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a b s t r a c t

In this paper it is presented the application of a higher-order finite volume method based on Moving
Least Squares approximations (FV-MLS) to the resolution of non-wall-bounded compressible turbulent
flows. Our approach is based on the monotonically implicit Large Eddy Simulation (MILES). The main idea
of MILES methodology is the absence of any explicit subgrid scale (SGS) model in the numerical algorithm
to solve turbulent flows. In the case of the FV-MLS method, we take advantage of the multiresolution
properties of Moving Least Squares Approximations, and we show that they can be used as an implicit
SGS model. The numerical results are encouraging. The third-order FV-MLS method is able to reproduce
the inertial subrange, and it obtains better results than other usual numerical schemes in LES computa-
tions, such as the MUSCL scheme. We note that in the present state of this research, the numerical
method is not yet suited for wall-bounded flows. This paper is the first step in the application of the
FV-MLS method to general turbulent flows.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

The simulation of turbulent flows still remains as one of the
most challenging problems in the field of the computational fluid
dynamics. During many years, methods based on Reynolds averag-
ing (RANS) have been the standard method for the computation of
engineering problems. Even though this approach is appropriate
for analyzing performance, it presents some limitations. Thus, the
statistical nature of the solution avoids fine descriptions of unstea-
dy physical mechanisms, and the accuracy of these methods
strongly depends on the flow. Moreover, when we average the Na-
vier–Stokes equations, the nature of the equations change. A deter-
ministic phenomenon is expressed in terms of a set of statistic
equations. If we accept that the Navier–Stokes equations describe
correctly the dynamics of a flow, there is a contradiction with
the statistical approach of averaging.

In this context, the Large Eddy Simulation (LES) technique
seems to be a more logical approach. In the classical formulation
of LES, instead of averaging the equations, we apply a filter. The fil-
ter separates the resolved scales from the subgrid (non-resolved)
scales. This separation of the scales present in the flow is the main
idea of Large Eddy Simulation. Many filters have been used in the
literature such as, for example, the box filter [1], the Gaussian filter
[2], or temporal filters [3]. The spirit of this approach is to solve the
ll rights reserved.
largest scales (the solved scales) of the flow, and model the scales
that are not solved.

One of the most widespread model for the subgrid scales is the
Smagorinsky model [4]. This model requires the definition of time
and length scales, and a constant parameter. However this model is
too dissipative, and presents other drawbacks that make the model
unsuitable for the simulation of transitional flows. Some of these
drawbacks are circumvented with the dynamic Smagorinsky mod-
el [5]. In this method, the Smagorinsky constant is replaced with a
function of space and time. Thus, the value of this function is up-
dated as the simulation evolves. This methodology uses the infor-
mation of a part of the large scales of the flow (the smaller scales)
to predict the effect of the smallest scales. This model has been ex-
tended for use in compressible flows [6,7], and it has been used in
many numerical simulations [8,9]. In [10] is introduced the con-
cept of ideal LES subgrid model, in the sense that it will exactly
reproduce all single-time, multi-point statistics, with the mini-
mum possible error in instantaneous dynamics. However this ideal
subgrid model cannot be computed directly, and thus the optimal
LES is defined as the best approximation to ideal LES [11,12].

Most of the drawbacks of the Smagorinsky approach are related
to the fact that the subgrid scale model (a turbulent viscosity mod-
el) actually affects to both, the solved and unresolved scales, as was
pointed out by Hughes et al. [13]. In successive papers [14,15] they
introduced a new methodology of LES, the variational multiscale
method (VMS). In order to obtain a precise scale separation, they
perform a reformulation of the Navier–Stokes equations. In a

http://dx.doi.org/10.1016/j.cma.2009.10.013
mailto:icolominas@udc.es
http://www.sciencedirect.com/science/journal/00457825
http://www.elsevier.com/locate/cma


616 X. Nogueira et al. / Comput. Methods Appl. Mech. Engrg. 199 (2010) 615–624
recent work Bazilevs et al. [16] proposed another formulation of
the VMS method. In this formulation, the fine (subgrid) scales are
approximated by an algebraic scaling of the residual of the coarse
scale equations. With this approach, no eddy viscosity model is
used at all. These two approaches (based on the VMS method)
are currently object of extensive research [17–21].

