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Abstract
Amoeboid cells exhibit a highly dynamic motion that can be directed by external chemical signals, through the process of
chemotaxis. Here, we propose a three-dimensional model for chemotactic motion of amoeboid cells. We account for the
interactions between the extracellular substances, the membrane-bound proteins, and the cytosolic components involved in
the signaling pathway that originates cell motility. We show two- and three-dimensional simulations of cell migration on
planar substrates, flat surfaces with obstacles, and fibrous networks. The results show that our model reproduces the main
features of chemotactic amoeboid motion. Our simulations unveil a complicated interplay between the geometry of the cell’s
environment and the chemoattractant dynamics that tightly regulates cell motion. The model opens new opportunities to
simulate the interactions between extra- and intra-cellular compounds mediated by the matrix geometry.

Keywords Amoeboid motion · Chemotaxis · Phase-field modeling · 3D cell migration

1 Introduction

Cells in the human body may display a motile behavior that
is essential for life. Processes such as tissue growth, cancer
metastasis, or wound healing cannot be accomplished with-
out cell motion. An outstanding feature of motile cells is
their ability to perceive external stimuli that can direct their
motion. Durotaxis (Sunyer et al. 2016), haptotaxis, or elec-
trotaxis are prime examples of directed cellular motion. In
this paper, we study chemotaxis, which is the movement of
cells guided by chemical cues. We focus on Dictyostelium
discoideum, which migrates spontaneously but also under-
goes chemotaxis when subject to extracellular chemotactic
factors (e.g., a gradient of cAMP; see Song et al. 2006).
Dictyostelium performs amoeboid motion (Lämmermann
and Sixt 2009), which follows the five-step model of cell
migration (Friedl and Wolf 2003). Amoeboid cell motil-
ity may be identified by its extraordinary deformability and
dynamism, which results from a balance between myosin-
induced contraction and rapid membrane extensions. These
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highly localized membrane protrusions are caused by the
emergence of dense actin networks, called pseudopods. Pseu-
dopod extension is driven by actin polymerization, which
is regulated by several intracellular pathways (Dawes and
Edelstein-Keshet 2007) affected by extracellular signals. The
prevalent model of chemotaxis assumes that pseudopod for-
mation is caused by chemotactic signals. That approach does
not explain behaviors such as, e.g., spontaneous migration.
Therefore, we follow the pseudopod-centered view (Insall
2010) that considers pseudopod formation as a self-generated
process that does not require external signals. When external
chemical signals are indeed present they bias the location of
growing and retracting pseudopods.

Chemotaxis arises with the association between the extra-
cellular factors and themembrane receptors. Variations in the
number of bound receptors produce the reactions between
the signaling pathways that generate a chemotactic response
(Van Haastert and Devreotes 2004; Swaney et al. 2010).
Computational modeling of cell signaling usually focuses
on a single pathway. Starting with the extracellular sig-
nal, the models provide the chemotactic response to the
cytosolic machinery. This kind of models accounts for the
reactions occurring in the vicinity of the membrane and
may exhibit different levels of complexity. For example, the
model presented in Meinhardt (1999) includes a global and a
local inhibitors, and an activator that provides the response.
Levchenko and Iglesias (2002) proposed a more complex
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model that accounts for adaptation and signal amplification;
see also Subramanian and Narang (2004) and Gamba et al.
(2005). All of these models consider a fixed geometry for
the cell and restrict the signaling reactions to the membrane
compounds.

Taking into account cell deformation requires the use of
novel methods that entail computational challenges. The cel-
lular potts model (Marée et al. 2012) or the use of moving
bulk and surface meshes (MacDonald et al. 2016) are exam-
pleswhere the dynamics of the signalingmolecules are posed
on moving cells. In particular, Elliott et al. (2012) solves
the equations proposed by Meinhardt (1999) on an evolv-
ing surface that moves according to the activator response.
The immersed boundary method (Liu et al. 2006; Strychal-
ski et al. 2015; Casquero et al. 2017) that resorts to a moving
Lagrangian mesh and a fixed Eulerian mesh also permits to
account for time-evolving cell geometries. To avoid the algo-
rithmic complexity of the use of moving meshes, the level
set (Neilson et al. 2011; Shi et al. 2013) and the phase-field
(Moure and Gomez 2017) methods offer an alternative: they
employ a single fixed mesh where an auxiliary field identi-
fies the region occupied by the cell. In this paper, we use the
phase-field (or diffuse domain) method that, besides tracking
the cell, permits the localization of the evolution laws of dif-
ferent compounds to the regionwhere they takeplace; namely
the cytosol, the membrane, or the extracellular medium.

The chemotactic pathway does not end with the response
given by the membrane-signaling molecules. Chemotaxis
finalizes with the motion of the cell, which is accomplished
by the cytosolic machinery, mainly by remodeling the acto-
myosin network. Thus, the bidirectional feedback between
the cytosolic elements and the membrane proteins plays a
crucial role (Van Haastert and Devreotes 2004). However,
while there is a significant body of literature that studies
models of the membrane signaling compounds such as, e.g.,
Hecht et al. (2011), Shi et al. (2013) and Vermolen and Gefen
(2013), their interaction with the cellular motile machinery
has been overlooked. The coupling between the membrane
and the cytosolic compounds has been recently included
in works such as Marth and Voigt (2014) or Moure and
Gomez (2016) which focus on non-chemotactic migration.
Models of chemotactic migration have traditionally focused
on two-dimensional approaches. It has been recognized
that quantitative agreement with experiments will require a
refinement of the biochemical mechanisms accounted for in
the model, but also three-dimensional simulations. Signifi-
cant progress has been made in this direction in recent years
(Allena and Aubry 2012; Elliott et al. 2012; Vermolen and
Gefen 2013; Tjhung et al. 2015), but the current state of the
art does not yet permit to model cell migration in a collagen
matrix (Chen et al. 2014).

This paper proposes a model of individual amoeboid
motion driven by chemotactic signals. The model consid-

ers cell migration in three-dimensional environments with
rigid obstacles and fibers. Our results reveal a complicated
interplay between the matrix geometry and the chemoat-
tractant dynamics that strongly regulate the cell’s motion.
From a methodological point of view we build on our ear-
lier modeling work (Moure and Gomez 2016, 2017). The
objective of our previous publications was to understand
the importance of the cytosol-membrane coupling and spon-
taneous 3D migration on fibrous environments. Here, our
goal is to understand the complicated interactions between
the chemoattractant and the matrix geometry in obstacle-
mediated chemotaxis.We take into account the biomechanics
of the main cytosolic components involved in cell motil-
ity. We also track the dynamics of the membrane-signaling
molecules and locate the chemotactic factors to the extra-
cellular environment. Since we employ the diffuse domain
method, we only need a fixed mesh to solve the continuous
problem. In addition, the force balance equation posed on the
actomyosin network permits the incorporation of the forces
arising from the cell-substrate and cell-fiber interactions. The
reactions of the signaling cascade are simplified by resorting
to a stochastic process that accounts for pseudopod forma-
tion.

This paper is organized as follows: we first present the
model for chemotactic migration ofDictyostelium. Then, we
briefly explain the numerical method employed to solve the
problem. We analyze the influence of the chemoattractant
distribution on the motion of the cells. We also show results
where natural cAMPwaves guide cell migration. In addition,
we present a 3D simulation of a cell migrating in a fibrous
network. Finally, we review themain limitations of themodel
and draw some conclusions.

2 Model of chemotactic amoeboidmotion

Wepropose amathematicalmodel for chemotactic amoeboid
motion based on our previous works for spontaneous migra-
tion; seeMoure and Gomez (2016, 2017). The model resorts
to the diffuse domainmethod to track the cell, themembrane,
and the extracellular medium; as well as to locate the dynam-
ics of the components living on each domain. We organize
the model into four blocks: cell motion; biomechanics of the
cytosolic compounds; dynamics of the extracellular ligand;
and dynamics of a generic membrane-bound activator.

2.1 Diffuse domain approach

In our problem, the moving cell determines two different
regions that change in time: the cell itself and the extra-
cellular environment. Here, we consider a fixed domain Ω

that encloses both time-dependent regions. We make use
of the diffuse domain method (Li et al. 2009; Gomez and
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Fig. 1 Cell motion and diffuse domain method. a Cell forces and
membrane-signaling reactions.bDiffuse domain approach.Description
of the cell, the cellular membrane, and the extracellular environment. c
Dependence of the actin free-energy functional on the activator. dMain
interactions between the model compounds and terms driving those
interactions

van der Zee 2017) to distinguish each region. In particular,
we employ the phase-field variable φ(x, t) for cell location,
and then we define membrane and extracellular markers by
means of φ.

2.1.1 Cell motion

The phase-field variableφ defines the location of the cell such
that φ ≈ 1 inside the cell and φ ≈ 0 outside the cell (see
Fig. 1a, b). The interface (i.e, the cell membrane) displays
a smooth transition from 0 to 1 over a width defined by a
length scale ε. The movement of the membrane is driven by
the velocity of the F-actin network u. The evolution equation
for φ is

∂φ

∂t
+ u · ∇φ = Γφ

(
ε∇2φ − G ′(φ)

ε
+ cε|∇φ|

)
, (1)

where G(φ) = 18φ2(1−φ)2 is a double-well potential with
minima at 0 and 1, Γφ is a constant, and c = ∇ · n is the
mean curvature of the membrane with n = −∇φ/|∇φ| the
unit normal vector. Equation (1) is a modified Allen–Cahn
equation (see Biben et al. 2005) that may be thought of as
a perturbed level set equation. The perturbation is given by
the right-hand side of Eq. (1), which is O(ε). The equation
leads to motion of the level set φ = 1/2 with velocity u,
while the interface between 0 and 1 maintains a hyperbolic

tangent profile. Equation (1) is a non-conservative equation
that allows changes in cell volume.

2.1.2 Membrane marker

The membrane of the cell can be located by employing a
smooth function δm that takes the value∼ 1 on themembrane
and∼ 0 elsewhere. Bymaking use of the phase-field variable
φ, we define the marker

δm(φ) = exp[−ϕ(φ − 1/2)2], (2)

which has been plotted in Fig. 1b. The thickness of themarker
is controlled by the parameter ϕ.

2.1.3 Extracellular marker

Our model considers the presence of obstacles to the cell’s
motion that represent a simplified notion of the extracellu-
lar matrix or external barriers to motility. We consider that
these obstacles do not permit the diffusion of any extracel-
lular substance through them. Therefore, we locate regions
outside the cell and the obstacles with the spatial marker

ψ(φ, do(x)) = (1 − φ) fψ(do(x)), (3)

which takes the value 1 where there is neither cell nor
obstacle, and 0 elsewhere (see Fig. 1a, b). The function
fψ(do(x)) = H (do(x)− defo ) locates the obstacles ( fψ = 0
where an obstacle is placed, fψ = 1 elsewhere). H is a
smoothed-out Heaviside function1 that displays a hyperbolic
tangent profile at obstacle boundaries. do(x) is the distance
between point x and its closest obstacle and defo = 1.7 µm
is an effective distance for obstacle detection.

