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Highlights

• We propose a new reduced quadrature rule for IGA based on variational collocation.
• Integration is performed on the weighted residual form and not on the variational form.
• The quadrature points are superconvergent points.
• Two quadrature points per parametric direction are used for any (odd) degree.
• Results are very close to those obtained with Galerkin and accurate quadrature.

Abstract

We propose a new reduced integration rule for isogeometric analysis (IGA) based on the concept of variational collocation.
It has been recently shown that, if a discrete space is constructed by smooth and pointwise non-negative basis functions, there
exists a set of points – named Cauchy–Galerkin (CG) points – such that collocation performed at these points can reproduce the
Galerkin solution of various boundary value problems exactly. Since CG points are not known a-priori, estimates are necessary in
practice and can be found based on superconvergence theory. In this contribution, we explore the use of estimated CG points (i.e.
superconvergent points) as numerical quadrature points to obtain an efficient and stable reduced quadrature rule in IGA. We use the
weighted residual formulation as basis for our new quadrature rule, so that the proposed approach can be considered intermediate
between the standard (accurately integrated) Galerkin variational formulation and the direct evaluation of the strong form in
collocation approaches. The performance of the method is demonstrated by several examples. For odd degrees of discretization,
we obtain spatial convergence rates and accuracy very close to those of accurately integrated standard Galerkin with a quadrature
rule of two points per parametric direction independently of the degree.
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1. Introduction

Isogeometric analysis (IGA) is a recently developed framework for the discretization of partial differential
equations (PDEs). Here, in contrast to classical finite element methods (FEMs), smooth basis functions commonly
employed in Computer Aided Design (CAD) are used, therefore providing an exact description of the geometry in
the analysis model. IGA benefits from the higher continuity and regularity of the underlying basis functions and has
shown significant advantages in various fields of application, especially a higher accuracy per degree-of-freedom,
compared to conventional C0 FEMs. For a general overview about IGA, the reader is referred to [1].

The efficient numerical implementation is still an issue and one field of attention in current research in IGA.
Standard Gauss quadrature rules are not well-suited for IGA since they do not exploit the higher continuity of
the shape functions. This fact leads to a large computational effort for assembly of IGA matrices, especially when
basis functions of high degree are used. Therefore reduced and optimal quadrature schemes already well established
for FEMs, see Strang & Fix [2], have attracted revitalized attention in IGA, e.g. in [3–9]. The authors of [10]
also performed parallelized IGA computations on GPUs to decrease the total computation time. Recently, Calabrò
et al. [11] presented a novel algorithm for the formation of IGA matrices based on weighted quadrature, leading to
remarkable time savings.

Besides these approaches, collocation methods have gained a great interest in the computational mechanics
community, since they take full advantage of the higher regularity of the basis functions used in IGA. Collocation
methods are based on the discretization of the strong form of the governing PDEs. They have been successfully applied
to a broad range of problems relevant to the computational mechanics community, see e.g. [12–16]. In the majority
of publications regarding isogeometric collocation methods, the Greville abscissae [17] are chosen as locations of the
collocation points. In some cases also the Demko abscissae [18] are used, generally leading to comparable results as
with the Greville abscissae. For both choices, numerical studies (e.g. in [19,20]) indicated for isogeometric collocation
a spatial convergence rate in the L2 norm of the error equal to the polynomial degree p for even degrees and to p − 1
for odd degrees.

A recent study [21] showed that, if a discrete space is constructed by smooth and pointwise non-negative basis
functions, there exists a set of points – called Cauchy–Galerkin (CG) points – such that a collocation scheme
performed at these points can reproduce the Galerkin solution of various boundary value problems exactly. The
approach, which was given by its authors the name of variational collocation, is obviously suitable for the basis
functions applied in IGA. The exact CG points were calculated numerically in [21], based on a given Galerkin solution.
Since the latter is not known a priori, estimates need to be provided independent of the unknown Galerkin solution.
These estimates can be obtained via superconvergence theory and therefore, in the following, the estimated CG points
will be referred to as superconvergent points. The proposed estimate is suitable for uniform Bézier meshes and the
investigation of an extension to the non-uniform case is in progress.

The number of superconvergent points is larger than the number of control points. In [22], the same points had
been found and their complete set employed within a least-squares isogeometric collocation method. Conversely,
in [21] only a subset of these points was used, thus avoiding the solution of an overdetermined system and leaving the
structure of isogeometric collocation unaltered. Collocating at an alternating subset of points was shown to achieve
convergence rates of p in the L2 norm for both even and odd polynomial degrees. By using a subset with local
symmetry [23], optimal convergence rates of p + 1 in the L2 norm could be obtained for odd degrees. As of today,
the mathematical reasons of this observed behavior are unknown.

In this paper, as an alternative to the collocation schemes mentioned before, we combine the collocation
and Galerkin methods by applying the concept of variational collocation to a weighted residual approach. The
superconvergent points are used as integration points for a new reduced quadrature rule. Instead of applying this rule
to the Galerkin variational formulation of the considered numerical problems, we use directly the weighted residual
formulation and apply to it the new quadrature rule. The chosen approach can thus be seen as intermediate between
the Galerkin variational formulation and the direct evaluation of the strong form in collocation approaches.

This paper is organized as follows: In Section 2 the basic notions on isogeometric basis functions are briefly
reported. In Section 3 we introduce the concept of variational collocation and the estimation of the CG points via
superconvergence theory. In addition we point out how this concept can be applied to derive a reduced quadrature
rule for weighted residual methods. Several numerical examples including a scalar problem, two-dimensional linear
elasticity problems, and a generalized eigenvalue problem are investigated in Section 4. Conclusions are drawn and
future research directions are outlined in Section 5.
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2. Isogeometric basis functions

A natural application of the proposed reduced quadrature rule is IGA, as isogeometric basis functions satisfy the
requirements of variational collocation. In IGA, CAD basis functions, most typically non-uniform rational B-Splines
(NURBS) are used to represent the geometry and to construct the approximation spaces for the physical fields, thus
maintaining the isoparametric concept of the standard FEM.

