living inside the cell, extracellu-
lar chemoattractants, or proteins that move throughout the
membrane. Based on [112,178], we show how evolution
equations posed on moving domains can be reformulated on
a bigger and fixed domain. Let us consider a generic com-
pound with density ρ(x, t), which is located in the moving
domain Ωρ(t). Let us assume that Ωρ(t) represents the cell’s

Fig. 7 Phase-field approach for the motile cell problem. The cell is
represented by the moving domain Ωρ (t), while the membrane is
Γρ (t) = ∂Ωρ (t). We consider a cytosolic compound ρ and a mem-
brane compound ρΓ . The phase-field problem is posed on the fixed
domain Ω . On the bottom, profiles of the phase field φ and the mem-
brane marker δΓ .

interior; see Fig. 7. The evolution equations for ρ are written
as

∂ρ

∂ t
+∇ · (ρuρ) = ∇ · (Dρ ∇ρ)+ rρ in Ωρ(t), (5)

Dρ ∇ρ ·nΓ +ρ(uΓ ·nΓ −uρ ·nΓ ) =− j on Γρ(t), (6)

where we consider diffusion (Dρ), a reactive term rρ , and a
bulk velocity uρ(x, t). The boundary condition in Eq. (6) is
posed on the cell membrane Γρ(t) = ∂Ωρ(t) and includes a
prescribed flux j across the membrane. The unit normal to
Γρ(t) is denoted as nΓ . The velocity of Γρ(t) is denoted as
uΓ (x, t), which does not necessarily coincide with uρ . Let us
also consider a membrane-bound compound ρΓ (x, t) whose
evolution equation is written as

∂ρΓ

∂ t
+∇Γ · (ρΓ uΓ ) = ∇Γ · (DΓ ∇Γ ρΓ )+ rΓ + j in Γρ(t),

(7)

where DΓ is the diffusion coefficient, rΓ is a generic reactive
term, and j is the mass flux term that couples the compounds
ρ and ρΓ . The operator ∇Γ denotes ∇ on the surface Γρ .
Eqs. (5)–(7) constitute the so-called sharp-interface prob-
lem. Let us consider now a larger and fixed domain Ω such
that Ωρ(t)⊂Ω for all t. Let us also assume that we know the
functions φ and δΓ , which define the spatial location of the
cell and the membrane, respectively; see Fig. 7. The phase
field φ can be governed by Eq. (4) with u = uΓ , while δΓ

may be defined in terms of φ such that, e.g., δΓ (φ) = ε|∇φ |2
or δΓ (φ) = 2G(φ)/ε . The equivalent diffuse-interface prob-
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lem, posed in Ω , can be stated as

∂ (φρ)

∂ t
+∇ · (φρuρ) = ∇ · (Dρ φ∇ρ)+φrρ −δΓ j in Ω ,

(8)

∂ (δΓ ρΓ )

∂ t
+∇ · (δΓ ρΓ uΓ ) = ∇ · (DΓ δΓ ∇ρΓ )+δΓ rΓ +δΓ j

in Ω , (9)

where the functions ρ and ρΓ are now defined in Ω , such
that ρΓ is extended off Γρ constant in the normal direction.
Eqs. (8)–(9) constitute the diffuse-interface problem, which
is equivalent to the sharp-interface problem as the regular-
ization parameter ε tends to zero [112,178]. The dynamics
of an extracellular compound can be controlled by an equa-
tion analogous to Eq. (8), substituting the cellular marker φ

by a marker of the extracellular environment (e.g., 1−φ ).

Control cellular dynamics through an energy functional.
The phase-field equation that controls cell dynamics can be
sometimes derived from an energy functional. In that case,
the derivation of the phase-field equation is based on free-
energy-dissipation principles [see, e.g., Eqs. (1)–(3)], which
leads to problems with a notion of nonlinear stability. The
energy functional may account for different cellular phe-
nomena such as, e.g., the membrane surface tension, cell
volume conservation, or chemotaxis. This approach, in which
cell dynamics is controlled by an energy functional, is also
valid for multicellular systems. In fact, the phase-field for-
mulation permits a simple treatment of intercellular inter-
actions such as cell-cell adhesion or cell-cell repulsion. A
more detailed description of the cellular dynamics requires
the coupling of the phase field with other unknowns that ac-
count for the dynamics of different elements such as, e.g.,
F-actin, myosin, or adhesion complexes. The problem be-
comes computationally more intensive as the number of un-
knowns increases. Thus, it is important to include in the
model only the elements that are essential to address the
question we are interested on, especially in the case of mul-
ticellular systems.

Let us focus on the general case of a multicellular system
comprised of N cells. Each cell n is represented by a single
unknown, the phase field φn(x, t). The functional of the mul-
ticellular system is written as F [φ1, · · · ,φN ] = ∑n Fn[φn],
where Fn is the functional of each cell (some examples of
Fn may be found in Sect. 3.4). Given the functional F , the
evolution equation for each cell is written as

∂φn

∂ t
+un ·∇φn = jn, (10)

where un and jn are expressed in terms of the chemical po-
tential4 as

jn =−Γn
δF

δφn
, un = ξ

−1
n

∫
Ω

δF

δφn
∇φn dΩ . (11)

In Eq. (11), Γn and ξn are constants that control the time
scale of the problem. One may prove that for velocity fields
that are uniform in space, F decreases with time along solu-
tions to Eqs. (10)–(11). The motion of each cell can be mod-
eled through an appropriate term in the functional Fn (e.g.,
[142,170] resort to this approach to model chemotaxis) or
by adding an active velocity to the term un (more details in
Sect. 3.4). Eq. (10) can be coupled with other PDEs to ac-
count for processes not modeled through the functional F .

3.3 Individual cell migration

From our point of view, there are two approaches that suc-
cessfully reproduce cell motility. The first approach intro-
duces the polarization vector p, which represents the average
orientation of the actin filaments. This approach assumes
that filaments normal to the membrane cause protrusion, i.e.,
that p controls the advection of the phase field. The sec-
ond approach focuses on the rheology of the actin network,
treated as a fluid with velocity u. In that case, the motion
of the cell is controlled by Eq. (4). In the two approaches,
the phase-field equation is coupled to a set of equations that
account for the biomechanical processes and constituents
considered in the problem (more details below). Although
the two approaches can be explained from a biomechanical
point of view, they display several conceptual differences
that we describe in the following paragraphs.

Ziebert and collaborators [208] proposed a phase-field
model that includes the polarization p of actin filaments. The
model was subsequently expanded in [115,206], where the
phase field φp(x, t) and p(x, t) were coupled to the active ad-
hesion complex density A(x, t) and the in-plane deformation
of the substrate d(x, t). The model describes 2D keratocyte
migration, and together with [165,166], constitute the first
phase-field models to simulate realistic keratocyte morpho-
dynamics; see Fig. 8. Instead of using Eq. (4), the phase field
in [115,206,208] is controlled by the equation

∂φp

∂ t
+αAp ·∇φp = Dφ ∇

2
φp−φp(1−φp)(δp[φp,p]−φp),

(12)

where δp[φp,p] = 1
2 +µp(

∫
Ω

φp dΩ−A0)−σ |p|2. The phase
field φp is advected by αAp, where α is a constant. Thus,
there is a contribution to the membrane velocity that is pro-
portional to p and A. Note that Eq. (12) is a modified AC

4 The derivation of jn and un is based on constitutive relations and
energy dissipation’s principles; see [146,200] for more details.
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equation. In fact, the right-hand side of Eq. (12) is equiva-
lent to the right-hand side of the AC equation if δp = 1/2.
Values of δp larger (smaller) than 1/2 lead to the shrink-
age (expansion) of the cell. Eq. (12) also accounts for cell
volume conservation through the µp-term in the function δp
and myosin-induced contraction through the σ -term in δp
(more details in [208]). The dynamics of p is governed by
the equation

∂p
∂ t

= Dp∇
2p−βp∇φp−

p
τ1
−

(1−φ 2
p)p

τ2
− γ(∇φp ·p)p.

(13)

Note that the equation for p is not localized to the cell by
using the phase-field method, as done in Eq. (8). Instead,
the τ2-term drives p to zero outside the cell. Eq. (13) con-
siders the diffusion (Dp) of p, actin polymerization normal
to the membrane (βp-term), actin depolymerization at con-
stant rate (τ1-term), and a symmetry breaking term to favor
cell polarization (γ-term). The equation for adhesive bond
dynamics is expressed as

∂A

∂ t
= DA∇

2A+φp(a0|p|2 +anlA
2)−

[
d(|d|)+ sA2]A,

(14)

which considers diffusion (DA), adhesive bonds formation
(a0) and reinforcement (anl), detachment of adhesions as a
function of the substrate displacements d (according to the
function d), and adhesion bond saturation depending on the
parameter s. As in Eq. (13), adhesion dynamics is weakly
localized to the cell, in this case by restricting adhesion for-
mation and reinforcement to the cell’s interior through the
marker φp. Eq. (14) is coupled to the substrate displacement
d, in such a way that adhesion detachment rate increases as d
increases [206]. The model considers the substrate as an in-
compressible viscoelastic solid that undergoes overdamped
motion. The in-plane displacement of the horizontal sub-
strate is dictated by the equation [115]

η
∂d
∂ t

=−(Gd−T), (15)

where η is an effective viscous friction coefficient and G an
effective spring constant. T(x, t) is the stress exerted by the
cell on the substrate. Assuming that the forces applied by
the cell match a viscous drag force (i.e., T− ςu = 0 where
ς is a friction coefficient) and that the velocity u(x, t) is ex-
pressed as a function of Ap, the stress may take the form T=