2.2 Cytosol biomechanics

Inside the cell, we consider myosin ρm(x, t) dynamics,
phase transformations between G-actin ρg(x, t) and F-actin
ρ f (x, t), and the flow of the F-actin network, treated as a
Newtonian fluid and directed by its velocity u(x, t). Cell
morphodynamics results from the force balance equation
∇·σ +F = 0, where σ accounts for the passive (viscous) and
active (contraction and protrusion) stresses, and F represents
the external forces applied to the cell.

The classic approachwould be to solve the evolution equa-
tions on a moving domain, i.e., the cell. However, we can
pose the equations on a larger and fixed domain Ω by taking
advantage of the diffuse domain framework (Li et al. 2009;
Teigen et al. 2009). As we explain in “Appendix A1”, the
inclusion of φ into the space and time differential operators

1 We take H (x) = 0.5 + 0.5 tanh(7x) throughout this work.
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imposes a zero-flux condition on the membrane and restricts
dynamics to the cell’s interior.

2.2.1 Myosin dynamics

Myosin dynamics is governed by a convection-diffusion
equation, where molecular motors are transported by the
F-actin network velocity. Simultaneously, myosin diffuses
throughout the cell, giving rise to the evolution equation

∂(φρm)

∂t
+ ∇ · (φρmu) = ∇ · [

Dm(ρ f )φ∇ρm
]
. (4)

The actin-dependent diffusion Dm(ρ f ) = Dmax
m /(1 +

K 2
mρ2

f ), with Dmax
m and Km constant parameters, produces

an effective advection towards regions of low F-actin density.
This phenomenological approach accounts for the accumu-
lation ofmyosin at the cell’s rear, causing the tail’s retraction.

2.2.2 Actin dynamics

Globular actin (ρg) subunits, which diffuse throughout the
cell, may polymerize turning into actin filaments (ρ f ), form-
ing an intricate network that spreads over the cell. At the
same time, F-actin may disassemble recovering the G-actin
state. These transformations are regulated by various sig-
naling proteins. In addition, amoeboid cells exhibit denser
actin-rich structures, i.e., the pseudopods, whose protrusive
nature differs from the rest of the F-actin network. Here, we
model actin dynamics using the energy functional

F [ρ f , ρg] =
∫

Ω

φ

[
ε2f

2
|∇ρ f |2 + ε2g

2
|∇ρg|2

+ F
(
ρ f , ρg, a

) ]
dΩ

+ λN
(
N0 − N [ρ f , ρg]

)
. (5)

The parameters ε f and εg control the diffusive length
scales of F-actin and G-actin, respectively. N [ρ f , ρg] =∫
Ω

φ(ρ f + ρg)dΩ is the total amount of actin within the
cell, whose value at the initial time is N0. Thus, λN is a
Lagrange multiplier that keeps N constant throughout the
cell motion. Finally, F is a function that determines the phase
transitions between G-actin and F-actin in terms of the acti-
vator a (described in Sect. 2.4), expressed as

F
(
ρ f , ρg, a

) = 10(ρ f − ρ
pr
f )2(ρ f − ρ

pa
f )2 + 7.5(ρg − ρ

eq
g )2

+ I (a)(ρ f − ρ
pr
f )2[ρ f + κ(a)I (a)]. (6)

Here, the functions I (a) = − 2 + 2.6 a and κ(a) = a/3
determine the dependence of F-actin stability on the activator
concentration. In Eq. (6), ρ

pr
f = 3/2 represents protrusive

structures (i.e., the pseudopods), ρ
pa
f = 1/2 is associated

with a non-protrusive (passive) state of the network, and
ρ
eq
g = 1 represents theG-actin equilibriumdensity. The func-

tion F is a convex function of ρg , with a minimum at ρeq
g . For

low activator concentrations, F is a non-convex function of
ρ f with two minima at densities ρ

pa
f and ρ

pr
f . As a increases,

F transitions to a convex function of ρ f , with a unique mini-
mumatρpr

f . In Fig. 1cwe have plotted the function−∂F/∂ρ f

[see Eq. (7)] for different values of a. While high values of a
lead to pseudopod formation (Fig. 1c, bottom), lower values
of a energetically favor the presence of passive F-actin net-
work (Fig. 1c, top). See Moure and Gomez (2016, 2017) for
more details. Actin phase transitions follow the philosophy
of the wave-pinning model proposed in Mori et al. (2008).
In our model, the activator represents the external stimulus
that triggers cell polarization.

According to Eq. (5), a should be a compound living
on the cytosol. Conceptually, in our model, a is a generic
membrane-bound protein (e.g., PIP3) that triggers a set of
reactions inside the cell close to themembrane. This involves
the production of pro-nucleation factors aPNF (e.g., Rac),
which are the accessory proteins that effectively cause actin
polymerization (see Fig. 1a, red dots). Thus, in the previous
formulation, we should use aPNF instead of a. However, we
suppose that pro-nucleation factors concentrate mainly near
the membrane. We further suppose that aPNF is proportional
to a, which allows us to use a in Eqs. (5) and (6) thanks to
the diffuse domain approach.

Using the framework of non-conserved dynamics, we
derive evolution equations for ρ f and ρg using the functional
F . This leads to

∂(φρ f )

∂t
+ ∇ · (φρ f u) = −Γ f

δF

δρ f

= Γ f

[
ε2f ∇ · (φ∇ρ f ) − φ

∂F

∂ρ f
+ λNφ

]
, (7)

∂(φρg)

∂t
+ ∇ · (φρgu) = −Γg

δF

δρg

= Γg

[
ε2g∇ · (φ∇ρg) − φ

∂F

∂ρg
+ λNφ

]
, (8)

where Γ f is a constant and δF/δρ f is the variational
derivative of the functional F with respect to the F-actin
density. Γg and δF/δρg are defined analogously. We may
obtain the value of the Lagrange multiplier λN by forc-
ing ∂N/∂t = 0. Using the definition of N , we have∫
Ω

∂(φρ f )/∂t dΩ + ∫
Ω

∂(φρg)/∂t dΩ = 0. We consider
either periodic or Dirichlet (φ = 0) boundary conditions on
∂Ω , which after the integration of Eqs. (7) and (8) lead to

λN =
Γ f

∫
Ω

φ ∂F
∂ρ f

dΩ + Γg
∫
Ω

φ ∂F
∂ρg

dΩ

(Γ f + Γg)
∫
Ω

φdΩ
. (9)
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We further assume that: (1) The Lagrange multiplier λN

strongly forces N = N0 ∀t , (2) εg is large enough2 to
neglect the spatial variation of G-actin inside the cell, thus
ρg(x, t) → ρg(t). Under these hypotheses, we can obtain
the value of ρg from the identity N [ρ f , ρg] = N0, as

ρg(t) = N0 − ∫
Ω

φρ f dΩ∫
Ω

φdΩ
. (10)

Therefore, in our model, we can replace Eq. (8) by (10).
Neglecting the dependence of ρg on space leads to a simpler
and faster computational method.

2.2.3 F-actin network flow

The F-actin network is treated as a viscous fluid, whose
behavior is governed by a Stokes-type equation. In addi-
tion to neglecting inertial forces,3 we omit the pressure term
following Rubinstein et al. (2009). The equation, which is
augmented with forces related to the cell motion machinery
(see Fig. 1a), may be written as

∇ · (σ + σmyo + σ prot + σ rep) + Fadh + Fmem = 0, (11)

where σ = φ[μ(∇u + ∇uT ) + λ(∇ · u)I] is the classi-
cal stress tensor for a Newtonian fluid, with μ and λ the
viscosity coefficients and I the identity tensor. Myosin pro-
duces a contraction in the F-actin network, which is modeled
as the isotropic contractile stress σmyo = φρmηm(ρm)I.
Pseudopod protrusion is included in the model through the
stress σ prot = −φρ f η f (ρ f )δ f ∇φ ⊗ ∇φ, which is normal
to the membrane and vanishes away from the cell’s enve-
lope. In both contractile and protrusive tensors, the term
ηi (ρi ) = αiηi+(1−αi )ηiH (ρi−ρi )produces greater stress
in regions of higher myosin and F-actin density, respectively;
where index i represents m or f . The maximum strength is
defined by ηi , and αi is a constant. The parameters ρm = 0.9
and ρ f = (ρ

pr
f +ρ

pa
f )/2 establish the thresholds between low

and high stresses. Finally, δ f annihilates protrusive stresses
when the cell membrane approaches an obstacle. The func-
tion δ f is defined in “Appendix A2”.

When the cell approaches an obstacle, a repulsive force
acting on the membrane stops its motion. This is accom-
plished with the repulsive stress σ rep = φηrepδrep∇φ ⊗ ∇φ,
which is normal to the membrane and proportional to the
parameter ηrep. The term δrep = H (defo − do(x)) activates
this stress only in the vicinity of the obstacle.

Adhesive forces between the cell and the environment are
included through the term Fadh, where we take into account

2 The large diffusion constant ofG-actin has been noted in the literature;
see Novak et al. (2008).
3 For amoeboid cellular motion Re ∼ 10−6.

a continuous drag force and a set of punctual forces such
that Fadh = Fdrag + ∑

j F
j
punct. The drag force Fdrag = −ςu

is proportional to F-actin velocity, with ς the drag coeffi-
cient. Each punctual adhesion j produces a punctual force
F j
punct = − k j

grip(t)(x
j − x j

0)δ(x − x j ), applied on the F-

actin network at point x j , where δ(x) denotes the Dirac delta
function. The force is modeled as a spring with one end
attached to the substrate (x j

0) and the other end to the F-
actin network (x j ). We include adhesion maturation (Choi
et al. 2008) by proposing a time-dependent spring constant
k j
grip(t) = kgrip0(t − t j0 ), where kgrip0 is a constant and t j0 is
the time at which adhesion j clutches. Since we consider a
rigid substrate (or rigid fibers), each point x j

0 remains fixed.
However, each point x j , connected to the F-actin network,
moves according to the velocity u. The procedure employed
to determine punctual adhesion behavior (adhesion forma-
tion, time evolution, and rupture) is explained in “Appendix
A2”. In the 2D case, F j

punct and Fdrag play a similar role.

Therefore, for the sake of simplicity, we neglect F j
punct in the

2D examples. In the 3D examples, Fdrag models an hydrody-
namic drag between actin filaments within the cell.

The derivation of the membrane forces can be found
in Moure and Gomez (2017). Starting from the Helfrich
membrane energy, and taking advantage of the phase-field
properties, we can define the bending and the surface tension
forces in terms of the phase-field variable. As shown inMarth
and Voigt (2014), bending forces can be neglected for realis-
tic values of the parameters, and thus, the membrane forces
may be expressed as Fmem = −γ∇φ(ε∇2φ − G ′(φ)/ε),
where γ is the surface tension coefficient.