2.1. One-dimensional B-Splines

One-dimensional B-Splines are piecewise polynomials, which may be defined as linear combinations of B-Spline
basis functions. Let us assume that we work on a parametric space I, which is a closed interval of R. Without loss
of generality, we will take I = [0, 1] in most instances. To define a B-Spline basis, the degree of the engendering
polynomial p and the knot vector Ξ need to be specified. The entries of the knot vector Ξ , which are called knots,
are non-decreasing coordinates of the parametric space, such that

Ξ = {ξ1, ξ2, . . . , ξn+p+1}. (1)

Throughout this paper, the knot vector will be assumed to be open, which implies ξ1 = · · · = ξp+1 and ξn+1 = · · · =

ξn+p+1. This generates a space of dimension n. The zeroth degree B-Spline functions {Ni,0}i=1,...,n are defined as

Ni,0(ξ ) =

{
1 if ξi ≤ ξ < ξi+1
0 otherwise ; i = 1, . . . , n. (2)

The pth degree B-Spline basis functions are defined recursively using the relation

Ni,p(ξ ) =
ξ − ξi

ξi+p − ξi
Ni,p−1(ξ ) +

ξi+p+1 − ξ

ξi+p+1 − ξi+1
Ni+1,p−1(ξ ); i = 1, . . . , n. (3)

The first derivatives of the basis functions can be computed as

N ′

i,p(ξ ) = p
Ni,p−1(ξ )
ξi+p − ξi

− p
Ni+1,p−1(ξ )

ξi+p+1 − ξi+1
. (4)

The functions {Ni,p}i=1,...,n are pointwise non-negative and C∞ everywhere except at the knots. At a non-repeated knot,
the functions have p − 1 continuous derivatives. If a knot has multiplicity k, the number of continuous derivatives at
that point is p − k.

2.2. Non-uniform rational B-splines

A NURBS curve of degree p can be expressed as a linear combination of control points Pi and basis functions Ri,p

of degree p as

C(ξ ) =

n∑
i=1

Pi Ri,p(ξ ) with Ri,p(ξ ) =
wi Ni,p(ξ )∑n

ĵ=1 w ĵ N ĵ,p(ξ )
, (5)

Ri,p(ξ ) being the standard NURBS basis functions for the parametric direction ξ with the associated weights wi . If
all the weights have the same value, the NURBS curve degenerates to a B-spline curve.

NURBS basis functions, such as their B-Spline progenitors, are pointwise non-negative and can attain C p−1 global
continuity for functions of degree p. Bivariate NURBS basis functions R p,q

i, j are defined by a tensor product of the one-
dimensional B-spline basis functions Ni,p(ξ ), M j,q (η) in the two parametric directions ξ and η and the corresponding
weights wi, j as

R p,q
i, j (ξ, η) =

Ni,p(ξ )M j,q (η)wi, j∑n
î=1

∑m
ĵ=1 Nî,p(ξ )M ĵ,q (η)wî, ĵ

. (6)

With the control points Pi, j a NURBS surface of degree p, q can thus be expressed as

S(ξ, η) =

n∑
i=1

m∑
j=1

Pi, j R p,q
i, j (ξ, η). (7)
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In the rest of the paper, we will omit to explicitly indicate the degree in the basis functions of a spline space for the
sake of notational simplicity. Therefore e.g. Ri,p will be simply denoted by Ri and the degree will be inferred from
the context.

3. Variational collocation and a new reduced quadrature rule

In this section the main idea of the variational collocation method is summarized. In this context a theoretical
link between the collocation and the Galerkin method is provided. Subsequently it is shown how the superconvergent
points, determined within the context of variational collocation, can also be used in a new reduced quadrature rule for
a modified Galerkin scheme.

3.1. Variational collocation

A key ingredient for the variational collocation method is the first mean value theorem of integral calculus [24]
given below.

Theorem 1 (Cauchy, 1821). Let Ω be a measurable subset of Rd , where d is the number of spatial dimensions. The
functions G : Ω ↦→ R and w : Ω ↦→ R are considered. If G is continuous and w(x) ≥ 0 for all x ∈ Ω , then there
exists τ ∈ Ω such that∫

Ω

w(x)G(x)dx = G(τ )
∫
Ω

w(x)dx. (8)

To highlight the main idea, we consider a simple boundary value problem defined in strong form by the Poisson
equation as

∆u + f = 0 in Ω , (9a)
u = u D on Γ , (9b)

with the domain Ω , the corresponding boundary Γ , the Laplace operator ∆ and the unknown scalar solution field u.
We assume to have Dirichlet boundary conditions on the whole boundary.

In isogeometric collocation we directly evaluate the strong form of a PDE, for instance Eq. (9a), at a certain set of
collocation points {αA}A=1,...,n that are distributed over the domain Ω . The stability and the accuracy of the method
depend on the location of the αA’s. A common choice in isogeometric collocation is the Greville abscissae, which can
be calculated for a one-dimensional spline of degree p as

τ̂i =
1
p

i+p∑
j=i+1

ξ j , (10)

where ξ j are the entries of the knot vector Ξ . To perform the space discretization, we define a finite-dimensional
space Uh = span{RA}A=1,...,n with the linearly independent basis functions {RA}A=1,...,n . The Galerkin variational
formulation of the aforementioned boundary value problem can be written as: Given f : Ω → R, find uh ∈ Uh such
that ∫

Ω

∇ RA · ∇uhdx −

∫
Ω

RA f dx = 0 for all A ∈ D. (11)

with D being the set of indices A such that RA vanishes on Γ . If the basis functions are sufficiently smooth, integration
by parts leads to∫

Ω

RA(∆uh + f )dx = 0 for all A ∈ D. (12)

The same equation arises directly if a weighted residual method is utilized. Therefore in the following we refer to
Eq. (12) as weighted residual formulation.