−φpςA(p−
∫

Ω
φpAp dΩ/

∫
Ω

φpA dΩ) [115]. Eqs. (12)–(15)
display slight differences throughout the different works pub-
lished [115,206,208]. The model for 2D keratocyte migra-
tion defined by Eqs. (12)–(15) has been used to simulate
steady motion (see Fig. 8B), oscillatory, bipedal, and stick-
slip motion (see Fig. 8A), durotaxis, and migration in mi-
cropatterned substrates. Many authors leveraged this model

Fig. 8 2D keratocyte migration corresponding to the simulation re-
sults of [206]. A Time evolution of stick-slip motion. The green line
identifies the cell membrane, the arrows represent the polarization (p)
distribution, and the color scale accounts for the adhesion (A) distribu-
tion. B Stationary state of motile keratocytes for different values of the
parameters σ and γ; see Eqs. (12) and (13). Reproduced from [206].

to further study cell migration [60,125,130,133,154,181,
182,198,199]. For instance, [181] proposed a phase-field
model for active droplet motion. The model is derived from
an energy functional that depends on φp and p. The model
also includes the velocity of an incompressible fluid located
inside and outside the droplet. The model was expanded to
3D to successfully simulate 3D cell crawling on surfaces
[182]. A similar approach was employed in [125] to repro-
duce migration driven by active polar gels. The phase-field
model proposed in [60] accounts for the dynamics of pro-
nucleation factors (PNF) inside the cell, which control actin
polymerization (i.e., p dynamics) and consequently, cell mo-
tion. In [60], the PNF dynamics is not restricted to the cell’s
interior through the phase-field methodology. Instead, a van-
ishing PNF density is numerically imposed outside the cell.
The model reproduces actin-polymerization waves and amoe-
boid motion of 2D cells. The approach developed by Ziebert
and collaborators produced excellent results and proposed a
novel description for actin networks, adhesive bounds dy-
namics, and the coupling to a viscoelastic substrate. Further
extensions and refinements of this family of models could
focus on: i) an explicit description of cytoskeletal flow and
stresses; ii) a formulation in which the localization of the
cytosolic compounds to the cell’s interior is imposed more
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strongly, e.g., using the approach illustrated in Eqs. (5)–(9);
iii) a more direct consideration of contraction and protrusion
forces in the cell’s interior.

The second approach to model individual cell migration
resorts to a velocity field u, rather than the polarization p,
to drive membrane displacements. Inspired by [24,159] and
their own previous work [166], Shao and collaborators pro-
posed a 2D phase-field model [165] for keratocyte morpho-
dynamics. The model proposed a force-balance equation for
the actin network dynamics, which accounts for the mem-
brane surface tension and bending resistance, actin protru-
sion, myosin contraction, adhesion to the substrate, and the
viscosity of the network . The force-balance equation was
coupled to F-actin, G-actin, and myosin dynamics, which
are localized to the cell by means of the phase-field method.
The significance of this approach resides in the treatment
of the actomyosin network as a viscous fluid [19,159] sub-
jected to the forces exerted by the motile machinery. In ad-
dition to reproducing the steady state of moving keratocytes,
the model was able to capture the experimentally-observed
distribution of the actin network flow (including actin ret-
rograde flow). The authors expanded the model to simu-
late oscillatory, bipedal, rotational motion, and turning cells
[37,38,39]. The model proposed in [165] settled the bases
for subsequent works that reproduced, e.g., spontaneous di-
vision and motility of active nematic droplets [76], amoe-
boid motion [126,135], migration in 3D fibrous environ-
ments [136], chemotaxis [137], or cell-substrate adhesion
in channels [42]. In particular, we proposed a phase-field
model of 3D amoeboid chemotactic migration [137], which
also accounts for the interaction between the cell and rigid
fibers (or obstacles). The model in [137] considers three
time-evolving spatial domains: the cell, the membrane, and
the extracellular environment; see Fig. 9A. The cell shape is
defined by the phase field φ(x, t), which is advected by the
velocity of the actin network u(x, t). We use Eq. (4) to con-
trol the dynamics of φ . We define the membrane marker in
terms of φ as δm(φ) = exp

[
−ψ(φ −1/2)2

]
, where ψ is a

parameter controlling the thickness of the marker. Finally,
the extracellular environment location is defined with the
marker

ϕ(φ ,do(x)) = (1−φ) fϕ(do(x)), (16)

where the function fϕ takes the value 0 in the region occu-
pied by the obstacles and 1 elsewhere (do(x) denotes the dis-
tance to the obstacles; more details in [137]). From Eq. (16),
it follows that ϕ = 1 outside the cell and the obstacles, and
ϕ = 0 elsewhere; see Fig. 9A. We consider three cytoso-
lic compounds: myosin, G-actin, and F-actin, with densities
ρm(x, t), ρg(x, t), and ρ f (x, t), respectively. The actin net-
work is treated as a Newtonian fluid with velocity u(x, t).
We also consider a membrane-bound activator a(x, t) that
promotes actin nucleation and an extracellular chemoattrac-

tant q(x, t) that biases the activator dynamics. Myosin dy-
namics is restricted to the cell’s interior and is governed by
the convection-diffusion equation

∂ (φρm)

∂ t
+∇ · (φρmu)−∇ ·

[
Dm(ρ f )φ∇ρm

]
= 0, (17)

where myosin diffusion depends on the F-actin density ac-
cording to the function Dm(ρ f ); see [137]. Phase transfor-
mations between G-actin and F-actin (i.e., actin polymeriza-
tion and depolymerization) are described by the functional

Fρ [ρ f ,ρg]=
∫

Ω

φ

[
ε2

f

2
|∇ρ f |2 +

ε2
g

2
|∇ρg|2 +Fρ

(
ρ f ,ρg,a

)]
dΩ

+λN
(
NA0−NA[ρ f ,ρg]

)
, (18)

where ε f and εg are constant parameters, NA[ρ f ,ρg] =
∫

Ω
φ(ρ f +

ρg)dΩ is the amount of actin inside the cell, NA0 denotes NA
at the initial time, λN is a Lagrange multiplier to keep NA
constant in time, and Fρ is the function that controls the actin
phase transitions depending on the activator a, expressed as

Fρ

(
ρ f ,ρg,a

)
=10

(
ρ f −ρ

pr
f

)2(
ρ f −ρ

pa
f

)2
+7.5

(
ρg−ρ

eq
g
)2

+ I(a)(ρ f −ρ
pr
f )

2 [
ρ f +κ(a)I(a)

]
. (19)

More details on this formulation may be found in [137]. Ac-
cording to Eq. (19), G-actin displays only one stable density
ρ

eq
g (local minimum of Fρ ), while F-actin exhibits two sta-

ble densities, ρ
pr
f and ρ

pa
f , which represent protrusive (e.g.,

lamellipodium or pseudopod) and non-protrusive (passive)
actin structures, respectively. High values of a promote pro-
trusive structures (see Fig. 9B bottom), while low values
of a favor the presence of passive networks (see Fig. 9B
top). The approach proposed here constitutes an expansion
of the wave-pinning model [134], where we incorporate the
effect of a nucleating agent a that promotes actin polymer-
ization. In fact, if we neglect the influence of a (i.e., if we
take I(a) = 0), our model for actin phase transformations is
analogous to the wave-pinning model [134]. The governing
equations for F-actin and G-actin dynamics are written as

∂ (φρ f )

∂ t
+∇ · (φρ f u) =−Γf

δFρ

δρ f

= Γf

[
ε

2
f ∇ · (φ∇ρ f )−φ

∂Fρ

∂ρ f
+λNφ

]
, (20)

∂ (φρg)

∂ t
+∇ · (φρgu) =−Γg

δFρ

δρg

= Γg

[
ε

2
g ∇ · (φ∇ρg)−φ

∂Fρ

∂ρg
+λNφ

]
, (21)

where Γf and Γg are constants. Note that Eqs. (17), (20),
and (21) employ the marker φ to localize the ρm, ρ f , and
ρg dynamics to the cytosol; see Eq. (8). If we assume ap-
propriate boundary conditions and strong actin conservation
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Fig. 9 Phase-field model of amoeboid chemotactic motion. A Cell forces and membrane-signaling reactions. On the bottom, phase-field approach
employed to define the location of the cell (φ), the membrane (δm), and the extracellular environment (ϕ). B Dependence of the actin free-energy
functional Fρ on the activator a. The plots correspond to ρ

pa
f = 0.5 and ρ

pr
f = 1.5. C On the top, probability distribution of pseudopod extension.

The probability distribution corresponding to spontaneous migration (red) is biased according to β and nq to account for chemotactic migration
(green). β is the chemotactic bias, while nq indicates the chemotactic gradient direction. On the bottom, chemotactic bias (β ) produced by the
characteristic gradient (∇q) and the average level (q) of chemoattractant along the membrane, derived from [73,171,187]. The value β

∇q depends
on the type of pseudopod (de novo or split). More details in [137].