2.3 Extracellular chemoattractant

Chemotaxis usually originates from the presence of an extra-
cellular substance, generally called ligand or chemoattrac-
tant, that is perceived by the cell and guides its motion. Here,
we consider a single ligand q(x, t) that diffuses throughout
the extracellular environment, experiments a natural degra-
dation, and reactswithmembrane receptors.According to the
diffuse domain framework (see “Appendix A1”), the govern-
ing equation may be written as

∂(ψq)

∂t
= ∇ · (

Dqψ∇q
) − rqψq + bqψSq − kqδmq, (12)

where Dq , rq , and bq are the chemoattractant diffusion coef-
ficient, degradation rate, and strength of the source term,
respectively. The chemoattractant source is defined as Sq =∑

i Si . Here, Si = (qmax,i − q)δ
q
x,iδ

q
t,i where qmax,i is a con-

stant, δ
q
x,i gives the spatial location of each source i , and

δ
q
t,i is the time localizer. qmax,i , δ

q
x,i , and δ

q
t,i differ depend-
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Fig. 2 Computation of the signaling parameters. ∇q and q are estab-
lished through the maximum and minimum values of chemoattractant
detected by the cell along the membrane. The areas of the membrane
that are in contact with a solid obstacle are not considered to compute
∇q and q

ing on each example4 and we only consider one chemotactic
source active at the same time. Wemodel the ligand-receptor
interaction as a consumption proportional to the ligand con-
centration at the membrane, with rate kq .

A cell is able to sense extracellular signals through the
membrane, in particular, through membrane receptors. The
ligand binds to the receptors. The receptors change from
inactive to active (see Fig. 1a), at a rate depending on
the ligand concentration at the cell surface (Swaney et al.
2010). Variations in the receptor occupancy along the mem-
brane determine the direction of the signal to the cytosolic
machinery to a significant extent, but also the average level
of occupancy may affect the signaling transduction [e.g.,
receptor saturation is a consequence of a finite number of
receptors (Song et al. 2006)]. Here, we assume that the
number of bound receptors is proportional to the chemoat-
tractant density along the membrane (Levine et al. 2006).
Based on the previous arguments, we suppose that chemo-
tactic motion is controlled by the signaling parameters ∇q
and q , which represent an average chemoattractant gradient
and the mean chemoattractant concentration. To define ∇q
and q , we consider the distribution of chemoattractant con-
centration q along the membrane (see Fig. 2). Let us denote
qmin and qmax the minimum and maximum values of q along
themembrane. nq is a unit vector parallel to the line that joins
the points where the values qmin and qmax are attained. We
define |∇q| = (qmax − qmin)/dq , where dq is the distance
between the membrane points with minimum and maximum
chemoattractant concentration. The vector ∇q is defined as
∇q = |∇q|nq . The average chemoattractant concentration
is defined as q = (qmax + qmin)/2. As indicated in Fig. 2,
we suppose that when the cell touches an obstacle, the ligand
does not interact with the membrane in the contact region.

4 In this work, we suppose spherical (circular in 2D) chemoattractant
sources. Thus, δqx,i = H (Rq − dqi (x)), where Rq = 1 µm and dqi (x)
denotes the distance from point x to the center of source i .

2.4 Membrane activator

Membrane-bound signaling molecules such as, e.g., PIP3,
trigger the polymerization of actin filaments. Ourmodel con-
siders one single compound called activator a(x, t), which
produces actin nucleation. In the formulation, this can be
understood by examining the actin energy functionalF [see
Sect. 2.2.2, Eqs. (5) and (6)].Wemake use again of the diffuse
domain method (see “Appendix A1”) to derive an evolution
equation for the activator. We propose the model

∂(δma)

∂t
+ ∇ · (δmau) = ∇ · (Daδm∇a) − raδma + baδmSa,

(13)

which accounts for advection and diffusion throughout the
membrane, with diffusion constant Da . In addition, we con-
sider a natural decay with rate ra and a growth term Sa
that produces peaks of activator, with a strength set by the
parameter ba . The source term Sa = (amax − a)

∑
i δ

a
x,iδ

a
t,i

drives a to amax = 1.5 at certain regions (defined by δax,i )
and interval times (defined by δat,i ), producing peaks in
the activator concentration and eventually the emergence of
pseudopods. Therefore, pseudopod formation is controlled
by δax,i and δat,i , which are calculated through probability
functions taken from experimental works (Bosgraaf and Van
Haastert 2009a, b; Van Haastert 2010; Fuller et al. 2010);
see Fig. 3. The functions δax,i and δat,i are smoothed-out step
functions that depend on parameters that define the spatio-
temporal location of the activator peaks. Since we follow the
pseudopod-centered view (Insall 2010), we first calculate the
parameters as if the cell was undergoing spontaneous motion
(no chemotaxis) and then modify them using a chemotac-
tic bias. The relevant parameters are the location of the i-th
activator peak s∗i (used for the spatial localizer δax,i ), the time
between two consecutive peaksΔτ ∗

i (called interval and used
to define δat,i ), and the growth time of the peakΔT ∗

i (also used
in δat,i ). Note that we use an asterisk to denote the parameters
for spontaneous motion. The values of s∗i , Δτ ∗

i , and ΔT ∗
i

are obtained using the probability functions shown in Fig. 3a
which are taken from experiments. Note that, for consistency
with the previous section, we preclude pseudopod formation
in regions of cell-obstacle contact. More details on the defi-
nition of s∗i , Δτ ∗

i , and ΔT ∗
i for two- and three-dimensional

problems may be found in “Appendix A2”; see also Moure
and Gomez (2017).

Once the spontaneous motion parameters (s∗i , Δτ ∗
i , and

ΔT ∗
i ) have been obtained, we modify them using the signal-

ing parameters ∇q and q to obtain si , Δτi , and ΔTi . The
first step in the process is to compute the bias β ∈ [0, 1]
using ideas from the stochastic model from Van Haastert
(2010). We apply the multiplicative split β = β∇qβq to iso-
late the effect of the two control parameters that determine the
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a

b

c

Fig. 3 Determination of pseudopod formation. a Growth time (ΔT ∗
i ),

interval (Δτ ∗
i ), pseudopod extension (PPE), and right–left bias (βR/L)

probability distributions, derived from Bosgraaf and Van Haastert
(2009b). Probability distribution of s∗i given the locations si−1 and si−2
in a 2D computation. b Chemotactic bias (β) produced by the gradi-
ent (β∇q ) and the average level (βq ) of chemoattractant, derived from

Song et al. (2006); Fuller et al. (2010); Van Haastert (2010). Probability
distribution of si modified by β and the gradient direction nq . Diagram
showing how ns∗i is rotated to determine ωi and si . c The process to
determine si can be extended to 3D by proceeding analogously to the
2D case on the plane defined by nq and ns∗i

strength of the chemotactic bias. The value of β∇q depends
on whether the pseudopod is a split or de novo; see Fig. 3b
(left) where the value of β∇q approximates the values given
by Van Haastert (2010). The value of βq is also plotted on the
left-hand side of Fig. 3b and follows the data of Song et al.
(2006) and Fuller et al. (2010). Let us call ns∗i the normal
vector to the membrane at point s∗i ; see the right-hand side of
Fig. 3b. The angle between the vectors nq and ns∗i is denoted
ω∗
i . The point si is located in the neighborhood of s∗i such

that the angle between nq and nsi is as close as possible to
ωi = (1− β)ω∗

i . This idea can be extended to 3D migration
as illustrated on the left-hand side of Fig. 3c; more details
in “Appendix A2”. According to Bosgraaf and Van Haastert
(2009a), the time interval between two consecutive pseu-

dopods is not affected by chemotaxis, that is, Δτi = Δτ ∗
i .

However, the life time of pseudopods is greater if they point
in the same direction as nq . We describe this quantitatively
using the formula ΔTi = ΔT ∗

i [1 + 0.1cos(ωi )].

3 Numerical method

We consider a fixed set Ω that represents our computational
domain. The boundary ofΩ isΓ . To simulate the cell motion
problem, we need to solve Eqs. (1), (4), (7), (11), (12), and
(13) on the domain Ω and a time interval of interest. We
assume that the unknowns φ, ρm , ρ f , and a vanish on the
boundary Γ . We also assume stress-free and flux-free con-
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ditions on Γ . Mathematically, these can be expressed as
(σ +σmyo +σ prot +σ rep)nΓ = 0 and ∇q ·nΓ = 0, respec-
tively. Here, nΓ is the unit outward normal vector on Γ .
Note that Eqs. (9) and (10) are also necessary to solve the
cell-motion problem, but they do not need to be discretized.
Therefore, we do not consider them in this section.

3.1 Weak form and spatial discretization

To solve the equations numerically, we will use isogeometric
analysis, a spline-based finite element method (Hughes et al.
2005). We begin by deriving a weak form of the equations
by multiplying them with weighting functions, integrating
over the computational domain, and integrating by parts; see
Eqs. (21)–(26) in “Appendix A3” for more details.

By examining the weak form, it may be observed that a
conforming discretization requires basis functions which are
at least C 1-continuous across element boundaries. This can
be easily achieved using isogeometric analysis. The Galerkin
form can be derived by replacing in the weak form the
unknowns and the weighting functions with discrete approx-
imations. Further details on the spatial discretization may be
found in “Appendix A3” and Moure and Gomez (2017).

3.2 Time-stepping scheme and numerical
implementation

We employ a semi-implicit time integration scheme based on
the generalized-α method (Chung and Hulbert 1993; Jansen
et al. 2000).All the terms of the residual are treated implicitly,
except those which require non-local computations, such as,
for example, calculating integrals or distances. In particular,
we treat explicitly the terms λN , ρg , and δrep. The result-
ing non-linear system is solved using the Newton–Raphson
method. We also use a simple adaptive time stepping scheme
in which the time step size is modified based on the conver-
gence of theNewton–Raphson solver.When the convergence
is slow, the algorithm reduces the time step size for a given
time interval. When the convergence is fast, the time step
is slowly increased. Further details on the numerical imple-
mentation can be found in “Appendix A3”.

4 Results and discussion

In this section, we show the ability of our method to repro-
duce amoeboid chemotactic motion. We present several 2D
and 3D computations. For a particular initial cell geometry,
given by the function φ(x, 0), the cytosolic components are
initialized in all examples as ρm(x, 0) = φ(x, 0), ρ f (x, 0) =
ρ
pa
f φ(x, 0), and ρg(x, 0) = αgφ(x, 0) with αg = 1.1 in the

2D examples and αg = 0.9 in the 3D computations. The
chemoattractant and activator concentrations as well as the

velocity are assumed to vanish at the initial time in all exam-
ples. Note that, cell morphodynamics (including average cell
volume) results from the balance between myosin-induced
contraction and actin protrusion. Because the mass of actin
and myosin is conserved in the model, the balance is deter-
mined by the initial conditions. Strong variations in the initial
conditions may lead to unrealistic results. The parameter val-
ues used in the simulations may be found in “Appendix A4”.