With the support SA of RA, RA ≥ 0 on SA and by Theorem 1 there exists a point τ A ∈ SA such that

0 =

∫
SA

RA(∆uh + f )dx = (∆uh(τ A) + f (τ A))
∫

SA

RAdx for all A ∈ D, (13)
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Table 1
Second derivative of the error function e′′(η) and corresponding zeros,
referred to the bi-unit domain [−1, 1], for different degrees.

p e′′ Zeros of e′′

3 3η2
− 1 ±

1
√

3
4 η3

− η −1, 0, 1

5 15η4
− 30η2

+ 7 ±

√
225−30

√
30

15
6 3η5

− 10η3
+ 7η −1, 0, 1

7 21η6
− 105η4

+ 147η2
− 31 ±0.5049185675126533

which implies

∆uh(τ A) + f (τ A) = 0 for all A ∈ D. (14)

In [21] it was proven that these characteristic points (τ A)A∈D are all distinct and they were named CG points. It
follows that collocation at CG points produces exactly the Galerkin solution, which is the fundamental idea behind
the variational collocation method [21].

As shown in [21], in order to calculate CG points exactly one needs to know the Galerkin solution. Therefore an
a-priori estimate of these points is needed, and can be obtained based on superconvergence theory. The estimation
is briefly described as follows for the one-dimensional setting, but can be easily transferred to the multi-dimensional
case via tensor product, see [21] for all details.

As shown before, the CG points are the roots of the equation RL = u′′

h + f , which can also be written as
RL = u′′

h − u′′. This implies that they are located where the second derivative of the Galerkin solution is exact.
To estimate these locations, we consider the error e = u − uh and perform its Taylor expansion up to order p + 1.
The results are then expressed in terms of Legendre polynomials. To determine the unknown coefficients, known
superconvergence conditions on e (even p) or e′ (odd p) and certain continuity conditions are applied. The procedure
is described in detail in [21]. The resulting second derivative of the error function, e′′, and the corresponding zeros,
both referred to the biunit domain [−1, 1], are listed in Table 1.

Being two per knot span, the superconvergent points are more numerous than needed. Therefore a least-squares
collocation method was proposed in [22] to solve the overdetermined system of equations obtained by writing the
collocated strong form at all points. We abbreviate this method in the following as “LS-SP”, “LS” referring to least
squares and “SP” to superconvergent points. In contrast to that, in [21] a subset of the superconvergent points as
numerous as the control points was used, thus leading to a square system of equations. In the following we indicate
this method by “C-ASP”, where “C” refers to collocation, and “ASP” stands for alternate superconvergent points,
since the collocation points were chosen in an alternating fashion so as to be about one per knot span. In a subsequent
study [23], a new subset featuring a local symmetry of the collocation stencil was proposed and shown to improve
the convergence order for odd polynomial degrees. Due to the “clustered” structure of the collocation points, the
abbreviation “C-CSP” is used here to refer to this choice [23]. Finally, for collocation at the Greville abscissae, we
use the abbreviation “C-GP”.

In [21] the location of the superconvergent points was defined by introducing an offset relatively to the Greville
abscissae. In this paper, we do not introduce this offset and simply consider the parametric coordinates of the two
superconvergent points located in each knot span, as obtained by a linear mapping from the biunit domain of the
points given in Table 1.

Table 2 summarizes the convergence rates numerically obtained with all the presented isogeometric collocation
methods in comparison to the Galerkin variational formulation with full Gauss quadrature. Here and in the following
we conventionally consider as “full” the rule with p + 1 Gauss quadrature points per parametric direction, which
leads to an increasing computational cost for numerical integration as the discretization order increases. Full Gauss
quadrature can integrate all integrands present in the considered bilinear forms with full accuracy in case of constant
material parameters and an affine geometric mapping from the parent to the physical domain. On the contrary, reduced
integration implies that not all integrands in the bilinear form are exactly integrated. The objective of a reduced
quadrature rule is to maintain coercivity of the bilinear form while bounding the error due to quadrature by the
interpolation (projection) error.
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Table 2
Comparisons of orders of convergence: Galerkin, C-GP, LS-SP, C-CSP and C-ASP [23].

Norm Galerkin C-GP LS-SP and C-CSP C-ASP

Odd p Even p Odd p Even p
L2 p + 1 p − 1 p p + 1 p p
H1 p p − 1 p p p p

3.2. New reduced quadrature rule

As visible from Table 2, the concept of variational collocation, which underlies both C-CSP and C-ASP, brings
the performance of the isogeometric collocation approach much closer to that of the Galerkin variational formulation.
The same concept can however be exploited in at least another way, which we investigate in this paper. Namely, we
aim at combining the idea of variational collocation with a weighted residual formulation, to devise a new reduced
quadrature scheme.

Numerical quadrature applied to a function g(x) can be expressed as∫ b

a
g(x) dx ≈

b − a
2

nqp∑
i=1

g(xi )αi , (15)

where xi are the quadrature points, in number nqp, and αi the corresponding weights, both depending on the
specific quadrature rule. Gauss–Legendre (in the following simply denoted as Gauss) quadrature rules can integrate
polynomials up to a degree of p = 2nqp − 1 exactly.

Considering the Galerkin variational formulation of the Poisson equation in Eq. (11), numerical quadrature is
applied by replacing the integral with a weighted sum of evaluations as given below

nel∑
e=1

∫
Ω̃e

(∇ RA · ∇uh − RA f )JdΩ̃e ≈

nel∑
e=1

nqp∑
i=1

[
∇ RA(ξ̃ i) · ∇uh(ξ̃ i) − RA(ξ̃ i) f (ξ̃ i)

]
Jαi = 0

for all A ∈ D.

