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Abstract A number of contributions have been made

during the last decades to model pure-diffusive transport

problems by using the so-called hyperbolic diffusion equa-

tions. These equations are used for both mass and heat

transport. The hyperbolic diffusion equations are obtained

by substituting the classic constitutive equation (Fick’s and

Fourier’s law, respectively), by a more general differential

equation, due to Cattaneo (C R Acad Sci Ser I Math

247:431–433, 1958). In some applications the use of a par-

abolic model for diffusive processes is assumed to be

accurate enough in spite of predicting an infinite speed of

propagation (Cattaneo, C R Acad Sci Ser I Math 247:431–

433, 1958). However, the use of a wave-like equation that

predicts a finite velocity of propagation is necessary in many

other calculations. The studies of heat or mass transport with

finite velocity of propagation have been traditionally limited

to pure-diffusive situations. However, the authors have

recently proposed a generalization of Cattaneo’s law that

can also be used in convective-diffusive problems (Gómez,

Technical Report (in Spanish), University of A Coruña,

2003; Gómez et al., in An alternative formulation for the

advective-diffusive transport problem. 7th Congress on

computational methods in engineering. Lisbon, Portugal,

2004a; Gómez et al., in On the intrinsic instability of the

advection–diffusion equation. Proc. of the 4th European

congress on computational methods in applied sciences and

engineering (CDROM). Jyväskylä, Finland, 2004b) (see

also Christov and Jordan, Phys Rev Lett 94:4301–4304,

2005). This constitutive equation has been applied to engi-

neering problems in the context of mass transport within an

incompressible fluid (Gómez et al., Comput Methods Appl

Mech Eng, doi:10.1016/j.cma.2006.09.016, 2006). In this

paper we extend the model to compressible flow problems.

A discontinuous Galerkin method is also proposed to

numerically solve the equations. Finally, we present some

examples to test out the performance of the numerical and

the mathematical model.

1 Introduction

There is much experimental evidence which proves that

diffusive processes take place with finite velocity inside

matter [1, 2]. In some applications, this issue can be

ignored and the use of Fick’s [3] law or Fourier’s [4] law

(in the case of mass transport or heat conduction, respec-

tively), is assumed to be accurate enough for practical

purposes in spite of predicting an infinite speed of propa-

gation. However, in many other instances [5] it is necessary

to take into account the wave nature of diffusive processes

to perform accurate predictions. This kind of approach

cannot be carried out by using Fick’s law or Fourier’s law

[1, 6]. Instead a more general constitutive law, for example

the one proposed by Cattaneo [7], must be employed.

A great deal of effort has been devoted to the study of

hyperbolic diffusion (see [8, 9] for a detailed state of the art in

this topic) and Cattaneo’s law is still the most widely accepted

model for diffusive processes. However, there is also some

criticism to Cattaneo’s law (see, for instance, [10–14]).
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Due to the practical interest of the hyperbolic pure-dif-

fusion equation, some numerical models have been

developed for the approximation of its solution. The

numerical simulation of the hyperbolic diffusion equations

has been mostly limited to 1D problems (see for instance

[10, 15–17]). The numerical discretization of 2D pure-

diffusion problems was probably pioneered by Yang [18].

Later, Manzari and Manzari [19] proposed a different

algorithm and solved some practical pure-diffusive exam-

ples. More recently Shen and Han [20] have solved the

2D hyperbolic pure-diffusion equation with non-linear

boundary conditions.

This paper deals with problems of mass transport within a

fluid. In the context of many engineering applications it is

important to consider both, diffusion and convection, phe-

nomena since none of these transport processes can be

ignored. For this reason, the authors have recently proposed

a generalization of Cattaneo’s law that can also be used in

convective-diffusive problems [21–23]. This equation was

applied to the resolution of practical problems in the context

of mass transport within an incompressible fluid [24]. In this

paper we extend the model to compressible flow problems.

A discontinuous Galerkin method is proposed to solve

numerically the equations. Finally, we present some exam-

ples to test out the numerical and the mathematical models.

The outline of this paper is as follows: in Sect. 2 we

derive the proposed equations for the description of mass

transport within a compressible fluid. In Sect. 3 we study

the main properties of the proposed model. A discontinu-

ous Galerkin method to solve numerically the proposed

equations is introduced in Sect. 4. Section 5 is devoted to

the presentation of some numerical examples. Finally,

Sect. 6 gathers the main conclusions of this study.

