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a b s t r a c t

We introduce provably unconditionally stable mixed variational methods for phase-field
models. Our formulation is based on a mixed finite element method for space discretiza-
tion and a new second-order accurate time integration algorithm. The fully-discrete formu-
lation inherits the main characteristics of conserved phase dynamics, namely, mass
conservation and nonlinear stability with respect to the free energy. We illustrate the the-
ory with the Cahn–Hilliard equation, but our method may be applied to other phase-field
models. We also propose an adaptive time-stepping version of the new time integration
method. We present some numerical examples that show the accuracy, stability and
robustness of the new method.

� 2011 Elsevier Inc. All rights reserved.
1. Introduction

The phase-field method is a recently introduced mathematical theory for modeling interfacial phenomena (see [2] for a
brief introduction in the context of fluid mechanics). The key idea of the phase-field methodology is to replace sharp inter-
faces by thin transition regions where interfacial forces are smoothly distributed. These transition layers (also called diffuse
interfaces) are part of the solution of the phase-field equations and, thus, front-tracking is not necessary. Another fundamen-
tal feature of phase-field models is that diffuse interfaces are described by higher-order partial-differential operators.

The phase-field method was originally devised for microstructure evolution [14,27] and phase transition [36,52,62,76],
but it has been recently used to model foams [31], planet formation [71], ferroelectric ceramics [42,54], dendritic growth
[48,51], phase separation of block copolymers [15], growth of cancerous tumors [20,32,61], solid–solid transitions
[33,57,58], infiltration of water into a porous medium [21,22], dewetting and rupture of thin liquid films [9] and many other
phenomena.

One of the main reasons for the success of the phase-field methodology is that it is based on rigorous mathematics and
thermodynamics. Most phase-field models satisfy a nonlinear stability relationship, usually expressed as a time-decreasing
free-energy functional. The goal of this paper is to devise space and time discretization schemes that inherit the nonlinear
stability relationship of the continuous model.

The idea of designing numerical techniques that satisfy thermodynamic relations at the discrete level has been exten-
sively studied in the context of solid [3,60,66,67] and fluid mechanics [39,45,69,70], but it is significantly less developed
in the realm of phase-field models. The first study we know of was carried out by Du and Nicolaides [24] who derived a
. All rights reserved.
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second-order accurate unconditionally stable time-stepping scheme for a simplified version of the Cahn–Hilliard equation.
This paper was followed up by several works of an analytical character, but to our knowledge, it has not been applied to large
scale calculations. In fact, we applied this method to the general version of the Cahn–Hilliard equation and obtained poor
numerical results. Later on, Eyre [28] derived a first-order accurate unconditionally stable time-stepping scheme for a sim-
plified version of the Cahn–Hilliard equation. Although Eyre’s work is unpublished, it has had significant impact. Eyre’s
method has been extensively used by the computational community and it has served as inspiration for many other time
integration schemes. Other significant works, which deal with simplified versions of the Cahn–Hilliard equation, are due
to de Mello et al. [59], Furihata [34], He and Liu [40], Kim et al. [50] and Vollmayr-Lee and Rutemberg [73]. Other noteworthy
contributions for the phase-field crystal equation and a bistable epitaxial thin film equation are due to Hu et al. [41] and Xu
and Tang [75], respectively.

In this paper we introduce provably unconditionally stable, second-order time accurate schemes for phase-field models.
We illustrate the theory using the Cahn–Hilliard equation, but the method may also be applied to other phase-field models.
We present the method for a spatial discretization based on a mixed finite element formulation, but we feel that our time
integration scheme may also be applied to finite difference or spectral collocation spatial discretizations, which are ubiqui-
tous in computational phase-field modeling.

The rest of the paper is organized as follows: in Section 2 we briefly review the derivation of the Cahn–Hilliard equation to
illustrate its conservation and stability properties, which will be inherited by our numerical scheme. Section 3 presents our
space and time discretizations. In Section 4 we present some numerical examples that illustrate the accuracy, stability and
robustness of the proposed method. We draw conclusions in Section 5.
2. The Cahn–Hilliard equation

The Cahn–Hilliard equation describes the separation of mixtures with a miscibility gap in their phase diagrams and it is
probably the most widely known phase-field model. The Cahn–Hilliard equation is derived from the Ginzburg–Landau free
energy [53], which we describe in the following section.
2.1. The Ginzburg–Landau free energy

We focus on isothermal binary mixtures. In this setting, the thermodynamic state of the mixture is defined by a single
scalar field c representing the concentration of one of the species. The concentration of the other component is 1 � c. Assum-
ing that the mixture is contained within an open domain X � R3, the Ginzburg–Landau free energy is defined by the
functional,
EðcÞ ¼
Z

X
ðWc þWsÞdx ð1Þ
where Wc is the chemical free energy and Ws is the surface free energy. According to the original model of Cahn and Hilliard
[12,13], the chemical free energy is given by
Wc ¼ NkTðc log c þ ð1� cÞ logð1� cÞÞ þ Nxcð1� cÞ ð2Þ
while the surface free energy takes on the form
Ws ¼
1
2

kjrcj2 ð3Þ
In Eqs. (2) and (3), N is the number of molecules per unit volume, k is the Boltzmann’s constant, T is the absolute temperature
and x is an interaction energy defined by
x ¼ 2kTc ð4Þ
In Eq. (4) Tc is the so-called critical temperature, that is, the maximum temperature at which phase separation is possible.
Finally, k is a positive constant defined as
k ¼ Nx�2 ð5Þ
where � is a length scale of the problem.
For hm = Tc/T 6 1 the chemical free energy has a single well and admits only one phase. In contrast, for hm > 1, it is

non-convex, with two local minima to which the concentration is driven. These local minima are called binodal points.
The binodal points are not the pure phases, although they are close to them for physically relevant values of the parameters.
In this paper we will focus on the case hm > 1.
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2.2. The Cahn–Hilliard equation