The VMS approach, in its initial formulation is similar in some
aspects to the high-pass filtering (HPF) eddy viscosity models
[22–24]. These models use an explicit high-pass filtering to sepa-
rate the highest scales of the solution of the filtered Navier–Stokes
equations. Then, a subgrid scale model (subfilter scale, actually) is
applied, but using the high-pass filtered variables in the computa-
tion of the eddy viscosity instead of the variables resulting from
the calculations.

Another approach is the approximated deconvolution model
(ADM) [25]. The ADM method tries to reconstruct the unfiltered
solution from the filtered solution, by means of an approximated
deconvolution and the application of a relaxation term that models
the effect of the subgrid scales on the resolved scales. This method
can be seen as a consecutive filtering procedure [26].

On the other hand, several authors [27,28] use a multilevel ap-
proach based on computations on different grids. The deconvolu-
tion of the filtered velocity field is performed on a finer grid, in
order to generate the smaller scales to compute the subgrid model.
Some authors [27] solve directly on the finer grid, defining the fil-
tering level as two times the grid-spacing of the finest grid.

In Large Eddy Simulations the small scales are removed, and
then the energy cascade process is truncated. The energy of the
smallest scales solved on the grid can not be transferred to the fol-
lowing scales, producing a pile-up of energy at these scales. Sub-
grid models introduce the dissipation needed to avoid this effect.
Thus, most of the numerical methods developed for LES are based
on centered discretizations. These methods do not introduce en-
ough dissipation on uniform grids, and they imperatively need
any SGS model. However, upwind methods introduce naturally a
certain amount of dissipation. The implicit Large Eddy Simulation
(ILES) methods, assume that the action of subgrid scales is purely
dissipative [29]. In the context of non-oscillatory finite volume for-
mulations, the Monotone Integrated Large Eddy Simulation
(MILES) states the relationship between leading numerical error
terms and tensorial subgrid viscosities [30–34]. MILES approach
tries to mimic the high-wavenumber end of the inertial subrange.
The adaptive flux reconstruction technique establishes a relation
between WENO techniques and subgrid viscosity [35]. Even
though upwind methods have been recommended for direct
numerical simulation (DNS) in complex geometries, the use of
these methods for LES is controversial [36–38], due to the exces-
sive dissipation introduced in coarse grids. One of the objectives
of this work is to show that it is possible to develop upwind
schemes for turbulent flows without introducing excessive dissipa-
tion on coarse grids. A drawback of the MILES approach is the lack
of a solid physical basis. In this aspect, the first steps have been
developed [39].

The ILES approach is not only related to upwind schemes. Thus,
the compact finite difference plus explicit filtering approach
[40–42] may also be considered as an ILES procedure. In this meth-
odology, a very accurate compact finite difference discretization is
used with an explicit Padé filter. The parameter of the filter is cho-
sen by a stability criterion. The so called adaptive DNS/LES method
has been used in the context of adaptive stabilized Galerkin finite
element methods [43]. On the other hand, it has been proposed the
use of spectral vanishing viscosities for spectral methods [44,45].

In this work we propose the use of a third-order finite volume
scheme based on Moving Least Squares approximations (FV-MLS)
[46–48] for the simulation of non-wall-bounded turbulent flows
in an ILES framework. We use one free parameter of the scheme
(related to the shape of a kernel function) to control the filtering
procedure. This parameter can be used to modify the dispersion
and dissipation characteristics of the FV-MLS method, changing
the behavior of the numerical scheme. In practice, the filtering
operation is performed in the approximation of the derivatives,
thus it can be considered as an implicit filtering. Differently from
other implicit-LES finite volume schemes, the present approach al-
lows the modification of the shape of the implicit filter by changing
the value of the shape parameter. This provides a certain degree of
decoupling between the mesh spacing and the implicit filter width.