4.1 Analysis of chemotactic motion

We initially analyze the behavior of cells under differ-
ent chemotactic conditions neglecting the chemoattractant
dynamics. Thus, we disregard Eq. (12) and assume that |∇q|,
q , and nq are constants imposed a priori. We will take
nq = {1, 0}T in all simulations and vary |∇q| and q . To
study chemotaxis in large environments without employing
unaffordable computational domains, we resort to periodic
boundary conditions. We use a 2D computational domain
Ω = [− L, L]2 with L = 25 µm. The domain is discretized
using 200 C 1-continuous quadratic elements in each direc-
tion. We take an initial time stepΔt = 0.05 s. The initial cell
geometry is given by a circle5 of radius Rc = 8 µm centered
at the origin of coordinates.

First, we analyze the influence of |∇q|. Thus, we keep
constant q = 80 nM and perform 10 independent simula-
tions for each value of |∇q|. We study the interval [0, T ],
where T = 15min.We consider three values of |∇q|, namely
0.1, 1, and 10 nM/µm. The results are plotted in Fig. 4,
where each column corresponds to a value of |∇q|, increas-
ing from left to right. Figure 4a shows the tracks of the cells.
As |∇q| increases, the cells lose their characteristic persis-
tent random motion and exhibit a movement guided by nq .
We define the chemotactic index C I as the displacement
in the gradient direction over the total distance traveled in
the simulation.6 The average C I over the cell population
increases with |∇q|, as shown in the plot. Figure 4b shows
the frequency histogram of the angle ωi (red bars) and the
average pseudopod size (blue crosses) as a function of ωi .
The angle ωi has been measured as shown in Fig. 3b (right)
and pseudopod size has been estimated as the net distance
traveled by si during its growth time ΔTi . The histogram of
ωi is approximately symmetric, with the highest frequencies
concentrating around ωi ∼ 0◦ as |∇q| increases. For exam-

5 Due to the use of the phase-field method, a circular cell is described

using a smooth function given by φ(x, 0) = 0.5−0.5 tanh[ 2
√
2

ε
(dc(x)−

Rc)], where dc(x) is the distance to the center of the cell. Similar initial
conditions based on hyperbolic tangents will be used throughout the
paper.
6 More precisely, C I = dnq /dcell, where dnq = ∫ T

0 ucell · nqdt and
dcell = ∫ T

0 |ucell|dt , with ucell the velocity of the mass center of the
cell.
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a

b

c

Fig. 4 Analysis of chemotactic motion. Influence of |∇q|. Results cor-
responding to |∇q| = 0.1 nM/µm (left column), |∇q| = 1 nM/µm
(middle column), and |∇q| = 10 nM/µm (right column); with q =
80 nM for all cases. a Tracks of the cells and chemotactic index (C I ). b

Frequency histogram of ωi and average pseudopod size as a function of
ωi . c Frequency histogram of θi and distribution of the pairs (θi , θi+1).
See Fig. 3b for a description of angles ωi and θi

ple, for |∇q| = 0.1 µM/µm the histogram spreads almost
over the entire range of ωi , namely [− 180◦, 180◦], but for
|∇q| = 10 µM/µm all the non-zero frequencies fall into the
interval [− 108◦, 108◦]. Pseudopod size is fairly independent
ofωi , though it displays a slight increase in the neighborhood
of ωi = 0◦ (Bosgraaf and Van Haastert 2009a).

To further analyze the chemotactic motion, we study the
angles between consecutive pseudopods. We use θi , which
is the angle between nsi and nsi+1 (see Fig. 3b, right), as a
measure of the angle between pseudopods. Figure 4c shows
the frequency histogram of θi (red bars) as well as the dis-
tribution of the pairs (θi , θi+1) on a two-dimensional space
(blue dots). In non-chemotactic amoeboid motion, the his-
togram of θi usually presents a symmetric distribution with
respect to θi = 0◦ with two peaks around θi = ± 55◦, while
the plot of the pairs (θi , θi+1) is denser in the top-left- and
bottom-right quadrants (Bosgraaf and Van Haastert 2009b).
In chemotactic motion, the histogram of θi remains approxi-

mately symmetric, but the two peaks are closer to θi = 0◦ as
|∇q| increases. The distribution of the pairs (θi , θi+1) is still
denser on the top-left and bottom-right quadrants, but ismore
populated in the region that corresponds to smaller angles.
Note that, once the cell is moving in the direction of nq , the
probability distribution of pseudopod extension affected by
the chemotactic bias displays very low values at the back and
the sides of the cell. These values are lower as |∇q| increases.
This is the reasonwhy it is difficult to observe abrupt changes
in the cell direction, i.e., angles θi close to − 180◦ and 180◦,
for high values of |∇q|; see Fig. 4c (right).

The influence of q on chemotactic cell motility is stud-
ied through ten independent simulations with a 15-minute
duration. We take |∇q| = 1 nM/µm for all simulations
and analyze the cases given by q = 80, 800, and 8000nM.
Figure 5 shows the results using the same format as in the pre-
vious figure. Notably, the results show that the chemotactic
index C I decreases as we increase q . This is a phenomenon
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a

b

c

Fig. 5 Analysis of chemotactic motion. Influence of q. Results corre-
sponding to q = 80 nM (left column), q = 800 nM (middle column),
andq = 8000 nM(right column);with |∇q| = 1 nM/µmfor all cases. a
Tracks of the cells and chemotactic index (C I ). b Frequency histogram

of ωi and average pseudopod size as a function of ωi . c Frequency his-
togram of θi and distribution of the pairs (θi , θi+1). See Fig. 3b for a
description of angles ωi and θi

that has also been observed experimentally. It is thought to be
a consequence of receptor saturation (Song et al. 2006). Cells
have a finite number of receptors. If the extracellular ligand
concentration is high, most of them will be bound and the
cell will find it difficult to establish differences in the level of
receptor occupancy. The same argument applies for low val-
ues of q; with a small amount of bound receptors the cell can
not distinguish variations in occupancy along themembrane7

(Fuller et al. 2010). Figure 5b shows that the histogram of ωi

becomes more and more uniform as q increases. In Fig. 5c,
the histogram of θi features two symmetric peaks for all val-
ues of q , which are located approximately at θi = ±55◦
for the largest value of q , showing again a feature of non-
chemotactic motion. The distribution of the pairs (θi , θi+1)

7 We checked that the model also reproduces this experimental obser-
vation (data not shown).

for a given chemotactic index is consistent with experimental
observations and the data presented in Fig. 4.

4.2 Dictyostelium aggregationmediated by natural
waves

Social Dictyostelium discoideum, after nutrient deprivation,
may experience a process called aggregation. During aggre-
gation, cells come together guided by a signaling molecule
called cAMP, secreted by the cells themselves. Individual
cells located far from the aggregation center move under
the influence of traveling waves of cAMP. These waves
are released with a period Tw ∼ 6 min and travel outward
from the aggregation center without significant dissipation.
Although cAMP waves are symmetric, cells are able to
produce effective migration towards the wave source. This
is known as the back-of-the-wave problem: even though
the gradient reverses in the back half of the wave, cells
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Fig. 6 Dictyostelium aggregation mediated by natural waves. Tempo-
ral evolution of the average instantaneous chemotactic index (ci) and
cAMP concentration (q) for different values of the wave period Tw

do not exhibit effective migration away from the aggrega-
tion center. This behavior may be explained through the
concept of adaptation: cells respond better to increases of
chemoattractant concentration. When the chemoattractant
concentration decreases, the chemotactic response dimin-
ishes (Van Haastert and Devreotes 2004). Thus, when cells
encounter the cAMP wave, although the gradient strength
is the same in both halves of the wave, the chemotactic
response is weaker in the back half because the chemoat-
tractant concentration decreases. It has been suggested, see,
e.g., Goldstein (1996), that adaptation features a character-
istic time, identified as the time the cell needs to recover
its initial state of chemotactic response. Adaptation may be
also thought of as a long-term memory with characteristic
time scale similar to the adaptation time. The chemotactic
long-term memory plays a similar role to that of the persis-
tence time in spontaneous (non-chemotactic) Dictyostelium
migration; i.e., maintaining the direction of the motion for
a certain time. Skoge et al. (2014) explains the process of
aggregation assuming that the adaptation time is similar to
the period of the cAMP wave. Their experiments show that
waves with greater period than the adaptation time produce
reverse motion in the cell population. Our model does not
include adaptation explicitly, but we show that the persis-
tence of the motion alone enables an effective aggregation
process for cAMP waves of up to ∼ 6 min.

To replicate the nondissipating waves of the experiments
in Skoge et al. (2014), we ignore the chemoattractant dynam-
ics (as done in Sect. 4.1) and simply impose a priori a
distribution q(x, t) that represents the traveling waves used
in the experiments; see “Appendix A5” for more details.
To reduce the computational time, we use a rather small
computational domain, Ω = [−L, L]2 with L = 25 µm,
but assume periodic boundary conditions in all directions.
We perform 5 independent simulations of duration 6Tw for

each wave period Tw = 2, 4, 6, and 8 min. To analyze
the results, we define the instantaneous chemotactic index
ci(t) = ucell(t) · nq/|ucell(t)|. Here, ucell(t) is the velocity
of the cell’s center of mass. We assume that the aggrega-
tion center is located at the point (∞, 0). Thus, we expect
chemotactic motion along the horizontal direction and we
take nq = {1, 0}T . Figure 6 shows the time evolution of the
instantaneous chemotactic index (red line) and the cAMP
concentration (dashed green line). The reported value of ci(t)
is the average of the 30 periods that we computed (5 simu-
lations, with duration 6Tw). The results show that for short
periods (Tw ∼2min) the cell alwaysmoves toward the aggre-
gation center, that is, ci(t) > 0 for all t . As Tw increases, ci(t)
attains negative values, which indicates reverse migration at
the back half of the wave. For the largest period, Tw = 8min,
the positive and negative peaks of ci(t) reach similar values
and the net motion of the cell toward the aggregation center
is small. Our results are in agreement with the experiments
reported in Skoge et al. (2014) although the efficiency of the
aggregation process deteriorates earlier in our simulations.
This suggests that the time scale of the adaptation process
is larger than the persistence time. In Sect. 4.7 we discuss
how to incorporate adaptation into our model to obtain bet-
ter quantitative agreement with the experiments of cAMP
traveling waves.