Our numerical scheme inherits the conservation and dissipation properties of the Cahn–Hilliard equation. As a conse-
quence, we feel that it is important to start off with the classical derivation of the Cahn–Hilliard equation, which clearly illus-
trates those properties. The starting point is the mass balance law,
@c
@t
þr � J ¼ 0 ð6Þ
where J is the mass flux defined as
J ¼ �MðcÞr dE
dc

� �
ð7Þ
In Eq. (7) M is a nonlinear and positive function, the mobility, and
dE
dc
¼ lðcÞ � kDc ð8Þ
denotes the variational derivative of the functional E. Finally, l is the chemical potential, that is, the derivative of the chem-
ical free energy with respect to c. Gathering Eqs. (6)–(8) we get the Cahn–Hilliard equation
@c
@t
¼ r � ðMðcÞrðlðcÞ � kDcÞÞ ð9Þ
This is the standard derivation of the Cahn–Hilliard phase-field model. For an alternative derivation based on a microforce
balance, the reader is referred to [37]. The previous derivation clearly shows (see Eq. (6)) that the Cahn–Hilliard equation
conserves the mass of the mixture as time evolves. It can also be proven that the Ginzburg–Landau free energy does not in-
crease with time. The latter result can be obtained multiplying (9) with the variational derivative of the free energy. If we
define the real-valued function EðtÞ ¼ Eðcð�; tÞÞ, it follows that
dE
dt
¼ �

Z
X
rðlðcÞ � kDcÞMðcÞrðlðcÞ � kDcÞdx 6 0 ð10Þ
We consider (10) the fundamental stability property of the Cahn–Hilliard equation.

Remarks

(1) In most analytic studies and numerical simulations the mobility is assumed to be a positive constant. This assumption
significantly simplifies the mathematical analysis and the numerical simulation of the Cahn–Hilliard equation. How-
ever, to accurately describe the physics of phase separation, pure phases must have vanishing mobility. A positive
function of c satisfying this requirement is called degenerate mobility. The most common choice in the literature is
MðcÞ ¼ Dcð1� cÞ ð11Þ
where D is a positive constant. We will use the mobility defined in (11) throughout this paper.
(2) Due to the complexity of the function Wc, some simpler approximations are normally employed. In particular, a poly-

nomial of degree four has been used to approximate the chemical free energy in most analytic studies and numerical
simulations. The quartic polynomial may be an acceptable approximation of the chemical free energy for shallow
quenches, but it is a poor approximation for deep quenches [17]. Moreover, the solution to the Cahn–Hilliard equation
with the quartic polynomial and constant mobility may take values outside the physical range c 2 [0,1] (see the work
of Elliot and Garcke [26]). This demonstrates the importance of developing numerical algorithms that can handle the
logarithmic free energy. In what follows we will focus on the logarithmic chemical free energy defined in (2). For fur-
ther reference, we note that l000 ¼ Wiv

c > 0, which may be easily verified. This property is important in the sequel.
(3) In order to define a well posed initial/boundary-value problem, Eq. (9) needs to be complemented with suitable initial

and boundary conditions. Let us assume that Eq. (9) is posed on a space/time domain X � (0,T), where X is an open
subset of R3 and (0,T) is the time interval. We assume that X has a smooth boundary C with unit outward normal n. A
suitable initial condition consists of setting the concentration field at the initial time. Regarding boundary conditions,
there are several options. Probably the most common choice in the literature is to assume periodic boundary condi-
tions (the reason for this may be that the literature on numerical methods for the Cahn–Hilliard equation is dominated
by spectral methods). Another option, considered a better alternative by some authors [59], is setting on the boundary
rc � n ¼ 0 ð12Þ
MðcÞrðlðcÞ � kDcÞ ¼ 0 ð13Þ
Eqs. (12) and (13) may be considered as natural boundary conditions for the Cahn–Hilliard equation in a variational
formulation.
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3. Numerical formulation

3.1. Continuous problem in the weak form

Our theory is based on a mixed finite element [43] formulation of the Cahn–Hilliard equation. Thus, we split Eq. (9) as
@c
@t
¼ r � ðMðcÞrvÞ in X� ð0; TÞ ð14Þ

v ¼ lðcÞ � kDc in X� ð0; TÞ ð15Þ
Let V denote the trial solution and the weighting functions spaces which are assumed to be the same. Eqs. (14) and (15) can
be recast in the weak form as: find c; v 2 V such that for all w; q 2 V
w;
@c
@t

� �
X

þ ðrw;MðcÞrvÞX ¼ 0 ð16Þ

ðq;vÞX � ðq;lðcÞÞX � ðrq; krcÞX ¼ 0 ð17Þ
where (�,�)X denotes the L2 inner product over the domain X.
The integration by parts of the previous equations under the assumption of sufficient regularity leads to the Euler–La-

grange form of (16) and (17),
w;
@c
@t
�r � ðMðcÞrvÞ

� �
X

þ ðw;MðcÞrv � nÞC ¼ 0 ð18Þ

ðq;v � lðcÞ þ kDcÞX � ðq; krc � nÞC ¼ 0 ð19Þ
Eqs. (18) and (19) enforce weak satisfaction of the partial-differential Eq. (9) and boundary conditions (12) and (13).