The main goal of this paper is to examine the accuracy of the
third-order FV-MLS method in the resolution of compressible tur-
bulent flows. The paper is structured as follows: In Section 2 we ex-
pose the 3D Navier–Stokes equations. In Section 3 we present the
formulation of the numerical method to solve that set of equations,
and in Section 4 we test the FV-MLS method in the Large Eddy Sim-
ulation of the decay of isotropic compressible turbulence. Finally,
in Section 5, we draw the conclusions.

2. The Navier–Stokes equations

The 3D Navier–Stokes equations written in conservative form
read as:
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qE ¼ qeþ 1
2
q v � vð Þ; ð5Þ

H ¼ Eþ p
q
: ð6Þ

where q is the density, v ¼ ðvx;vy; vzÞ is the velocity, l is the effec-
tive viscosity of the fluid, H is the enthalpy, E is the total energy, e is
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the internal energy and q is the density. The viscous stress tensor is
defined as,

sxx ¼ 2l @vx
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Thermal flux q ¼ ðqx; qy; qzÞ, is computed using Fourier’s law:

qx ¼ �k
@T
@x

qy ¼ �k
@T
@y

qz ¼ �k
@T
@z
; ð10Þ

where k is the thermal conductivity.
We assume that the viscosity depends on the temperature fol-

lowing Sutherland’s law:

l ¼ l1
Tref þ S0

T þ S0

T
Tref

� �1:5

; ð11Þ

where Tref is a reference temperature and S0 ¼ 110:4 K is an empir-
ical constant (Sutherland’s temperature).

3. Numerical method: a MLS-based finite volume scheme

A method based on the application of Moving Least Squares [49]
to compute the derivatives in a finite volume framework (FV-MLS)
has been developed in 2D in [46,47]. In this work we extend the
formulation to 3D, to compute the 3D Navier–Stokes equations
for the first time with this numerical method. In order to increase
the order achieved by the finite volume method, a Taylor expan-
sion of the variable is performed at the interior of each cell. The
approximation of the higher-order derivatives needed to compute
the Taylor reconstruction is obtained by a Moving Least Squares
approach.

3.1. General formulation

Consider a system of conservation laws of the form

@U
@t
þr � FH þFE� �

¼ S in X; ð12Þ

and a suitable set of initial and boundary conditions. The fluxes
have been generically split into a hyperbolic-like part, FH , and an
elliptic-like part, FE.

We divide the domain X into a set of non-overlapping control
volumes or cells. Furthermore, we define a reference point (node),
xI inside each cell I. In our case, the reference point is identified
with the cell centroid.

The integral form of 12 which, for each control volume I, readsZ
XI
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Introducing the component-wise reconstructed function uh, the
spatially discretized counterpart of 13 readsZ

XI

@Uh

@t
dXþ

Z
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n dC ¼
Z
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We use Moving Least Squares (MLS) [49] approximants to build
the spatial representation of the solution. This approximation gives
us a continuous, highly-accurate and centered representation of
the solution. Thus, a direct evaluation of the fluxes is possible,
and in fact, it is efficient when the problem is not predominantly
hyperbolic. For convection-dominated problems, we use a different
approximation for hyperbolic and elliptic terms. Thus, for hyper-
bolic terms we introduce a ‘‘broken” reconstruction, Uhb

I , which
approximates UhðxÞ locally inside each cell I, and is discontinuous
across cell interfaces [46]. This approximation allows us to use the
powerful and efficient Riemann solvers technology, limiters and
other finite volume techniques. In general, the order of accuracy
of the broken reconstruction has to be the same as that of the ori-
ginal continuous reconstruction, that is:

UðxÞ � UhðxÞ
��� ��� 6 C1hkþ1

; ð15Þ

and

UðxÞ � Uhb
I ðxÞ

��� ��� 6 C2hkþ1
; ð16Þ

for some constants k;C1;C2 and a characterisitc cell size h. As we
will show later, one possible choice is to use Taylor series expan-
sions (see Section 3.3, Eq. (33)).

On the other hand, the MLS continuous reconstruction is used to
evaluate directly the elliptic terms at integration points.

The final semidiscrete scheme for the continuous/discontinuous
approach can be written asZ
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Z
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where HðUhbþ;Uhb�Þ is a suitable numerical flux.