4.3 Chemotactic migration on a planar surface

Here, we aim at illustrating the behavior of a cell moving
along a chemoattractant gradient as well as the cell-chemoat-
tractant interaction. Thus, this example, in contrastwith those
analyzed so far, considers the dynamics of the extracellular
ligand described by Eq. (12). The simulationwill show how a
cell follows a moving chemoattractant source as observed in
experiments (Swanson and Taylor 1982; Andrew and Insall
2007).We perform a simulationwith duration 25min on a 2D
computational domain Ω = [0, L]2, where L = 100 µm.
The source term Sq in Eq. (12) is defined as Sq = ∑5

i=1 Si .
The source term Si is a Gaussian function in space cen-
tered at point Sci and is non-zero in a particular time interval
only. The centers are given by Sc1 = (50, 97), Sc2 = (97, 3),
Sc3 = (3, 97), Sc4 = (50, 3), and Sc5 = (97, 97)µm; see
Fig. 7. The different sources Si with i = 1, . . . , 5 are
active, respectively, in the time intervals (0, 300), (300, 600),
(600, 900), (900, 1200), and (1200, 1500) s. The main panel
in Fig. 7 shows the entire computational domain and the
numerical solution at time t = 513 s. The cell’s interior
shows theF-actin density and themembrane displays the acti-
vator concentration. Outside the cell, the color corresponds
to the chemoattractant concentration. The plot also includes
three rectangular insets that show the cell’s location, shape
and biochemical state (ρ f and a) at different times (t = 104,
1012, and 1500 s). The insets also show the chemoattractant
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Fig. 7 Chemotactic migration on a planar surface. Activator, F-actin,
and chemoattractant distributions. Simulation performed on a mesh
composed of 400 C 1-continuous quadratic elements in each direction.
The initial time step is Δt = 0.05 s. The cell is initially centered at the
point (20, 20)µm with a circular geometry of radius Rc = 8 µm. We
set Dq = 500 µm2s−1 and qmax,i = 250 nM for i = 1, . . . , 5. The
main panel shows the distributions of a, ρ f , and q at t = 513 s. The
three insets show the distributions of a, ρ f , and q in the neighborhood

of the cell at t = 104, 1012, and 1500 s. The circles close to the domain
boundary represent the spatial location of the chemotactic sources (S1,
S2, S3, S4, and S5), along with the interval time they are active. The
cell’s path is divided into five segments according to the active source.
The division points are marked with crosses. nq (red arrow), |∇q|, and
q (units nM/µm and nM, respectively) are indicated for the considered
times t = 104, 513, 1012, and 1500 s. The position of the cell’s center
of mass is marked with a small circle

concentration in a small rectangular region of the domain
around the cell. The main panel also shows the path followed
by the cell’s center of mass over the entire simulation. The
path is divided into 5 sections represented by different line
types. The section changes when the active source changes.
The figure shows the section changes with crosses in the
path line as well as the location of each Si and its interval
of activity. For each time, the plot shows the cell’s center
of mass with a small circle as well as the values of |∇q|,
q , and the chemotactic direction nq (red arrow). Figure 7
shows the main features of our amoeboid motion model: the
membrane-bound activator triggers the emergence of pseu-
dopods (regions of high F-actin density; see t = 513 and
1012 s) that push forward the membrane producing the cell

motion. In this example, the signaling parameters detected
by the cell display a range of values (|∇q|∼ 1 nM/µm and
q ∼ 40 nM) that strongly bias the movement of the cell.
The cell carries out a well-directed migration towards the
chemoattractant source that is active at each time, with the
exception of the interval (400, 600) s. During the interval
(400, 600) s, the cell actually moves in the opposite direc-
tion to nq , highlighting the chaotic nature of cell motion
observed in experiments (e.g., Tweedy et al. 2013). Even a
strong chemoattractant gradient cannot guarantee a rapid and
straight displacement towards the source. In Fig. 7 we can
also observe the interaction between the cell and the chemoat-
tractant. The chemoattractant undergoes reactions with the
membrane receptors and does not diffuse through the cell,
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Fig. 8 Chemotactic migration on a planar surface. Myosin distribution
and F-actin network velocity (grey arrows) at the same times as shown
in Fig. 7 (t = 104, 513, 1012, and 1500 s). The chemoattractant con-
centration outside the cell is plotted using the same color scale as in
Fig. 7

which produces a small track of low chemoattractant density
behind the cell (slightly visible, e.g., at t = 1012 s). Fig-
ure 8 shows the myosin distribution inside the cell at times
t = 104, 513, 1012, and 1500 s. For simplicity, we only show
a small region of the computational domain at each time. In
Fig. 8 we also show the F-actin velocity u inside the cell,
represented by arrows distributed at random points. All the
snapshots show the accumulation of myosin at the back of
the cell, causing its retraction. However, at times t = 104 and
1500 s, one cannot appreciate significant protrusive veloci-
ties because there are no pseudopods pushing the membrane
at those times; c.f. with Fig. 7.

4.4 Maze solving by chemotactic migration

We study chemotactic migration on a planar surface with
rigid obstacles. The obstacle layout is intricate, so that the
cell essentially has to migrate in a maze-like environment.
The computational domain is a square of side 100 µm. The
chemoattractant source is a Gaussian function located at the
center of the domain and active throughout the entire time
span of the simulation. Figure 9 shows the simulation results
using the same format as in Fig. 7. The main panel displays
the results at time t = 370 s, with the color outside the
cell indicating the chemoattractant concentration. The color
scales inside the cell and the membrane represent, respec-
tively, F-actin density and activator concentration. There is

also a yellow line showing the path followed by the cell’s
center of mass throughout the simulation. The black crosses
on the track indicate the location of the cell’s center of mass
at times t = 0, 200, 400, 600, and 800 s. The rectangu-
lar insets marked with dashed black line show the cell’s
location and biochemical state as well as the chemoattrac-
tant concentration is a small region around the cell at times
t = 238, 576, and 723 s. The plot shows that at early times
(t < 200 s) the cell performs an inefficient migration around
its initial position. The initial motion is inefficient mainly
for two reasons: First, the chemotactic source is located at
a large effective distance to the cell because the chemoat-
tractant cannot penetrate the obstacles. This produces low
chemoattractant gradients in the neighborhood of the cell.
Second, and foremost, the chemoattractant approaches the
cell from two opposite sides—left and right. As a conse-
quence, the point of the membrane where qmax is located is
on the left or right side of the cell, but qmin is attained some-
where else than left or right. Thus, the direction of nq , which
is a unit vector pointing from qmin to qmax, is not horizontal
and the cell moves neither right nor left which are the two
only ways out. After t ∼ 200 s, the cell migrates towards
the chemotactic source following a nearly optimal path. In
particular, as the cell approaches the chemotactic source, the
value of |∇q| becomes greater, increasing the efficiency of
the motion. The strong interaction between the cell and the
chemoattractant is apparent in Fig. 9. The chemoattractant
binds to the cell’s receptors, so that the membrane acts as
a chemoattractant sink. As the same time, the extracellular
ligand cannot penetrate the cell. The results clearly show that
the obstacles have a strong impact on the cell motion directly,
but also through the chemoattractant distribution. This is par-
ticularly visible in the insets that correspond to t = 576 s and
t = 723 s. At t = 576 s, the chemoattractant concentration
at the back of the cell is significantly lower than at the front.
This happens because the boundary on the left and the obsta-
cle on the right block chemoattractant flow producing amuch
higher gradient than what would be attained in obstacle-free
motion. Thus, our results suggest that the presence of obsta-
cles increases the efficiency of chemotactic migration.

In Fig. 10 we have plotted the F-actin network velocity
at t = 723 s. To gain insight into the cell-obstacle inter-
action, we have also plotted the regions where protrusive
stresses vanish (dashed stripes) and repulsive forces are acti-
vated (solid grey). Those regions are determined through the
terms δ f and δrep; see Sect. 2.2.3. In Fig. 10, the grey regions
are enclosed by the striped ones. Therefore, when the cell
approaches the obstacle, protrusive stresses are suppressed
before repulsive stresses appear on the membrane. In fact,
we can observe in the striped region the protrusive velocity
vanishing on the membrane.
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Fig. 9 Maze solving by chemotactic migration. Activator, F-actin, and
chemoattractant distributions. We use the same mesh, initial cell geom-
etry and time step as the simulation shown in Fig. 7. The cell is initially
centered at the point (70, 90)µm. We set Dq = 1000 µm2s−1 and
qmax,1 = 250 nM. The chemotactic source S1 (yellow circle) is active
throughout the entire simulation. The walls are represented as striped
grey regions (the width of the walls has been slightly modified for visu-
alization purposes). The main panel shows the distributions of a, ρ f ,

and q at t = 370 s. The three insets show the distributions of a, ρ f , and
q in the neighborhood of the cell at t = 238, 576, and 723 s. The cell’s
path is drawn with a yellow line. Black crosses represent the position
of the mass center of the cell at t = 0, 200, 400, 600, and 800 s. nq (red
arrow), |∇q| and q (units nM/µm and nM, respectively) are indicated
for the considered times t = 238, 370, 576, and 723 s. The position of
the cell’s center of mass is marked with a small circle

Fig. 10 Maze solving by chemotactic migration. F-actin distribution
and F-actin network velocity (grey arrows) at t = 723 s. Protrusive
stresses vanish in the striped regions. Repulsive stresses acting on the
cell’s membrane are activated in the grey regions

