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ABSTRACT

Wang, Yu Ph.D., Purdue University, May 2017. Design and optimization of donor-
based spin qubits in silicon. Major Professor: Gerhard Klimeck.

Donor-based spin qubits in silicon are promising candidates for solid-state quan-

tum computation as they have exceptionally long coherence time. Single donor and

few-donor quantum dots can be patterned by scanning tunneling microscopy based

lithography technique in silicon with atomic precision, making them propitious for

building a scalable quantum computer. Compared to single donors, few-donor quan-

tum dots have more nuclear spins and extra quantum confinement, leading to ad-

ditional degrees of freedom to engineer single and multi-qubit operations, while re-

taining long coherence times. Combined, they can be utilized to obtain outstanding

performance or novel approaches for qubit operation.

In this work, approaches for design and optimization of donor-based spin qubits

in silicon are proposed based on atomistic simulations, focusing on qubit characteri-

zation, manipulation and readout. For few-donor qubits, we put forward a metrology

technique to obtain their atomic scale information, needed for single qubit manipula-

tion. Also, a new design is introduced for two-qubit gates to gain flexibility in device

fabrication and tuning the exchange coupling, in which theoretical guidance to the re-

alization of two-qubit logic is provided. In addition, an all-electric spin control scheme

is proposed, giving rise to a promisingly scalable architecture of a donor-based quan-

tum computer. We also explore the electrical and opto-electric hybrid spin readout

under realistic electrostatics and device geometry, providing guidance for optimizing

device parameters in experiments.
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1. INTRODUCTION

Quantum logic provides a new paradigm for computing as the technology scaling of

classical computing becomes more and more challenging. Due to the inherent proper-

ties of quantum computing, i.e. superposition and entanglement, massive parallelism

can in principle be realized, leading to tremendous speedup of computation. It has

been claimed that a 30-qubit quantum computer would have about the same process-

ing power as a conventional computer consisting of billions of transistors processing

commands at 10 teraflops per second [1]. Some currently intractable problems, such

as searching in a huge amount of data, quantum chemistry simulations, large net-

work optimization, and protein folding could be potentially solvable with quantum

computing algorithms within reasonable time.

In terms of the hardware that carries out quantum algorithms, one of the promising

protocols is to utilize donor spins in silicon as quantum bits (qubits), i.e. the basic

computing units. To achieve long coherence time, silicon is usually chosen as the

host for spin qubits because it provides a spin-free environment (in enriched Si-28)

and weak spin-orbit coupling. The coherence time of single electron spins bound

to phosphorus donors in silicon is expected to be ∼10 s [2]. In comparison, gate-

defined silicon quantum dots (QDs) that can also define spin qubits usually have

shorter coherence times, ranging from ∼37µs to ∼30ms [3, 4]. To perform quantum

computing operations with donors, the popular Kane architecture [5] uses A-gates

to control the hyperfine interactions between the donor electron and the nucleus to

address individual qubits, and J-gates between two phosphorus donors to tune the

exchange coupling between the two bound electrons (Fig. 1.1). Recently, tuning the

hyperfine interactions by A-gates for individual qubits has been demonstrated [6],

pushing it forward to the realization of donor-based quantum computing in silicon.
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A donor-based hardware architecture has also been postulated for scalable silicon

quantum computing using the surface code [7].

Fig. 1.1. ‘A gates’ control the resonance frequency of the nuclear
spin qubits; ‘J gates’ control the electron-mediated coupling between
adjacent nuclear spins. The ledge over which the gates cross localizes
the gate electric field in the vicinity of the donors. (Adopted from
Ref. [5].)

As to fabrication, recent advances in scanning tunneling microscope (STM) based

lithography [8] have enabled the realization of donor-based QDs (or donor-clusters)

buried deep in silicon and far from surfaces and interfaces with atomic precision [9],

providing coherence times comparable or even superior to single donors in silicon.

Electrons bound to these Si:P QDs are confined by the 3D Coulombic potential of a

few donors located within a few nm2 lithographic patch. These donor electrons can be

electrostatically controlled by in-plane gates that can also be fabricated by the STM

lithography technique [10]. Due to different quantum confinements and hyperfine in-
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teractions compared to single donors, few-donor quantum dots provide more flexibility

in individual qubit addressing [10,11] and exchange coupling engineering [12], which

are favorable for multi-qubit operations. Already, transport spectroscopy has been

performed on single, double, and triple Si:P QDs [13–15], and their single-electron

spin readout and two-electron spin blockade have been demonstrated as well [10,14].

To achieve robust and optimum performance of a donor-based quantum computer,

improvements are still needed in terms of qubit characterization, operation and read-

out. In this work, we will provide guidelines for these three aspects based on atomistic

simulations. For a donor-dot spin qubit, it is critical to relate the spin resonance fre-

quency to its atomic spatial configuration, which is difficult to identify only from its

STM image. In chapter 2, we propose a characterization technique for few-donor

quantum dot qubits to resolve the uncertainty in configuration using electron spin

resonance (ESR) techniques, exploiting the difference of quantum confinements and

hyperfine interactions in different donor-dot qubits.

With recent demonstration of single qubits in silicon with both electron and nu-

clear spins of donors [16, 17], the next biggest challenge is to demonstrate two-qubit

gates based on electron-electron exchange interaction in experiment. Ideally, the ex-

change coupling (J) in a two-qubit gate needs to be electrically tuned by several orders

of magnitude between an ‘Off’ and an ‘On’ state within a small and realizable bias

range. In the long run, such a J- and A-gate architecture in Kane’s proposal leads to

a high gate density, requiring ultra small gate widths to minimize electrical cross-talk

between gates, and precise donor positioning relative to gates. Moreover, the tunabil-

ity of the exchange coupling is limited both by the electric field range the J-gate can

produce and the field ionization of the electrons to the surface. Previous calculations

have also shown that the J-coupling oscillates as a function of donor separation due

to crystal momentum states [18], and is therefore sensitive to atomic scale placement

errors. All these issues lead to severe constraints in the implementation of a two-qubit

gate in donors. In chapter 3, we will provide an alternative two-qubit gate design that

circumvents these issues and provides highly tunable exchange coupling.
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As it is challenging to use magnetic approach to control a spin qubit locally, it is

more favorable to exploit schemes with electrical control. In chapter 4, we propose

an approach to realize electrical control of donor-based spin qubits in silicon [19].

We utilize the difference of hyperfine couplings in two different donor-based qubits

and put forward a device structure that is promisingly scalable and in the meantime,

provides highly tunable two-qubit exchange interaction as described in chapter 3.

Fast readout of qubits with high-fidelity is one of the critical steps in performing

quantum computation. Single-shot spin readout have been demonstrated in a single

donor qubit [20] and a donor-cluster qubit [10]. The readout scheme is based on

selectively loading or depleting a spin-up or spin-down electron in or from the qubit

through quantum mechanical tunneling. The readout fidelity is governed by the

tunnel time between the qubit and a nearby reservoir, e.g. a single-electron-transistor

(SET) island [10]. In chapter 5, we develop a multi-scale method to model the

quantum tunneling process in the spin readout phase in realistic devices, and provide

guidelines for optimizing the tunnel times to achieve high readout fidelity.

Nuclear spins in semiconductors are also promising candidates for solid-state

qubits with the advantage of exceptionally long spin coherence times and the potential

to be integrated into the existing semiconductor device technology [5,17,21,22]. Re-

cent experiments have shown that donor nuclear spins in enriched silicon can achieve

coherence times exceeding 30 minutes even at room temperature due to a semicon-

ductor vacuum-like environment for spins [23]. However, the relative isolation of the

nuclear spins from their environment also makes it difficult to prepare, and readout

their spin states. Several recent experiments have utilized optical techniques to ini-

tialize and readout the donor nuclear spins in silicon by photo-excitation of a donor

bound exciton - a three-particle system with two electrons and a hole bound to the

donor [24–28]. While these experiments have so far been performed on bulk donor

ensembles, the techniques will offer the best rewards if extended to single donor spin

qubits in the already existing design schemes of a silicon quantum computer [29,30].