(16)

Here we consider the sum of the integrals over each element e (with nel as the total number of elements) and the
corresponding domain Ω̃e in the parent (bi-unit) element space with the associated coordinates ξ̃ i of the quadrature
points. J is the Jacobian of the mapping from the physical space to the parent element space. Note that the integral
is only non-zero within the support of the basis function RA, in any event our aim here is only to explicitly bring
numerical integration into the picture.

Instead of utilizing the Galerkin variational formulation for our new quadrature rule, we use the weighted residual
formulation Eq. (12), resulting in

nel∑
e=1

∫
Ω̃e

RA(∆uh + f )JdΩ̃e ≈

nel∑
e=1

nqp∑
i=1

[
RA(ξ̃ i)(∆uh(ξ̃ i) − f (ξ̃ i))

]
Jαi = 0 for all A ∈ D. (17)

Although reduced quadrature rules have been extensively investigated in IGA, see the introduction, all previous studies
focused on the weak form and not on the weighted residual form. Our idea here is to use the estimated CG points,
e.g. the superconvergent points in Table 1, as quadrature points of the weighted residual form. Since we know from
the variational collocation concept that there exist exact quadratures that use only one point per degree of freedom for
Eq. (12), this suggests that the weighted residual formulation of the strong form might be more amenable to numerical
integration than its weak counterpart.

From Table 1 we can see that, for odd degree B-Spline/NURBS approximations, there are two superconvergent
points in each knot interval, i.e. two points per parametric direction in each Bézier element. This immediately delivers
the values of the weights of both points, considered as quadrature points, as αi = 1. Hence we obtain a quadrature rule
with nqp = 2d quadrature points, d being the dimension of the parametric space, regardless of the (odd) polynomial
degree of the discretization. This is particularly appealing for high polynomial degrees, since it leads to a remarkable
reduction of evaluations in comparison to standard Gauss quadrature. For the above reasons, we focus on cubic,
quintic and septic splines in our numerical studies. Interestingly in the case of cubic B-Spline/NURBS approximations
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Table 3
Summary of abbreviations for the compared schemes.

Abbreviation Method

C-GP Collocation at Greville points
C-ASP Collocation at alternating superconvergent points
C-CSP Collocation at clustered superconvergent points
G-FGP Galerkin variational formulation — full Gauss quadrature
G-RGP Galerkin variational formulation — reduced Gauss quadrature
WR-RGP Weighted residual formulation — reduced Gauss quadrature
WR-SP Weighted residual formulation — quadrature at superconv. points

the superconvergent points coincide with the standard Gauss quadrature points in case of two integration points per
parametric direction.

Finally, let us briefly discuss further abbreviations used in the following. For the Galerkin variational formulation
we use “G-FGP” in case of full Gauss quadrature and “G-RGP” in case of reduced Gauss quadrature (with 2 Gauss
quadrature points per parametric direction). For the weighted residual formulation we use the abbreviations “WR-SP”
for quadrature at the superconvergent points and “WR-RGP” for reduced Gauss quadrature (with 2 Gauss quadrature
points per parametric direction).

4. Numerical examples

In this section we apply our reduced quadrature rule to four different numerical examples, including one scalar
problem and three two-dimensional elasticity problems. For each example the accuracy and efficiency of the proposed
method is analyzed in comparison to the Galerkin formulations with full and reduced Gauss quadrature, as well as to
different collocation schemes. Finally, an eigenvalue analysis is performed to examine the stability and accuracy of
the new method in more detail.

We investigate the performance of all considered methods for cubic, quintic and septic NURBS and single patch
domains. For the convergence studies, we apply a uniform refinement to the initial discretization. For the quintic and
septic splines we do not plot the results of the Galerkin variational formulation with reduced Gauss quadrature, since
this combination leads to high errors in most cases.

As shown in Section 3, when superconvergent points are used as integration points for odd polynomial degrees,
only two integration points are used per parametric direction per Bézier element. Therefore the computational effort in
comparison to full Gauss quadrature rules can be decreased significantly. Since the estimation of the superconvergent
points is tailored to the domain and not to the boundary, we will use conventional Gauss quadrature within the
boundary layer of elements, leading to a negligible computational extra cost for sufficiently fine meshes. For the
sake of a concise representation in the legends of the figures, we use the abbreviations described in Section 3. These
abbreviations can also be found in Table 3 in form of a compact overview.

4.1. Scalar problem

In this subsection we investigate the following scalar model problem with the definition specified e.g. in [4]:

− ∆u + u = b in Ω , (18a)
u = 0 on ΓD, (18b)

∂u
∂n

= 0 on ΓN . (18c)

In this boundary-value problem u is a scalar function, b is a source term, and n denotes the outward unit normal to the
boundary Γ . For the Neumann boundary ΓN and the Dirichlet boundary ΓD it holds ΓN ∪ΓD = Γ and ΓN ∩ΓD = ∅.
We use the geometry of a quarter annulus defined as in Fig. 1 with Ri = 1 and Ro = 4. In addition homogeneous
Dirichlet and Neumann boundary conditions are assumed as shown in Fig. 1.

The source term provided as in [4]:

b(x, r ) = 16r2 sin(x) − 68 sin(x) + x(8r2
− 68) cos(x) (19)
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Fig. 1. Scalar problem: Geometry and boundary conditions.