4.5 Three-dimensional migration on a planar
substrate

In Sect. 4.3 we simulated migration on a planar substrate
using a 2D computational model. While using a 2D sim-
ulation for this problem is common practice and produces
indeed a reasonably accurate solution (see Ziebert and Aran-
son 2016), we show here that a 3D simulation allows to
gain further insight into the process. In particular, the 2D
approach somehow assumes that the entire surface of the cell
is in contact with the substrate. However, experiments with
Dictyostelium show that the cell displays irregular elongated
shapes (Wessels et al. 2004), that produce only a few local-
ized areas of contact with the substrate. The most common
situation is that of two contact areas, where most of the adhe-
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Fig. 11 3D migration on a planar substrate. Simulation performed on
the box [0, Lx ] × [0, Ly] × [0, Lz] with Lx = 43.2, Ly = 64.8, and
Lz = 15.6µm.Themesh is composed of 144×216×52C 1-continuous
quadratic elements. The initial time step is Δt = 0.1 s. The initial cell
geometry is a cylinder of radius Rc = 8 µm and height hc = 7 µm
centered at the point (12, 12, 4.5)µm. We set Dq = 400 µm2s−1,
qmax,1 = 150 nM, and qmax,2 = 250 nM. The activator concentration

is plotted on the cell membrane and the chemoattractant distribution
on the planes x = 0, y = Ly , and z = 1 µm, at t = 60, 114, 147,
and 200 s. We also show the chemoattractant sources S1 (green sphere)
and S2 (yellow sphere). The cell’s path is divided into two segments
according to the active source (S1 green line, S2 yellow line). The two
sections are delimited with crosses

sive forces are located. The contact regions are at the front
and the back of the cell with forces pointing in opposite direc-
tions and producing the so-called dipole of forces (del Álamo
et al. 2007). Cell motion is a consequence of forces point-
ing forward being greater than forces pointing backwards. To
better understand this process, we use our 3D computational
model considering punctual adhesive forces on the substrate.
Our computational domain is the box shown in Fig. 11. Since
the cell location is defined using a diffuse interface represen-
tation, where the cell membrane has a thickness of order∼ε,
we consider the substrate to be the plane z = ε/2 = 1 µm.
The remaining boundaries of the domain (lateral and top) are
non-adhesive walls where contact forces are not considered.
To mimic a quasi-2Dmotion, we only allow the formation of
new pseudopods in the region z ∈ (zcell − 1, zcell + 1)µm,
where zcell is the z-coordinate of the cell’s center of mass.
The chemotactic source Sq is defined as Sq = S1+S2, where
S1 and S2 have the usual spatial distribution and are centered
at the points Sc1 = (41.2, 62.8, 2.5), Sc2 = (2, 2, 2.5)µm. S1
and S2 are active, respectively, in the time intervals (0, 150)

and (150, 230) s. Figure 11 shows the activator distribution
on the cell’s membrane and the chemoattractant concentra-
tion on the substrate as well as on two lateral boundaries.
The plot also shows the path followed by the cell’s center of
mass throughout the simulation and the location of the active
chemoattractant source at each time. The line representing
the cell’s path is divided in two sections, corresponding to
the time intervals of activity of the chemoattractant sources.
In the simulation, the signaling parameters |∇q| and q attain
values (|∇q|∼ 0.5 nM/µm and q ∼ 20 nM) that effectively
bias the cell movement as illustrated by the cell’s path. Fig-
ure 12 showsmyosin concentration on the cell’smembrane at
the same times. As expected, myosin concentration is higher
at the back of the cell. Figure 12 shows also insets with the
punctual adhesive forces acting on the F-actin network8. The
insets display the regions where the cell touches the substrate
(black solid line) and the adhesive forces acting on them.
The punctual forces are predominantly horizontal, effectively

8 There are forces of equal strength and opposite direction acting on
the substrate but we do not plot them for clarity.
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Fig. 12 3D migration on a planar substrate. Myosin distribution on the cell membrane and chemoattractant concentration on the planes x = 0,
y = Ly , and z = 1 µm. The circular insets show the punctual adhesive forces F j

punct (grey arrows) and the region of cell-substrate contact (black
solid line)

contributing to the cell’s motion. At times t = 60 s and
t = 147 s the dipole of forces seen experimentally emerges
naturally in the simulations, although the imbalance of forces
seems to be greater than in experiments (del Álamo et al.
2007). In particular, the contractile pole exerts much smaller
forces than the protrusive pole; see t = 147 s. At some points
(t = 114 s and t = 200 s), the cell’s tail even detaches from
the substrate and there is no contractile pole. These observa-
tions indicate that future modeling efforts should be directed
at improving our description of punctual adhesions. We also
believe that this example can be an important benchmark as
the field of computational cell migration transitions from 2D
to 3D simulations.

4.6 Three-dimensional migration in a fibrous
environment

Our previous examples focus on cell motion on a planar
substrate, but most cells actually migrate within the extracel-
lular matrix interacting chemically and mechanically with a
fibrous network. While migrating through the extracellular
matrix, cells establish adhesions and remodel the fibers by
deforming and degrading them. Our current model cannot

handle all of these phenomena, but we aim at reproducing a
much simpler scenario in which the fibers are rigid and the
cell is unable to degrade them. In our simplified computa-
tion, the fibers are represented by cylindrical objects where
the cells can establish punctual adhesions. The layout of the
fibers can be observed in Fig. 13,where thewidth of the fibers
has been slightly reduced for a better visualization of the
cell. The computationwas performed on a cubic domain. The
boundaries of the cube are assumed to be non-adherent walls,
where the cell cannot establish punctual adhesions. The cell’s
migration is driven by the chemotactic source Sq = S1 + S2,
where the Si ’s have the usual form. The sources are centered
at Sc1 = (36, 36, 36) and Sc2 = (2, 2, 2)µm. The chemoat-
tractant sources S1 and S2 are active in the time intervals
(0, 140) and (140, 350) s, respectively. Figure 13 shows the
activator distribution on the cell’s membrane. The plot also
displays the location of the active chemoattractant source
with a small sphere. Three faces of the cubehavebeen colored
according to the chemoattractant concentration. Figure 14
follows the same format, but shows the myosin concentra-
tion on the cell’s membrane using a reduced view from a
different perspective. From the figures, we can see that the
values of the signaling parameters (|∇q|∼0.2 nM/µm and
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Fig. 13 3D migration in a fibrous environment. The simulation is per-
formed on the cube [0, L]3 with L = 38.4 µm. The mesh is comprised
of 128 C 1-continuous quadratic elements in each direction. The ini-
tial time step is Δt = 0.1 s and the initial cell geometry is a sphere
of radius Rc = 7 µm centered at the point (12, 12, 12)µm. We set
Dq = 400 µm2s−1, qmax,1 = 150 nM, and qmax,2 = 250 nM. The acti-
vator density is plotted on the cell membrane and the chemoattractant

distribution on three walls of the domain, at t = 80, 120, 198, and 275 s.
We also plot the chemotactic sources S1 (green sphere) and S2 (yellow
sphere). The fibers’ width has been slightly reduced for visualization
purposes. The cell’s path is divided into two sections corresponding to
the different active sources (green line for S1, yellow line for S2). The
crosses on the cell’s path mark the position of the cell’s center of mass
at t = 0, 140, and 350 s

q ∼ 20 nM) fall within a range where significant chemotac-
tic bias is expected. Thus, despite the presence of the fibers
that impede a more straight migration, the cell gradually
approaches the active chemoattractant source as illustrated
by the path traveled by the cell’s center of mass. Throughout

the simulation, the cell touches the fibers and the boundary.
The cell–fiber interaction modifies the motion of the cell, as
well as the cell shape (see, e.g., t = 80 s where a fiber is
surrounded by the cell’s body). In addition, the interaction
with fibers gives rise to punctual adhesions, which produce
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Fig. 14 3D migration in a fibrous environment. The myosin distribution is plotted on the cell membrane and the chemoattractant concentration on
three walls of the domain

an increase of the cell–fiber adhesiveness (see, e.g., t = 198 s
where the tail of the cell remains attached to the fibers pro-
ducing a noticeable deformation of the cell’s body).

4.7 Model limitations

4.7.1 Signaling mechanisms of chemotaxis

We have simplified the reactions of the signaling compounds
by considering a single activator. In our model, the activator
dynamics is controlled by statistical data (see Fig. 3) that are
biased according to extracellular signals. Thus, the activa-
tor displays a phenomenological behavior based on statistics
taken from 2D experiments. Such data does not seem to be
available in 3D. Therefore, we proposed an extension to 3D
of the functions shown in Fig. 3a, but this remains to be val-
idated.

Cellular chemotaxis features signal amplification and
adaptation: Small variations (∼ 2%) in the chemoattrac-
tant concentration over the cell’s length produce chemotaxis

due to the amplification of the external signal (Janetopou-
los et al. 2004). Although the exact mechanisms that control
signal amplification are not understood, our model is able
to replicate amplification through the signaling parameters,
as shown in the simulations. However, as seen in Sect. 4.2,
the model is unable to reproduce adaptation, i.e., the change
of the chemotactic response as a function of the time evo-
lution of the chemoattractant concentration. Adaptation not
only explains Dictyostelium aggregation, but also the cell’s
behavior after the exposure to a uniformchemoattractant con-
centration (VanHaastert andDevreotes 2004): Amoving cell
exposed to a sudden increase in the chemoattractant con-
centration undergoes actin polymerization along the entire
membrane for a short period of time (∼ 6 s). Due to the
polymerization of the entire membrane, the cell stops its
motion and remains still for some time. After that, even if
the chemoattractant concentration remains constant, a grad-
ual actin depolymerization takes place, permitting the cell
to return to its original polarized and motile state. Adapta-
tion could be incorporated to our model by considering a
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more accurate description of the dynamics of the membrane-
signaling compounds; see, e.g., Levchenko and Iglesias
(2002) or Ribeiro et al. (2017).

4.7.2 Punctual adhesions

The adhesion between the cell and the extracellular envi-
ronment is a complex process carried out by a family of
transmembrane proteins called integrins. Cells express dif-
ferent levels of adhesion depending on themode ofmigration
they are performing (Friedl andWolf 2009). Amoeboid cells
exhibit weak adhesions to the environment. In fact, some
amoeboid cells can migrate in the absence of integrin (Läm-
mermannet al. 2008). In contrast,mesenchymal cells develop
strong adhesions, where integrins cluster and form the so-
called focal adhesions. Focal adhesion formation involves
a series of steps (initiation, integrin clustering, growth, and
maturation) highly regulated by actomyosin contractility and
extra- and intra-cellular signals (Geiger et al. 2009). In this
paper, we have simplified punctual adhesions as gripping
forces whose spring constants increase with time. In our
model, punctual adhesions disassemble following Bell’s law
(see “Appendix A2”). The parameter F0 controls the strength
of the punctual adhesion. Thus, F0 can be adjusted to repre-
sent either weak or strong (focal) adhesions. To improve the
model, myosin contractility and F-actin network dynamics
should be taken into account in the process of maturation
and rupture. In addition, focal adhesions usually change the
mechanism of force transmission between a gripping and a
slipping mode (Jurado et al. 2005); and we have only con-
sidered gripping forces in the model.

Finally, rigid fibers do not reproduce the features of the
extracellular matrix where actual cells migrate. Taking into
account the elasticity of the fibers, as well as considering
extracellular matrix degradation, may lead to more realistic
results.

5 Conclusions

We propose a phase-field model for chemotactic motion of
amoeboid cells. The model, which attains cell motion by
considering the forces acting on the actomyosin network,
captures the reactions occurring along the signaling path-
way. The underlying computational technology is the diffuse
domain method, which permits to solve equations posed on
deformable domains (i.e., the cytosol, the membrane, and the
extracellular medium) using a fixed mesh only. The results
show quantitative agreement with experiments, though some
experimentally observed features of chemotactic motion are
not observed due to the stochastic description used for pseu-
dopod formation. In addition, including the cell-substrate (or
cell–fiber) interaction leads to realistic 3D migration on sub-

strates (or in fibrous networks). The results also suggest that
coupling the extracellular, membrane, and cytosol dynamics
is crucial to better understand chemotaxis, especially in case
of migration in confined environments. The model may be
improved by including a deterministic theory for the mem-
brane signalingmolecules reactions. In addition, considering
fiber elasticity and matrix degradation, along with the focal
adhesions may provide new insights and extend the model to
other directional migrations, such as haptotaxis or durotaxis.
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Appendix

A1: Diffuse domain approach

The classic approach to solve the dynamics of a generic
compound ρc(x, t) inside the cell is to pose the governing
equation on a moving domain Ωc(t), where Ωc(t) denotes
the spatial region occupied by the cell. Let us consider the
convection–diffusion–reaction problem

∂ρc

∂t
+ ∇ · (ρcuc) = ∇ · (Dc∇ρc) + rcρc in Ωc(t), (14)

Dc∇ρc · n + ρc(uΓ · n − uc · n) = − j on Γc(t), (15)

where Dc and rc are the diffusion and reactive coefficients,
respectively, and uc is the bulk velocity of ρc. We define the
cellmembrane asΓc(t) = ∂Ωc(t).We calln the unit outward
normal to Γc(t) and uΓ the velocity of Γc(t). Note that, uc
and uΓ do not necessarily have to coincide. The boundary
condition in Eq. (15) equates the convective–diffusive flux
across the membrane to the prescribed value j .