Unlike the dominant spin readout techniques that rely on spin-to-charge conversion,



5

optical readout can offer higher fidelities as it is not limited by temperature depen-

dent broadening in the leads. In chapter 6, we investigate the electronic structure of

donor bond exciton under electric field and interfaces, providing useful information

in realistic design.

Here is a list of publications I have contributed to:

1) Y. Wang, C.-Y. Chen, G. Klimeck, M. Y. Simmons, and R. Rahman, “All-electrical
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2) Y. Wang, C.-Y. Chen, G. Klimeck, M. Y. Simmons, and R. Rahman, “Character-

izing Si:P quantum dot qubits with spin resonance techniques,” Sci. Rep. 6, 31830

(2016) [11].

3) Y. Wang, A. Tankasala, L. C. L. Hollenberg, G. Klimeck, M. Y. Simmons, and
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2. CHARACTERIZING SI:P QUANTUM DOT QUBITS

WITH SPIN RESONANCE TECHNIQUES

The work in this chapter is published in Ref. [11], and the text is taken from there.

2.1 Introduction

The popular Kane qubit proposal of single phosphorus based quantum com-

puter [5] utilizes an ac-magnetic field for single qubit operations and an inter-donor

exchange coupling for two-qubit operations. Experimentally, ac-magnetic fields have

been used to perform electron spin resonance (ESR) and nuclear magnetic resonance

(NMR) on single phosphorus electron [16] and nuclear spins [17] respectively. Re-

cently, a two-qubit logic gate in gate-defined silicon QDs has also been demonstrated

with ESR based single qubit control [31]. To utilize Si:P QDs as spin qubits, it is

important to know the precise number of electron and nuclear spins bound to these

dots, which can also help to identify appropriate spin transitions of the qubit and to

deplete the dots down to the ideal regime of one electron occupation. Understanding

the extent of the electron wavefunctions of the donor dots is important for optimizing

the inter-dot exchange and tunnel coupling useful for two-qubit gates. In this chapter,

we present a metrological method based on a non-invasive atomic-scale characteriza-

tion technique to extract information about the donor numbers, electron numbers,

and donor locations based on ESR measurements using the on-chip circuitry already

needed for qubit manipulation. The method relies on probing the spin splittings

of the donor dots through the electron-nucleus hyperfine coupling which is sensitive

to atomic-scale details of the donor dot. To establish this metrology technique, we

compute hyperfine couplings as a function of donor number, electron number, and

donor locations using atomistic tight-binding method with a Hartree approximation,
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and show how the combined experimental characteristic with theoretical mapping can

inform the use of donor dot qubits.

Although transport spectroscopy can also be used to determine the number of

electrons bound to a donor dot [14] based on charging energy extraction for various

charge transitions, such a procedure has some associated uncertainties as the charging

energies depend on the electrostatics and geometry of the device and can show large

variations between devices [14]. Moreover, electron transport depends on a compli-

cated interplay of a number of parameters such as lead-to-dot tunnel couplings, dot

energy levels, charging energies, spin and charge relaxation rates [9, 13]. As a result,

it is often difficult to ensure that the last charge transition measured in the device

indeed corresponds to a single electron occupation. Also, there are uncertainties in

donor locations up to 1 nm resulting from donor incorporation mechanism, donor dif-

fusion and segregation within the dot and in the leads [32]. All these effects produce a

wide band of charging energies as shown in Ref [14], making the extraction of electron

and donor numbers difficult. The proposed ESR based metrology circumvents these

challenges and provides a more accurate way to characterize and customize Si:P QDs

for spin qubit experiments.

First, we will discuss how this metrology works theoretically on different device

samples. Fig. 2.1(a) shows a simplified schematic of a donor dot qubit with a mi-

crowave ESR line. In reality, this metrology can be performed on a Kane-like device [5]

or any of the already realized silicon QD qubits operated with ESR [6, 16, 31]. The

donor dot (shown as the red disk in the dashed rectangular region) is patterned into

the silicon substrate (the pink box) by STM lithography [10]. A static magnetic field

(B0) is applied to the system to polarize the electron spins bound to the dot. The

metal wire (the blue bar) deposited on the SiO2 layer carries an alternating current

that can generate an electromagnetic field (Bac represented by the blue dashed el-

lipses) to rotate the qubit electron spin with microwave frequency. Spin readout can

be performed by spin dependent tunneling to a single-electron-transistor using the

protocol described in Refs [10,20].
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Fig. 2.1. (a) A schematic of a donor dot qubit device in silicon with
ESR measurements using an ac-magnetic field (Bac). (b) The poten-
tial landscape of a 2P donor-dot with one bound electron (2P:1e),
where light color represents high magnitude and dark color repre-
sents low magnitude. The arrows indicate the nuclear and electronic
spins. (c) The schematic of a representative ESR measurement on
2P:1e showing three transition peaks associated with given nuclear
spin configurations (thick arrows).

Fig. 2.1(b) shows an electron spin (red arrow) bound by the quantum confinement

of a 2P donor dot containing two nuclear spins (purple arrows). The background

depicts its electrostatic potential landscape. The spins are coupled by the electron-

nuclear hyperfine interaction which depends on both the nuclear spin orientation

and the electronic probability density at the site of the nuclear spins. The latter is

sensitive to the quantum confinement of the electron wavefunction provided by the

potential of the donors, and hence, in the more general case, depends on the number

of donors and electrons, as well as their locations. This dependency is crucial for

the metrology technique proposed here as shown later. A solution of the electron-
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nuclear spin Hamiltonian with hyperfine interaction, magnetic dipole interaction, and

an external B-field provide specific up/down transition frequencies at which we can

address the electron spin.

Fig. 2.1(c) shows a schematic of three ESR transition frequencies that could exist

for a 2P:1e dot associated with different possible orientations of the two nuclear spins

(thick purple arrows). As the overall hyperfine interaction depends on the nuclear

spin orientations, three possible ESR frequencies can be detected due to three possible

nuclear spin configurations in a 2P donor dot. The splittings between the ESR peaks

depends on the strength of the hyperfine interaction. Experimentally the transition

frequencies can be resolved easily since the broadening of the peaks in the ESR

spectrum are typically in the order of 1 kHz, and the separations between the peaks

are in the order of 100 MHz as determined by the hyperfine interaction [17]. An

experiment-theory comparison helps to map the number of peaks and their locations

in the ESR spectra to specific configurations of the Si:P QD.

2.2 Methods

To accurately calculate the ESR frequencies of a Si:P QD, it is crucial to capture its

electronic structure. Here we obtain the ESR frequencies by solving the effective spin

Hamiltonian based on the atomistic tight-binding approach. A donor-dot consists of

m nuclear spins and n electron spins localized in a silicon crystal lattice. In spin qubit

experiments, a static external magnetic field ~B is applied to generate well-defined spin

polarized states split by the Zeeman energy. Its effective spin Hamiltonian thereby

can be expressed as

Hspin = Hzeeman +Hhyperfine. (2.1)

The external B-field is included in the Zeeman term, HZeeman, as

Hzeeman =
n∑
i=1

geµB ~B · ~Si −
m∑
j=1

gnµn ~B · ~Ij, (2.2)
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where ~Si and ~Ij denote the spin operator of the ith electron and the jth nucleus

respectively. ge and gn are the electron and nuclear g-factors respectively. µB is the

Bohr magneton and µn is the nuclear magneton. The second term, Hhyperfine, is the

hyperfine interaction between electron spins bound to the donor-dot and the nuclear

spins of the donors, and is given as,

Hhyperfine =
n∑
i

m∑
j

Aij ~Ij · ~Si +
n∑
i

m∑
j

~Ij ·
˜̃
Dij · ~Si, (2.3)

where Aij represents the Fermi contact hyperfine coupling of the ith electron and the

jth nuclei, which is proportional to the electronic probability density at the jth donor

site.
˜̃
Dij is the anisotropic hyperfine (or magnetic dipolar) interaction tensor. Aij

and the components of
˜̃
Dij can be expressed as [33,34]:

Aij =
µ0

4π
geµBgnµn

8π

3
|Ψi( ~Rj)|2, (2.4)

Dij,kl =
µ0

4π
geµBgnµn〈Ψi|

3rkrl − |~r − ~Rj|2δkl
|~r − ~Rj|5

|Ψi〉, (2.5)

where µ0 is the vacuum permeability. Ψi is the wavefunction of the ith electron, ~Rj

is the position vector of the jth nucleus, and rk,l = (x, y, z) are the electron position

vector components. Although we consider both contact and the anisotropic hyperfine

interactions in the simulations, we find that the
˜̃
Dij terms are at least three orders of

magnitude less than the Aij terms, analogous to the case of Si-29 in silicon [33, 34].