3.2. Semidiscrete formulation

To perform the space discretization of (16) and (17) we make use of the Galerkin method. We approximate (16) and (17)
by the following finite-dimensional problem over the finite element space Vh � V. The problem can be stated as: find
ch; vh 2 Vh such that for all wh; qh 2 Vh
wh;
@ch

@t

� �
X

þ ðrwh;MðchÞrvhÞX ¼ 0 ð20Þ

ðqh;vh � lðchÞÞX � ðrqh; krchÞX ¼ 0 ð21Þ
In the previous equations ch takes on the form
chðx; tÞ ¼
Xnb

A¼1

cAðtÞNAðxÞ ð22Þ
where nb is the dimension of the discrete space, the NA’s are the basis functions of the discrete space, and the cA’s are the
coordinates of ch on Vh. The rest of the variables utilized in (20) and (21) are defined analogously to ch.

Remark

(1) We use the same discrete space for ch and vh. This type of mixed finite element formulation was shown to lead to sta-
ble space discretizations in [17,30] (a somewhat different mixed finite element formulation was employed in [74]).

(2) We will use Non-Uniform Rational B-Splines (NURBS) basis functions to define our discrete spaces. For an introduction
to NURBS see [63] or [65]. The use of the NURBS technology in the context of analysis has led to the concept of
Isogeometric Analysis, which is a generalization of finite element analysis with several advantages
[4,6–8,11,19,25,29,35,44,56]. For a detailed description of Isogeometric Analysis, the reader is referred to [18].

3.3. Time integration

Our time integration scheme is based on the following splitting of the chemical free-energy,
Wc ¼ W1 þW2 ð23Þ
where Wiv
1 P 0;Wiv

2 6 0 and Wiv
�

denotes the fourth derivative of Wh. This decomposition always exists, but it is not unique.
For the Cahn–Hilliard equation, the splitting is just
W1 ¼ Wc; W2 ¼ 0 ð24Þ
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but for other phase-field models W1 and W2 will be both nonzero, so we will assume that W1 – 0 and W2 – 0 to present our
new method in its full generality.

In the sequel we will make use of the notation l1 ¼ W01; l2 ¼ W02 and, thus
l0001 P 0; l0002 6 0 ð25Þ
Our time integration algorithm may be described as follows: Let us assume that the time interval I ¼ ð0; TÞ is divided into N
subintervals In ¼ ðtn; tnþ1Þ; n ¼ 0; . . . ;N � 1. We use the notation ch

n and vh
n for the fully discrete solutions. Our time integra-

tion scheme may be defined as follows: Given ch
n and vh

n, find ch
nþ1; vh

nþ1 such that for all wh; qh 2 Vh
wh;
sch

nt

Dtn

� �
X

þ rwh;Mðch
nþaÞrvh

nþ1

� �
X ¼ 0 ð26Þ

qh;vh
nþ1

� �
X � qh;

1
2

l ch
n

� �
þ l ch

nþ1

� �� �
� sch

nt
2

12
l001 ch

n

� �
þ l002 ch

nþ1

� �� � !
X

� rqh; krch
nþa

� �
X ¼ 0 ð27Þ
where
Dtn ¼ tnþ1 � tn; ð28Þ

sch
nt ¼ ch

nþ1 � ch
n; ð29Þ

ch
nþa ¼ ch

n þ asch
nt ð30Þ
In Eq. (30), a is a real-valued parameter that controls the accuracy and stability of the method. We define a as
a ¼ 1=2þ g ð31Þ
In Eq. (31), g takes on the form
g ¼ 1
2

tanh
Dtn

d

� �
ð32Þ
where d is an intrinsic time scale of the problem. We define d making use of a natural time scale of the Cahn–Hilliard equa-
tion, namely, k/D. Thus, we assume that
d ¼ C
k
D

ð33Þ
where C is a nondimensional constant that takes the value C = 103. We will use this value of C for all the numerical examples
in this paper. However, we remark that this parameter may be used to increase the robustness or the accuracy of the method
when necessary. In general, larger values of C render a more accurate method and smaller values of C lead to a more robust
algorithm. This can be understood mathematically by examining Eq. (42).

The following theorem summarizes the main features of our numerical scheme.

Theorem 1. The fully-discrete variational formulation (26)–(32):

(1) Verifies mass conservation, that is,
Z
X

ch
ndx ¼

Z
X

ch
0dx 8n ¼ 1; . . . ;N
(2) Verifies the nonlinear stability condition
Eðch
nÞ 6 Eðch

n�1Þ 8n ¼ 1; . . . ;N
(3) Gives rise to a local truncation error s that may be bounded as jsðtnÞj 6 KDt2
n for all tn 2 [0,T], where K is a constant inde-

pendent of Dtn.
Proof

(1) Taking wh = 1 in Eq. (26), it follows by induction that
Z
X

ch
ndx ¼

Z
X

ch
0dx 8n ¼ 1; . . . ;N
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(2) Let f : ½a; b�# R be a sufficiently smooth function. We will make use of the following quadrature formulas:
Z b

a
f ðxÞdx ¼ b� a

2
ðf ðaÞ þ f ðbÞÞ � ðb� aÞ3

12
f 00ðaÞ � ðb� aÞ4

24
f 000ðnÞ; n 2 ða; bÞ ð34ÞZ b

a
f ðxÞdx ¼ b� a

2
ðf ðaÞ þ f ðbÞÞ � ðb� aÞ3

12
f 00ðbÞ þ ðb� aÞ4

24
f 000ðfÞ; f 2 ða; bÞ ð35Þ
Since these quadrature formulas are new as far as we are aware, we provide a complete derivation of one of them in the
Appendix (the derivation of the other is analogous). Let us apply the quadrature formula (34) to the right-hand side of
the identity
Z ch

nþ1

ch
n

W0kðtÞdt ¼
Z ch

nþ1

ch
n

lkðtÞdt; k ¼ 1;2 ð36Þ
with k = 1. Basic algebraic manipulation leads to the expression
sW1 ch
n