(i.e., ∂NA/∂ t = 0), from the evolution equations of ρ f and
ρg (Eqs. (20) and (21), respectively) and the definition of
NA[ρ f ,ρg], we can obtain the value of the Lagrange multi-
plier

λN =
Γf
∫

Ω
φ

∂Fρ

∂ρ f
dΩ +Γg

∫
Ω

φ
∂Fρ

∂ρg
dΩ

(Γf +Γg)
∫

Ω
φdΩ

. (22)

In addition, we can reformulate the evolution equation for
G-actin by assuming that NA = NA0 ∀t and that diffusion
dominates the ρg dynamics, i.e., ρg(x, t)→ ρg(t). From the
definition of NA[ρ f ,ρg] we obtain

ρg(t) =
NA0−

∫
Ω

φρ f dΩ∫
Ω

φ dΩ
. (23)

The actin network flow u is governed by the force balance
equation

∇ ·
(
σ+σmyo +σprot +σrep

)
+Fmem +Fadh = 0, (24)

which accounts for the forces caused by the motile machin-
ery; see Fig. 9A. In Eq. (24) we consider the viscous stress of
the actin network σ = φ [µ(∇u+∇uT )+λ (∇ ·u)I)], where
µ and λ are the viscosity coefficients and I is the identity
tensor. We also consider the isotropic myosin-driven con-
traction of the network σmyo = φρmηm(ρm)I and the protru-
sive stress σprot = −φρ f η f (ρ f )δ f ∇φ ⊗∇φ exerted by the
pseudopods on the membrane. The terms ηm and η f deter-
mine the strength of the contractile and protrusive stresses
as a function of ρm and ρ f , respectively, and are defined

as ηi(ρi) = αiη i + (1− αi)η iH (ρi − ρ i), where H is a
smoothed-out Heaviside function, αi and ρ i are constants,
the parameter η i defines the maximum strength, and the in-
dex i represents m or f . The term δ f in σprot cancels protru-
sive stresses in the surroundings of the obstacles. The re-
pulsive stress σrep = φηrepδrep∇φ ⊗∇φ prevents the cell
from penetrating the obstacles, where the parameter ηrep
controls the strength of the stress and the function δrep anni-
hilates σrep away from the obstacles. Eq. (24) also considers
the surface tension of the membrane Fmem = −γφ (ε∇2φ −
G′(φ)/ε)∇φ , where γφ is the surface tension coefficient, and
the cell-environment adhesion. The adhesive forces consist
of a continuous drag force and a set of punctual adhesions
modeled as springs, i.e., Fadh = −ςu+∑ j F j

punct where ς is
the drag coefficient and F j

punct is the force exerted by the
punctual adhesion j. More details on the forces acting on
the actomyosin network may be found in [137]. The dynam-
ics of the extracellular chemoattractant q is dictated by the
equation

∂ (ϕq)
∂ t

= ∇ · (Dqϕ∇q)− rqϕq+bqϕSq− kqδmq, (25)

which accounts for the chemoattractant diffusion (Dq), a
natural degradation (rq), a source term Sq(x) that localizes
the production of chemoattractant to a particular region of
space, with production rate bq, and the uptake of q at the
cell membrane with rate kq. Note the use of the extracellu-
lar marker ϕ in Eq. (25). The chemoattractant binds to the
membrane receptors, inducing the chemotactic response of
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the cell [176]. We assume that the chemotactic response de-
pends on the concentration of q along the membrane [110].
In particular, on the variations of q along the membrane (i.e.,
the gradient) and also on the average concentration (signal-
ing noise hinders an accurate response for low values of q,
while membrane receptor saturation blocks the response for
high values of q [171]). Thus, we employ the parameters q
(average concentration of q along the membrane) and ∇q
(characteristic gradient obtained from the values of q along
the membrane) to bias the dynamics of the activator; more
details in [137]. The activator a represents a generic signal-
ing molecule that triggers actin polymerization. We propose
the evolution equation

∂ (δma)
∂ t

+∇ · (δmau) = ∇ · (Daδm∇a)− raδma+baδmSa,

(26)

which localizes the dynamics of a to the cell membrane
through the marker δm; see Eq. (9). Eq. (26) takes into ac-
count activator diffusion (Da), a natural decay (ra), and a
source term Sa with production rate ba. The source term
Sa(x, t) accounts for the growth of actin protrusive structures
(pseudopods in the case of amoeboid motion) in such a way
that Sa drives a to amax > 0 at certain regions and interval
times. We resort to a stochastic approach to define the func-
tion Sa. In particular, we employ probability distributions
taken from experiments of spontaneous cell migration [29,
30]. The probability functions account for the spatial and
temporal location of new pseudopods. In the case of chemo-
taxis, the probability functions for spontaneous migration
are biased depending on the parameters q and ∇q; see the
probability distribution of pseudopod extension for sponta-
neous (red) and chemotactic (green) migration in Fig. 9C-
top. The chemotactic bias (Fig. 9C-bottom) is based on ex-
perimental observations [73,171,187]. More details about
the parameters q and ∇q and the algorithm to compute the
function Sa(x, t) may be found in [137]. In Sect. 5.1 we show
some simulation results obtained from the model defined by
Eqs. (16)–(26).

Under certain conditions, the number of equations that
need to be solved in the previous approach can be reduced.
The procedure to reduce the number of equations involves a
simplification of the force balance equation [e.g., Eq. (24)]
such that u can be obtained analytically and substituted into
the phase-field equation [e.g., Eq. (4)]. The key assumption
is neglecting the viscous stresses in the force balance equa-
tion (or approximating viscous forces by −κu in 2D prob-
lems5). Some authors have resorted to this procedure to sim-
ulate rotational motion [37], keratocyte migration [166], and
spontaneous amoeboid motion [9].

5 In a Hele-Shaw cell [160], viscous forces can be approximated by
−κu, where κ is a constant.

3.4 Collective cell migration

Models of collective migration have barely resorted to the
phase-field method. There are some reasons that explain this
fact. First, the computational cost of describing the motion
of each cell with a different phase field. Second, since col-
lective motion usually takes the form of confluent monolay-
ers, other approaches (e.g, Vortex or Voronoi models; see
Sect. 3.1) are computationally more efficient and have suc-
ceeded at simulating the dynamics of confluent monolay-
ers. Finally, the phase-field description of cellular interac-
tions such as cell-cell adhesion or cell-cell repulsion is not
based on well-known approaches such as the Hertz contact
theory or the Lennard-Jones potential. However, the phase-
field method presents a couple of advantages: (i) direct im-
plementation of the phase-field model in the case of non-
confluent clusters of cells (Voronoi and vertex models can-
not be directly used for non-confluent groups of cells) and
(ii) an arbitrary cell geometry. These two ideas, in addition
to the enhancement of the computational capabilities, have
recently led to the development of new phase-field models
for collective cell migration. The work proposed by Nono-
mura [142] is perhaps the first phase-field model of multi-
cellular systems. The multicellular system dynamics is con-
trolled by the functional F [φ1, · · · ,φN ] =∑n Fn[φn]. A generic
expression of the functional Fn may be written as

Fn[φn] = γn

∫
Ω

(
G(φn)

ε
+

ε

2
|∇φn|2

)
dΩ (27)

+
κnε

2

∫
Ω

(
∇

2
φn−

G′(φn)

ε2

)2

dΩ +
λn

An0

(
An0−

∫
Ω

φ
2
n dΩ

)2

+ ∑
m 6=n

∫
Ω

gn

2
φ

α
n φ

α
m dΩ − ∑

m 6=n

∫
Ω

ωnε3

4
|∇φn|β |∇φm|β dΩ ,

where the parameters α and β are positive integers and An0
represents the cell volume (

∫
Ω

φ 2
n dΩ) at the initial time.

The functional Fn in Eq. (27) takes into account the surface
tension (γn) and the bending energy (κn) of the membrane,
cell volume conservation (λn), cell-cell repulsion (gn), and
cell-cell adhesion (ωn). Note that the repulsive potential (gn-
term) avoids cell-cell overlapping. Nonomura also considers
the influence of an external substance S (e.g., a chemoattrac-
tant) on the cell motion, which is included in the functional
Fn through an expression similar to the repulsive and adhe-
sive energies shown in Eq. (27) (the term that accounts for
the influence of S has not been included in Eq. (27); more de-
tails in [142]). The membrane bending energy (κn-term) is
usually disregarded because its influence on the cell’s behav-
ior is minimal. In Nonomura’s model, the evolution equation
for the phase field φn is expressed as ∂φn/∂ t =−Γn(δF/δφn).
Nonomura [142] studied cell division, the 3D dynamics of
monolayers (Fig. 10A), 2D cluster behavior (Fig. 10B), and
chemotaxis. The formulation proposed in [142] permits to
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Fig. 10 Simulation results of collective migration. A Snapshot corresponding to a 3D simulation of a monolayer (top view on the right). Repro-
duced from [142]. B Time evolution of a 2D simulation of a cluster with two types of cells (dark and light gray). Reproduced from [142]. C Top
row, time evolution of a cell cluster showing the emergence of translational collective migration. Bottom row, time evolution of a cell cluster in
a circular domain showing the emergence of rotational collective motion. Arrows indicate the cell velocity, green regions indicate high adhesion,
and blue regions correspond to high values of |p|. Reproduced from [116].

study the behavior of cells with different properties (e.g.,
different stiffness, γn, size, An0, or adhesion, ωn). An ex-
ample of a collective migration model that does not couple
the phase field φn with other unknowns is the model pro-
posed in [94], which studies cell division and cell growth
in closed domains. However, the phase field φn is usually
coupled with other fields that account for constituents of the
motile machinery. As done for individual cell migration (see
Sect. 3.3), we divide collective phase-field models into those
considering the polarization p and those considering the ve-
locity u.