Hence, the spin splitting is mostly affected by the Aij terms. This helps in the

direct mapping of ESR frequencies to Aij and eventually to the physical properties

of the donor dot, as needed for the metrology. In obtaining the Aij coupling from

the tight-binding wavefunction, we adopt the same technique as Ref [35] using the

experimentally measured hyperfine resonance frequency of 117.53 MHz for a bulk

phosphorus as a calibration.

To obtain the electron wavefunctions, the tight-binding Hamiltonian of the silicon

and the donor atoms is represented by an sp3d5s* spin-resolved atomic orbital basis

with nearest neighbor interaction and spin-orbital coupling. The resulting eigenvalue
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problem is solved by a parallel block Lanczos algorithm for about 1.4 million atoms

using the nanoelectronic modeling tool (NEMO-3D) [36]. The Hamiltonian contains

three terms as shown below.

H = HSi +HD +He−e, (2.6)

whereHSi represents the Hamiltonian of the silicon lattice, HD denotes the central-cell

corrected Coulomb potential energy given by the positive charges of donor cores, and

He−e is the mean-field electron-electron interaction energy present for multi-electron

occupation of the donor dot. The term HSi contains the full bandstructure of sili-

con [37] along with hydrogen passivated surface atoms [38]. Each donor potential in

HD is represented by a Coulomb potential screened by the dielectric constant of silicon

along with a central-cell correction term which assumes a constant potential U0 at the

donor site [35]. This model has been well calibrated with single donor spectroscopy

measurements and reproduces all the bound states of the donor with correct energy

levels [39]. The donor wavefunction obtained from this model also agrees very well

with measurements from recent STM imaging experiments [40]. For multi-electron

occupation, a mean-field method is utilized to reduce the computational complex-

ity using the Hartree self-consistent field (SCF) approximation. In this scheme, the

mean-field potential energy of the electrons is solved self-consistently with the Pois-

son equation, assuming that the electrons occupy the lowest states conforming to

the Pauli exclusion principle. This method has successfully captured the experimen-

tal two-electron binding energy of a single donor in silicon called the D− state [41],

multi-electron binding energies in donor dots [14], and can also reproduce experimen-

tally measured spin-lattice relaxation times T1 times in donor dots [42], providing us

confidence in the mean-field approximation for multi-electron occupation.

As for multi-electron occupation, for qubit applications, we are mostly interested

in effective 1/2 spin configurations of a donor dot, where there is an odd numbered

electron in the dot. As indicated by eq. (2.3) and (2.4), the net hyperfine interaction

at site ~Rj depends on the on-site spin density
∑

p=↑ |Ψp( ~Rj)|2−
∑

q=↓ |Ψq( ~Rj)|2. The

inner electrons form spin pairs occupying the same orbital states of the dot. As a
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result, they have identical spatial wavefunction but different spins Si which leads

to no contribution to the hyperfine term
∑n

i

∑m
j Aij

~Ij · ~Si. Thereby, the hyperfine

interaction as well as the ESR frequencies of donor-dot with multi-electron occupation

only depends on the wavefunction of the unpaired outermost electron, which can be

captured by the mean-field theory applied here.

2.3 Results and Discussions

In the results presented in the following, the simulation domain is set to 30nm

× 30nm × 30nm of a regular silicon crystal lattice (∼1.4 million atoms) in NEMO-

3D, so that the Coulombic potential of the donors approach almost zero near the

boundaries of the domain. This ensures that the donor-dot bound wavefunctions are

not affected by the artificial hard-wall confinement of the box of silicon. The P-donor

dots are placed in the middle of the box in the (001) atomic plane. A static magnetic

field B0 = 1.5T is applied in the [001] direction.

First, we show how we can infer the number of donors in a donor-dot using ESR

measurements. Fig. 2.2(a) shows the single-electron probability density distributions

for 1 to 4 P donors in the central plane. Fig. 2.2(b) shows the energy levels computed

from the spin Hamiltonian (eq. (2.1)) for single electron occupation. The levels are

shifted relative to the ground orbital state located at zero energy for reference due

to Zeeman effect. The number of energy levels increases with the number of donors

in a dot, as the total number of nuclear spins increases. The spin orientations of

the nuclear and electron spins can be identified from the eigenvectors of the spin

Hamiltonian, and are shown in Fig. 2.2(b) as well. The transition frequencies for an

electron spin flip can be computed from the difference between the up and down elec-

tron spin (thin arrows) states with the same nuclear spin orientations (thick arrows).

Fig. 2.2(c) shows the ESR transition frequencies for the 4 cases. These transition

frequencies correspond to the location of the peaks in a sample ESR measurement as

illustrated in Fig. 2.2(c). Firstly, as expected the number of peaks increases with the
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Fig. 2.2. Dependence of ESR spectra on donor number in donor-based
quantum dots. (a) Single-electron probability density distribution of
the ground states (in nm−3). The four figures show the 1-4 P donor
cases respectively. (b) The electron spin transitions of devices with 1-
3 P donors corresponding to each spin configuration of electron ↑ or ↓
and nuclei ⇑ or ⇓. The thick (thin) arrows indicate the orientations of
the nuclear (electron) spins. The ground orbital state energy without
B-fields is the zero energy reference. (The 4P case follows the same
routine and is not shown here as 25 spin configurations are involved.)
(c) The ESR frequencies of devices with 1-4 P donors.

number of donors since the number of possible nuclear spin configurations increases.

If the ac-B-field frequency can be controlled with enough accuracy, all the ESR peaks

can in principle be observed. Comparing the number of measured peaks with the the-
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oretical calculations of Fig. 2.2(c), it is possible to determine the number of donors

in the quantum dot.

Not only are the number of ESR transitions important, but their locations and

spacings in the frequency axis can also provide information about the locations of

the the P donors and the number of bound electrons in the quantum dot. In the

next section, we discuss the effect of the donor locations on ESR frequencies. The

hyperfine couplings between the electron and the nuclear spins, which are proportional

to electron probability density at each donor site, are quite sensitive to the relative

donor locations within the quantum dot. The quantum confinement and hence, the

on-site wavefunction concentrations strongly depend both on the radial and angular

separation of the donors due to the crystal symmetry, even for ∼1-2 nm variations in

quantum dot sizes. For the purpose of characterizing and operating qubits, it is not

very important to know the exact location of the donors within the dot. However, it

is beneficial to obtain some information of the extent of the electron wavefunction for

the design of two-qubit gates [12] and to engineer long T1 times [42]. Moreover, it is

useful to obtain a range within which hyperfine couplings can vary given the number

of donors in a dot.

In a STM patterned Si:P quantum dots, a lithographic patch defines a region where

donors can be incorporated into the silicon crystal. The donors in reality can occupy

different energetically favourable atomic sites within the patch, which provides some

variations in hyperfine couplings between dots with the same number of donors. Here,

we use 2P donor dots as an example to demonstrate how the hyperfine couplings and

hence the ESR frequencies are correlated with donor separations within a 2P donor

quantum dot. Fig. 2.3(a) shows four different 2P configurations within a lithographic

patch on the silicon (100) plane, labeled as D1-D4. The black squares represent silicon

atoms and the white filled circles represent the substituting P atoms on a (001) atomic

plane of silicon crystal lattice. From left to right, the separation of the two donors

are increased by a step of ∼3.84 angstroms in the [110] direction, from D1 to D4.