� �
t

sch
nt

þ sch
nt

3

24
l0001 ch

nþn

� �
¼ 1

2
l1 ch

n

� �
þ l1 ch

nþ1

� �� �
� sch

nt
2

12
l001 ch

n

� �
; n 2 ð0;1Þ ð37Þ
Applying the quadrature formula (35) to the right-hand side of (36) with k = 2, it follows that
sW2 ch
n

� �
t

sch
nt

� sch
nt

3

24
l0002 ch

nþf

� �
¼ 1

2
l2 ch

n

� �
þ l2 ch

nþ1

� �� �
� sch

nt
2

12
l002 ch

nþ1

� �
; f 2 ð0;1Þ ð38Þ
Taking wh ¼ vh
nþ1 in (26) and qh ¼ sch

nt=Dtn in (27) and applying Eqs. (37) and (38), we get
� rvh
nþ1;M ch

nþa

� �
rvh

nþ1

� �
X �

sch
nt

Dtn
;
sWcðch

nÞt
sch

nt
þ sch

nt
3

24
l0001 ch

nþn

� �
� l0002 ch

nþf

� �� � !
X

� r sch
nt

Dtn

� �
; krch

nþa

� �
X

¼ 0 ð39Þ
Using the relation ch
nþa ¼ ch

nþ1=2 þ gsch
nt, it follows that:
� rvh
nþ1;Mðch

nþaÞrvh
nþ1

� �
X �

1
Dtn

Z
X

sWcðch
nÞtdX� sch

nt
4

24Dtn
;l0001 ch

nþn

� �
� l0002 ch

nþf

� � !
X

� r sch
nt

Dtn

� �
; krch

nþ1=2

� �
X

� rsch
nt; k

g
Dtn
rsch

nt

� �
X

¼ 0: ð40Þ
Making use of the identity
rsch
nt; krch

nþ1=2

� �
X
¼
Z

X

k
2

sjrchj2tdx ð41Þ
we conclude that
sEðchÞt
Dtn

¼ � rvh
nþ1;M ch

nþa

� �
rvh

nþ1

� �
X �

sch
nt

4

24Dtn
;l0001 ch

nþn

� �
� l0002 ch

nþf

� � !
X

� rsch
nt; k

g
Dtn
rsch

nt

� �
X

ð42Þ
Since l0001 ðcÞP 0 and l0002 ðcÞ 6 0, it follows that:
sEðchÞt 6 0 ð43Þ

which completes the proof.

(3) We derive a bound on the local truncation error by comparing our method with a known second-order accurate
method, the midpoint rule, given as follows:
wh;
sch

nt

Dtn

� �
X

þ rwh;M ch
nþ1=2

� �
rvh

mid

� �
X
¼ 0 ð44Þ

qh;vh
mid

� �
X ¼ qh;l ch

nþ1=2

� �� �
X
þ rqh; krch

nþ1=2

� �
X

ð45Þ
The expression for the local truncation error is obtained by replacing the time discrete solution ch
n with the time continuous

solution ch(tn) in the above equations. The time continuous solution does not satisfy Eqs. (44) and (45), giving rise to the local
truncation error,
wh;
schðtnÞt

Dtn

� �
X

þ rwh;Mðchðtnþ1=2ÞÞr~vh
mid

� �
X ¼ ðw

h; smidÞX ð46Þ

qh; ~vh
mid

� �
X ¼ qh;lðchðtnþ1=2ÞÞ

� �
X þ ðrqh; krchðtnþ1=2ÞÞX ð47Þ
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where smid is the local truncation error. Assuming sufficient smoothness, Taylor series can be utilized to show that
smid ¼ O Dt2

n

� �
. Proceeding in similar fashion with our algorithm, we obtain
ðwh; sÞX ¼ wh;
schðtnÞt

Dtn

� �
X

þ rwh;MðchðtnþaÞÞr~vh
� �

X ð48Þ

ðqh; ~vhÞX ¼ qh;
1
2

lðchðtnÞÞ þ lðchðtnþ1ÞÞ
� �� �

X

� qh;
schðtnÞt2

12
l001ðchðtnÞÞ þ l002ðchðtnþ1ÞÞ
� � !

X

þ ðrqh; krchðtnþaÞÞX ð49Þ
Assuming smoothness, Taylor series can be utilized to prove
1
2

lðchðtnÞÞ þ lðchðtnþ1ÞÞ
� �

¼ lðchðtnþ1=2ÞÞ þ O Dt2
n

� �
ð50Þ

schðtnÞt2

12
l001ðchðtnÞÞ þ l002ðchðtnþ1ÞÞ
� �

¼ O Dt2
n

� �
ð51Þ
Let us use the identity
chðtnþaÞ ¼ chðtnþ1=2Þ þ OðgDtnÞ ð52Þ
Considering that
g ¼ 1
2

tanh
Dtn

d

� �
6

Dtn

2d
ð53Þ
we conclude that
chðtnþaÞ ¼ chðtnþ1=2Þ þ O Dt2
n

� �
ð54Þ
Combining all these results, it follows that
ðqh; ~vhÞX ¼ ðqh; ~vh
midÞX þO Dt2

n

� �
ð55Þ

ðwh; sÞX ¼ wh; smid

� �
X þO Dt2

n

� �
ð56Þ
which completes the proof. h
Remarks

(1) Our new algorithm may be viewed as a second-order perturbation of the midpoint rule which achieves unconditional
stability, in contrast with the midpoint rule.

(2) It is worth further analyzing the stability relationship (42). The first term on the right hand side is what we may call
physical dissipation. That term mimics the right hand side of Eq. (10). The last two terms of Eq. (42) may be considered
numerical dissipation. Note that these terms vanish as the time step tends to zero. When the time step is large, those
terms enhance the stability properties of the scheme, rendering a very robust method.