2 Governing equations

The use of a hyperbolic model to describe pure-diffusive

phenomena has been addressed with increasing interest in

last years. The governing equations for this kind of models

have been normally obtained by using a generalized form

of Fick’s law that was first proposed by Cattaneo [7].

Cattaneo’s equation in 1D takes the form

f þ s
of

ot
¼ �kq

ok
ox

ð1Þ

where k is the pollutant concentration, f is the pollutant

flux, q is the fluid density and k is the diffusivity.

Cattaneo’s equation introduces the concept of relaxation

time s which plays the role of an ‘‘inertia’’ for the

movement of the pollutant. Equation (1) can be closed by

using the mass conservation equations (conservation of

pollutant mass and conservation of fluid mass). By doing

so, we obtain a totally hyperbolic system of partial

differential equations where

cc ¼
ffiffiffiffiffiffiffi

k=s
p

: ð2Þ

is the velocity of propagation. The aforementioned system

governs the phenomenon of the hyperbolic pure-diffusion.

However, we are interested in applying Cattaneo’s ideas to

those problems that involve convective transport, as well

[21–23]. For this reason, we have recently proposed [21]

the following constitutive equation

f þ s
Df

Dt
¼ �KqrxðkÞ ð3Þ

where

Df

Dt
¼ of

ot
þrxðf Þ v; ð4Þ

s is the so-called relaxation tensor and K is the diffusivity

tensor. Equation (3) may be used when the medium is

moving with velocity v. It has been derived from Catta-

neo’s law by imposing Galilean invariance principle to the

resulting model. In this way, the description of the diffu-

sion process is granted to be the same in every inertial

frame [25].

We are interested in applying Eq. (3) to mass transport

problems in compressible fluids. In order to formulate the

problem we also have to use the fluid dynamics equations

and the pollutant mass conservation equation. Taking into

account all of this, the governing equations can be written as:

oq
ot
þrx � ðqvÞ ¼ 0 ð5:1Þ

oðqvÞ
ot
þrx � ðqv� vþ pI � T Þ ¼ 0 ð5:2Þ

oðqEÞ
ot
þrx � ðHv� T vÞ ¼ 0 ð5:3Þ

oðqkÞ
ot
þrx � ðqkvþ f Þ ¼ 0 ð5:4Þ

f þ s
of

ot
þrxðf Þv

� �

¼ �KqrxðkÞ ð5:5Þ

where p represents the pressure and v is the fluid velocity.

The total energy and the enthalpy are given by

qE ¼ qeþ 1

2
qv � v; H ¼ E þ p

q
ð6Þ

where e is the specific internal energy. The viscous stresses

are modeled as

T ¼ l rxðvÞ þ rxðvÞT �
2

3
rx � ðvÞI

� �

ð7Þ

where l is the viscosity. The equation of state and

temperature for an ideal gas can be written as
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p ¼ ðc� 1Þ qE � 1

2
qv � v

� �

; T ¼ 1

Cv

p

qðc� 1Þ ð8Þ

being Cv the specific heat at constant volume (Cv = 716.5

for air) and c = Cp/Cv is the ratio of specific heats (c = 1.4

for air). Finally, the speed of sound is given by

cs ¼
ffiffiffiffiffiffiffiffiffiffi

cp=q
p

ð9Þ

3 Study of the proposed model

With the aim of simplifying the exposition, we will con-

sider from here on a 2D domain. The notation vT = (u, v),

fT = (fx, fy) will be used.

In order to study the properties of system (5) it would be

very useful to write it in conservative form. We have for-

mulated the model by selecting two different sets of

unknowns U and U0, namely

U ¼

q
qu
qv
qE
qk
qx

qy

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

; U0 ¼

q
qu
qv
qE
qk
fx
fy

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

ð10Þ

where the variable q = f/q has been introduced. None of

these sets of values lead to a fully conservative form of the

equations. However, if variables U are selected, system (5)