And in the [110] direction, two donors are ∼3.84 angstroms apart, which is fixed for
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Fig. 2.3. Dependence of ESR spectra on donor separation with the
donor-based quantum dot. (a) The four studied positional config-
urations of 2P donor-dots (D1-D4) respectively. The black squares
represent silicon atoms and white filled circles represent the substi-
tuting P atoms on an atomic plane of silicon. The nearest-neighbor
atoms are separated by ∼3.84 Å in the [110] or [11̄0] direction. (b)
The Fermi contact hyperfine constant Aij as a function of two donor
separation in [110] corresponding to (a). (c) The impact of variations
in the Fermi contact hyperfine couplings on the ESR frequencies of
D1-D4 cases in (a). Here we find variations in ESR frequencies up to
∼190 MHz.

all the four cases. The right y-axis of Fig. 2.3(b) shows that the on-site electron

probability density decreases with the distance between two donors. This will lead to

a decrease in hyperfine coupling with the distance, which is shown as the left y-axis in

Fig. 2.3(b). Fig. 2.3(b) gives the values of Fermi contact hyperfine coupling (Aij) of

one of the two donors, in which the other shares the same value because of symmetry.
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Fig. 2.3(c) shows the corresponding ESR frequencies of these four configurations. We

note the ESR frequencies are farther apart when the donors are closer spatially. The

results provide valuable information about the extent of the electron wavefunctions

in devices where we have the same number of donors but different donor locations.

Fig. 2.4. Impact of inter-donor separation along the [100] and the
[110] direction on the Fermi contact hyperfine coupling Aij of a donor
dot. The horizontal dashed line represents the hyperfine coupling of
a single P donor in bulk silicon, which is ∼117.53 MHz.

Effects such as dopant diffusion and segregation can often cause the precisely

placed donors to occupy lattice sites outside the lithographic patch. To account for

this scenario, we explore the hyperfine interaction of a P donor pair for larger radial

separations along two high symmetry directions in the plane. Fig. 2.4 shows the

Fermi contact hyperfine coupling Aij as a function of inter-donor separation along

the [100] (circles) and the [110] direction (crosses). In the [100] direction, Aij first

decreases from 287.4 MHz to 57.1 MHz from a separation of ∼0.54 nm to ∼3.8
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nm, and smoothly levels off when the separation is larger than 4 nm. A very close

separation distance increases the quantum confinement of the electron wavefunction

as the potential of the two donors enhance each other significantly near the donor

cores. Here the electron density from the outskirts of the dot is redistributed to the

central region forming a strongly hybridized molecular state, thereby enhancing the

hyperfine coupling.

When the separation is even larger (>∼5 nm), the two P donors approach the

regime of two isolated bulk-like donors with Aij converging to about half of the bulk

value of 117.53 MHz, as the two donors still share one electron. This is in contrast to

the case of two far separated donors with one electron each where Aij=117.53 MHz.

In the [110] direction, Aij can be seen to oscillate as a function of separation due

to the interference between the wavefunctions of the six conduction band valleys of

silicon, similar to the predicted exchange oscillations [18]. From Fig. 2.4 we can see

that Aij of a P-donor pair in silicon with one bound electron can vary from ∼287.4

MHz to ∼48.9 MHz within a 5 nm separation range.

Next, we evaluate the ESR frequencies of the donor-based quantum dots for multi-

electron occupation. As discussed earlier, the resultant hyperfine coupling in a donor

dot originates from the unpaired electronic spin of the outermost electron. In such a

case, the unpaired electron is screened from the positively charged donor cores by the

spin-paired electrons of the inner orbitals, and the wavefunction spreads out more in

space causing a reduction in the density at the nuclear sites in the central region. This

causes a sharp decrease in the Fermi contact hyperfine coupling as more electrons are

loaded. Note that, by referring to spin-paired inner electrons, we are still referring

to the extra electrons in the donor molecules that do not take part in the covalent

bonds with the nearest silicon atoms as these bonds remain intact in the donor-dot.

In Fig. 2.5(b), we show the ESR frequencies for 1 and 3 electrons on a 2P donor

dot, assuming the D4 positional configuration of Fig. 2.5(a) in which the donors are

separated by ∼1.5 nm in the [110] direction. Fig. 2.5(a) shows the probability density

distribution of the 3rd electron solved with Hartree self-consistent field approximation
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Fig. 2.5. Impact of multi-electron occupation in a donor-dot on ESR
frequencies. (a) Single-electron probability density distribution of the
3rd electron in D4 with Hartree self-consistent field solution (in nm−3).
(b) The ESR frequencies of the 3rd electron in D4, compared with the
case of only 1 electron in D4 (shown as the 2nd figure in Fig. 2.2(a)).

as illustrated in the methodology section. It has a larger extent and lower on-site

concentrations compared with the single-electron probability density of D4 (shown

as the 2nd figure in Fig. 2.2(a)). With two more electrons, consequently the Fermi

contact hyperfine coupling decreases to 10.5 MHz from 101.8 MHz. Correspondingly,

the ESR resonance peaks of Fig. 2.5(b) are closer to each other if the number of

bound electrons in a given donor-dot is larger. Interestingly we observe the effect of

multi-electron occupation in hyperfine coupling reduction (a factor of ∼10) is more

prominent than increasing the inter-donor distance up to ∼1.5 nm within the dot (a

factor of ∼3, Fig. 2.3(b)). Therefore, the electron number in a donor quantum dot

can also be detected with this metrology. To summarize the metrology, the number

of ESR frequencies indicates the number of donors within a quantum dot, and the

separations between the ESR frequencies imply the bound electron number and inter-

donor distances.

Lastly, we investigate the effect of electric field (E-field) from a top gate, as in the

typical Kane proposal [5, 6, 35], on the ESR spectra of Si:P quantum dots. The Si:P
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Fig. 2.6. Electric field dependence of (a) Fermi contact hyperfine
couplings Aij (b) shift of ESR frequencies ∆fESR with all nuclear
spins ⇑.

quantum dots are placed ∼15 nm below the Si/SiO2 interface (see Fig. 2.1(a)). As

can be seen in Fig. 2.6(a), the change in the hyperfine couplings due to the electric

fields is quite small for 1P (∼9 MHz) and almost negligible for the 2P cases before

the bound electron is ionized (where Aij suddenly goes to 0). The corresponding shift

in the ESR frequencies ∆fESR (Fig. 2.6(b)) is ∼4 MHz for the 1P case and ∼1 MHz

for the 2P cases up to the ionization fields. Here we assume all the nuclear spins are

in their lowest-energy configurations (all ⇑). Therefore the E-field induced shifts in

the ESR frequencies are not comparable to the separation of the ESR frequencies,

which are in the order of ∼100 MHz for the 1P and 2P1e cases, and ∼10 MHz for

the 2P3e case as shown above. This is because the electron wavefunction is strongly

confined in a donor dot qubit and spatially small. The typical Bohr radius is 1-2

nm. As a result, the wavefunction is not so sensitive to electric fields given by the

top gates, so are the hyperfine interactions and the ESR spectra, because the fraction
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of electron wavefunction pulled away from the dot (toward the interface) is almost

negligible. For STM-patterned devices, the electric fields can also be applied laterally

with in-plane gates. We have shown in our previous work [10] that the stark shift of

hyperfine interaction of a 2P dot is ∼10 MHz, and even smaller for a 3P dot with

lateral electric fields up to 7 MV/m. Therefore, the Stark shift in the ESR frequencies

does not play a significant role in the metrology proposed in this work. Moreover, the

shift is predictable and can be accounted for when characterizing a realistic device

under gate biases.

2.4 Conclusion

We have proposed a metrology technique to characterize spin qubits hosted by

Si:P quantum dots in silicon. The metrology can help extract information about the

number of donors, donor locations and the number of electrons based on ESR mea-

surements, and is potentially more accurate than charging energy based metrology.