(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 2. Convergence plots for the scalar problem, degree p = 3.

is manufactured in such a way that the exact solution to Eq. (18) can be expressed as

ure f (x, r ) = (r2
− 1)(r2

− 16) sin(x), (20)

with the radial coordinate r =
√

x2 + y2.
The convergence plots for the relative error in the L2 norm and the H 1 semi-norm can be found in Figs. 2–4 for

the different polynomial degrees.
The plots in Figs. 2–4 visualize the convergence rates of the errors measured in the relative L2 norm and

H 1 semi-norm for cubic, quintic and septic NURBS discretizations. It is evident that C-GP leads to the lowest
convergence rates in all considered cases. In addition the error in both norms is also the highest. Collocation at
superconvergent points (C-ASP, C-CSP) leads to significantly better results. All the rates of convergence of the
collocation methods are in agreement with those expected from Table 2. The best results among all approaches are
obtained, as expected, by the classical G-FGP. However the results obtained from WR-SP are nearly the same as those
of G-FGP, despite the significantly lower cost of quadrature. This observation is especially remarkable for the septic
NURBS approximations, where only 2d quadrature points instead of 8d for the full Gauss quadrature are used. For
p = 3 WR-RGP coincides with WR-SP, as in this case the two superconvergent points coincide with the two Gauss
points. For p = 5 and p = 7, WR-RGP leads to significantly worse results than WR-SP, indicating that the use of the
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(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 3. Convergence plots for the scalar problem, degree p = 5.

(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 4. Convergence plots for the scalar problem, degree p = 7.

weighted-residual form in itself is not sufficient to achieve accurate results, but must be combined with the choice of
the superconvergent points as quadrature locations. On the other hand, the comparison between WR-RGP and G-RGP
indicates that, for a given number of Gauss quadrature points, the weighted-residual form gives better results than the
weak form. The results from the latter are not reported for p = 5 and p = 7 as these cases are unstable. As a side
note, the decline of the convergence rate in the L2 norm for very fine meshes in the case of septic splines is most likely
induced by conditioning issues.

4.2. Elasticity problem with manufactured solution

In this numerical example we use again the geometry of the quarter annulus as in the previous example. In contrast
to the scalar problem, we now investigate a two-dimensional linear elasticity problem given as

∇ · σ + b = 0 in Ω , (21a)

σ · n = t on ΓN , (21b)

u = 0 on ΓD. (21c)

Here ∇· is the divergence operator, σ is the stress tensor, b is the body force vector, u = (u, v)T is the vector of the
unknown displacements, t is the prescribed traction on the Neumann boundary ΓN and n is the outward unit normal
to the boundary Γ .
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Fig. 5. Linear elasticity: Dirichlet problem with manufactured solution. Geometry and boundary conditions.

For small deformations and linear elastic, isotropic materials, stress σ and displacement u are related as

σ = 2µ∇
su + λ(∇ · u)I, (22)

where ∇
s is the symmetric gradient operator, I is the identity tensor, and λ and µ are the Lamé constants. The strain

tensor is defined as ϵ = ∇
su.

We assume to have plane strain (ϵxz = ϵyz = ϵzz = 0) conditions and Lamé constants λ = µ = 1. On the complete
boundary of the domain we have homogeneous Dirichlet boundary conditions (see Fig. 5). This numerical example
can also be found e.g. in [25].

From a fictional displacement field defined as

ure f (x, y) = 10−6x2 y4(x2
+ y2

− 16)(x2
+ y2

− 1)
(5x4

+ 18x2 y2
− 85x2

+ 13y4
+ 80 − 153y2),

vre f (x, y) = −2 · 10−6xy5(x2
+ y2

− 16)(x2
+ y2

− 1)
(5x4

− 51x2
+ 6x2 y2

− 17y2
+ 16 + y4)

(23)

the corresponding body forces are calculated and applied to the domain. The convergence plots for the relative error
in the L2 norm and the H 1 semi-norm can be found in Figs. 6–8 for the different polynomial degrees.

(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 6. Convergence plots for elasticity problem with manufactured solution, degree p = 3.
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(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 7. Convergence plots for elasticity problem with manufactured solution, degree p = 5.

(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 8. Convergence plots for elasticity problem with manufactured solution, degree p = 7.

The convergence plots in Figs. 6–8 confirm all observations reported for the previous example, which are therefore
not repeated, and underline the good performance of the proposed method. The errors of this method in the relative
L2 norm and H 1 semi-norm are nearly identical to those obtained with the standard Galerkin formulation with full
Gauss quadrature.

4.3. Quarter annulus under inner pressure

As the third numerical example we consider the same quarter annulus as in the previous examples, subjected to a
uniform internal pressure of p = 15/8. The boundary conditions are applied as shown in Fig. 9. Again we assume
plane strain with Lamé constants λ = µ = 1.

Figs. 10–12 show the results for the quarter annulus subjected to an internal pressure. Unlike in the previous two
examples, here C-ASP and C-CSP deliver lower errors than C-GP only for p = 3 and p = 5 (in the latter case C-ASP
and C-GP give very close error levels), whereas for p = 7 C-GP leads to lower error values. However, the convergence
rates are consistently higher for C-ASP and C-CSP and again correspond to those given in Table 2. The observations
made in the previous two examples on WR-RGP and G-RGP continue to hold. Also in this case the proposed method
outperforms all others, except for the standard Galerkin formulation with full Gauss quadrature. However, unlike in
the previous examples, the L2 norm of the error for the new method is now significantly larger than for G-FGP. In
case of quintic splines one can see a slight decline of the convergence rate for finer meshes. The exact reason for this
behavior could not be clearly identified. A possibility is that due to the pressure boundary condition in this example,
the effect of the inaccurate estimation of the superconvergent points in the boundary zone becomes more prominent.
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Fig. 9. Linear elasticity: Quarter annulus under inner pressure. Geometry and boundary conditions.

(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 10. Convergence plots for quarter annulus under inner pressure, degree p = 3.