Let us analyze first the models that couple φn with the
polarization field p, which accounts for the average orienta-
tion of the actin filaments. Löber and collaborators expanded
the individual cell migration model presented in [115,206,
208] (see Sect. 3.3) and proposed a model for multicellu-
lar systems [116] that reproduces cell-cell collisions and the
behavior of confluent and non-confluent cell clusters. The
model identifies each cell with the phase field φn(x, t), while
a single vector p(x, t) accounts for the polarization of the N
cells. The evolution equation for the phase field is expressed
as

∂φn

∂ t
+αAp ·∇φn = Dφ ∇

2
φn−φn(1−φn)(δp[φn,p]−φn)

−gφn ∑
m 6=n

φ
2
m−ω∇φn ∑

m 6=n
f (∇φm), (28)

where δp[φn,p] takes the same expression as in Eq. (12) and
f (x) = x/

√
1+ζ x2, where ζ is a constant. Some of the

terms on the right-hand side of Eq. (28) are similar to those
in Nonomura’s model, e.g., cell-cell repulsion and adhesion
represented by the third and fourth terms, respectively. The
coupling between φn and p appears in the advective term

(αAp ·∇φn) and the function δp. Note that Eq. (28) is equiv-
alent to Eq. (12), but expanded with the cell-cell repulsive
and adhesive terms. The evolution equation for the vector p
is written as

∂p
∂ t

=Dp∇
2p−βp ∑

n
f (∇φn)−

p
τ1
− (1−∑n φ 2

n )p
τ2

− γ(∑
n

∇φn ·p)p, (29)

which is analogous to Eq. (13) but considering the N cells of
the system rather than a single cell. The model proposed in
[116] also considers the dynamics of adhesive bonds A(x, t),
which is assumed to represent the adhesion of the N cells.
The governing equation for A is written as

∂A

∂ t
= DA∇

2A+∑
n

φn(a0|p|2 +anlA
2)−

[
d(|d|)+ sA2]A,

(30)

which is equivalent to Eq. (14). This approach (where a sin-
gle field accounts for the dynamics of the N cells) is valid
because all the terms in Eqs. (29) and (30) are local6, the
corresponding field vanishes outside each cell, and the cells
do not overlap. However, a careful treatment of the terms in-
cluding ∑n φn, ∑n φ 2

n , and ∑n ∇φn is required because some
inaccuracies may arise in the neighborhood of cell-cell con-
tacts. The model in [116] also considers the displacement d
and the stress T of an elastic substrate. The definition of d
and T is analogous to that explained in Sect. 3.3. The model
defined by Eqs. (28)–(30) provides insight into cell-cell col-
lisions (see Fig. 10C, top row) and the influence of cell-cell

6 Eqs. (29) and (30) do not have any term that involves non-local
computations associated to a single cell, such as, e.g., calculating inte-
grals or distances.
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adhesion in collective cell motility. The results also show
the emergence of rotational motion in a multicellular closed
system (see Fig. 10C, bottom row). A similar approach was
developed in [127] to simulate cell-cell collisions and the
dynamics of non-confluent cell clusters. The model in [127]
may be thought of as an extension of the author’s previous
work [125]. Contrary to [116], the model proposed in [127]
resorts to a set of N vectors pn to account for the polarization
of the N cells. This approach allows a better description of
the cell dynamics with the caveat of a higher computational
cost. Another model that takes into account the polarization
pn of each cell was proposed in [197], where the authors
studied the behavior of confluent monolayers.

The model proposed by Palmieri and collaborators in
[146] constitutes a prime example of a phase-field model
of collective cell migration that utilizes velocity fields un.
The cell dynamics in [146] is based on a functional analo-
gous to that defined in Eq. (27). The derivation of the phase-
field equation is the same as shown in Eqs. (10) and (11).
In addition to the velocity defined in Eq. (11), the model in-
cludes an active velocity un,A, which is also assumed to be
uniform in space. The active velocity un,A(t) accounts for
the persistent random walk of the cells and is defined by us-
ing a stochastic approach. The model proposed in [146] was
employed to study the role of the cellular stiffness in the
dynamics of confluent monolayers. This model settled the
bases for subsequent works that study the dynamics of con-
fluent monolayers [139,149] and the role of cell elasticity
[33] and cellular stresses [138] in collective migration.

We have extended the model presented in [146] to simu-
late chemotactic collective motion, where we consider paracrine
(cell-to-cell) signaling; see Fig. 11. The cell dynamics in
our model is derived from the functional F [φ1, · · · ,φN ] =

∑n Fn[φn], where

Fn[φn] = γn

∫
Ω

[
30
ε2 φ

2
n (1−φn)

2 + |∇φn|2
]

dΩ (31)

+
λn

2An0

(
An0−

∫
Ω

φ
2
n dΩ

)2
+gn

15
ε2

∫
Ω

∑
m6=n

φ
2
n φ

2
m dΩ .

The energy functional in Eq. (31) is analogous to that in
Eq. (27). In our model, we have neglected the membrane
bending energy and the cell-cell adhesion; compare Eq. (31)
with Eq. (27). In Eq. (31), γn is the surface tension coeffi-
cient, λn is a parameter controlling the strength of the cell
volume conservation, An0 represents the cell volume at the
initial time, and gn is a parameter setting the strength of the
cell-cell repulsion. According to Eqs. (10) and (11), the evo-

Fig. 11 Schematic representation of the phase-field model of collective
chemotactic migration. Each cell is represented by a phase field φn. The
chemoattractant released by the cells induces cell-cell attraction. The
active velocity un,A is modified according to the chemotactic bias βn
(more details in Fig. 12). On the bottom, phase-field description of the
cells (φn), the cells membrane (δϕ ), and the extracellular environment
(ϕ).

lution equation for the phase field takes the expression

∂φn

∂ t
+un ·∇φn =−Γn

[
γn

60
ε2 φn(1−φn)(1−2φn) (32)

−2γn∇
2
φn−

2λn

An0
φn

(
An0−

∫
Ω

φ
2
n dΩ

)
+gn

60
ε2 ∑

m 6=n
φnφ

2
m

]
,

where Γn is a constant. As done in [146], we consider two
contributions to the velocity un(t), which is expressed as

un = un,A +ξ
−1
n

∫
Ω

δF

δφn
∇φn dΩ

= un,A +
60gn

ξnε2

∫
Ω

φn∇φn ∑
m 6=n

φ
2
m dΩ , (33)

where ξn is a constant. Note that in Eq. (33), the γn and λn
terms in (δF/δφn)∇φn may be shown to be zero integrat-
ing by parts. The second term in Eq. (33) arises from the
phase-field formulation (more details in [146,200]) and rep-
resents the velocity resulting from cell-cell interactions. The
first term (un,A) accounts for the persistent random walk of
each cell, which is biased by the extracellular chemoattrac-
tant q(x, t). We assume that un,A is uniform in space. Below,
we explain the stochastic description used to define un,A(t).
Note that we model chemotaxis through the active velocity
un,A rather than through the functional F . We localize the
chemoattractant dynamics to the extracellular environment
by using the marker

ϕ(x, t) = 1−∑
n

φn(x, t), (34)
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shown in Fig. 11. Note that in case of tight contact between
cells, we may have a set of points xC in the region of cell-cell
contact such that ∑n φn(xC, t) > 1. In that case, we numer-
ically set ϕ(xC, t) = 0, so that ϕ(x, t) ∈ [0,1] for all x. We
define the function δϕ(ϕ) =

120
ε2 ϕ2(1−ϕ)2 as a marker of

the cells membrane; see Fig. 11. The governing equation for
the chemoattractant q may be written as

∂ (ϕq)
∂ t

= ∇ · (Dqϕ∇q)− rqϕq+bqδϕ , (35)

where we consider chemoattractant diffusion (Dq), degra-
dation (rq), and production caused by the cells themselves
at a rate bq. Following the rationale explained in Sect. 3.3
[see Eqs. (25) and (26)], we assume that the chemotactic re-
sponse of each cell depends on the characteristic gradient
(∇qn) and average level (qn) of chemoattractant along the
membrane. The definition of the parameters ∇qn and qn may
be found in [137]. In the model proposed here, for each cell
n, we divide the simulation time (t f ) in a set of I time in-
tervals of length ∆T i

n , such that t f = ∑
I
i=1 ∆T i

n . During each
interval, we keep fixed the direction and magnitude of un,A,
hereinafter denoted as ui

n,A. Once a sub-interval has been
completed, we need to provide the direction (α i

n, where α i
n is

the angle between the vector ui
n,A and the x-axis; see Fig. 12)

and magnitude (|ui
n,A|) of ui

n,A for the next time interval,
as well as the length of the interval (∆T i

n). Both α i
n, |ui

n,A|,
and ∆T i

n are random variables given by the probability func-
tions plotted in Figs. 9C and 12. Let us assume that we have
just reached the final time of the interval i, in which the ac-
tive velocity of the n-th cell was ui

n,A. The direction of ui
n,A

was α i
n. The time interval i+ 1 will have duration ∆T i+1

n ,
given by the probability function plotted in Fig. 12A, and
the active velocity of the cell will be ui+1

n,A . The magnitude of
ui+1

n,A is given by the probability function plotted in Fig. 12B.
The direction of the active velocity ui+1

n,A is computed by

adding a perturbation to the direction of u?,i+1
n,A which is the

spontaneous (non-chemotactic) velocity of a cell that under-
goes a persistent random walk. The direction of u?,i+1

n,A is a
stochastic variable that we approximate from experimental
data [30]. The direction of u?,i+1

n,A is denoted as α
?,i+1
n and is

defined as α
?,i+1
n = α i

n +∆α?
n , where ∆α?