An atomistic tight-binding method is coupled with a Hartree self-consistent field ap-

proach to obtain the orbital wavefunctions of multi-donor quantum dots in silicon.

Solving a multi-spin Hamiltonian with parameters computed from the wavefunctions

enable us to predict ESR transition frequencies for the Si:P quantum dots. We found

that the number of ESR frequencies increases with the number of donors, while the

locations and the spacings of the ESR peaks on the frequency axis can help extract

information about the spatial extent of the donors within the quantum dot and the

number of bound electrons. The extracted information is useful for engineering single

and multi-qubit operations in a system with very long coherence times. The method

proposed here may also be applied to obtain information about other 1
2
-spin qubit sys-

tems like phosphorus donors in germanium, or non-1
2
-spin qubit systems, for example,

arsenic/boron dopants in silicon, and potentially on dopants in other semiconductors.
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3. ENGINEERING EXCHANGE INTERACTION

BETWEEN DONOR-BASED QUBITS

The work in this chapter including appendices A, B and C is published in Ref. [12],

and the text is taken from there.

3.1 Introduction

In this chapter, we introduce an alternate design for an exchange gate in a two-

qubit donor system, which allows flexibility in device fabrication and in tuning the

exchange coupling. In principle, this new design can 1) eliminate the need for addi-

tional J-gates between the donors, 2) function with a range of donor separations, 3)

provide a ∼5 orders of magnitude J-tunability within a modest E-field range of ∼3

MV/m and lowered ‘Off’ state exchange, and 4) mitigate the J-oscillations with donor

separations. This design can also benefit from improved addressability [10] and longer

T1 times [42], and can be used in conjunction with the two-qubit scheme proposed in

Ref. [45]. This design can therefore overcome some of the experimental obstacles for

realizing a two-qubit gate in silicon. To perform these state-of-the-art calculations

of exchange energy in donor qubits, we have combined atomistic full band electronic

structure calculations, electrostatic device simulations of experimentally realizable

device architecture, and a two-electron full configuration interaction (FCI) technique

over a lattice of 1.7 million atoms. The calculations therefore describe the detailed

two-electron spectrum of donor qubits over large E-field ranges accounting for both

crystal effects and electron-electron exchange and correlation effects [46].

By studying double quantum dots (DQD) in silicon [14], we find that an asymmet-

ric 2P-1P system outperforms the symmetric 1P-1P system in exchange controllability

with detuning gates. Analogous to exchange-tuning in a DQD [47,48], we envision a
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Fig. 3.1. Control of exchange in donor based qubits separated by ∼15
nm. (a) Kane’s two-qubit donor device with J-gate [5]. (b) A MOS
device with top detuning gates. (c) An STM patterned device with
in-plane detuning gates. (d),(e) schematic potential energy profiles
of the two-qubit system without and with the detuning electric field
~E, showing a tilt in potential energy along the separation direction in
(e).

(1,1) to (2,0) charge transition [49] in both 1P-1P and 2P-1P qubits as a function of

a lateral electric field which provides the energy detuning. As the electron bound to

one donor is pulled to the other by the electric field, the exchange coupling can be

engineered from a small value in the (1,1) state to a large value in the (2,0) state due

to the large spatial overlap of the wavefunctions in the latter. Such an electric field

can be applied from either top gates (see Fig. 3.1b) in a metal-oxide-semiconductor

(MOS) device or from in-plane gates realized by scanning tunneling microscope (STM)
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based lithography (see Fig. 3.1c) [14]. Placed on either side of the donor qubits, the

detuning gates eliminate the need for a sensitive tunnel barrier control by the J-gate.

Instead, this design realizes a tilt in the potential landscape of the two qubits, as

shown in Fig. 3.1d and e, and therefore relaxes the more stringent engineering re-

quirements of donor separations and gate widths of the Kane architecture, leading to

a reduced overall gate density in the computer.

3.2 Methods

Previous works have calculated the exchange energy between two donor-bound

electrons in silicon as a function of separation R using the effective mass approx-

imation (EMA) and the Heitler-London (HL) formalism [18, 50], which is valid in

the regime of small wavefunction overlap (R > 5nm). Control of exchange with

the Kane J-gate was also calculated in Ref. [50, 51] from EMA based HL method.

However, this method becomes inaccurate at modest gate biases when the wavefunc-

tion overlap increases. The HL method also ignores contributions of doubly excited

configurations that increase with reduced separations or increasing fields. More re-

cently, the exchange coupling was calculated in a 1P-1P system from EMA based

molecular orbital and configuration interaction approaches for separation distances

larger than 7.5 nm [53] and modest electric fields [54]. All these works are based

on the Kohn-Luttinger form of the donor wavefunctions [55], which provides a very

specific solution to the two-electron problem, and cannot provide a full description

of the (1,1) to (2,0) charge transition in which strong Stark effect causes mixing of

the lowest states with many excited states [56]. The atomistic configuration interac-

tion method used here goes beyond these approximations to include the Stark effect,

large wavefunction overlap and electron-electron exchange and correlations. In this

work, we employ a large scale atomistic tight-binding (TB) method that describes

the crystal as a linear combination of atomic orbitals, and captures the full energy

spectrum of a donor in silicon including the conduction band valley degrees of free-
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dom, the valley-orbit interaction [57], the Stark shift of the donor orbitals [56], and

real and momentum space images of the donor obtained by STM experiments [40].

Using the atomistic wavefunctions, we compute the two-electron states of donor and

donor-clusters in the presence of an electric field from a FCI technique. The same

method has been successful in solving the challenging problem of the D− state (the

two electron state of a single donor) without any fitting parameters and providing

a charging energy of 45 meV [58] compared to the 44 meV experimental value [41].

The method is described in detail in Appendix A.

The FCI technique is an exact way to solve the multi-electron problem only limited

by the number of one electron basis functions used. The method diagonalizes the

multi-electron Hamiltonian in the basis of all Slater determinants (SD) constructed

from the single electron states of the system. Each SD represents a multi-electron

anti-symmetric wavefunction for a particular arrangement of the electrons among

the basis orbitals. In addition to the ground state, the method also captures the

excited multi-electron spectra. The exchange coupling J in the two-electron case can

be obtained from the difference between the lowest triplet energy (ET ) and singlet

energy (ES) divided by the Planck’s constant h, as J = ∆EST/h = (ET −ES)/h [48].

3.3 Results

In Fig. 3.2a we show the computed exchange coupling between two donor bound

electrons as a function of donor separation along two high symmetry crystallographic

directions [100] and [110]. We consider two cases: 1) a symmetric two-qubit system of

1P-1P [5] (black triangles and squares), and 2) an asymmetric two-qubit system of 2P-

1P along the lines of Refs. [10, 14] in which we consider two representative locations

of the donors inside the 2P cluster, shown in Fig. 3.2b as 2P(A) and 2P(B). The

exchange coupling as function of 2P-1P separation for these two spatial configurations

of the 2P cluster are labeled as 2P(A) (blue curves) and 2P(B) (magenta curves) in

Fig. 3.2a. In Fig. 3.2b, the squares represent the silicon atoms on the (001) plane and



25

the filled circles represent the substituting P atoms. In all the cases, the exchange

coupling decreases exponentially with increasing separation in both the [100] and the

[110] directions, attaining ∼1,000 GHz for separation ∼5 nm and a few tens of MHz

for ∼15 nm. This is expected since the wavefunction overlap between the qubits

decreases as the separation increases.

Fig. 3.2. Separation dependence of exchange coupling. (a) The ex-
change coupling of 1P-1P and 2P-1P qubits in silicon as a function of
inter-qubit separation along the [100] and [110] crystallographic axes
without any applied electric fields. (b) Two studied 2P cases with
different donor locations on a (001) plane in silicon. The squares are
the silicon atoms on the (001) atomic plane and the filled circles are
the substituting P atoms.
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The exchange coupling of the 2P-1P qubits are found to be slightly larger than

the 1P-1P qubits even without an electric field. This is somewhat counter-intuitive

considering the fact that a 2P system provides a stronger confinement for the electron

and should minimize the overlap with the 1P electron. However, due to the asymmetry

of the confinement potential, the 2P cluster is already slightly detuned towards the

(2,0) state with larger wavefunction overlap, resulting in a larger exchange. The

exchange can be reduced below the 1P-1P value due to the smaller Bohr radius of the

2P wavefunction in this case by applying a negative detuning bias, as shown later.