(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 11. Convergence plots for quarter annulus under inner pressure, degree p = 5.
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(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 12. Convergence plots for quarter annulus under inner pressure, degree p = 7.

Conversely, the performance of the proposed method is still nearly identical to the standard Galerkin formulation with
full Gauss quadrature in the H 1 semi-norm.

4.4. Infinite plate with circular hole

In this example we simulate the mechanical behavior of an infinite plate with a circular hole under constant in-plane
tension at infinity. We apply exactly the same definition of this classical benchmark problem as in [1]. The infinite
plate is modeled by a finite quarter plate, which can be seen in Fig. 13, with radius R = 1 and length L = 4. On the
marked boundaries in Fig. 13 we apply the exact tractions calculated from the analytical solution to exactly reproduce
the infinite plate problem despite the finite size of the model. The magnitude of the applied stress for the infinite plate
case is chosen as Ty = 10. In contrast to the two previous examples we assume plane stress (σxz = σyz = σzz = 0)
behavior with Young’s modulus E = 105 and Poisson’s ratio ν = 0.3. The Lamé constants can be calculated as

λ =
νE

(1 + ν)(1 − 2ν)
, µ =

E
2(1 + ν)

. (24)

Fig. 13. Linear elasticity: Infinite plate with hole. Geometry and boundary conditions.
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(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 14. Convergence plots for infinite plate with hole, degree p = 3.

(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 15. Convergence plots for infinite plate with hole, degree p = 5.

The knot vectors of the initial Bézier element mesh Ξ × H, which is subsequently refined, are specified as

Ξ = {0, 0, 0, 0.5, 1, 1, 1},

H = {0, 0, 0, 1, 1, 1}.
(25)

This example is especially appealing for the investigation of the stability of the proposed method. Due to the repeated
control point creating the upper right corner, there is a singularity in the inverse of the geometrical mapping at this
corner.

Because of the internal knot in Ξ at 0.5, which induces additional control points for this parameterization, we
begin the convergence study with 20 control points per parametric direction for this example.

The exact solution can be found e.g. in [26] in a polar coordinate representation for the stress tensor. The
corresponding cartesian components of the displacement field expressed as functions of the polar coordinates are

ure f (r, θ) =
Ty R(1 + ν)

8E

((
3 − ν

1 + ν
+ 1

)
cos(θ )

(
2r
R

+
4R
r

)
+ cos(3θ )

(
4R
r

−
4R3

r3

))
,

vre f (r, θ) =
Ty R(1 + ν)

8E

(
2r
R

(
3 − ν

1 + ν
− 3

)
sin(θ ) +

4R
r

((
1 −

3 − ν

1 + ν

)
sin(θ )

+ sin(3θ )
)

−
4R3

r3 sin(3θ )
)

.

(26)

Results are reported in Figs. 14–16. Note that for this example no results are given for C-CSP and C-ASP, since their
definition is only available for splines of maximum continuity so far. Here C-GP behaves similarly as in the previous
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(a) Rel. error in L2 norm. (b) Rel. error in H1 semi-norm.

Fig. 16. Convergence plots for infinite plate with hole, degree p = 7.

example, and the usual observations on WR-RGP and G-RGP continue to hold. The proposed method provides good
results also for this challenging example. Its performance is comparable to that obtained in the previous examples.
The reason for the lower convergence rates in the L2 norm in comparison to G-FGP is once again probably related to
the inaccurate estimate of the superconvergent points in parts of the geometry. Furthermore the degenerated mapping
in the upper right corner, induced by the parameterization of this geometry, might have an additional negative effect
on the results.

4.5. Generalized eigenvalue problem

In this section we investigate a generalized Laplace eigenvalue problem (see e.g. [4]) specified as

− ∆u = λu in Ω , (27a)

u = 0 on Γ (27b)

with the eigenvalue, eigenvector pair (λ, u).
At first we consider the Dirichlet eigenvalue problem, where the solution u is constrained by homogeneous

Dirichlet boundary conditions. We model a rectangular geometry Ω = (−1, 1)2 via a single patch with cubic, quintic
and septic B-Splines and 50 × 50 Bézier-elements. The analytical solution to this problem can be expressed as

u j = sin
(

j1
π

2
(x + 1)

)
sin

(
j2

π

2
(y + 1)

)
,

λ j =
π2

4
( j2

1 + j2
2 ),

j = ( j1, j2) and j1, j2 ≥ 1.

(28)

The calculated eigenvalues are sorted in an ascending order as

0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λk ≤ · · · ≤ λN . (29)

The normalized discrete spectra are plotted in Figs. 17–19. The closer the ratio of the eigenvalues to one, the better
is the accuracy of the discrete spectrum. For complex numbers, which occurred for some methods at very high index
numbers, only the real part is plotted. To examine the accuracy of the approximation, the lowest modes of the discrete
spectrum are most important.

From Fig. 17 for cubic splines, one can see that the WR-SP formulation leads to very good results for the full
spectrum. The performance is very similar to that of the G-FGP. In general the results obtained by collocating at the
Greville abscissae are significantly worse than those of the other methods. Collocation at superconvergent points also
leads to high errors in the most relevant spectrum, if the subset of clustered points is used.
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Fig. 17. Normalized discrete spectra for Dirichlet eigenvalue problem, p = 3.

Fig. 18. Normalized discrete spectra for Dirichlet eigenvalue problem, p = 5.

Also in case of quintic B-splines (Fig. 18), the results of the newly proposed method are very similar to those of
the fully-integrated Galerkin variational formulation. For the collocation methods, only the method with collocation
points selected in alternating fashion is on a comparable level, but shows oscillations for high eigenvalues.

From the normalized discrete spectra for septic splines in Fig. 19 one can see that the results with the proposed
method are again very accurate. In contrast to that the collocation methods using superconvergent points show
oscillations for high eigenvalues in case of septic splines.