3.2. Moving Least Squares (MLS) approximation

For clarity, in the following exposition, we consider a single var-
iable u, instead of the vector-variable U. If we consider a function
uðxÞ defined in a domain X, the basic idea of the MLS approach is
to approximate uðxÞ, at a given point x, through a weighted least
squares fitting of uðxÞ in a neighborhood of x as

u xð Þ � uh xð Þ ¼
Xm

i¼1

pi xð Þai zð Þjz¼x ¼ pT xð Þa zð Þjz¼x: ð18Þ

pTðxÞ is a (usually) polynomial basis and aðzÞjz¼x is a set of
parameters to be determined, such that they minimize the follow-
ing error functional:

J aðzÞjz¼x
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¼
Z

y2Xx

Wðz � y;hÞjz¼x uðyÞ � pTðyÞaðzÞjz¼x

	 
2
dXx; ð19Þ

where Wðz � y;hÞjz¼x is a kernel with compact support (denoted by
Xx) centered at z ¼ x. The parameter h is the smoothing length,
which is a measure of the size of the support Xx [46]. The role of
the kernel is to weight the importance of the different points used
for the approximation. The minimization of J gives the following:Z

y2Xx

pðyÞWðz � y; hÞjz¼xuðyÞdXx ¼MðxÞa zð Þjz¼x; ð20Þ

where the moment matrix MðxÞ is defined as

MðxÞ ¼
Z

y2Xx

pðyÞWðz � y; hÞjz¼xpTðyÞdXx: ð21Þ

Integrals in 20 and 21 are evaluated using the nodes in Xx (nx)
as quadrature points, to obtain the following value of a

a zð Þjz¼x ¼M�1ðxÞPXx WðxÞUXx ; ð22Þ
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where the matrix

uXx ¼ uðx1Þ . . . uðxnxI
Þ

� �
; ð23Þ

contains the nodal values of uðxÞ associated to the nx nodes in Xx

(Fig. 1). In the above, nxI is the number of neighbors of the cell I.
Thus, the discrete expression of the moment matrix is

M ¼ pXx
WðxÞpT

Xx
(see [46]).

We also define the matrices (see [46]):

pXx
¼ pðx1Þ � � �pðxnxI

Þ
� �

; ð24Þ

and

WðxÞ ¼ diagðWiðxÞÞ i ¼ 1; . . . ;nxI : ð25Þ

From a practical point of view, for each point I we need to define
a set of neighbors inside the compact support Xx. The minimum
number of neighbors is determined by the number of functions
in the polynomial basis pðxÞ.

Following [46], the interpolation structure can be identified as

uh
I ðxÞ ¼ pT xð Þa zð Þjz¼x ¼ pTðxÞM�1ðxÞpXx

WðxÞuXx ¼ NTðxÞuXx : ð26Þ

The MLS ‘‘shape functions” are defined as:

NTðxÞ ¼ pTðxÞM�1ðxÞpXx
WðxÞ; ð27Þ

and finally we can write:

uh
I ðxÞ ¼

XnxI

j¼1

NjðxÞuj: ð28Þ

The approximation is written in terms of the MLS ‘‘shape func-
tions” NTðxÞ.

In this work the following polynomial cubic basis is used:

pðxÞ ¼ 1; x; y; z; xy; xz; yz; x2; y2; z2; x2y; x2z; y2x; y2z; z2x;
�

z2y; xyz; x3; y3; z3�; ð29Þ

where ðx; y; zÞ are the Cartesian coordinates of vector x.
In order to improve the conditioning, the polynomial basis is lo-

cally defined and scaled: if the shape functions are evaluated at xI ,
the polynomial basis is evaluated at ðx� xIÞ=h. With this coordi-
nate transformation, the MLS shape functions can be written as:

NTðxÞ ¼ pTð0ÞCðxIÞ ¼ pTð0ÞM�1ðxIÞpXxI
WðxIÞ; ð30Þ

with

CðxÞ ¼ M�1ðxÞPXx WðxÞ: ð31Þ

The derivatives of NTðxÞ can be used to compute an approxima-
tion to the derivatives of the function. So, the gradient of UhðxÞ at
cell I is evaluated as

ruh
I ðxÞ ¼

XnxI

j¼1

ujrNjðxÞ: ð32Þ

More details about the FV-MLS method can be found in [46,47].
Fig. 1. Meshfree approximation: general scheme. Support for reconstruction at P.
3.3. Application to Navier–Stokes equations