The exchange coupling of the 1P-1P qubits in the [110] direction (black triangles)

exhibit oscillations as a function of donor separation. This has been observed in

earlier works based on the Kohn-Luttinger effective mass HL method [18,50], and has

been attributed to the interference between the wavefunctions of the six conduction

band valleys of silicon. In the [100] direction, we don’t observe the J-oscillations

as predicted by the Kohn-Luttinger effective mass theory, which is consistent with

Ref. [52] due to effective mass anisotropy captured by our atomistic tight-binding

method.

It is interesting to note that the J-oscillations are strongly mitigated in all the 2P-

1P cases along both [100] and [110] separation. In fact, we considered two different

2P cluster configurations, 2P(A) and 2P(B) to verify this. In 2P(A), the intra-cluster

P donors are separated by a0 times an integer in both [100] and [010], and in 2P(B)

by a0/2 times an odd integer. These two cases are thus representatives of the donors

separated by a whole unit cell and a half unit cell. Relative to this 2P cluster, if the 1P

distance is varied along [100] or [110], the J-oscillations should appear in analogy with

the 1P-1P system. However, as shown in Fig. 3.2a, we observe strongly suppressed

J-oscillations in all the 2P-1P cases due to a number of factors such as reduction of

Bohr radius, valley repopulation, and contribution of excited orbital states, which

are analyzed in more detail in the Appendix B. Hence, the 2P-1P unit is a more

fault-tolerant system for fabrication and control than the 1P-1P unit.



27

Fig. 3.3. Electric field induced exchange in donors. Exchange energy
as a function of an electric field along the separation axis for a 1P-1P
and a 2P-1P system with inter-dot separations of 10 nm and 15 nm.
The 2P(B) configuration is used (shown in Fig. 3.2b).

Now that we have explored the range of exchange energies that can be accessed

in donor qubits for various donor separations, we investigate the electric field control

of exchange in the 1P-1P and 2P-1P systems. Fig. 3.3 shows the exchange energies

as a function of the electric field for 10 nm and 15 nm qubit separations respectively.

We consider an electric field range of -2 to 2 MV/m, consistent with typical E-fields

realized in STM patterned donor devices. In general, the exchange curves show a

transition from a low value to a large value for a charge transition from (1,1) to

(2,0) for the 2P-1P curves. This is because when the two electrons are localized

on separate qubits, the spatial overlap of the wavefunction is small, and so is the

J coupling. Since a 2P-1P system is slightly detuned toward the 2P cluster at zero

field, a negative electric field further decreases the wavefunction overlap so that the
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exchange coupling is decreased. A positive field pulls both the electrons gradually

to one qubit, such that the spatial overlap increases, and so does the exchange. In

the extreme (2,0) regime when both electrons are on the left qubit, the electric field

has little effect on the overlap, and the exchange coupling levels off. For the 2P-1P

exchange curve at a 15 nm separation, the exchange coupling is observed to vary

from 11.6 MHz to 1,310 GHz over a field range of -2 to 0.9 MV/m, resulting in over

five orders of magnitude tunability. The ‘Off’ state (at -2 MV/m) is ∼1 order of

magnitude lower than that of the 1P-1P case at a 15 nm separation (the circled blue

curve at 0 MV/m).

We note that within the 2 MV/m field range, only the 2P-1P cases exhibit signifi-

cant exchange tunability in Fig. 3.3. The 1P-1P case only shows a change from 113.4

MHz to 578.6 MHz (5 times) over 2 MV/m for a 15 nm separation distance. Since the

2P cluster has two core nuclear charges with one bound electron, it is easier to shuttle

an extra electron to this system aided by the net attractive potential of the core. In

the 1P-1P case, the electron-electron repulsive energy is stronger due to the charge

neutrality of each qubit, and a larger E-field is needed to reach the (2,0) regime.

The calculations show that for E< 2 MV/m, the (2,0) regime is never reached in the

1P-1P case if the separation is less than 15 nm. In addition, since such a system is

symmetric, either a positive or a negative field will increase the exchange coupling.

It can be seen that qubit pairs with larger separations exhibit larger tunability. This

is because the same electric field causes a larger potential drop between the qubits if

their separation is larger, and hence provides a larger detuning energy. We also note

that the exchange curves show that the transition to the (2,0) regime is smoother if

the separation distance is less. This is due to the stronger molecular hybridization of

closely spaced qubit pairs.

After comparing the 1P-1P and 2P-1P cases in Fig. 3.3, one can see that a

2P-1P system with a 15 nm separation provides a promising two-qubit unit of a

silicon quantum computer, yielding 5 orders of magnitude exchange tunability. In

our simulations with uniform electric fields, we are unable to go to the high field
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regime for the 1P-1P case, as high fields induce a triangular quantum well at the

lateral domain boundaries causing electron localization in the surface states [56].

However, larger exchange energies can possibly be realized even in the 1P-1P case with

large spatially varying E-fields from detuning gates as shown in Fig. 3.1b and c. In

Appendix C, we show that the exchange coupling of a 1P-1P system can be tuned by

a factor of 50 using surface detuning gates. We also compare the exchange tunability

of corresponding cases to the original Kane architecture with J-gate and show the

proposed detuning scheme in this manuscript is superior. These simulations include

electrostatic simulations with the Sentaurus technology computer-aided design tool

(TCAD) [59] coupled to the TB-FCI method.

We now study the promising 2P-1P system for a 15nm separation in more detail

including the two-electron energy spectrum and the singlet and triplet wavefunctions

at various electric fields. Fig. 3.4a demonstrates the two-electron total energies of

several lowest singlet (black curves) and triplet (blue curves) states as a function of

the electric field, relative to the top of the valence band energy at the midpoint of the

two qubits. The lowest black solid lines are the (1,1) and (2,0) singlet states. They

mix at low electric fields and anti-cross at ∼0.7 MV/m, which marks the symmetry

point of the (1,1) to (2,0) charge transition. The lowest (1,1) triplet state represented

by the blue dotted line has little dependence of the electric field until 0.9 MV/m,

indicating that it is decoupled from other triplet states. A sharp transition occurs

at 0.9 MV/m, beyond which the energies of singlet and triplet states have a linear

dependence on the electric field, indicating the occupation regime of a (2,0) charge

configuration where the lowest states of the two qubits are no longer tunnel-coupled.

Fig. 3.4b shows the weight of the lowest (2,0) Slater Determinant |L0↑L0↓〉 in the

ground state singlet of the 2P-1P system as a function of the electric field. As can be

seen, the weight changes from a small probability 3×10−6 to ∼1, indicating a charge

transition from (1,1) to (2,0). This (2,0) probability can be measured by a charge

sensor, as in experiments with DQD based singlet-triplet qubits [47, 60]. Thus the
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Fig. 3.4. Electric field dependence of singlet and triplet states. (a)
The total energy of the lowest few singlet and triplet states of a 2P-1P
system with a 15 nm inter-qubit separation as a function of electric
field. (b) Probability of the (2,0) state with both electrons on 2P
as a function of electric field. (c) Two electron density of the lowest
singlet (S) and triplet (T0) states at three electric field values, showing
a transition from (1,1) to (2,0).

same control scheme of Ref [47] can be utilized to realize singlet-triplet based donor

qubits with electrical manipulation of J.

In Fig. 3.4c, we show the two-electron density of the lowest singlet and triplet

states computed from the FCI wavefunctions at three different E-fields. At E = 0, the

singlet and triplet states look similar as they are both in the (1,1) charge configuration.
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The stronger confinement in the 2P cluster on the left is responsible for a smaller

wavefunction extent. At E = 0.7 MV/m, the (1,1) singlet mixes with the (2,0)

singlet and the electron density gradually shifts to the 2P cluster. However, due

to spin blockade, the triplet still remains in the (1,1) configuration, with almost

negligible change in the wavefunction. At high enough electric fields of 1 MV/m,

both the singlet and the triplet are in the (2,0) regime, as verified by the electron

densities being localized in the 2P cluster.