n is given by the
probability function plotted in Fig. 12C. Once we know the
direction corresponding to spontaneous migration (α?,i+1

n ),
we modify α

?,i+1
n depending on the value of the parameters

∇qn and qn. If we denote the angle between nq,n (the direc-
tion of ∇qn; see [137]) and u?,i+1

n,A as θ i+1
n (see Fig. 12D),

the direction of the vector ui+1
n,A accounting for chemotaxis is

defined as α i+1
n = α

?,i+1
n +βnθ i+1

n ; see Fig. 12D. Here, βn is
the chemotactic bias that depends on the value of |∇qn| and
qn according to the probability functions plotted in Fig. 9C
(we only consider the split bias in the β

∇q plot). The pro-

Fig. 12 Evaluation of the velocity un,A. Probability distributions cor-
responding to: A the interval time (∆Tn), B the velocity magnitude
(|un,A|), and C the changes in the velocity direction corresponding to
spontaneous migration (∆α?

n ), where ∆T and u are parameters. D Di-
agram showing the change in the velocity direction induced by chemo-
taxis. The direction of un,A results from rotating an angle βnθn the di-
rection of the velocity corresponding to spontaneous migration (u?

n,A).
The angle βnθn accounts for chemotaxis, where βn is the chemotactic
bias (see Fig. 9C) and θn is the angle between the spontaneous migra-
tion velocity u?

n,A and the chemotactic gradient direction nq,n. αn (or
α?

n ) is the angle between un,A (or u?
n,A) and the x-axis.

cedure explained so far constitutes the stochastic descrip-
tion used to account for chemotaxis in our model of collec-
tive chemotaxis. We show results of our model in Sect. 5.2.
Other authors have coupled the phase field φn and the ve-
locity un with additional fields to study clusters with a small
number of cells. For example, Camley and collaborators [37,
103] incorporated a pro-nucleation compound ρn(x, t) and
an inhibitor In(x, t) into a phase-field model derived from a
functional analogous to that shown in Eq. (31). As described
in the Sect. 3.3, the authors obtained an explicit expression
of un(x, t) from the force-balance equation and substituted
un(x, t) into the phase-field equation. The incorporation of
the fields ρn and In allowed to study persistent rotational
motion, contact inhibition of locomotion, and cell-cell colli-
sions on micropatterns [37,103].

Other phase-field theories have been used to model col-
lective cell migration. For instance, the phase-field crystal
model has been proposed to simulate cell-cell collisions and
oscillatory motion in confined geometries [2], the dynamics
of heterogeneous systems [3], and the dynamics of conflu-
ent monolayers [4]. In particular, [2,3] coupled the phase-
field crystal model with a polar order parameter (somehow
related to the cell velocity), while [4] employed a hybrid ap-
proach to simulate cell growth and mitosis in monolayers by
using a single phase field.
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4 Numerical simulation

In Sect. 3.2 we anticipated the main challenges we encounter
when solving phase-field problems: localized regions of large
gradients, equations that include higher-order derivatives,
and dynamics with multiple time scales. In addition, collec-
tive cell migration models identify each cell with a different
phase field, increasing the computational effort required to
perform the simulations. Four types of numerical methods
have been usually employed to solve phase-field problems
of cell migration, namely, finite difference methods (FDM),
spectral methods, finite element methods (FEM), and iso-
geometric analysis (IGA). Nevertheless, some works have
resorted to other methods (e.g., the hybrid lattice Boltzmann
method [181,182]).

The FDM has been used in individual [38,165,166] and
collective [103,146] cell migration problems. For the time
integration, the problem equations are usually solved with
an explicit scheme. In some cases, the momentum conser-
vation equation is solved with an implicit scheme [165] or a
semi-implicit scheme [38]. Spectral or pseudo-spectral meth-
ods have been used in a number of works such as, e.g, [60,
116,208]. The individual [206] and collective [116] cell mi-
gration models defined in Eqs. (12)–(15) and Eqs. (28)–
(30), respectively, were solved using a quasi-spectral Fourier
method. Finally, despite the challenges associated to solve
phase-field models with FEM, some authors have resorted
to FEM to solve their models [125,126,127].

We avoided most of the difficulties associated to the spa-
tial discretization of the phase-field models by using isogeo-
metric analysis (IGA) [89]. IGA is a generalization of finite
elements that employs B-splines or NURBS (Non-uniform
Rational B-splines) as basis functions. Classical finite ele-
ment spaces use basis functions that are C 0-continuous across
element boundaries, making them unsuitable for higher-order
problems using a standard Galerkin formulation. NURBS-
based spaces can be constructed with arbitrary degrees of
inter-element continuity for any spatial dimension. IGA ex-
hibits higher-order accuracy, robustness, and the ability to
preserve geometry during refinement. More details about
IGA may be found in [20,21,55,161,162,164].

Here, we describe the numerical methodology employed
to solve the model defined by Eqs. (4), (16)–(26). Let us de-
note our fixed computational domain as Ω , whose bound-
ary is Γ . We can assume periodic boundary conditions. An-
other option consists of assuming that the unknowns φ , ρm,
ρ f , and a vanish on Γ and (σ+σmyo +σprot +σrep)n = 0
and ∇q ·n = 0 on Γ , where n is the unit outward normal to
Γ . In both cases, the weak form of the problem takes the
same expression. The weak form is obtained by multiply-
ing the equations with weighting functions, integrating over
the computational domain Ω , and integrating by parts. The

weak form can be written as∫
Ω

w1
∂φ

∂ t
dΩ +

∫
Ω

w1 u ·∇φ dΩ +
∫

Ω

Γφ ε∇w1 ·∇φ dΩ

+
∫

Ω

w1Γφ

G′

ε
dΩ −

∫
Ω

Γφ ε∇w1 ·∇φ dΩ

−
∫

Ω

w1
Γφ ε

|∇φ |
∇φ ·∇(|∇φ |) dΩ = 0, (36)

∫
Ω

w2
∂ (φρm)

∂ t
dΩ −

∫
Ω

∇w2 ·uφρm dΩ

+
∫

Ω

Dm(ρ f )φ∇w2 ·∇ρm dΩ = 0, (37)

∫
Ω

w3
∂ (φρ f )

∂ t
dΩ −

∫
Ω

∇w3 ·uφρ f dΩ

+
∫

Ω

Γf ε
2
f φ∇w3 ·∇ρ f dΩ +

∫
Ω

Γf w3φ
∂Fρ

∂ρ f
dΩ

−
∫

Ω

Γf w3λNφ dΩ = 0, (38)

−
∫

Ω

∇w4 : φ [µ(∇u+∇uT )+λ (∇ ·u)I] dΩ

−
∫

Ω

∇w4 : φρmηmI dΩ +
∫

Ω

∇w4 : φρ f η f δ f ∇φ ⊗∇φ dΩ

−
∫

Ω

ςw4 ·u dΩ +∑
j

w4(x j) ·F j
punct

−
∫

Ω

γφ w4 ·∇φ(ε∇
2
φ − G′

ε
) dΩ

−
∫

Ω

∇w4 : φηrepδrep∇φ ⊗∇φ dΩ = 0, (39)

∫
Ω

w5
∂ (ϕq)

∂ t
dΩ +

∫
Ω

Dqϕ∇w5 ·∇q dΩ +
∫

Ω

w5rqϕq dΩ

−
∫

Ω

w5bqϕSq dΩ +
∫

Ω

w5kqδmq dΩ = 0, (40)

∫
Ω

w6
∂ (δma)

∂ t
dΩ −

∫
Ω

∇w6 ·uδma dΩ

+
∫

Ω

Daδm∇w6 ·∇a dΩ +
∫

Ω

w6raδma dΩ

−
∫

Ω

w6baδmSa dΩ = 0, (41)

where {wi(x)}i=1,...,6 are the weighting functions. Eqs. (36)–
(41) are weak forms of Eqs. (4), (17), (20), (24)–(26), re-
spectively. More details about the expression of the forces
in Eq. (39) may be found in [137]. Note that we also need
to determine λN and ρg from Eqs. (22) and (23) to close the
problem. In the weak form, some of the terms become sin-
gular far from the cell and the cell membrane. We neglect
the contribution of those terms in an appropriate region of
the domain Ω (that is the reason why we do not cancel the
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terms ±Γφ ε∇w1 ·∇φ in Eq. (36)); see [136] for more de-
tails. A conforming discretization of the weak form requires
basis functions which are at least C 1-continuous across ele-
ment boundaries. This is achieved by using IGA. We replace
in the weak form the unknowns and the weighting func-
tions with discrete approximations. For example, we replace
φ(x, t) and wi(x) with

φ
h(x, t) = ∑

A
φ

A(t)NA(x) and wA
i (x) = ∑

A
wA

i NA(x), (42)

respectively. The basis functions NA are splines with C 1-
global continuity, while the φ A’s are referred to as control
variables. For the time integration, we employ a semi-implicit
scheme based on the generalized-α method [51,93]. We treat
implicitly all the terms of the residual, except those that
require non-local computations, i.e., λN , ρg, and δrep (see
[137] for more details). We use the Newton–Raphson method
to solve the resulting non-linear system. In addition, we im-
plemented a simple adaptive time stepping scheme that ad-
justs the time step as a function of the convergence of the
Newton–Raphson solver. Note that the linear system that
needs to be solved in the Newton–Raphson algorithm is ill-
conditioned because most of the unknowns approach zero in
large regions of the domain Ω . For instance, the activator
concentration a tends to zero in regions far from the mem-
brane. We improve the condition number of the system by
replacing the appropriate rows of the tangent matrix by the
corresponding rows of the identity matrix and replacing the
associated elements of the residual vector by 0 (more details
in [136]). A complete description of the numerical method-
ology introduced above may be found in [136,137]. By us-
ing this methodology, we solve the problem with a time step
of ∼ 0.05s, although smaller time steps are required during
short time intervals of the simulation— as a reference, a cell
travels a distance equivalent to its own diameter in ∼ 130s.