3.4. Numerical implementation

Let Cn and Vn be the vector of global degrees of freedom of ch
n and vh

n, respectively. Our time stepping scheme may be
implemented as follows: given Cn and Vn, find Cn+1, Vn+1, such that,
RMðCnþ1;Vnþ1Þ ¼ 0 ð57Þ
REðCnþ1;Vnþ1Þ ¼ 0 ð58Þ
where the above residual vectors are defined as
RM ¼ fRM
A g ð59Þ

RM
A ¼ NA;

sch
nt

Dtn

� �
X

þ rNA;Mðch
nþaÞrvh

nþ1

� �
X ð60Þ

RE ¼ fRE
Ag ð61Þ

RE
A ¼ � NA;vh

nþ1

� �
X þ NA;

1
2

l ch
n

� �
þ l ch

nþ1

� �� �
� sch

nt
2

12
l001ðch

nÞ þ l002 ch
nþ1

� �� � !
X

þ rNA; krch
nþa

� �
X ð62Þ
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Eqs. (57) and (58) constitute a nonlinear system of algebraic equations that needs to be solved at each time step. We linearize
system (57) and (58) using Newton’s method which leads to a two-stage predictor multicorrector algorithm, that may be
described as follows,

Predictor stage: Set
Cnþ1;ð0Þ ¼ Cn ð63Þ
Vnþ1;ð0Þ ¼ Vn ð64Þ
where the subscript 0 on the left-hand-side quantities denotes the iteration index of the nonlinear solver.
Multicorrector stage: Repeat the following steps for i = 1,2, . . . , imax

(1) Evaluate the iterates at the a level
Cnþa ¼ Cn þ aðCnþ1;ði�1Þ � CnÞ ð65Þ
(2) Use Cn, Cn+a and Vn+1, (i � 1) to assemble the residual and the tangent matrix of the linear system
K11;ðiÞ K12;ðiÞ

K21;ðiÞ K22;ðiÞ

� �
DCnþ1;ðiÞ

DVnþ1;ðiÞ

� �
¼

RM
ðiÞ

RE
ðiÞ

 !
ð66Þ

Solve this linear system using a preconditioned GMRES algorithm to a specified tolerance (see [68]).

(3) Use DCn+1,(i) and DVn+1,(i) to update the iterates as
Cnþ1;ðiÞ ¼ Cnþ1;ði�1Þ þ DCnþ1;ðiÞ ð67Þ
Vnþ1;ðiÞ ¼ Vnþ1;ði�1Þ þ DVnþ1;ðiÞ ð68Þ
This completes one nonlinear iteration. The nonlinear iterative algorithm should be repeated until both residuals RM and RE

have been reduced to a given tolerance.

Remarks

(1) The concentration control variables at the initial time C0 are straightforwardly obtained from the initial condition. We
obtain the control variables V0 by solving Eq. (21).

(2) We use a consistent tangent matrix in our computations. Two to four nonlinear iterations are normally required to
reduce the nonlinear residual to 10�3 of its initial value in a time step.

3.5. Time-step adaptivity

Time-step adaptivity is of prime importance to simulate the entire dynamics of the Cahn–Hilliard equation [23,35,64]
accurately and efficiently. We propose an adaptive time-stepping strategy for our provably stable scheme. The method is
presented in Algorithm 1.

Algorithm 1. Time step adaptive process

Given: Cn, Vn and Dtn

1: Compute CBE
nþ1 using the Backward Euler method and Dtn

2: Compute Cn+1 using Eqs. (26) and (27) and Dtn

3: Calculate enþ1 ¼ kCBE
nþ1 � Cnþ1k=kCnþ1k

4: if en+1 > tol then
5: Recalculate the time step Dtn F(en+1,Dtn)
6: goto 1
7: else
8: Update the time step Dtn+1 = F(en+1,Dtn)
9: continue

10: end if

We update the time step using the equation
Fðe;DtÞ ¼ q
tol
e

� �1=2

Dt; ð69Þ
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which is frequently used in adaptive time-stepping algorithms based on embedded Runge–Kutta methods [10,38,72]. Our
default values for the safety coefficient q and the tolerance tol are those suggested in [55], that is, q = 0.9 and tol = 10�3.

Remarks. Note that when the accuracy criterion in Algorithm 1 (Step 4) is not satisfied, the computed solution is rejected
and recalculated using a smaller time step. Typically, fewer than 10% of the time steps are rejected using the safety
coefficient q = 0.9.
4. Numerical examples

In this section we present some numerical examples that illustrate the robustness, stability, and accuracy of our numer-
ical formulation.

For the space discretization we employ C1 quadratic Non-Uniform Rational B-Splines (NURBS) for all variables. Although,
our variational formulation is well defined when C0 basis functions are employed, the C1 quadratic elements have been
shown to exhibit superior approximability properties [1,19,29,46].