Let us also consider a compound ρΓ (x, t) living in the
membraneΓc(t). The surface PDE that governs the dynamics
of ρΓ is

∂ρΓ

∂t
+ ∇Γ · (ρΓ uΓ )

= ∇Γ · (DΓ ∇Γ ρΓ ) + rΓ ρΓ + j in Γc(t), (16)

where ∇Γ denotes the operator ∇ on the surface Γc. DΓ and
rΓ are the diffusion and reactive parameters, respectively.
Note that, the unknowns ρc and ρΓ are coupled through
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the mass flux term j . Eqs. (14)–(16) define the so-called
sharp-interface problem.Thenumerical solutionof the sharp-
interface problem requires the use of volumetric and surface
moving meshes and an algorithm to transfer information
between the two meshes.

The diffuse domain approach allows a simpler treatment
of the former problem.We consider a larger and fixed domain
Ω such that Ωc(t) ⊂ Ω and we resort to the spatial markers
φ and δm that locate the cell and the membrane, respectively;
see Sect. 2.1 in the main text. We assume now that ρc and
ρΓ are defined on Ω . Assuming (momentarily) that ρΓ is
extended off Γc constant in the normal direction,9 i.e.,∇ρΓ ·
n = 0, we can state the equivalent diffuse-interface problem
as

∂(φρc)

∂t
+ ∇ · (φρcuc) = ∇ · (φDc∇ρc)

+ φrcρc − δm j in Ω, (17)
∂(δmρΓ )

∂t
+ ∇ · (δmρΓ uΓ ) = ∇ · (δmDΓ ∇ρΓ )

+ δmrΓ ρΓ + δm j in Ω. (18)

It has been proven (Li et al. 2009; Teigen et al. 2009) that
Eqs. (17)–(18) converge to Eqs. (14)–(16) as the regular-
ization parameter (ε in our model) tends to 0. The governing
laws for cytosol dynamics in ourmodel [Eqs. (4), (7), and (8)]
are based on Eq. (17), while the activator equation is based
on Eq. (18). We took j = 0, which indicates that we do not
consider directly the reactions of the activator with intracel-
lular elements. That interaction is accounted for through the
functionalF in Eq. (5) and the signaling parameters∇q and
q . In addition, the membrane displacement is driven by the
F-actin network velocity, such that uΓ = u in the activator
equation. The equation that governs chemoattractant dynam-
ics is based on Eq. (17), but the functionψ plays the role of φ
as a spatial marker.10 Additionally, for the chemoattractant,
we do not consider extracellular advection, that is, uc = 0.
The ligand-receptor binding is modeled taking j = kqq.

A2: Model details

Obstacle localizers

In Eq. (11), the term δ f annihilates protrusive stresses in the
vicinity of the obstacles, while δrep activates repulsive forces
when the cell approaches an obstacle. In this work, excluding
the examples computed using periodic boundary conditions,

9 It can be shown using Eq. (18) that, to leading order, this assumption
holds true.
10 Although we have referred to Ωc as the cell, the rationale applies
also to the extracellular environment which is internally bounded by
Γc. When we use Eq. (17) for the chemoattractant, Ωc does, indeed,
represent the extracellular space.

we assume that the unknown φ vanishes on the boundary.
In that case, the boundary behaves as a rigid obstacle that
impedes the movement of the cell. To define δ f and δrep we
resort to the fields do(x) and db(x). The field do(x) provides
the distance to obstacles that we place on the domain and
db(x) accounts for the distance between point x and the clos-
est non-periodic boundary. The marker δ f is expressed as

δ f =
{
H (do(x) − d f

o ) if do(x) < db(x) + Δd f

H (db(x) − d f
b ) if do(x) ≥ db(x) + Δd f ,

(19)

where Δd f = d f
o − d f

b , with d f
o = 2.6 µm and d f

b =
1.8 µm. Both d f

o and d f
b are effective distances at which

the cell starts to suppress protrusive stress when approach-
ing an obstacle and the boundary, respectively. Note that if
we consider periodic boundary conditions, db(x) → ∞ and
δ f = H (do(x) − d f

o ). We define δrep = H (defo − do(x)),
which does not depend on db(x). Thus, the repulsive force is
not active on the boundary because the boundary condition
φ = 0 produces the same effect as σ rep. However, if δ f does
not suppress the protrusive force on the boundary, an insta-
bility in the balance of forces appears and the cell undergoes
a backward movement not observed in experiments.

Punctual adhesive forces

Punctual adhesions are modeled as springs. We call Nadh the
number of adhesions active at a particular time. We assume
that Nadh cannot exceed the value Nmax

adh . Each punctual adhe-
sion is associated to an index j such that 1 ≤ j ≤ Nadh.
We suppose that the spring associated to the adhesion j has
one end fixed at the substrate at point x j

0 and the other end
attached to the F-actin network at point x j . The spring j pro-
duces a force per unit volume F j

punct = −kgrip0(t − t j0 )(x j −
x j
0)δ(x − x j ), where x j moves according to the velocity u,

t j0 is the time at which adhesion j is formed, and kgrip0 is a
constant. The initial deformation of the spring is zero, that is
x j
0 = x j (t j0 ). When we advance from tn to tn+1 = tn +Δt in
our time-stepping scheme, we update the punctual adhesion
states as follows:

1 Determine the position of the Nadh points x j at time tn+1:

x j (tn+1) = x j (tn) +
∫ tn+1

tn
u(x j (τ ), τ )dτ. (20)

Eq. (20) may be replaced by the approximation x j (tn+1)

= x j (tn) + u(x j , tn + Δt/2)Δt .
2 Determine which punctual adhesions will break during
the current time step. The rupture of punctual adhe-
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sions follows a stochastic model based on Poisson’s
distribution11 with average number of events per inter-
val λ

j
p = r j

off(tn+1 − t j0 ), where j is the index that
identifies the punctual adhesion. The dissociation rate
r j
off = roff0 exp(|F j

punct|/F0) is modeled using Bell’s law
(Bell 1978), where roff0 is a constant and F0 the char-
acteristic adhesive strength. We also consider that if the
point x j leaves the cell (φ(x j ) < 1/4), then the adhesion
j is broken.

3 Remove broken adhesions and update Nadh.
4 If Nadh < Nmax

adh , find new points x j such that:

– φ(x j )∼1/2.
– do(x j ) � defo or db(x j ) � ε/2 (x j falls in the sub-
strate or fiber).

– x j is sufficiently far away from existing adhesions. In
particular, we only permit new punctual adhesions on
elements of the computational mesh where no active
adhesions are located. In addition, we only permit
one new punctual adhesion per element.

If the set of points that verify these conditions provides
more points than required to reach Nmax

adh , we choose a
subset using a random distribution weighted by the F-
actin density, so that those points with a higher F-actin
density are more likely to become new adhesions. Oth-
erwise, all points in the set become active adhesions.

5 Update Nadh.

Pseudopod formation

The activator equation [see Eq. (13)] resorts to the source
term Sa to define peaks of activator that detonate the growth
of new pseudopods. Each peak i appears for a certain period
of time given by δat,i = H (ΔTi − (t − τ0,i )) for t > τ0,i ,
where ΔTi is the growth time, defined in Sect. 2.4. τ0,i is
the time at which a new peak emerges. It is defined through
the interval time Δτi such that τ0,i = τ0,i−1 + Δτi , with the
initial peak arising at time τ0,1 = 0. The spatial location of
the peak i is given by δax,i = H (Ra −dai (x)), where dai (x) is
the distance to the point si , the center of the peak, and Ra is its
approximate radius. In our model, based on the pseudopod-
centered view, we first locate the point s∗i , which is the center
of the activator peak without considering chemotaxis, and
then we apply the chemotactic bias to get si . The process
to obtain s∗i is illustrated in Fig. 3a for the 2D case. We
divide the membrane starting from the location of si−1 into
two regions of equal length, such that we get di−1,max (see

11 The Poisson distribution states that the probability of observing k
events in an interval is given by the equation P = exp(−λp)λ

k
p/k!,

where λp is the average number of events per interval. In our adhesion

rupture model, k = 1 and λ
j
p = r j

off (t− t j0 ), where the index j identifies
the punctual adhesion.

Fig. 3a, right). The probability of s∗i being located on the same
side of the membrane than si−2 is PPEβR/L/(1+βR/L). The
probability of the opposite side of the membrane hosting s∗i
is PPE/(1+βR/L). The fact that the probabilities are different
produces persistence: a higher tendency to alternate right–left
extensions than to hop (consecutive left–left or right–right
splitting).

The procedure to get s∗i in the 3D case is slightly differ-
ent. Let us consider a theoretical case where the cell shape
is an ellipsoid with si−1 and si−2 placed in a mean equato-
rial plane (see Fig. 3c, left). The plane π1, which contains
si−1, si−2, and xcell (the mass center of the cell), presents
a probability distribution analogous to that of the 2D case.
However, the plane π2, which is orthogonal to π1 (in partic-
ular, orthogonal to the line that joins si−1 and xcell), shows
that the probability of extension decreases proportional to the
distance to the plane π1. Thus, the probability of extension
is zero on a large region of the cell surface (see Fig. 3c, mid-
dle). Nevertheless, an actual cell exhibits more complicated
shapes. We approximate the theoretical probability distribu-
tions as follows: From point si−1, we compute the geodesic
distance over the cell surface to get di−1,max. We resort to
the probability function PPE (see Fig. 3a, middle) to obtain
di−1 and the corresponding value of βR/L. s∗i will be located
in ld , defined as the set of points of the membrane whose
distance from si−1 is di−1 . We select the points Cld and
Dld , which are the closest and farthest points to si−2 belong-
ing to ld , respectively. The probability of extension along ld
presents two triangles centered onCld and Dld . The length of
the base of each triangle is 10% of the total length of ld , and
the probability at points Cld and Dld is βR/L/(1+βR/L) and
1/(1+βR/L), respectively. The similaritywith the theoretical
case may be noted if we assume that the view in π2 (Fig. 3c,
middle) corresponds to ld . The point si is obtained from s∗i
through to the process explained in the main text (Sect. 2.4)
and “Appendix A3”. In the 3D case, we follow the same
rationale to get si , so that nq , ns∗i , and nsi belong to the same
plane; see Fig. 3c (right). In the case of cell-obstacle contact,
we prevent pseudopod extension by modifying the probabil-
ity distribution PPE such that PPE(x) = 0 if do(x) < 2.35µm
or db(x) < 1.55 µm.