can be written (after non-trivial analytic work and under

the assumption of homogeneous and isotropic diffusivity

and relaxation time) in a very interesting form, namely

oq
ot
þrx � ðqvÞ ¼ 0 ð11:1Þ

oðqvÞ
ot
þrx � ðqv� vþ pI � T Þ ¼ 0 ð11:2Þ

oðqEÞ
ot
þrx � ðHv� T vÞ ¼ 0 ð11:3Þ

oðqkÞ
ot
þrx � ðqkvþ qqÞ ¼ 0 ð11:4Þ

oq

ot
þrx � ðq� vþ c2

ckIÞ ¼ � 1

s
þ 2rx � ðvÞ

� �

q ð11:5Þ

If the right hand side of Eq. (11.5) is treated as a source

term, the velocities of propagation that are found in the

inviscid counterpart of system (11) are those that result of

adding up the fluid velocity to the speed of sound and to the

pollutant velocity [see Eqs. (18)]. For this reason we will

formulate the problem taking U as the unknown.

From here on we will neglect the viscous part of system

(11) to compute the fluid dynamics problem. Taking into

account this hypothesis, system (11) is rewritten as

oU

ot
þrx � ðFÞ ¼ S ð12Þ

where vector S and the flux matrix F take the form

F ¼

qu qv

qu2 þ p quv

quv qv2 þ p

qHu qHv

qkuþ qqx qkvþ qqy

qxuþ kc2
c qxv

qyu qyvþ kc2
c

0

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

A

;

S ¼

0

0

0

0

0

ð� 1
s þ 2rx � ðvÞÞqx

ð� 1
s þ 2rx � ðvÞÞqy

0

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

A

ð13Þ

In order to study the basic properties of system (12) it is

necessary to rewrite it in a non-conservative form. In this way,

if we define Fx (Fy, respectively), as the first (second,

respectively), column of matrix F, the following relation holds:

rx � ðFÞ ¼
oFx

ox
þ oFy

oy
¼ Ax

oU

ox
þ Ay

oU

oy
ð14Þ

being Ax and Ay the Jacobian matrices defined by Ax = rU

(Fx); Ay = rU (Fy).

Matrices Ax and Ay take the form

Ax ¼

0 1 0 0 0 0 0

�u2 þ c�1
2
ðu2 þ v2Þ ð3� cÞu �ðc� 1Þv c� 1 0 0 0

�uv v u 0 0 0 0

uðcE � 2HÞ H � ðc� 1Þu2 �ðc� 1Þuv cu 0 0 0

qx � ku k 0 0 u q 0

�ðqxuþ c2
ckÞ=q qx=q 0 0 c2

c=q u 0

�qyu=q qy=q 0 0 0 0 u

0

B

B

B

B

B

B

B

B

B

B

@

1
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C

A

ð15Þ
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Now, we define the vector of matrices AT = (Ax, Ay). Let

jT ¼ ðjx; jyÞ be an arbitrary vector with the constriction

jjjjj ¼ 1; where ||�|| denotes the Euclidean norm of a given

vector. It can be shown that the equation

detðxI � A � jÞ ¼ 0 ð17Þ

yields seven real solutions x for arbitrarily prescribed

values of j: More specifically, the solutions of (17) are

x1 ¼ v � j ð18:1Þ
x2 ¼ v � j ð18:2Þ
x3 ¼ v � j ð18:3Þ
x4 ¼ v � jþ cs ð18:4Þ
x5 ¼ v � j� cs ð18:5Þ
x6 ¼ v � jþ cc ð18:6Þ
x7 ¼ v � j� cc ð18:7Þ

The values written in (18) are the eigenvalues of A � j
which is usually called projection matrix. These values

represent the velocities of the waves that constitute the

solution of (12). These velocities correspond to the sum of

the velocity pressure wave and the velocity of the pollutant

wave to the fluid velocity.

A detailed observation of the velocities given by (18)

allows us to conclude that the behavior of the solution is

determined by two non-dimensional numbers: the first one

is the so-called Mach number [26], namely

M ¼ jjvjj
cs

ð19Þ

The second non-dimensional number is

H ¼ jjvjj
cc

ð20Þ

The H number has been introduced by the authors in [21,

23] and it represents the ratio of the fluid velocity to the

pollutant velocity.

It is well known that the definition of the Mach number

allows classifying the flow as follows:

• M\1, Subsonic flow

• M [ 1, Supersonic flow

In subsonic flow conditions, pressure waves travel at a

greater speed than the fluid does. However, in supersonic

flow conditions pressure waves propagate slower than the

fluid. As a consequence, pressure waves can only travel

downstream in supersonic flow.