4.1. Dimensionless form of the Cahn–Hilliard equation

To minimize the number of independent parameters in our numerical examples we will use a dimensionless form [5] of
the Cahn–Hilliard equation. Introducing the arbitrary length and time scales L0 and T0 ¼ L4

0=ðNxD�2Þ, we obtain the dimen-
sionless equation,
@bc
@bt ¼ br � ð bMðbcÞ brðvblðbcÞ � bDbcÞÞ; ð70Þ
where the ‘‘hats’’ indicate that the corresponding variable/operator has been nondimensionalized using the scales L0 and T0.
The rest of the notation is as follows:
blðbcÞ ¼ bc logðbcÞ þ ð1� bcÞ logð1� bcÞ þ 2hmbcð1� bcÞ ð71ÞbMðbcÞ ¼ bcð1� bcÞ ð72Þ
and
v ¼ L2
0

2hm�2 ð73Þ
is a dimensionless group of the problem. As shown in [35], the thickness of the interface layers scales as v�1/2.
The dimensionless Ginzburg–Landau free-energy is given by
bEðbcÞ ¼ EðcÞ
NkTL3

0

Z
bX bc logðbcÞ þ ð1� bcÞ logð1� bcÞ þ 2hmbcð1� bcÞ þ 1

2v j
brbcj2� �

dbx ð74Þ
We will take L0 = 1 and hm = 3/2 for all the numerical examples. As a consequence, the value of v completely characterizes the
solution.

Henceforth, we will use the dimensionless form of the Cahn–Hilliard equation. Thus, let us drop the hats for the sake of
notational convenience.

4.2. Accuracy test

We start by verifying numerically that our method is second-order accurate in time. In order to simplify the computa-
tions, we will limit ourselves to a one-dimensional setting. The computational domain is X ¼ ½0;1� and the spatial mesh
is composed of 256 quadratic elements. We will assume that the error introduced by the space discretization is negligible.
The problem is defined by v = 100. We set periodic boundary conditions. As initial conditions we take a randomly perturbed
homogeneous concentration state. We calculated the solution at time t = 6.4�10�3 (at this time the flow is fully separated)
using a time step Dt = 10�7 and assumed this is the exact solution. Then, we repeated the computation with larger time steps
and studied how the L2ð½0;1�Þ spatial error norm at time t evolved as a function of Dt. The results are presented on a doubly
logarithmic scale in Fig. 1. We observe that the data defines a straight line with slope 1.99, which confirms the theoretical
prediction of second-order accuracy in time.

4.3. Phase separation on a periodic square: constant time step

In this example we analyze the performance of our time integration scheme for a wide range of time step sizes. We feel
that this example demonstrates the robustness, accuracy and stability of our method.



Fig. 1. Accuracy test. L2ð½0;1�Þ norm of the time-integration error versus time step. This plot confirms the theoretical prediction of second-order accuracy in
time.
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The computational domain is the square X ¼ ½0;1�2. The problem is defined by v = 600. We assume periodic boundary
conditions. As initial condition, we take a randomly perturbed homogeneous concentration state �c. We set �c ¼ 0:7 in this
example. The random perturbation is uniformly distributed on [-0.05,0.05] and it is directly applied to the global vector
of degrees of freedom C0.

It is known that the Cahn–Hilliard equation is unstable under random perturbations within the spinodal region and, thus,
two separate phases will develop. The dynamics of the Cahn–Hilliard equation are driven by the minimization of the Ginz-
burg–Landau free energy, which is composed of two terms, namely, the chemical free energy and the surface free energy. The
minimization of these two components of the Ginzburg–Landau free energy occurs almost independently, and at signifi-
cantly different time scales. The first part of the dynamics is phase separation. This process is driven by the minimization
of the chemical free energy and takes place at very short time scales. After phase separation, the chemical free energy is
essentially minimized, because the mass of the two phases is conserved during the entire process. The phenomenon that
follows phase separation is known as coarsening and it is driven by the minimization of the surface free energy. When
the dimensionless number v is very large, the minimization of the surface free energy may also be thought of as the min-
imization of the interface length. The process finishes when there are only two regions occupied by the two components of
the mixture and they achieve the equilibrium topology. We will observe this behavior in our simulations.

For the space discretization, we employ a uniform mesh of 642 quadratic elements in the calculations. We integrate in
time using our new method and analyze its behavior for different values of the time step Dt. In an effort to illustrate the
properties of our time integration scheme we will use constant time steps in this example, although we are aware that this
is a very inefficient strategy for the Cahn–Hilliard equation.

We will compare our algorithm with the Generalized-a method [16,47] and Eyre’s scheme. In our experience, the Gen-
eralized-a method is a very accurate and robust scheme, but one that is not provably stable for the Cahn–Hilliard equation.
Eyre’s scheme is a first-order accurate provably unconditionally stable algorithm for the Cahn–Hilliard equation.

Fig. 2 shows the solution of the Cahn–Hilliard equation using the space discretization defined in (20) and (21) and the
Generalized-a method with q1 = 0.5 (see [47] for a description of the Generalized-a method). We have used different time
steps, as shown on the left-hand side of the figure. The top row shows snapshots of the solution at different times for
Dt = 10�5, while the lower rows show the time-history of the numerical solution for Dt = 10�6 and Dt = 10�7. There are
no discernible differences between the solutions computed using different time steps. Thus, we take any of these solutions
as our reference solution.

Fig. 3 shows the solution to the Cahn–Hilliard equation using the space discretization defined in (20) and (21) and Eyre’s
method for time integration. The implementation of the method in a mixed finite element framework follows [49].
Eyre’s method is based on a splitting of the chemical free energy on a convex (WD) and a concave (WP) function. Although
Eyre’s method was originally proposed for the quartic chemical free energy, we extend it here to the logarithmic free energy
to make the comparison meaningful. For the logarithmic chemical free energy there is a very natural splitting, which we
adopt here. It is defined as,
Wc ¼ WD þWP ð75Þ



Fig. 2. Phase separation on a periodic square: constant time step. Numerical solution using the generalized-a method for time integration. Each row of the
figure shows snapshots of the solution at the times indicated at the bottom and has been calculated using the time step indicated on the left hand side of the
figure.