3.4 Discussion

In summary, we have shown that a detuning gate control of the J-coupling in

donors can relax the stringent requirements of including additional J-gates to control

the exchange coupling needed to realize a two-qubit gate in silicon. In addition,

the use of an asymmetric 2P-1P qubit pair can yield tunability of the exchange by 5

orders of magnitude over a modest field range (3 MV/m) with an even lower ’Off’ state

exchange than the corresponding 1P-1P qubits. Combined with long T1 times of donor

clusters [42], improved addressability of 2P-1P qubits [10], and operation schemes of

Ref [45], the proposed design helps in the experimental realization of the much sought

after two-qubit gate with donors in silicon. The calculations of detuning controlled

exchange coupling also helps in realizing highly tunable singlet-triplet qubits [47].
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4. ELECTRICAL CONTROL OF DONOR-BASED SPIN

QUBITS IN SILICON

The work in this chapter including appendix D is published in Ref. [19], and the text

is taken from there.

4.1 Introduction

Controlling individual electron spins is of great importance for donor-based quan-

tum computation. Manipulation of electron spins with integrated microwave antenna

has been demonstrated in both donor and gate-defined quantum dot qubits with

long coherence and high gate fidelity [4, 44]. However, it is challenging to use an

ac magnetic field to realize local spin control for many qubits, a crucial requirement

for multi-qubit operations in a scalable quantum computer architecture. We also

know that a microwave antenna can introduce deleterious noise to the coherence of a

qubit [44]. An alternative way to spin control is to utilize an oscillating electric field,

which has been demonstrated in quantum dot systems [3, 61, 62]. Here, the qubit

is modulated periodically by the difference in Zeeman energy caused by either non-

uniform electron g-factor, external magnetic field or hyperfine couplings [47, 63, 64].

To date, all-electrical control of spins without a microwave magnetic field in donor

systems in silicon has not been demonstrated.

In this chapter, we propose all-electrical control of donor-based spin qubits taking

advantage of the hyperfine coupling difference between single donor and few-donor

quantum dots by introducing ancillary dots (The device schematic is shown in Fig.

1(a) and (b) with “P” denoting phosphorus donors). The electron and the 3 nuclear

spins (of 2P + 1P atoms) in the dashed box in Fig. 1(b) define the single-qubit opera-

tion space, and the information is encoded in the electron spin. Here the ancillary dot
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Fig. 4.1. Electrical control of donor-based spin qubits. (a) The pink
box denotes the silicon substrate. The two gates shown in green (GT1
and GT2) are the surface detuning gates for controlling two-qubit
exchange interaction. The dashed contour indicates the plane that
contains the central device components (as shown in (b)). (b) The
blue rectangles represent the in-plane gates (G1-G4) to induce the
(1,0) and (0,1) [49] transitions for single-qubit operations. The (2,0)
and (1,1) transition is controlled by the surface gates (GT1 and GT2)
in (a) for two-qubit operations.

(1P in green) creates a difference in the local hyperfine coupling between the 1P and

2P dots due to the different number of nuclei and asymmetric quantum confinement

in the dashed box [11]. The (1,0)↔(0,1) [49] charge transition between them can be

controlled by the pair of in-plane gates G1 and G2. An electric dipole can thereby be

induced by biasing the system near the (1,0)–(0,1) charge degeneracy point, where

the hyperfine couplings can be modulated with an ac electric field on top of the dc

electric field from the in-plane gates G1 and G2 to drive the electron spin transition.

In this proposed approach, the donor dots can be placed with atomic precision

far from interfaces or surfaces using an STM based lithography technique, making

them less prone to noise sources close to the interface [66–69]. Using Coulomb con-

fined states leads to higher valley and orbital states that are not accessible as they

are typically at least 10 meV above the ground state. This results in well-isolated

states of operation within which the qubit coherence can be boosted. Moreover, this

scheme could be realized with existing circuitry in STM-patterned devices [14, 65]
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without introducing extra control components. The donor dots can be coupled via

the exchange interaction (e.g. the (1,1)↔(2,0) transition in Fig. 1(b)) controlled by

the surface detuning gates GT1 and GT2 (Fig. 1(a)), retaining the highly tunable

exchange coupling [?] and allowing fully electrical two-qubit operations. This design

can be potentially extended to a scalable quantum computer architecture by repeat-

ing the fundamental structure (Fig. 1(a) and (b)) according to the requirements of

the large-scale architecture [7, 70].

4.2 Methods

In the following, we describe the spin and charge evolution in the 2P-1P system

by an effective Hamiltonian with quantitative details. The effective Hamiltonian can

be expressed as:

H = He +HT +HZe +HZn +HHF , (4.1)

with the basis |s, i1i2i3, d〉 including spin and charge information, where we denote

s =↑, ↓ as electron spin, ij =⇑,⇓ (j = 1,2,3. See Fig. 2(a)) as the three nuclear

spins, and d = 2P, 1P as the specific dot site (e.g. | ↓,⇑⇑⇑, 2P 〉 is the lowest energy

configuration). He reflects both the on-site energy detuning and the applied ac electric

field, which is expressed as:

He =
∑

d=1P,2P

(εd + e ~Eac · ~R)|d〉〈d|, (4.2)

where εd is the on-site detuning energy, and d is the dot index (1P or 2P). e is the

elementary charge, ~Eac is the ac electric field, and ~R is the separation between the 2P

and the 1P dot. The second term represents the tunnel coupling between the (1,0)

and (0,1) charge states of the 2P and the 1P dot:

HT =
∑
d 6=d′

tc|d〉〈d′|, (4.3)
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where tc denotes the tunnel coupling between the two donor dots. d and d′ denote

different dot indexes. The third and the fourth term denote the Zeeman energy of

the electron spin and the nuclear spins:

HZe = geµB ~B · ~S, (4.4)

HZn =
∑
j

gnµB ~B · ~Ij, (4.5)

where ge and gn are the electron and nuclear g-factors respectively. µB and µn are

the Bohr magneton and the nuclear magneton respectively. vecS denotes the electron

spin operator, and ~Ij denotes the spin operator of the jth nucleus.The fifth term gives

the hyperfine coupling between the qubit electron and donor nuclei:

HHF =
∑
j

Aj ~Ij · ~S, (4.6)

where Aj is the Fermi-contact hyperfine coupling between the qubit electron and the

jth nucleus.

To provide quantitative guidelines for exploiting this proposal, it is important to

obtain the parameters in H, the tunnel coupling tc, Fermi contact hyperfine cou-

plings Aj, with sufficient accuracy. Here we model the system using an atomistic

tight-binding approach to obtain the Stark-shifted electron wavefunctions, from which

tunnel couplings tc, hyperfine couplings Aj and their electric field dependency can be

extracted [11, 34, 35]. In the tight-binding approach, the atoms are represented by

sp3d5s∗ atomic orbitals with spin-orbit coupling and nearest-neighbor interactions.

Each donor is represented by a Coulomb potential screened by the dielectric constant

of silicon and an on-site constant potential for the Coulomb singularity, calibrated

with the P donor energy spectrum [39]. The donor ground-state wavefunction ob-

tained from this approach agrees well with the recent STM imaging experiments [40].

This physics-based approach automatically includes silicon conduction band valley

degrees of freedom, and captures valley-orbit interaction [57] and Stark effect in

donor orbitals [35]. The experimentally spin relaxation times of a single P donor

and few-donor dots can also be reproduced with our approach [42]. This provides us
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confidence in accurately extracting the parameters tc and Aj under realistic electric

fields.