The definition of the H number also allows classifying

the flow as

• H\1, Subcritical flow

• H [ 1, Supercritical flow

In subcritical flow the pollutant can travel downstream as

well as upstream. However, in supercritical flow conditions

the pollutant can only travel downstream. This is an

important feature of the proposed model.

4 Numerical discretization of the proposed model

In this section we propose a numerical method to solve

system (12). The proposed scheme is based on the dis-

continuous Galerkin (DG in what follows) method that is

being increasingly used for the numerical approximation of

hyperbolic systems. In the same way as traditional finite

volume methods, the use of the DG scheme requires the

definition of numerical fluxes across the interfaces of the

elements. In this paper we propose a new numerical flux to

be used in the resolution of system (12).

4.1 Discontinuous Galerkin method

The DG method is usually attributed to [27]. Since its

introduction in the framework of transport of neutrons in

1973, DG methods have evolved in a manner that made

them suitable for computational fluid dynamics [28]. The

present popularity of the method is mainly due to Cockburn

and Shu (with several collaborators) who introduced the

Runge–Kutta Discontinuous Galerkin Method [29–32].

The main characteristic of the DG method is that the

numerical solution is allowed to be discontinuous across

the interfaces of the elements.

Whereas the continuous finite element methods were

initially developed for elliptic equations, the DG method

was primarily applied to hyperbolic problems. However, in

Ay ¼

0 0 1 0 0 0 0

�uv v u 0 0 0 0
c�1

2
ðu2 þ v2Þ � v2 ð1� cÞu ð3� cÞv c� 1 0 0 0

vðcE � 2HÞ ð1� cÞuv �v2ðc� 1Þ þ H cu 0 0 0

qy � kv 0 k 0 v 0 q

�qxv=q 0 qx=q 0 0 v 0

�ðqyvþ c2
ckÞ=q 0 qy=q 0 c2

c=q 0 v

0

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C
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ð16Þ
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the last decade, there has been extensive research into

parabolic and elliptic DG methods [33–38]

In this section a DG method for the resolution of system

(12) is presented. The formulation is identical for 2D and

3D problems. From here on, we will restrict to the 2D

problem in order to simplify the exposition.

Let Xh be a partition of the computational domain X into

a mesh of nelem elements. Let Xielem be a general element

with boundary Cielem. We also define the following space of

polynomials

Vh ¼ fvh 2 L2ðXÞ : vhjXielem
2 PmðXielemÞ; 8Xielem 2 Xhg

ð21Þ

where PmðXielemÞ is the space of polynomials of degree at

most m. Note that the discrete space does not enforce C0

continuity and that m, in general, can vary in all elements.

Taking into account all of this, we can derive the

variational formulation of the problem by multiplying the

governing equation with a smooth test function w and by

integrating over the local element Xielem
ZZ

Xielem

w
oU

ot
dXþ

ZZ

Xielem

xrx � ðFÞdX ¼
ZZ

Xielem

wSdX

ð22Þ

In order to obtain the discrete Galerkin formulation we

approximate U by a polynomial expansion Uh 2 Vh:

Further, we restrict the class of test functions to those wh 2
Vh: In addition, we integrate by parts the second term in

(22). By these means, we find the expression:
ZZ

Xielem

wh oUh

ot
dX�

ZZ

Xielem

FhrxðwhÞdX

þ
Z

Cielem

whFh � ndC ¼
ZZ

Xielem

whShdX

ð23Þ

Due to the discontinuous representation of the solution in

the DG method, two values of the unknown Uh exist over

the edges of the elements. For this reason, we substitute the

discontinuous boundary flux term Fh�n for a continuous

numerical flux denoted by bF � n: The numerical flux is

constructed taking into account the two values of Uh that

exist over the edges of each element (U+ and U-). These

two values are combined in order to design the numerical

flux according to the direction of propagation of the flow.

4.2 Numerical flux

As we said before, the discontinuous boundary flux term

Fh�n is substituted for a continuous numerical flux bF � n:
The continuous numerical flux depends on the two values

of Uh that exist over the edges of the element Xielem. We

call U+ the value obtained from the element Xielem and U-

the value obtained from its adjacent element at a given

point of Cielem.