5 Results

In this section we present some examples showing the ca-
pabilities of the phase-field method for cell migration prob-
lems. We include examples of individual and collective cell
motion. We show 2D and 3D simulations of individual cell
migration and 2D simulations of collective migration. We
developed a code on top of the scientific libraries PETSc
[17] and PetIGA [56] to perform the simulations correspond-
ing to individual cell migration. To simulate collective cell
motion, we developed a code based on the algorithm de-
scribed in [26].

5.1 Individual cell migration

5.1.1 2D keratocyte migration

Keratocyte migration constitutes the simplest mode of cell
motion on flat surfaces. In Sect. 2.3.6, we explained why
many prominent experimental works of cell migration uti-
lized keratocytes on planar substrates. For the same reasons,
the first computational models of cell migration focused on
keratocytes. Our model of keratocyte migration can be de-
rived from the model for chemotactic amoeboid motion pre-
sented in Sect. 3.3 simply by disregarding the activator (a)
and chemoattractant (q) dynamics and setting I(a) = 0 in
Eq. (19). The model is able to reproduce spontaneous kera-
tocyte migration, oscillatory and bipedal motion, and differ-
ent keratocyte morphologies (see [136]).

In this section, we study the influence of the adhesion
strength in our model. Note that we model cell-substrate ad-
hesion as a set of punctual forces F j

punct and a frictional drag
force Fdrag = −ςu where ς is the friction coefficient, such
that Fadh = Fdrag +∑ j F j

punct; see Eq. (24). One of the open
problems in continuum-scale modeling of cell migration is
to propose a good model of cell-substrate adhesion. Here
we show that the usual approach in which punctual adhesion
forces are neglected and Fadh =−ςu may be inadequate and
discuss potential alternatives. To motivate the discussion, we
perform three simulations of spontaneous migration. In the
first and second simulations we neglect punctual adhesion
forces and take ς = 0.7 and 20pNsµm−3, respectively. In
the third simulation, we take ς = 0.7pNsµm−3 and incor-
porate punctual adhesion forces. We take ηm = 40pNµm
and η f = 1900pNµm3 in the three simulations. The val-
ues of the rest of the model parameters used in the simu-
lations can be found in Table 1 in [136], except those re-
lated to the punctual adhesion forces which are listed in
Table 2 in [137]. We use the computational domain Ω =

[−L,L]2 with L = 25µm and a mesh composed of 200 C 1-
continuous quadratic elements in each direction. We con-
sider periodic boundary conditions. We use a fixed time step
of 0.05s. The initial conditions correspond to a circular cell
of radius 9µm with uniform ρm and ρg densities inside the
cell, such that ρm(x,0) = φ(x,0) and ρg(x,0) = 1.1φ(x,0).
The initial ρ f density is defined as ρ f (x,0) = ρ

pr
f φ(x,0) if

x > xc and ρ f (x,0) = ρ
pa
f φ(x,0) elsewhere, where xc is the

x-coordinate of the cell’s center and ρ
pr
f = 1.5 and ρ

pa
f = 0.5.

Finally, we take u(x,0) = 0. More details about the initial
conditions may be found in [136]. The cell’s motion is initi-
ated due to the polarized (asymmetric) distribution of ρ f in
the initial condition.

We run the simulations until the cell displays a quasi-
stationary motion, which is at time ∼100s. The time evolu-
tion of the keratocyte with ς = 0.7pNsµm−3 and no punc-
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Fig. 13 2D keratocyte migration. Time evolution of a simulation with friction coefficient ς = 0.7pNsµm−3 and no punctual adhesions. The plot
shows the myosin density and actin velocity u (gray arrows) distributions at four different times. The solid black line delimits the lamellipodium.
The velocity of the mass center of the cell ucell is indicated for each time. The cell achieves a stationary state at t ≈ 100s.

tual adhesions is shown in Fig. 13. We have plotted the myosin
density and actin network velocity (gray arrows) distribu-
tions at t = 0, 25, 50, and 100s. We have indicated the re-
gion occupied by the lamellipodium with a black solid line.
In our model, the lamellipodium is represented by regions of
higher ρ f density. In Fig. 13, the black solid line identifies
the points x such that ρ f (x, t) = (ρ

pr
f +ρ

pa
f )/2. We have also

indicated the velocity of the mass center of the cell ucell(t).
The results show a keratocyte with realistic morphodynam-
ics. The cellular shape, the flow of the actin network (includ-
ing the actin retrograde flow), the myosin distribution, the
cell velocity (ucell), and the region occupied by the lamel-
lipodium are in good agreement with experiments (compare
with [69,98]).

We next increase the cell-substrate adhesion strength. If
punctual adhesions are neglected, adhesion strength is sim-
ply adjusted through the friction coefficient ς . In Fig. 14A
we have plotted the simulation results of the keratocyte with
ς = 20pNsµm−3 and no punctual adhesions. Note that Fig. 14
displays the same format as Fig. 13, except for the arrows:
gray arrows in Fig. 13 represent the velocity u distribution,
while green arrows in Fig. 14 represent the punctual adhe-
sion forces F j

punct. Comparing Figs. 13 and 14A, we observe
that the cell velocity ucell decreases as the adhesion strength
(i.e., the value of ς ) increases. The velocity u (not shown
in Fig. 14A) is higher in the cell with low adhesion, which
leads to differences in the shape of the lamellipodium and
the cell. These facts are a consequence of modeling adhe-
sion as a continuous frictional force: as adhesion increases
(i.e., as friction increases) the velocity u decreases, mod-
ifying the cell morphology and reducing the cell velocity
ucell. This behavior does not agree with experimental obser-
vations [19], which show that cell velocity increases with
adhesion until reaching an optimal level of adhesion. Since
the continuous approach fails at reproducing the influence
of cell-substrate adhesion, we next incorporate punctual ad-
hesion forces and test the behavior of the model. In Fig. 14B
we have plotted the time evolution of the keratocyte with
ς = 0.7pNsµm−3 and punctual adhesion forces (green ar-

rows). For cells with the same friction coefficient, the incor-
poration of the punctual adhesions barely modifies the cell
morphology (compare Figs. 13 and 14B) but increases the
cell velocity ucell ∼ 25%. The cell velocity ucell increases as
the number of punctual adhesion increases and as the mag-
nitude of the punctual adhesion forces increases (not shown
in Fig. 14B). Punctual forces in Fig. 14B represent focal ad-
hesions, which are formed at the leading edge and maturate
as they translocate towards the cell’s rear [49]. In our model,
the punctual adhesions disengage before reaching the back
of the cell. These results indicate that the continuous ap-
proach used to model cell-substrate adhesion cannot repro-
duce the experimentally-observed differences in keratocytes
moving on substrates with different adhesion strength. The
results also suggest that a discrete approach based on punc-
tual forces, rather than a continuous frictional force, better
captures the behavior of the cell-substrate adhesion. Many
works have studied the dynamics of the integrin-mediated
adhesion complex [49,69,96,205] and proposed different
models [18,144] that may constitute the bases for future
models of cell migration.

5.1.2 2D chemotactic amoeboid migration

In this section we present a 2D simulation of chemotactic
amoeboid migration in a maze-like environment. The maze
is formed by rigid walls; see the maze layout in Fig. 15.
The simulation presented here illustrates the potential of the
model described in Sect. 3.3 and allows us to study chemo-
tactic amoeboid migration and the interaction between the
cell, the environment (here, the maze), and the extracellular
chemoattractant. We disregard the punctual adhesion forces.
We consider a square computational domain of size 100µm.
The domain is meshed with 400 C 1-continuous quadratic el-
ements in each direction. We assume the non-periodic bound-
ary conditions described in Sect. 4, which account for a do-
main whose boundaries allow for neither chemoattractant
flow nor cell penetration. The initial conditions consist of
a circular cell of radius 8µm centered at point (80,80)µm.
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Fig. 14 Influence of adhesion strength on 2D keratocyte migration. Time evolution of two simulations with (A) ς = 20pNsµm−3 and no punctual
adhesions and (B) ς = 0.7pNsµm−3 and punctual adhesions. The plot shows the myosin distribution and punctual adhesion forces Fpunct at four
different times. The solid black line represents the lamellipodium. The velocity of the mass center of the cell ucell is indicated for each time. The
cell achieves a stationary state at t ≈ 100s.