In the context of generalized Godunov’s methods we use Eq.
(32) to compute the first and second derivatives required for the
Taylor reconstruction of the variables at quadrature points at the
edges. In case of unsteady problems, this reconstruction needs to
use correction terms in order to ensure that the average value of
the reconstructed variables over a cell I is the centroid value U I

[46,47,50]. The resulting scheme is a third-order method.
Thus, the ‘‘broken” reconstruction, Uhb

I , which approximates
UhðxÞ locally inside each cell I reads as:

Uhb
I ðxÞ ¼ Uh

I þrUh
I � ðx� xIÞ þ

1
2
ðx� xIÞT HIðx� xIÞ; ð33Þ

where the gradient rUh
I and the Hessian matrix HI involve the suc-

cessive derivatives of the continuous reconstruction UhðxÞ, which
are evaluated at the cell centroids using MLS. In order to ensure
the conservation of the mean value, we need to add some correction
terms, and the reconstruction reads:
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with:
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X
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and VI is the volume of the control volume I.
In order to impose the monotonicity of the high-order method,

we use a shock detection technique based on the multiresolution
properties of Moving Least Squares applied together with a classi-
cal slope limiter [48]. Here we have chosen the Barth and Jespersen
limiter [51].

A very interesting feature of the proposed numerical method
is the discretization of viscous terms. Moving Least Squares
Fig. 2. Full FV-MLS stencil for the 2D Navier–Stokes equations for a cell I. It is the
union of the MLS stencil of cell I and the MLS stencils of its first neighbors.



Fig. 3. Dispersion (left) and dissipation (right) curves of the third-order FV-MS scheme, for different values of the kernel shape parameter jx .

Fig. 4. Modification of the stencil for periodic boundary conditions. Shaded cells in
the stencil of cell I are substituted by the corresponding shaded cells in the opposite
face.
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approximations perform a centered, high-accurate and direct
approximation of viscous fluxes at the quadrature points of the
edges. Thus, focusing on the Navier–Stokes equations, the evalua-
tion of the viscous stresses and heat fluxes requires interpolating
the velocity vector v , temperature T, and their corresponding gra-
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Fig. 5. Effect of the shape parameter jx on time history of turbulent kinetic energy deca
dients, rv and rT , at each quadrature point xiq. Using MLS
approximation, these entities are readily computed as

v iq ¼
Xniq

j¼1

v jNjðxiqÞ; Tiq ¼
Xniq

j¼1

TjNjðxiqÞ; ð36Þ

and

rv iq ¼
Xniq

j¼1

v j �rNjðxiqÞ; rTiq ¼
Xniq

j¼1

TjrNjðxiqÞ; ð37Þ

where niq is the number of neighbor centroids given by the
stencil.

We need to identify the neighboring points of each node. In
fixed grids, this is done once at the beginning of the computations.
In Fig. 2 we plot the full 2D stencil of a FV-MLS method with cubic
polynomial basis. It is the union of the MLS stencil of cell I and the
MLS stencils of its first neighbors. The extension to 3D is straight-
forward, and it is done following the same rationale.

More details about the FV-MLS method can be found in [46,47].

3.4. Exponential kernel: dispersion and dissipation characteristics

It is possible to use different kernels for the definition of shape
functions [52]. We have considered here the following exponential
kernel:

Wðx; x�;jxÞ ¼
e�
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2 ; ð38Þ
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with s ¼ jxj � x�j;dm ¼ 2 maxðjxj � x�jÞ, with j ¼ 1; . . . ;n�x; c ¼ dm
jx
; x is

the position of every cell centroid of the stencil and jx is a shape
parameter.