In a second step we investigate a generalized Neumann eigenvalue problem, where we apply Neumann boundary
conditions on the complete boundary of the domain. We use again cubic, quintic and septic B-splines with the same
geometry as in the previous example. According to the definition in [4] the following three requirements have to be
fulfilled to ensure rank sufficiency:
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Fig. 19. Normalized discrete spectra for Dirichlet eigenvalue problem, p = 7.

Table 4
Lowest eigenvalues for Neumann eigenvalue problem, order p = 3.

(Dof s)
1
2 G-FGP WR-SP/RGP C-GP C-ASP C-CSP

4 7.750e−15 3.724e−16 −4.075e−16 −8.628e−16 2.084e−16
5 4.066e−15 9.106e−16 −9.265e−16 −1.388e−15 −1.238e−15
6 −4.796e−14 −3.439e−16 −3.703e−15 2.656e−15 5.127e−15
7 8.519e−14 4.247e−15 2.620e−15 −5.022e−16 3.364e−15
8 1.292e−14 2.575e−15 3.162e−15 −2.427e−15 6.706e−15
9 2.975e−13 1.263e−16 1.494e−16 1.351e−14 1.126e−15

10 1.989e−13 2.940e−15 6.920e−15 6.760e−15 −2.511e−14
20 −1.370e−12 3.002e−14 −9.797e−14 −9.941e−14 −7.012e−14
30 −2.318e−12 −5.237e−14 8.158e−14 −Inf 3.514e−13
40 −6.550e−13 −1.243e−14 8.482e−14 2.515e−13 1.125e−13
50 −9.908e−13 1.278e−13 6.810e−13 4.442e−13 −2.345e+17

• The number of zero eigenvalues corresponds exactly to the number of rigid body modes. We expect exactly one
zero eigenvalue for the 2D Laplace operator. If there are additional zeros, the stiffness matrix is rank-deficient
and allows spurious zero-energy modes.

• The smallest non-zero eigenvalue is real and converges to a finite value larger than zero. This ensures that no
further zero eigenvalues occur, since the set of eigenvalues has a lower bound according to Eq. (29).

• The set of eigenvalues is bounded from above, i.e. the largest eigenvalue is finite. If there are infinitely large
eigenvalues, the consistent mass matrix is rank-deficient.

We compare the performance of the various methods by examining the two lowest and the highest eigenvalue. The
two lowest eigenvalues are printed to check, firstly, if there is one zero eigenvalue as expected, and secondly if the
second smallest eigenvalue is real and converges to a finite value larger than zero. The largest eigenvalue is printed to
check if it is finite.

The results for cubic splines can be found in Tables 4–6. From Table 6 one can see that the consistent mass matrix
is rank-deficient for all investigated Bézier meshes, if collocation methods are used. The newly proposed method leads
to good results for all considered meshes. The convergence of this method to the second lowest eigenvalue obtained
via G-FGP is faster than for the collocation methods, see Table 5.

The results for the quintic splines can be found in Tables 7–9. We restricted ourselves to finer Bézier-meshes for the
quintic and septic splines, since coarser meshes led to unstable results in certain cases for the collocation methods. In
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Table 5
Second lowest eigenvalues for Neumann eigenvalue problem, order p = 3.

(Dof s)
1
2 G-FGP WR-SP/RGP C-GP C-ASP C-CSP

4 2.469e+00 2.469e+00 2.077e+00 2.005e+00 2.250e+00
5 2.469e+00 2.469e+00 2.348e+00 2.148e+00 2.523e+00
6 2.467e+00 2.467e+00 2.445e+00 2.329e+00 2.455e+00
7 2.467e+00 2.467e+00 2.478e+00 2.408e+00 2.473e+00
8 2.467e+00 2.467e+00 2.487e+00 2.439e+00 2.469e+00
9 2.467e+00 2.467e+00 2.487e+00 2.451e+00 2.469e+00

10 2.467e+00 2.467e+00 2.486e+00 2.457e+00 2.468e+00
20 2.467e+00 2.467e+00 2.473e+00 2.467e+00 2.467e+00
30 2.467e+00 2.467e+00 2.470e+00 4.209e−14 2.467e+00
40 2.467e+00 2.467e+00 2.469e+00 2.467e+00 2.467e+00
50 2.467e+00 2.467e+00 2.468e+00 2.467e+00 1.219e−12

Table 6
Highest eigenvalues for Neumann eigenvalue problem, order p = 3.

(Dof s)
1
2 G-FGP WR-SP/RGP C-GP C-ASP C-CSP

4 8.506e+01 8.506e+01 Inf Inf Inf
5 1.530e+02 1.530e+02 Inf Inf Inf
6 2.640e+02 2.608e+02 Inf Inf Inf
7 4.202e+02 4.166e+02 Inf Inf Inf
8 6.237e+02 6.202e+02 Inf Inf Inf
9 8.752e+02 8.721e+02 Inf Inf Inf

10 1.175e+03 1.173e+03 Inf Inf Inf
20 6.822e+03 6.818e+03 Inf Inf Inf
30 1.721e+04 1.720e+04 Inf Inf Inf
40 3.231e+04 3.230e+04 Inf −Inf Inf
50 5.214e+04 5.211e+04 Inf Inf Inf

Table 7
Lowest eigenvalues for Neumann eigenvalue problem, order p = 5.

(Dof s)
1
2 G-FGP WR-SP C-GP C-ASP C-CSP

10 −1.208e−13 4.885e−15 −1.707e−15 −1.725e−14 1.345e−14
20 −1.457e−12 2.592e−15 −9.345e−14 7.524e−14 −9.141e−14
30 −7.390e−13 1.220e−14 −2.021e−13 2.197e−13 −1.028e−13
40 −2.558e−11 2.265e−14 2.002e−13 1.998e−13 2.962e−13
50 −2.274e−11 −3.432e−14 4.989e−13 1.483e−12 −Inf

Table 8
Second lowest eigenvalues for Neumann eigenvalue problem, order p = 5.