The cytosolic compounds at the initial time have a uniform
density inside the cell and null density outside, such that
ρm(x,0)=φ(x,0), ρ f (x,0)=ρ

pa
f φ(x,0), and ρg(x,0)=1.1φ(x,0),

with ρ
pa
f = 0.5. The chemoattractant, activator, and velocity

vanish at the initial time. In addition, we consider a chemo-
tactic source denoted as S1 (yellow circle in Fig. 15), lo-
cated at the point (30,10)µm, which drives q to qmax =

250nM in the neighborhood of that point (see the term Sq
in Eq. (25); more details in [137]). The chemotactic source
S1 is active throughout the entire simulation. We took Dq =

1000µm2s−1. The remaining parameter values used in this
simulation are listed in Table 1 in [137]. We use the adap-
tive time stepping scheme described in [137] with an ini-
tial time step of 0.05s. We run the simulation until the cell
reaches the chemotactic source, at t ≈ 1300s. In Fig. 15,
we have plotted the computational domain and the cell at
four different times (t = 76, 532, 694, and 1171s). The main
panel shows the numerical solution at t = 76s and the three
rectangular insets show the numerical solution in the re-
gion occupied by the corresponding rectangle at t = 532,
694, and 1171s. Fig. 15 shows the chemoattractant distribu-
tion outside the cell and the walls, the activator concentra-
tion along the cell membrane, and the F-actin distribution
inside the cell. In addition, the yellow line represents the
cell’s path and the small crosses indicate the position of the
cell’s mass center at t = 0, 200, 400, 600, 800, 1000, and
1300s. We have also indicated the cell’s mass center (small
black circle), the value of the parameters q and |∇q|, and
the direction of ∇q (nq) at t = 76, 532, 694, and 1171s. In

Fig. 15 we can observe most of the features of our model.
First, we succeed at reproducing amoeboid motion, which
results from the balance between pseudopod extension and
myosin-induced contraction (plots showing the accumula-
tion of myosin at the cell’s back may be found in [137] for a
similar simulation). In Fig. 15, pseudopods are represented
by regions of high F-actin density. The emergence of pseu-
dopods is triggered by membrane patches of high activator
concentration. The model is able to capture quick growth
and retraction of pseudopods. Thus, the use of the phase-
field methodology to model both the cell and the actin dy-
namics allows us to reproduce highly dynamic amoeboid
motion that displays complex cell geometries. In Fig. 15,
we can also see the influence of the chemoattractant in the
motion of the cell. At the initial times, the cell is far from
the chemotactic source. Hence, both q and |∇q| take low
values, especially |∇q|, which leads to a weak chemotac-
tic response. This behavior can be observed at the initial
times of the simulation (t < 500s), where the cell exhibits
a random-like walk. As the cell approaches the chemotac-
tic source, the parameters q and |∇q| increase, enhancing
the chemotactic response of the cell. In fact, the cell’s path
is nearly optimal for t > 500s. Fig. 15 also shows the abil-
ity of our model to account for rigid obstacles that impede
the motion of the cell. This fact allows us to simulate cell
migration in complex and confined environments. But yet
more interesting is the interplay between the obstacles, the
cell, and the chemoattractant. Thanks to the use of the phase-
field method, we can show a realistic picture of the chemoat-
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Fig. 15 2D chemotactic amoeboid migration. Activator (a), F-actin (ρ f ), and chemoattractant (q) distributions in a maze-like environment created
with rigid walls (stripped grey regions). The main panel shows the distributions of a, ρ f , and q at t = 76s. The three rectangular insets show the
distributions of a, ρ f , and q in the neighborhood of the cell at t = 532, 694, and 1171s. The yellow line represents the cell’s path, while black
crosses indicate the position of the cell’s mass center at t = 0, 200, 400, 600, 800, 1000, and 1300s. For the considered times (76, 532, 694, and
1171s), we have indicated the values of the parameters q and |∇q| in nM and nMµm−1, respectively, the direction of ∇q (nq, red arrow), and the
position of the cell’s mass center (small circle).

tractant dynamics and, hence, chemotaxis. Both the cell and
the obstacles impede the diffusion of chemoattractant, which
originates situations as seen, e.g., at t = 694s. At that time,
the walls and the cell hinder the diffusion of chemoattrac-
tant towards the back of the cell. Thus, the chemoattractant
concentration perceived by the cell’s rear is lower than it
would be in an open environment. Since the chemoattrac-
tant concentration is lower at the cell’s back, the characteris-
tic chemotactic gradient |∇q| increases. The increase in |∇q|
induces a greater chemotactic response that leads to a more
efficient chemotactic migration. In conclusion, our results
suggest that taking into account the interplay between the
cell, the cheomattractant, and the extracellular environment
is crucial to study chemotaxis in complex environments.

5.1.3 3D migration in a fibrous environment

The 2D approach shown in the previous sections success-
fully captures the main features of cell migration on pla-
nar substrates. However, cells in the human body or in engi-
neered matrices display a much more complex motion driven
by mechanical and chemical interactions with the cell envi-
ronment. Frequently, those cells migrate in the ECM. The
ECM fiber density, orientation, and mechanical properties
are key determinants of the ability of cells to migrate and the
mode of motion displayed by the cells. Not only mechanical
interactions, but also chemical interactions such as the ECM
degradation induced by the cells or the ECM-mediated reg-
ulation of the signaling molecules dynamics are essential in
cell migration. In this section, we consider a much simpler
scenario that consists of a cell subjected to chemotaxis in
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Fig. 16 3D migration in a fibrous environment. Activator concentration on the cell surface and chemoattractant concentration on three walls of
the domain at t = 90, 205, 283, and 335s. The radius of the fibers is slightly modified for visualization purposes. The green and yellow spheres
represent the chemotactic sources S1 and S2, respectively, at the times in which they are active. The cell’s path is divided into two segments
according to the time intervals in which S1 (green line) and S2 (yellow line) are active.

a 3D fibrous environment, where the fibers are rigid cylin-
ders; see the fibrous network layout in Fig. 16. A more pre-
cise picture of 3D migration would require elastic fibers, a
more realistic geometry of the fibrous network, as well as a
certain level of fiber degradation. However, the simple ap-
proach used here can provide insight into the interplay be-
tween the cell, the fibers, and the extracellular compounds.
We solve the model for chemotactic amoeboid motion de-
scribed in Sect. 3.3 on a cubic computational domain of size
38.4µm. We mesh the computational domain with 128 C 1-
continuous quadratic elements in each direction. We con-
sider the computational domain a closed system (see the
non-periodic boundary conditions described in Sect. 4). We

assume that punctual adhesions can only attach to the fibers,
not to the walls of the domain. We use the adaptive time
stepping scheme described in [137] with an initial time step
of 0.1s. The initial condition corresponds to a spherical cell
of radius 7µm centered at the point (12,12,12)µm. The ini-
tial distributions of the cytosolic compounds are ρm(x,0) =
φ(x,0), ρ f (x,0)= ρ

pa
f φ(x,0), and ρg(x,0)= 0.9φ(x,0), with

ρ
pa
f = 0.5. We assume that the activator, chemoattractant,

and velocity vanish at the initial time. We account for chemo-
taxis by including the chemotactic source Sq = S1+S2, where
S1 and S2 are Gaussian functions in space centered at points
(36,36,36) and (2,2,2)µm, respectively. S1 drives q to qmax,1 =

150nM, while S2 drives q to qmax,2 = 250nM. S1 is ac-
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tive in the time interval (0,140)s, while S2 in the interval
(140,350)s. We run the simulation until t = 350s. The pa-
rameter values used in the simulation are listed in Tables 1
and 2 in [137]. In addition, we take Dq = 400µm2s−1. In
Fig. 16, we plotted the simulation results at four different
times. The chemoattractant concentration is plotted on three
walls of the domain. The cell is represented by the surface
defined by the points x such that φ(x, t) = 1/2. The color
of the cell surface represents the activator concentration. We
have also plotted the chemotactic sources S1 (green sphere)
and S2 (yellow sphere) at the times in which they are active.
In Fig. 16, the green line represents the cell’s path in the time
interval in which S1 is active, while the yellow line repre-
sents the cell’s path in the interval time in which S2 is active.
The 3D simulation displays the same features of amoeboid
motion as observed in 2D. That is, a highly dynamic motion
with complex cell morphologies, which results from the bal-
ance between pseudopod extension and myosin contraction
(myosin dynamics can be seen in Fig. 14 in [137]). Here,
the cell acquires shapes even more intricate than in the 2D
case due to the cell-fiber interaction. We were able, however,
to reproduce those complex geometries without resorting to
mesh refinement or small time steps (most of the time iter-
ations in the simulation are performed with a time step of
0.1s). The signaling parameters |∇q| and q are in a range of
values (not shown in Fig. 16) that effectively bias the motion
of the cell; see the cell’s path in Fig. 16. In contrast to the
2D example (see Fig. 15), the cell’s path in Fig. 16 is more
erratic due to the fiber network geometry, which impedes a
straight motion of the cell towards the chemotactic source.
The complex and elongated geometries of the cell shown in
Fig. 16 are favored by the presence of punctual adhesions
at the cell’s back (not shown in Fig. 16), which hinder the
detachment of the cell’s back from the fibers. In Fig. 16, the
importance of the interplay between the chemoattractant dy-
namics, the fibers, and the cell is even more complex than in
the 2D case. This fact is caused by the simplifications con-
sidered in the 2D example. However, the chemoattractant-
ECM interaction in physiological conditions is more com-
plex and plays a crucial role in cell migration. For instance,
the chemoattractant diffusivity depends on the properties of
the ECM. Also, there are some types of collective migration
that involve paracrine and autocrine signaling [168]. The
methodology proposed here can be used to accurately model
the chemoattractant dynamics, including all the phenomena
mentioned above. A more detailed description of the ECM
requires to take into account the viscoelastic properties and
the degradation of the ECM.