A multidimensional kernel is obtained by multiplying 1D
kernels corresponding to each direction. Thus, the 3D exponential
kernel reads:

Wjðx; x�;jx;jy;jzÞ ¼Wjðx; x�;jxÞWjðy; y�;jyÞWjðz; z�;jzÞ: ð39Þ
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Fig. 8. Effect of the shape parameter jx on time history of turbulent kinetic energy dec
For all the computations in this paper we use an isotropic ker-
nel, that is, j ¼ jx ¼ jy ¼ jz. The kernel plays a crucial role on
the properties of the FV-MLS scheme. In Fig. 3 we plot the disper-
sion and dissipation curves of the third-order FV-MLS scheme for
the 1D advection equation. In these figures we plot the real wave-
number versus the real part of the modified wavenumber (related
to dispersion errors), and versus the imaginary part of the modified
wavenumber (related to dissipation errors). In this figure, no dissi-
pation is indicated by a zero value of the imaginary part. These fig-
ures show that the discrete differential operator is not able to
reproduce exactly all the range of frequencies of a given wave,
introducing both dispersion and dissipation errors.

We observe that a different choice of the value of the shape
parameter of the kernel leads to different characteristics of the
scheme. The accurate resolution of the hyperbolic terms of the Na-
vier–Stokes equations is crucial in order to obtain an accurate solu-
tion. Thus, the interest of these figures is to show what we can
expect of the third-order FV-MLS method when dealing with
hyperbolic terms. It is obvious that these curves do not try to
reproduce the behavior of the FV-MLS when dealing with the 3D
Navier–Stokes equations, since they are non-linear, multidimen-
sional and not strictly hyperbolic. However, the curves can help
to understand how the shape parameter acts as a SGS model.

We can see these curves in terms of resolved scales. The numer-
ical scheme introduces dispersion and dissipation errors from a gi-
ven frequency (cut-off frequency). From now on, we consider a
resolved scale as a scale whose wavenumber is below the cut-off
frequency. From the dissipation curve we observe that frequencies
over the cut-off frequency are naturally dissipated by the numeri-
cal method. Following [39], we assume that this dissipation will
mimic the high-wavenumber end of the inertial subrange. This will
be checked with a numerical example in the following section. In
Fig. 3, we observe that the trend of the curves changes around be-
tween j ¼ 3 and j ¼ 5. In fact, the change happens for j ¼ 4 (not
represented in the figure because it matches the values for j ¼ 3).
The reason of this behavior lies on the shape of the kernel deriva-
tive. The results of a deeper analysis can be found in [53,54].

This approach could be seen in the framework of MILES
approach. It is also similar in spirit to the methodology presented
in [42] that uses a no-model approach with a numerical method
based on quasi-spectral compact finite differences and the addition
of an explicit filter. The explicit filter removes the energy of the
highest frequencies, and the amount of energy removed is con-
trolled by the parameter of the Padé filter. In our case, the filter
is implicitly defined in the numerical model. The filter parameter
is the shape parameter of the exponential kernel jx. The dissipa-
tion curve Fig. 2 (right) gives a flavor of the shape of the implicit
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filter. This approach may also be used on unstructured grids. We
remark that other approaches for unstructured grids have been
developed [55] with the aim of reducing the extra dissipation
introduced by the upwinding (with a stability criteria), and then
apply a SGS model. Here we reduce the dissipation introduced by
the numerical method by modifying the kernel parameter, but
we do not introduce any SGS model.

On the other hand, the effect of the limiter is restricted by the
MLS-based shock detector. It allows to keep the high-order of the
numerical scheme except in the vicinity of shocks (where it is
first-order accurate). Thus, in our approach the shock-capturing
is only used to prevent oscillations near shocks. The dissipation
is controlled by the jx parameter.
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Fig. 10. Convergence under grid refinement. Top: time history of turbulent kinetic energ
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One of the advantages of this approach is that there is no need
to know in advance if a flow is laminar or turbulent. Moreover, as
we will show in the numerical examples, it converges to DNS as the
grid is refined. This permits a straightforward treatment of transi-
tional flows.
4. A Numerical example: decay of compressible isotropic
turbulence

In this section we solve the problem of the decay of compress-
ible isotropic turbulence. Although this may be the simplest exam-
ple of turbulent flow, it is usually considered as a test case for both
compressible and incompressible formulations of subgrid scale
models for LES [56]. Here we reproduce the setup of the problem
denoted as Case 6 in [57].