(Dof s)
1
2 G-FGP WR-SP C-GP C-ASP C-CSP

10 2.467e+00 2.467e+00 2.467e+00 2.466e+00 2.468e+00
20 2.467e+00 2.467e+00 2.467e+00 2.467e+00 2.467e+00
30 2.467e+00 2.467e+00 2.467e+00 2.467e+00 2.467e+00
40 2.467e+00 2.467e+00 2.467e+00 2.467e+00 2.467e+00
50 2.467e+00 2.467e+00 2.467e+00 2.467e+00 8.248e−13

general a full rank of the stiffness matrix seems to be obtained for all meshes and methods with only one exception. In
case of collocation at clustered superconvergent points, a full rank cannot be guaranteed for the finest mesh considered.
Regarding the consistent mass matrix, the trend is similar to the case of cubic splines.

The results for the septic splines can be found in Tables 10–12. For the stiffness matrix rank sufficiency can be
guaranteed in all investigated cases and in general the trends are similar to the ones of the cubic splines.
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Table 9
Highest eigenvalues for Neumann eigenvalue problem, order p = 5.

(Dof s)
1
2 G-FGP WR-SP C-GP C-ASP C-CSP

10 2.057e+03 2.061e+03 Inf Inf Inf
20 1.698e+04 1.703e+04 Inf Inf Inf
30 4.711e+04 4.726e+04 Inf Inf Inf
40 9.233e+04 9.262e+04 Inf Inf Inf
50 1.526e+05 1.531e+05 Inf Inf Inf

Table 10
Lowest eigenvalues for Neumann eigenvalue problem, order p = 7.

(Dof s)
1
2 G-FGP WR-SP C-GP C-ASP C-CSP

20 −1.720e−12 −2.410e−15 5.181e−15 8.447e−14 −1.975e−13
30 1.215e−12 1.327e−14 6.423e−13 −1.080e−13 −2.517e−13
40 −1.353e−11 1.561e−14 −5.811e−13 −1.826e−13 5.930e−13
50 −4.366e−11 −6.029e−14 −2.334e−12 2.218e−13 −2.963e−12

Table 11
Second lowest eigenvalues for Neumann eigenvalue problem, order p = 7.

(Dof s)
1
2 G-FGP WR-SP C-GP C-ASP C-CSP

20 2.467e+00 2.467e+00 2.467e+00 2.467e+00 2.467e+00
30 2.467e+00 2.467e+00 2.467e+00 2.467e+00 2.467e+00
40 2.467e+00 2.467e+00 2.467e+00 2.467e+00 2.467e+00
50 2.467e+00 2.467e+00 2.467e+00 2.467e+00 2.467e+00

Table 12
Highest eigenvalues for Neumann eigenvalue problem, order p = 7.

(Dof s)
1
2 G-FGP WR-SP C-GP C-ASP C-CSP

20 2.912e+04 2.908e+04 Inf Inf Inf
30 9.068e+04 9.054e+04 Inf Inf −Inf
40 1.866e+05 1.864e+05 Inf Inf Inf
50 3.169e+05 3.164e+05 Inf Inf Inf

5. Conclusions

We proposed a new reduced quadrature rule within the context of isogeometric analysis, based on the concept
of variational collocation presented in [21]. The main idea of the variational collocation method is that, under
requirements which are fulfilled by isogeometric basis functions, there exists a set of points, named Cauchy–Galerkin
points, at which isogeometric collocation reproduces the Galerkin solution exactly. Estimates of these points based on
superconvergence theory are available for uniform meshes and are currently being investigated for general meshes.

The fact that variational collocation guarantees the exact Galerkin solution of the weighted residual formulation of
the strong form suggests that the latter might be more amenable to numerical integration than its weak counterpart.
This is the background to the first idea of our reduced quadrature scheme, namely, the use of the weighted residual
formulation of the strong form instead of the weak form, in contrast to all previous studies on reduced integration in
isogeometric analysis. The second idea, also rooted in variational collocation, is to use the estimated Cauchy–Galerkin
points, i.e. the superconvergent points, as quadrature points. Unlike in other approaches for more efficient quadrature
schemes, which rely on time-consuming additional calculations to determine the quadrature points, the suggested
estimates for the Cauchy–Galerkin points are readily available and therefore no additional effort is required. For odd
degrees of the discretization, there are two such points per parametric direction per Bézier element independently of
the degree, so that the developed quadrature rule leads to a significant reduction in the cost of quadrature especially
for high degrees.

Numerical examples based on a scalar problem, linear-elasticity and an eigenvalue problem were investigated
to demonstrate the accuracy and stability of the proposed quadrature rule and delivered very promising results. In
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most cases, not only the convergences rates but also the error values, measured both in the L2 norm and in the H 1

semi-norm, were very close to those obtained with classical Galerkin schemes using p+1 Gauss points per parametric
direction per Bézier element, p being the degree of the discretization. The proposed rule nearly always outperformed
all investigated versions of isogeometric collocation, as well as reduced Gauss quadrature with the same number of
quadrature points based on either the weighted-residual formulation of the strong form or the classical weak form.

Future research will address the extension of the proposed concept to discretizations of even degrees, as well
as the development of estimates of the Cauchy–Galerkin points accounting for non-uniform meshes as well as for
the characteristics of the boundary regions. In this context we are investigating the combination of the variational
collocation concept with superconvergent patch recovery techniques as in [27]. Finally, the application of the
proposed approach to non-linear problems may enable the achievement of a successful compromise between the
low computational cost of collocation methods and the better robustness of Galerkin schemes.
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