We propose a new numerical flux to be used in the

boundary term of (23). The numerical flux that we propose

is of the flux vector splitting type. In this kind of formu-

lations the numerical flux is written as

bF � n ¼ Fþn ðUþÞ þ F�n ðU�Þ ð24Þ

In addition, we split Fn
± to separate the contribution that

corresponds to the fluid dynamics (Fn
E±) from the part

related to the pollutant mass transport (Fn
C±). In this way

bF � n ¼ FEþ
n ðUþÞ þ FCþ

n ðUþÞ þ FE�
n ðU�Þ þ FC�

n ðU�Þ
ð25Þ

For the contribution that corresponds to the fluid dynamics

we use a numerical flux derived from the Van Leer–Hänel

flux. The Van Leer–Hänel flux corresponds to a modified

form of the Van Leer scheme [39] proposed by Hänel et al.

[40] for multidimensional problems [41]. Therefore,

Fn
E±(U) is given by

FE�
n ðUÞ ¼ qu�n

1

u
v
H
0

0

0

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C
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þ p�

0

nx

ny

0

0

0

0

0

B

B

B

B

B
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B

@

1
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C

C

C
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A

ð26Þ

being

u�n ¼
� 1

4
csðMn � 1Þ2; jMnj � 1

1
2
ðun � junjÞ; jMnj[ 1

(

;

p� ¼
1
4

pðMn � 1Þ2ð2�MnÞ; jMnj � 1
p

2un
ðun � junjÞ; jMnj[ 1

(

ð27Þ

In the previous equations it has been used the notation

un = v�n, Mn = un/cs and nT = (nx, ny).

For the contribution that corresponds to the pollutant

mass transport we propose a numerical flux based on that

developed by the authors for incompressible flow compu-

tations [42, 43]. By doing so, Fn
C±(U) is given by

FC�
n ¼

0

0

0

0
qk
4

a�n þ
qqn

4c b�n
kccnx

4
b�n þ

qxn2
x

4
a�n þ

qxn2
y

2
c�n þ

qynxny

4
d�n

kccny

4
b�n þ

qyn2
y

4
a�n þ

qyn2
x

2
c�n þ

qxnxny

4
d�n

0
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ð28Þ
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where

a�n ¼ 2un � jun þ ccj � jun � ccj ð29:1Þ

b�n ¼ 2cc � jun þ ccj � jun � ccj ð29:2Þ

c�n ¼ un � junj ð29:3Þ

d�n ¼ �2junj � jun þ ccj � jun � ccj ð29:4Þ

4.3 Interpolation

We use Lagrangian elements of nnode nodes. Therefore,

for a given time t and for a given x[Xielem we interpolate

the solution as:

Uhðx; tÞjXielem
¼
X

nnode

inode¼1

Ninode
ielem ðxÞU inode

ielemðtÞ ð30Þ

where Nielem
inode is the shape function associated to (local)

node inode of element Xielem.

4.4 Numerical integration

In the 2D numerical examples that we will present in this

paper we have used bilinear Lagrangian elements. Numer-

ical integration is performed by using a 3 9 3 points Gauss–

Legendre quadrature for the elemental integrals and a three

points Gauss–Legendre integration for the boundary terms.

4.5 Time integration

By assembling together all the elemental contributions, the

system of ordinary differential equations that governs the

evolution of the discrete solution can be written as

M
dU
dt
¼ RðUÞ ð31Þ

where M denotes the mass matrix, U is the global vector of

degrees of freedom and RðUÞ is the residual vector. Due to

the block diagonal structure of matrix M, the time

integration of this system can be accomplished in an

efficient way by means of an explicit method for initial

value problems. In this work we use the second order TVD-

Runge–Kutta method proposed by Shu and Osher [44].

Given the solution at the nth step ðUnÞ; the solution at the

next time level ðUnþ1Þ is computed in two steps as follows:

Uð1Þ ¼ Un þ DtLðUnÞ ð32:1Þ

Unþ1 ¼ 1

2
Un þ 1

2
Uð1Þ þ 1

2
DtLðUð1ÞÞ ð32:2Þ

where LðUÞ ¼ M�1RðUÞ: To compute LðUÞ at each time

step we do not need to calculate M-1. Instead of that, we

compute the Cholesky factorization of the mass matrix at

the first time step and we perform the necessary back and

forward substitutions at each time iteration.