The initial three-dimensional kinetic energy spectrum is de-
fined as:

E3D / k4 exp �2
k
kp

� �2
" #

; ð40Þ

where k is the magnitude of the wave number vector, and kp ¼ 4 is
the wavenumber at the peak of the spectrum.

Following [58], we define v, as the ratio of compressible kinetic
energy to the total turbulent kinetic energy. In this example,

v ¼ qd

q

� �2
¼ 0:2, where q is the root mean square magnitude of

the fluctuation velocity, and qd is the root mean square magnitude
of the dilatational fluctuation velocity. We note that v is an indica-
tor of the level of compressibility of the flow. Thus, v ¼ 0
corresponds to an incompressible flow.
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Fig. 11. Isovorticity surfaces and streamlines. General view and detail. Results on a
643 mesh.
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Fig. 12. Time history of turbulent kinetic energy decay. Third-order finite volume
method with derivatives computed with sixth-order compact finite differences, with
a tenth-order filter of parameter a and without any filter. Results on a 323 mesh.
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The initial velocity fluctuations are specified to obtain a turbu-
lent Mach number, Mt ¼ q

c ¼ 0:4, where c is the mean speed of
sound. In this simulation, the initial values are given by:

q0rms

� �2 qh i2 ¼ 0:032

T0rmsð Þ2= Th i2 ¼ 0:005
ð41Þ

The symbol hi refers to mean value and primes denote fluctuat-
ing variables.

The computational domain is a 2p� 2p� 2p cube, with periodic
boundary conditions. In order to implement the periodicity in the
FV-MLS code, we need to modify the stencil of cells close to the
periodic boundary. This is schematically represented in Fig. 4. The
third-order FV-MLS scheme has been used for the computations,
with a MLS-based shock detection technique [48] and the Barth
and Jespersen limiter. We have tested two levels of refinement.
The coarse grid with 323 elements and the finest grid with 643 ele-
ments. For time integration we use an explicit fourth-order Runge–
Kutta scheme. The time step is Dt ¼ 0:05, corresponding approxi-
mately to 250 time-steps per eddy turnover time ðs0Þ. The eddy
turnover time is defined as the ratio of the turbulent kinetic energy
to the dissipation rate based on the initial field.

4.1. Results

We start with the computation of a reference solution. This is a
LES calculation on a 1283 grid, computed with sixth-order compact
finite differences and a explicit Padé filter with parameter a ¼ 0:49,
following [42]. As the results of this LES coincide with the DNS of
[57], we consider it as the reference solution, to compare with
the results of the LES simulation with the FV-MLS method pro-
posed in this paper.

In Figs. 5 and 6 we plot the results obtained on the 323 grid, for
different values of the kernel shape parameter jx. In Fig. 5 we show
on the left the time evolution of the turbulent kinetic energy,
K ¼ hq½ðu0Þ2 þ ðv 0Þ2 þ ðw0Þ2�i, whereas on the right we plot the time
evolution of density fluctuations. Even though the grid is coarse,
the results agree very well with those of the reference solution.

In Fig. 6 we show the instantaneous three-dimensional energy
spectra at t=s0 ¼ 0:3. We note that if we examine the instantaneous
three-dimensional spectrum in Fig. 6, we observe that the dissipa-
tion introduced affects only to the highest scales of the spectrum. In
the 323 grid, the highest wavenumber we can represent is kc ¼ 16.
For wavenumber k > 6, the numerical scheme introduce dissipa-
tion (for values of the parameter jx 6 3). Thus, the numerical
scheme solves correctly frequencies until a scaled wavenumber of
0:37p. This value of the wavenumber agrees with the behavior pre-
dicted in the 1D dissipation curve plotted previously in Fig. 3.

However, for jx ¼ 5 we observe a range of low frequencies with
an excess of energy. This feature indicates that this value of the
kernel parameter is not optimal, even though the results in the
coarser grids follow closely those of the DNS. An important conclu-
sion of this analysis is: even for the coarse grid, the numerical
method is able to predict the inertial subrange (see Fig. 6).