A3: Additional implementation details

Weak form of the model

The weak form can be written as:

∫
Ω

w1
∂φ

∂t
dΩ +

∫
Ω

w1 u · ∇φdΩ +
∫

Ω

Γφε∇w1 · ∇φdΩ

+
∫

Ω

w1Γφ

G ′

ε
dΩ −

∫
Ω

Γφε∇w1 · ∇φdΩ

−
∫

Ω

w1
Γφε

|∇φ|∇φ · ∇(|∇φ|)dΩ = 0, (21)
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∫
Ω

w2
∂(φρm)

∂t
dΩ −

∫
Ω

∇w2 · uφρmdΩ

+
∫

Ω

Dmφ∇w2 · ∇ρmdΩ = 0, (22)
∫

Ω

w3
∂(φρ f )

∂t
dΩ −

∫
Ω

∇w3 · uφρ f dΩ

+
∫

Ω

ε2f φ∇w3 · ∇ρ f dΩ +
∫

Ω

w3φ
∂F

∂ρ f
dΩ

−
∫

Ω

w3λNφdΩ = 0, (23)

−
∫

Ω

∇w4 φ[μ(∇u + ∇uT ) + λ(∇ · u)I]dΩ

−
∫

Ω

∇w4 φρmηmIdΩ +
∫

Ω

∇w4 φρ f η f δ f ∇φ ⊗ ∇φdΩ

−
∫

Ω

ςw4 · udΩ +
∑
j

w4(x j ) · F j
punct

−
∫

Ω

γ w4 · ∇φ(ε∇2φ − G ′

ε
)dΩ

−
∫

Ω

∇w4 φηrepδrep∇φ ⊗ ∇φdΩ = 0, (24)
∫

Ω

w5
∂(ψq)

∂t
dΩ +

∫
Ω

Dqψ∇w5 · ∇qdΩ +
∫

Ω

w5rqψqdΩ

−
∫

Ω

w5bqψSqdΩ +
∫

Ω

w5kqδmqdΩ = 0, (25)
∫

Ω

w6
∂(δma)

∂t
dΩ −

∫
Ω

∇w6 · uδmadΩ

+
∫

Ω

Daδm∇w6 · ∇adΩ +
∫

Ω

w6raδmadΩ

−
∫

Ω

w6baδmSadΩ = 0, (26)

where {wi (x)}i=1,...,6 are the weighting functions. Note that,
some of the terms in the weak form become singular outside
of the cell and they are computed using a similar procedure
to that described in Moure and Gomez (2017). We obtain the
Galerkin form by replacing in Eqs. (21)–(26) the unknowns
and the weighting functions with discrete approximations.
For example, we replace φ(x, t) with

φh(x, t) =
∑
A

φA(t)N A(x), (27)

where the N A’s are spline basis functions, and the φA’s are
referred to as control variables. Likewise, we replace the
weighting functions wi (x) with wh

i (x) = ∑
A wA

i N
A(x).

Linear algebra

The linear system that needs to be solved in the Newton–
Raphson algorithm is ill-conditioned because most of the
unknowns approach zero in different regions of Ω (e.g.,
the chemoattractant concentration is almost zero inside the
cell and the cytosolic components outside the cell). To
improve the condition number without altering the solution,
we replace the appropriate rows of the tangent matrix by the

corresponding rows of the identitymatrix, aswell as the asso-
ciated elements of the residual vector by 0; see Moure and
Gomez (2017) for more details. The procedure explained for
the cytosolic variables based on the value of φ, is extended
in a similar way for q, based on the value ofψ . Here, we take
the thresholds ψT = φT = |∇φ|T = 10−8.

Discrete compartment

The integration demanded by the numerical method is done
through element-based Gaussian quadrature. The evalua-
tion of any unknown on points other than Gauss points
slows down the computations. Hence, instead of applying
each punctual adhesive force F j

punct at x
j , we apply F j

punct

at the closest Gauss point to x j . Regarding the pseudo-
pod formation description (see Sect. 2.4 and “Appendix
A2”), s∗i is placed at the closest Gauss point to its theo-
retical position. To obtain si , we need to compute angles
and normal vectors to the membrane. To speed up the com-
putations, we only do that at Gauss points. We resort to
penalty functions to select the Gauss point that best adjusts
to the point si we seek. Let us call GM = {xGi }i=1,...,NG

the set of Gauss points located at the cell’s membrane and
sufficiently far away from obstacles, that is, φ(xGi ) ≈ 1/2,
do(xGi ) ≥ 2.35 µm, and db(xGi ) ≥ 1.55 µm. In 2D we
replace si with the point of GM that minimizes the penalty
function PF2D(xGi ) = |n̂q ,nxGi − ωi | + 1.5ds∗i (x

G
i ), where

n̂q ,nxGi
is the angle formed by nq and nxGi

in degrees, and

ds∗i (x
G
i ) is the distance between s∗i and x

G
i in µm. Here, nxGi

is the outward normal vector to the membrane at point xGi .
Note that the penalty function is sensitive to the signs of
the angles that must be consistently measured. For the 3D
case, we proceed analogously, but the penalty function is
given by PF3D(xGi ) = |n̂q ,nxGi − ωi | + | ̂ns∗i ,nxGi

− βω∗
i | +

1.5ds∗i (x
G
i ) + 100 [nq ,ns∗i ,nxGi ] where [nq ,ns∗i ,nxGi ] repre-

sents the volume of the parallelepiped defined by the vectors
nq , ns∗i , and nxGi

in µm3.

A4: Parameter values used in the simulations

The values of the model parameters used in the 2D examples
are listed in Table 1. The values used in the 3D examples
are identical, except for those parameters listed in Table 2.
Three parameters present significant differences, namely η f ,
ηm , and Ra . The protrusive (η f ) and contractile (ηm) forces
are adjusted to reproduce biological velocities, while the
activator source radius (Ra) is modified to achieve realistic
pseudopod size in the simulations. We believe that the mis-
match between parameters in two and three dimensions may
be attributed to membrane forces. Membrane forces depend
on themembrane’s curvature which varies substantially from
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Table 1 Parameters used in the
2D examples

Symbol Description Value/References

Experimentally observed

Dmax
m Myosin diffusion scale 4.16 µm2s−1 a

μ Dynamic viscosity coefficient 1500 pN sµm−1 b

λ Bulk viscosity coefficient − 500 pN sµm−1 b

ηm Strength of contractile forces 22 pNµmc

γ Surface tension coefficient 78 pNd

Da Diffusion coefficient of activator 0.2 µm2s−1 a

Ra Radius of activator source 1 µme

Computationally estimated

Γφ Phase-field Lagrange multiplier 0.52 µms−1 f

ε Phase-field interfacial length scale 2 µm f

ϕ Scaling of membrane marker width 20

Km Decay rate of myosin diffusion 1.55 µm2 f

ε f Diffusive length scale of F-actin 1 µmg

εg Diffusive length scale of G-actin 3.16 µmg

Γ f F-actin mobility 0.52 s−1 g

Γg G-actin mobility 0.52 s−1 g

α f Range of protrusive forces 0.075g

η f Strength of protrusive forces 12, 000 pNµm3 g

αm Range of contractile forces 0.41 g

ς Substrate drag coefficient 0.7 pN sµm−3 h

ηrep Strength of repulsive forces 6000 pNµmg

rq Decay rate of chemoattractant 0.1 s−1

bq Production rate of chemoattractant 500 s−1

kq Consumption rate of chemoattractant 10 s−1

ra Decay rate of activator 0.32 s−1 g

ba Production rate of activator 7.8 s−1 g

The parameters are classified according to the methodology used to measure their values
aPetrášek et al. (2008)
bBausch et al. (1998)
cRubinstein et al. (2009)
dTinevez et al. (2009)
eUra et al. (2012)
fShao et al. (2012)
gMoure and Gomez (2016, 2017)
hCamley et al. (2013)
iBuenemann et al. (2010)

two to three dimensions (one principal curvature is zero in
2D). Table 2 also includes the parameters used only in the
3D examples. The parameters not listed here may be found
in the main text.

A5: Description of cAMPwaves

Here, we define the nondissipating waves used in Sect. 4.2 to
replicate the experiments in Skoge et al. (2014). The exper-
iments correspond to a wave traveling in the direction of a
channel, which we assume to be aligned with the x axis.
The chemoattractant wave has a wavelength λq = 1300 µm,

a maximum concentration Q = 700 nM, and moves with
velocity {−λq/Tw, 0}Tµm/s, where Tw is the period of the
wave. The concentration of a single wave can be defined as

q(x, t) = Q exp

⎡
⎢⎣− 0.5

⎛
⎝ x + λq

Tw
t − λq

2

σq

⎞
⎠

2
⎤
⎥⎦ , (28)

with the constant σq = 101.12 µm. If we consider a set of
waves that are λq away from each other in the x-direction,
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Table 2 Parameters used in the
3D examples

Symbol Description Value/References

Km Decay rate of myosin diffusion 1.55 µm3 f

μ Dynamic viscosity coefficient 1500 pN sµm−2 b

λ Bulk viscosity coefficient −500 pN sµm−2 b

η f Strength of protrusive forces 11, 400 pNµm3 g

ηm Strength of contractile forces 9.9 pNµmc

ς Drag coefficient 0.7 pN sµm−4

Nadh Maximum number of adhesions 100 i

kgrip0 Gripping coefficient 1.5 pN s−1 µm−1 h

roff0 Disassociation rate of adhesions 0.002 s−1 i

F0 Characteristic adhesive strength 12 pNµm−3 h

γ Surface tension coefficient 78 pNµm−1 d

ηrep Strength of repulsive forces 6000 pN

Ra Radius of activator source 2 µme

We show the parameters that change with respect to Table 1 and the parameters used only in the 3D examples.
The references are listed in Table 1

the concentration of each wave i is given by

qi (x, t) = Q exp

⎡
⎢⎣− 0.5

⎛
⎝ x + λq

Tw
t − (2i − 1) λq

2

σq

⎞
⎠

2
⎤
⎥⎦ ,

(29)

where i is a positive integer that identifies each wave. The
distribution q used in Sect. 4.2 can be computed as q(x, t) =∑

i qi (x, t), where i accounts for the waves with non-zero
concentration in the vicinity of the cell.
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