Fig. 3. Phase separation on a periodic square: constant time step. Numerical solution using Eyre’s method for time integration. Each row of the figure shows
snapshots of the solution at the times indicated at the bottom and has been calculated using the time step indicated on the left hand side of the figure.
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where
WDðcÞ ¼ NkTðc log c þ ð1� cÞ logð1� cÞÞ ð76Þ
WPðcÞ ¼ Nxcð1� cÞ ð77Þ
Fig. 3 presents the numerical results using Eyre’s method for time integration. It shows that Eyre’s method is very robust, but
also significantly inaccurate. The first row shows that for Dt = 10�5 Eyre’s scheme is clearly less accurate than the General-
ized-a method. The early dynamics of the equation are completely missed by Eyre’s method. The last row of the figure shows
that, even for very small time steps, Eyre’s method is significantly inaccurate, leading to incorrect morphologies in the phase-
separation process.

In Fig. 4 we plot the transient and stationary solutions using our new method. We again use different time step sizes, as
shown on the left-hand side of the figure. The top row of the figure shows the solution for Dt = 10�5. The lower rows show
snapshots of the solution for Dt = 10�6 and Dt = 10�7, as indicated in the figure. From Figs. 2 and 4 we conclude that the accu-
racy of our provably stable algorithm is similar to that of the Generalized-a method. The solutions in Fig. 4 are indistinguish-
able from those obtained using the Generalized-a method. From Figs. 3 and 4 we conclude that our method is significantly
more accurate than the most widely used provably stable method for the Cahn–Hilliard equation, namely, Eyre’s algorithm.



Fig. 4. Phase separation on a periodic square: constant time step. Numerical solution using our provably stable method. Each row of the figure shows
snapshots of the solution at the times indicated at the bottom and has been calculated using the time step indicated on the left hand side of the figure.

Fig. 5. Phase separation on a periodic square: constant time step. Evolution of the Ginzburg–Landau free energy calculated using our provably stable
algorithm. We represent three curves, each corresponding to the time step labeled. We observe that the free energy does not increase with time
irrespectively of the time step.
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Finally, Fig. 5 shows the evolution of the Ginzburg–Landau free energy using our time integration algorithm. We plot
three energy curves that correspond to different time steps, as indicated in the figure. We observe that the free energy does
not increase with time, even for very large time steps. This supports our theoretical results.

Remark
(1) We have also performed this calculation using standard second-order accurate time integration schemes, such as the
trapezoidal rule and the midpoint rule. These methods led to unstable results for Dt = 10�5 and produced similar
results to those of our method for Dt = 10�6 and Dt = 10�7. This fact shows that our algorithm permits using larger
time steps than those necessary for standard second-order accurate time integration schemes.

(2) We have corroborated numerically that our method verifies mass conservation. The maximum relative error in mass
conservation over the entire dynamical process is of the order of 10�7, which may be attributed to the tolerance of the
nonlinear solver or numerical integration.
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4.4. Phase separation on a periodic square: adaptive time step

In this section we recompute the previous example using our adaptive time-stepping algorithm. Our goal is to show that
the proposed time integration scheme may be easily combined with an adaptive technique, rendering an accurate, efficient
and provably stable algorithm.

Fig. 6 shows snapshots of the solution at different times and the stationary configuration. The images are all indistin-
guishable from those calculated with a constant time step Dt = 10�7 (see Fig. 4). We note that there are significantly fewer
time steps taken in the adaptive case.

The evolution of the time step may be observed in Fig. 7. As we had anticipated, we observe two main processes that take
place at very different time scales, namely, phase separation and coarsening. Phase separation takes place at the beginning of
the simulation and corresponds to the initial part of the dynamics marked with a circle in Fig. 7. During the coarsening pro-
cess that follows phase separation, bubbles merge with each other to reduce the surface energy.

Fig. 7 shows a complex pattern in the evolution of the time step. This pattern is actually reflecting the physics of the prob-
lem. Every local minimum in the time step in Fig. 7 corresponds to a significant dynamical event in the evolution of the mix-
ture. We observe that the three main local minima in Fig. 7 (these are marked with arrows in the figure with accompanying
snapshots of the solution) correspond to either the disappearance of a bubble or to the coalescence of two bubbles. These are
the two main mechanisms by which coarsening takes place.

Let us now look at the small area marked with a circle in Fig. 7. We have zoomed in this area and plotted it in Fig. 8. We
observe again that every local minimum of the time step corresponds to a significant dynamical event (see the snapshots of
Fig. 6. Phase separation on a periodic square: adaptive time step. Numerical solution using our provably stable method. The solution is indistinguishable
from those calculated using a constant time step Dt = 10�7.

Fig. 7. Phase separation on a periodic square: adaptive time step. Evolution of the time step using our adaptive provably stable algorithm. We depict
snapshots of the solution appended to the time-step curve. These show that local minima in the time step correspond to significant dynamical events in the
evolution of the mixture.



Fig. 8. Phase separation on a periodic square: adaptive time step. Detail of the evolution of the time step using the adaptive provably stable algorithm.
Snapshots of the solution accompany the time-step curve. These show that local minima in the time step correspond to significant dynamical events in the
evolution of the mixture.

Fig. 9. Phase separation on an annular surface: solution at different times and steady-state configuration using our new provably stable algorithm.
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the solution that accompany the time-step curve). In particular, the first local minimum corresponds to phase separation.
The subsequent local minima correspond to either the disappearance of a bubble or the coalescence of two bubbles.

Remarks

(1) In this example the ratio Dt/d varies from approximately 0.142�10�5 to 0.537, demonstrating the good performance of
our method for a wide range of values of Dt/d.
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Fig. 10. Phase separation on an annular surface. Evolution of time step on a doubly logarithmic scale. We use our adaptive provably stable algorithm.