It is clear that the choice of jx has an influence on the results on
the coarser grid. Thus, the value of jx ¼ 5 seems to be somewhat
under dissipative. However, the accuracy of the results of the FV-
MLS method even in the worst case is greater than the results ob-
tained with fourth-order centered finite differences, as we show in
Fig. 7. If we compare with the results of [42], the FV-MLS method
clearly improves the results obtained with an standard third-order
finite volume scheme.

The results for the finest grid (643) elements are plotted in Figs.
8 and 9. Looking at the spectra of Fig. 9, we observe that there is
again an excess of energy in the range of the resolved scales
(6 < k < 16), for a value jx ¼ 5. This confirms the non optimality
of this value of jx. In Fig. 10 we compare the results on the two
grids. We confirm that the results are consistently better for the
finest grid. This is an important conclusion and a remarkable
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property of this approach. As the grid is refined, the numerical
scheme correctly solves the frequencies until a higher wavenum-
ber. Thus, the dissipation is introduced each time in a higher wave-
number, reducing the number of damped scales.

In Fig. 11 we present snapshots of the vorticity isosurfaces,
velocity streamlines and vorticity contours. It is observed the pres-
ence of the usual vortical structures (worms).

Remark 1. We wish to emphasize the importance of the compu-
tation of the derivatives in a finite volume framework. The
dissipation introduced by an upwind scheme is mainly introduced
by dissipation errors in the computation of the derivatives for the
reconstruction of the convective terms, and not by the upwinding
methodology. In order to do that we solve again the decay of
compressible turbulence problem. Now, the derivatives needed for
the Taylor reconstruction of the variables inside the cells are
computed with sixth-order compact finite differences ([42]). As we
reconstruct until the second derivative, the resulting finite volume
scheme is third-order accurate. We note that the dissipative fluxes
are computed with the MLS reconstruction, so we consider only
the effect of the reconstruction of the convective terms. In Fig. 12
we plot the time history of the decay of turbulent kinetic energy.
Although the computations have been made with an upwind
method, the results are clearly not dissipative. Indeed, we need to
use an explicit filter to avoid the pile-up of energy and crashing of
the simulation.

In this example, the computation of the derivatives is per-
formed by using a non-dissipative centered scheme. Clearly, the
dissipation introduced by the numerical scheme is not enough to
act as a SGS model, even though the numerical scheme is
upwinded. We can conclude that the dissipation in a finite volume
scheme is mainly introduced by the discrete differential operator
used for the computation of the derivatives. Thus, an upwind
scheme is not necessarily overdissipative. This fact can explain the
better results of the FV-MLS method in comparison with other
finite volume methods. The quality of the approximated deriva-
tives computed with MLS is superior to usual approaches, and the
dissipation is enough to act as a SGS model, but it is not excessive
to result in a overdissipative method.
5. Conclusions

We have shown the application of a third-order finite volume
method based on Moving Least Squares Approximations to the res-
olution of turbulent compressible flows. Our approach is based on
a ILES approach. We have solved the problem of the decay of com-
pressible turbulence, as a first test case to evaluate the behavior of
the third-order FV-MLS method in the resolution of compressible
turbulent flows. In order to obtain the monotonicity, a selective
limiting technique based on the multiresolution properties of
Moving Least Squares approximations have been used. The results
obtained are encouraging. The third-order FV-MLS method is able
to reproduce the inertial subrange. This is an important result,
since not all the numerical methods are able to obtain this results
(see [42]). Thus, the numerical method obtains better results than
centered fourth-order finite differences, and it really improves the
results obtained with the MUSCL scheme. On the other hand, since
there is no need to know a priori if the flow is turbulent or not, the
present approach is very adequate to the simulation of transitional
flows. Finally, it is important to remark that the application of
FV-MLS method on unstructured grids is straightforward, being
consequently very suitable for the resolution of turbulent flows
in complex geometry. However, it is needed to address the issue
of non-periodic boundary conditions. Research is in progress to ex-
tend the numerical methodology to this kind of problems. Our first
results suggest that the use of zero-mean nodes (to improve the
quality of stencils) [46] and non-isotropic kernels [47] is a promis-
ing approach to solve the difficulties arising from very stretched
cells in boundary-layer grids.
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