5 Numerical examples

In this section we solve the proposed model for mass

transport in compressible fluids. The computational domain

as well as the finite element mesh have been depicted in

Fig. 1. The mesh has been generated by using the code

GEN4U by Sarrate and Huerta [45]. The coordinates of the

key points of the domain can be found in Table 1. The

problem consist of a supersonic flow in a nozzle. The Mach

number at the inlet takes the value M = 1.5 being the

velocity field parallel to the walls of the nozzle at the inlet.

The density and the temperature are given, respectively, by

q = 1.225 kg/m3 and T = 288 K. Regarding the pollutant

transport, we take the value s = 10-4 s for the relaxation

time and k = 0.01 m2/s for the diffusivity. This leads to a

supercritical transport problem.

The Mach number at the steady state is plotted in Fig. 2.

The maximum Mach number is Mmax& 1.7705. In Fig. 2

we can distinguish two rarefaction waves that are formed

from points B and G. There are also shock waves generated

from points C and F. We have not used any limiter to

capture the shock, but we have used a fine enough mesh.

The pressure at the steady state has been plotted in Fig. 3.

We simulate the evolution of a pollutant being spilled at

Fig. 1 Supersonic flow in a

nozzle. Computational mesh

(10,861 bilinear elements)

Heat Mass Transfer

123



the inlet of the nozzle. The initial concentration is given by

kðx; y; 0Þ ¼ bke�0:01ðx2þy2Þ and it has been plotted in Fig. 4.

At the initial time q(x,y,0) = 0.

In Fig. 5 we represent the dimensionless concentration

k=bk at times t = 5 9 10-2 s, t = 10-1 s and at the steady

state.

6 Conclusions

This paper introduces a hyperbolic model for mass transport

in compressible flows. The proposed model generalizes the

theory previously proposed by the authors in [24] which may

be applied only to incompressible flows. A discontinuous

Galerkin method is also proposed to numerically solve the

governing equations. Finally, a practical example concern-

ing engineering applications is solved to demonstrate the

performance of the mathematical model and of the numer-

ical algorithm. We conclude that the proposed model

represents an interesting alternative to the standard parabolic

model. However, there are some issues that should be

addressed: for example those concerning the estimation of

the parameters (especially the relaxation time s) and the

extension of the model to take into account non-homoge-

neous diffusivity and relaxation time.
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Sci Ser I Math 247:431–433

8. Joseph DD, Preziosi L (1989) Heat waves. Rev Mod Phys 61:41–

73

9. Joseph DD, Preziosi L (1990) Addendum to the paper ‘‘heat

waves’’. Rev Mod Phys 62:375–391

10. Duhamel P (2004) Application of a new finite integral transform

method to the wave model of conduction. Int J Heat Mass Transf

47:573–588

11. Ali YM, Zhang LC (2005) Relativistic heat conduction. Int J Heat

Mass Transf 48:2397–2406

12. Haji-Sheikh A, Minkowycz WJ, Sparrow EM (2002) Certain

anomalies in the analysis of hyperbolic heat conduction. J Heat

Transf 124:307–319

13. Jiang F, Sousa ACM (2005) Analytical solution for hyperbolic

heat conduction in a hollow sphere. AIAA J Thermophys Heat

Transf 19:595–598

14. Jiang F (2006) Solution and analysis of hyperbolic heat propa-

gation in hollow spherical objects. Heat Mass Transf 42:1083–

1091

15. Arora M (1996) Explicit characteristic-based high resolution

algorithms for hyperbolic conservation laws with stiff source

terms. PhD dissertation, University of Michigan

16. Carey GF, Tsai M (1982) Hyperbolic heat transfer with reflection.

Numer Heat Transf 5:309–327

17. Wu W, Li X (2006) Application of the time discontinuous

Galerkin finite element method to heat wave simulation. Int

J Heat Mass Transf 49:1679–1684

18. Yang HQ (1992) Solution of two-dimensional hyperbolic heat

conduction by high resolution numerical methods, AIAA-922937

19. Manzari MT, Manzari MT (1999) On numerical solution of

hyperbolic heat equation. Commun Numer Methods Eng 15:853–

866

20. Shen W, Han S (2003) A numerical solution of two-dimensional

hyperbolic heat conduction with non-linear boundary conditions.

Heat Mass Transf 39:499–507
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D (eds) Proc. of the 4th European congress on computational

methods in applied sciences and engineering (CDROM). EC-

COMAS-European Community on Computational Methods in

Applied Sciences, Jyväskylä (Finland)
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