Fig. 11. Phase separation on an annular surface. Evolution of the Ginzburg–Landau free energy using our new adaptive provably stable algorithm. We have
zoomed in the part of the evolution between t = 1 and t = 16 because it appears almost flat at the scale of the plot. The figure clearly shows that the free
energy does not increase at any time.
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(2) The evolution of the time step depicted in Fig. 7 is fairly complex. However, it corresponds to a simple example of the
Cahn–Hilliard equation. The dynamics of the Cahn–Hilliard equation become much more complex as v increases
because the smoothness of the interface layer is reduced and the range of relevant length and time scales of the equa-
tion is wider (see for example [35]) and, thus, time-step adaptivity becomes even more important.

4.5. Phase separation on an annular surface

In this example we solve the Cahn–Hilliard equation on an annular surface. The objective of this example is to show that
our numerical formulation may be applied to non-trivial geometries while mantaining its accuracy, stability and robustness.
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The interior radius of the annular surface is ri = 0.5, while the exterior is re = 2. We employ a uniform mesh composed of
256 elements in the circumferencial direction and 64 in the radial direction. We use quadratic NURBS, which permit exact
geometrical modeling of this problem. On the boundary we weakly enforce natural boundary conditions by way of (18) and
(19).

The initial condition is a randomly perturbed homogeneous concentration state �c. We take �c ¼ 0:7 and a random pertur-
bation uniformly distributed on [�0.05,0.05]. In this example we take the value v = 200.

We use the discrete formulation (26) and (27) and adaptive time stepping. Fig. 9 shows several snapshots of the time-
history of the numerical solution. The physical process is the same as in the previous example and we observe again phase
separation followed by coarsening.

In Fig. 10 we plot the evolution of the time step on a doubly logarithmic scale. We observe a richer behavior than in the
previous example and larger variations of the time step. In this example the ratio Dt/d varies from approximately 1.693� 10�7

to 2.941�101, showing the good performance of our algorithm for a wide range of values of Dt/d.
Fig. 11 shows the evolution of the Ginzburg–Landau free energy. We have zoomed in on the part of the evolution between

t = 1 and t = 16 because it looked almost flat at the scale of the plot. The figure clearly shows that the free energy does not
increase at any time.

5. Conclusions

We have introduced provably unconditionally stable, second-order time accurate, mixed variational methods for phase-
field models. Our numerical formulation is based on a mixed finite element formulation for the space discretization and a
new second-order accurate time integration scheme. We prove that our formulation inherits the main characteristics of con-
served phase dynamics, namely, mass conservation and nonlinear stability with respect to the free energy. We also propose
an adaptive time-stepping algorithm that may be easily combined with our method. We present numerical examples that
illustrate the robustness, accuracy and stability of our formulation.
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Appendix A

In this appendix we derive the following quadrature formula:
Z b

a
f ðxÞdx ¼ b� a

2
f ðaÞ þ f ðbÞð Þ � ðb� aÞ3

12
f 00ðaÞ � ðb� aÞ4

24
f 000ðnÞ; n 2 ða; bÞ ð78Þ
where f : ½a; b� # R is a sufficiently smooth function.
Let P2 be the quadratic polynomial that satisfies
P2ðaÞ ¼ f ðaÞ; P2ðbÞ ¼ f ðbÞ; P002ðaÞ ¼ f 00ðaÞ ð79Þ
We define the function R2 as,
R2ðxÞ ¼ f ðxÞ � P2ðxÞ ð80Þ
From the definition of R2 and P2 it follows that
R2ðaÞ ¼ R2ðbÞ ¼ 0 ð81Þ
Let us rewrite R2 as
R2ðxÞ ¼ w2ðxÞS2ðxÞ ð82Þ
where
w2ðxÞ ¼ ðx� aÞðx� bÞðxþ b� 2aÞ ð83Þ
and S2 is an unknown function such that (82) is verified. For further reference, we note that w2 verifies the conditions
w2ðaÞ ¼ w2ðbÞ ¼ w002ðaÞ ¼ 0.

Let us define the function
FðzÞ ¼ f ðzÞ � P2ðzÞ �w2ðzÞS2ðxÞ ð84Þ
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where x is a fixed parameter. This function clearly satisfies the conditions F(a) = F(b) = F(x) = 0. Applying Rolle’s theorem
twice we conclude the there exists at least one point in the open interval (a,b) at which F

00
vanishes. In addition, we know

that F
00
(a) = 0, which allows us to apply Rolle’s theorem again to conclude that there exists h 2 (a,b) such that F

000
(h) = 0. Taking

derivatives in Eq. (84) we can obtain a explicit expression for F
000
, namely
F 000ðzÞ ¼ f 000ðzÞ �w0002 ðzÞ|fflffl{zfflffl}
¼6

S2ðxÞ ð85Þ
Evaluating this expression at z = h, it follows that
S2ðxÞ ¼
f 000ðhÞ

6
ð86Þ
Taking all of this into account, we may integrate (80) to conclude
Z b

a
f ðxÞdx ¼

Z b

a
P2ðxÞdxþ

Z b

a
w2ðxÞ

f 000ðhðxÞÞ
6

dx ð87Þ
Since w2 does not change sign on the open interval (a,b), we can apply the mean value theorem to the last integral in (87) to
obtain
Z b

a
w2ðxÞ

f 000ðhðxÞÞ
6

dx ¼ f 000ðnÞ
6

Z b

a
w2ðxÞdx; n 2 ða; bÞ ð88Þ
This analysis leads to the quadrature formula
Z b

a
f ðxÞdx ¼ b� a

2
ðf ðaÞ þ f ðbÞÞ � ðb� aÞ3

12
f 00ðaÞ � ðb� aÞ4

24
f 000ðnÞ; n 2 ða; bÞ ð89Þ
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