Symbol Description Value

ε Phase-field interfacial length scale 8µm
γn Surface tension coefficient 5pN
λn Strength of cell volume constraint 100pNµm−2

An0 Initial cell areaa π11.32 µm2

gn Strength of cell-cell repulsion 60pN
Γn Phase-field relaxation parameter 0.5µm2pN−1s−1

ξn Friction coefficient 1500pNsµm−2

∆T Median of interval time 50s
u Median of active velocity 0.2µms−1

Dq Chemoattractant diffusion coefficient 140µm2s−1

rq Chemoattractant decay rate 0.1s−1

Table 1 Parameter values used in the simulations of collective cell mi-
gration.

a Note that Eq. (32) imposes cell volume conservation through the
term (An0−

∫
Ω

φ 2
n dΩ). The value of

∫
Ω

φ 2 dΩ corresponding to a cir-
cular cell of radius 12µm and ε = 8µm is ∼ π11.32 µm2.

5.2 Collective cell migration

In this section we show simulation results corresponding
to the phase-field model of chemotactic collective migra-
tion described in Sect. 3.4. The interaction between the cells
and the environment (e.g., the signaling molecules dynam-
ics) has been overlooked in most models of collective mi-
gration due to its complex implementation. The use of the
phase-field method allows us to account for some of those
interactions. In particular, we analyze cell co-attraction (i.e.,
paracrine signaling) in non-confluent multicellular systems.
We study the dynamics of the chemically-driven co-attraction
by means of two sets of simulations. In the first set, we study
the influence of the initial intercellular separation. In the sec-
ond set, we analyze the role played by the secretion rate of
chemoattractant bq; see Eq. (35). Note that in our model [see
Eqs. (32)–(35)], we disregard cell-cell adhesion and account
for the chemotactic response given by amoeboid cells [73,
187]. In addition, we consider the boundary of the domain
as a wall that impedes the motion of the cells and the flux of
chemoattractant (i.e., φ = 0, ∇φ ·n = 0, and ∇q ·n = 0 on
the boundary, where n is the outward normal to the bound-
ary). In this case, we follow [26] and use an explicit finite
difference scheme to solve the system of equations. We use
a fixed and uniform grid comprised of 300×300 nodes. The
grid size is ∆x = ∆y = 1µm. Thus, we have a computational
domain of 300× 300µm2. We use a time step ∆ tφ = 0.01s
to update the phase field (φn) and a time step ∆ tq = 0.001s
to move forward the chemoattractant (q). To compute the
dynamics of q, we assume that the time evolution of φn is
linear during the time step ∆ tφ . The initial configuration of
the multicellular system corresponds to a square grid of 4×4
cells; see Fig. 17. The grid is located at the center of the do-
main. The grid size (i.e., the horizontal and vertical distance
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Fig. 17 Collective cell migration. Influence of (A) the initial intercellular separation and (B) the chemokine secretion rate bq in the cell co-
attraction process. A Influence of h0 (intercellular separation in the initial configuration). Left, time evolution of the average cell-cell distance 〈d〉
for h0 = 30, 40, 50, and 60µm. Right, cells and chemoattractant distributions at t = 10, 400, and 1000s for the case h0 = 50µm. B Influence of
bq. Left, time evolution of the average cell-cell distance 〈d〉 for bq = 1, 10, 100, and 1000nMs−1. Right, cell and chemoattractant distributions at
t = 10, 400, and 1000s for the case bq = 100nMs−1.

between consecutive cells) is denoted as h0. The initial ra-
dius of the cells is 12µm. The parameter values used in the
simulations are listed in Table 1, except bq and h0, whose
values vary for each simulation.

To analyze the influence of the intercellular separation,
we performed four simulations with different values for h0,
while we kept fixed bq. The simulation results are plotted
in Fig. 17A. On the left, we plotted the time evolution of the
average cell-cell distance 〈d〉 for h0 = 30, 40, 50, and 60µm.
The parameter 〈d〉 can be defined as 〈d〉= 1

N(N−1) ∑
N
i ∑

N
j 6=i di j,

where N is the total number of cells and di j is the distance
between the cells i and j. The parameter 〈d〉 indicates the
level of aggregation of the system. The plot in Fig. 17A-left
shows that clusters that are initially compact (h0 = 30µm)

remain aggregated due to the chemotactic co-attraction. For
intermediate values of h0 (see the plot h0 = 50µm), the paracrine
signal reaches the neighboring cells causing the aggregation
of the system. However, systems with cells significantly dis-
tant (high values of h0) are unable to aggregate because the
paracrine signal perceived by the cells is weak; see the hori-
zontal plot of 〈d〉 in the case h0 = 60µm. These results sug-
gest the existence of a threshold of the intercellular distance
for chemotactic co-attraction. In Fig. 17A-right, we plotted

the cell (black solid lines) and the chemoattractant distribu-
tions at t = 10, 400, and 1000s for the case h0 = 50µm. The
snapshots show the aggregation of the cells. As the number
of aggregated cells increases, the chemoattractant concen-
tration becomes higher in the surroundings of the aggregate.
Hence, the chemotactic gradient increases, which produces
a positive feedback loop that enhances the aggregation pro-
cess.

In Fig. 17B we show the influence of the chemokine
secretion rate bq. We performed four simulations with the
same initial conditions (h0 = 60µm), but different values of
bq. In particular, we take bq = 1, 10, 100, and 1000nM s−1.
In Fig. 17B-left, we plotted the time evolution of the aver-
age cell-cell distance 〈d〉. The results show that both low and
high values of bq lead to slow aggregation (disaggregation in
the case of bq = 1nM s−1), while intermediate values of bq
induce fast aggregation. The slow aggregation for low val-
ues of bq is caused by low chemoattractant concentrations
that are unable to induce a chemotactic response in the cell.
In the limit (bq = 0nM s−1), the cells experience a persistent
random walk that would lead, in most of the cases, to con-
figurations of the multicellular system less aggregated than
the initial configuration; see the case bq = 1nM s−1. In the
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case of high values of bq, the slow aggregation is explained
by the membrane receptor saturation [171]. Therefore, the
results indicate that there is an optimal secretion rate for
which the aggregation process is fastest. In Fig. 17B-right,
we plotted three snapshots corresponding to the simulation
with bq = 100nM s−1. As in Fig. 17A-right, we observe an
increase in the chemoattractant concentration as the num-
ber of aggregated cells increases. We can also observe the
dynamics of the multicellular system. Initially, cells aggre-
gate to form small clusters of 3-5 cells (see t = 400s). Those
small clusters subsequently aggregate to create bigger clus-
ters, while some individual cells and small clusters may re-
main separated from the bigger clusters.

Since we have disregarded cell-cell adhesion, the aggre-
gation process here is chemically-driven only. The incor-
poration of cell-cell adhesion into the model would lead to
more tightly packed clusters, in which the detachment of in-
dividual cells would be hampered by the adhesive forces.
In conclusion, in this section we have shown some of the
features that make the phase-field method a powerful ap-
proach to computationally study multicellular systems. The
phase-field method is essential to capture the interplay be-
tween the cells and the extracellular environment. Here, we
have just considered a chemical interaction between the cells
and the environment. The phase-field methodology permits
a straightforward implementation of other phenomena such
as, e.g., collective migration in confined and fibrous envi-
ronments.

6 Conclusions

Cell migration is an active field of research due to its im-
plications in key biological processes (e.g., cancer metas-
tasis, tissue morphogenesis, or wound healing). Computa-
tional modeling has emerged as a tool used to further under-
stand the mechanisms of cell migration and generate new
hypotheses to be tested experimentally. In our opinion, cell
migration models should (i) reproduce realistic cell morpho-
dynamics, (ii) capture the dynamics/interactions of the main
components of the cellular motile machinery, and (iii) resort
to simple and fast numerical methods to solve the problem
equations. The phase-field method has arisen as a new math-
ematical theory that achieves those goals in most types of
cell migration. The main advantages of phase-field models
lie in the description of moving domains and the location of
evolution equations to moving volumes and surfaces without
using moving meshes (see Sect. 3.2). In addition, the phase-
field method permits a simple and straightforward treatment
of the coupling between the intra- and extra-cellular ele-
ments that direct cell motion. This coupling enables the sim-
ulation of directed motion such as chemotaxis [137], hapto-
taxis [206], and durotaxis [115]. Despite the obvious utility

of 2D models, the simulation of cell migration in more re-
alistic environments requires a 3D approach. The aforemen-
tioned advantages of the phase-field method are particularly
important in 3D because the classical moving boundary ap-
proach that requires compatible volume and surface meshes
that evolve with time becomes very complicated algorithmi-
cally. As our computational capabilities grow, we also ex-
pect the phase-field method to be able to compete with clas-
sical vertex model for epithelial monolayers [10,68]. The
phase-field approach may allow to extend vertex models to
account for the interactions between the cells and the extra-
cellular environment.

In the next few years we envision a significant growth
of phase-field modeling approach for cell migration. The
phase-field approach would be ideal to study, e.g., the in-
fluence on cell migration of other cell elements such as the
nucleus or microtubules. New phase-field models of fluid-
structure interaction [132] may also play a significant role
in understanding the mechanical interaction of the cell with
a deformable ECM. We also expect that phase-field theories
will guide modeling efforts as more details about liquid-like
assemblies at the intracellular level are discovered [169].
The phase-field models used in multiphase flows [32,79]
have proven useful in modeling cell division [107], which
usually plays an important role in migration of epithelial
monolayers [13,151]. In conclusion, this is to our knowl-
edge the first review on phase-field modeling of cell migra-
tion but we believe there are many more to come.
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