4.3 Results and Discussions

Fig. 4.2. Electric field dependence of hyperfine couplings. (a) The
black squares represent the silicon atoms on a (001) atomic plane and
the open circles represent the substituting P atoms. The ancillary 1P
dot is placed away from the center of the 2P dot along the equivalent
[010] crystallographic direction (the x direction) by R. The nuclei
associated with the three donors in the system (in the dashed box
in Fig. 1(b)) are labeled as 1, 2 and 3. (b) The hyperfine couplings
associated with each nucleus as a function of electric field Ex for
R ≈15 nm. E0 = 4963.3 kV/m.

Fig. 4.2 shows the modulation of the hyperfine couplings (Aj) between the qubit

electron spin and the nuclear spins of the P donors (2P + 1P) with electric field, with

j=1,2 labeling the nuclei of the 2P dots respectively and j=3 labeling the nucleus of

the 1P dot. The detail of the system in the dashed box in Fig. 1(b) is depicted as

Fig. 2(a), where an atom configuration of the 2P dot is shown at the bottom. An
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in-plane external electric field (Ex) between G1 and G2 applied along the direction

between the 2P dot and its ancillary 1P dot can detune the system and redistribute

the electron wavefunction between them, thereby controlling the hyperfine couplings

of the 2P and the 1P dots, as shown in Fig. 2(b). As can be seen, A3 ≈ 0 at

Ex−E0 = 5kV/m, and A1, A2 ≈ 0 at Ex−E0 = −5kV/m, indicating that the charge

states (0,1) and (1,0) can be accessed with a small electric field range (∼ 10 kV/m)

with an inter-dot separation R≈15 nm. At Ex ≈ E0, the (1,0) and (0,1) charge states

are degenerate, forming hybridized bonding and anti-bonding states. As observed,

the hyperfine couplings (Aj) have a nearly linear dependence on the electric field near

the (1,0)–(0,1) charge degeneracy point (−1kV/m < Ex − E0 < 1kV/m), indicating

that the hyperfine coupling difference between the 2P and the 1P dot has a linear

response to the external electric field. Near the charge degeneracy point (Ex ≈ E0),

an electric dipole transition can be driven by an ac electric field ε0sin(ωt) applied

from G1 and G2, thereby causing the modulations of Aj with time. When the ac

electric field is in resonance with the qubit energy splitting (solved from the static

part of H in eq. (2.1)), the electron spin transition can be induced by the overall local

hyperfine coupling difference [62,71] between the 2P and the 1P dot. The emulation

of this process in a 2P-1P system is now described by solving the time evolution based

on the Hamiltonian in eq. (4.1).

We assume the system is initially in its lowest energy configuration and the elec-

tron is located at the 2P dot (at (1,0)), i.e. | ↓,⇑⇑⇑, 2P 〉, and assume the 2P dot

configuration as shown in Fig. 2(a) with the 2P in one dot ≤1.5 nm apart. A static

magnetic field B0 is applied along the separation direction x. One of the possible

ways to prepare the qubit in this initial state is to utilize the dynamic nuclear polar-

ization technique [72] by repeatedly and selectively loading up-spin electrons to the

donor dots [20] and emptying the dots to dynamically drive the nuclear spins up, then

depleting the dots and loading a down-spin electron onto the dots in the end.

To achieve universal quantum gates, two-axis control of single qubits, i.e. Z-gate

and X-gate, is needed. A Z-gate can be simply realized by applying the external
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static B-field. We will focus on X-gate in the following. As shown in Fig. 3(a), at

the beginning of the control manipulation, an adiabatic in-plane gate bias between

G1 and G2 is applied to ramp the static dc electric field up to and to keep it at ∼E0,

which is followed by a continuous ac electric field between the same gates. The X-gate

rotation (the manipulation of ↓→↑ or ↑→↓) is then driven by the ac electric field if

hγ = ∆E, where ∆E is the energy difference between the two qubit states and γ is

the frequency of the ac electric field. To be explicit, the qubit ground state is 1√
2
(| ↓

,⇑⇑⇑, 2P 〉 − | ↓,⇑⇑⇑, 1P 〉), and the qubit excited state is a dressed state involving

both electron and nuclear spins, which can be expressed as α(| ↑,⇓⇑⇑, 2P 〉− | ↑,⇓⇑⇑

, 1P 〉) + β(| ↑,⇑⇓⇑, 2P 〉 −| ↑,⇑⇓⇑, 1P 〉) + ζ(| ↑,⇑⇑⇓, 2P 〉 − | ↑,⇑⇑⇓, 1P 〉). A second

adiabatic gate bias is then applied after the X-gate control is finished to bring the

electron back to the 2P dot for spin storage. Here, we choose 2P over 1P because

the electron spin relaxation time is longer in a 2P donor cluster than a single donor

dot [42].

To achieve high-fidelity X-gate operation and make the system less prone to charge

noise and relaxation, we need to make appropriate choices of the external B-field and

the tunnel coupling. On the one hand, with regard to the external B-field, the qubit

energy splitting ∆E can be expressed as EZe + δ, where EZe is the electron Zeeman

splitting, and δ includes the effects of nuclear spin Zeeman energies and hyperfine

couplings, which contributes to an effective magnetic field in the order of mT. To

form well-defined qubit states and suppress nuclear spin flip-flop, we need EZe >> δ

to hold the qubit state when no ac field is applied. As a result, the external B-field

is required to be in the order of 0.1 T.

On the other hand, regarding the tunnel coupling, we need ∆E significantly smaller

than 2tc in order to make the higher anti-bonding states well separated from the lower

qubit states, preventing state hybridization or excitation due to environmental noise.

As an example, Fig. 3(b) shows the Rabi oscillations of the qubit electron spin

under the driving ac electric-field under ∆E < 2tc (B0 = 0.5 T) and ∆E ≈ 2tc (B0

= 1.45 T) for R ≈ 11.4 nm, where the magnitude of the driving ac electric field
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is 15 kV/m, and its frequency is γ ≈ 14 GHz which satisfies ∆E = hγ. The ac

electric field is assumed to be a single-frequency sinusoid. As shown, a full X-gate

spin rotation can be achieved for ∆E < 2tc, while the X-gate fidelity (defined as

max(
∑
|〈Ψ| ↑, i1i2i3, d〉|2)) is diminished when ∆E ≈ 2tc due to the qubit spin-up

state (solid blue curve in Fig. 3(a)) is hybridized with the upper anti-bonding spin-

down state (dashed green curve). As a result, tc needs to be engineered large enough.

Fig. 3(c) show tc as a function of the inter-dot separation R. As can be seen, tc

decreases exponentially as a function of R, because the wavefunction overlap of the

2P and the 1P dots decreases exponentially as R increases. To achieve ∆E < 2tc, if

we choose B = 0.1 T, R needs to be larger than 15.6 nm approximately according to

Fig. 3(c). If B = 0.5 T is chosen, R needs to be at least 13 nm.

In the following, we investigate the effect of R (or tc) on the qubit coherence

time. Both magnetic and charge noise can lead to qubit decoherence [73]. In the

proposed design, magnetic noise can be suppressed to a large extent if the substrate

is made of enriched Si-28. In addition, the microwave antenna that introduces mag-

netic noise [44] in the traditional magnetic qubit manipulation is excluded here. As

a consequence, we mainly consider the effect of the charge noise from the charge

fluctuations in the nearby gates on qubit coherence.

We investigate the decoherence time T ∗2 possibly due to different types of charge

noise from a single nearby in-plane gate, e.g. G1 in Fig. 1(b). T ∗2 can be obtained

using [74]:

1

T ∗2
=
e2

h̄2
|
∑

ri=x,y,z

〈Ψ↑|ri|Ψ↑〉 − 〈Ψ↓|ri|Ψ↓〉|2 ·
SE(ω)

ω

∣∣∣∣
ω→0

2kBT

h̄
, (4.7)

where e is the elementary charge, Ψ↑ and Ψ↓ are the electron spin-up and spin-down

molecular wavefunctions solved by the atomistic tight-binding method respectively,

ω is the noise frequency and SE(ω) is the noise field spectrum. For SE(ω), we study

1/fα noise, Johnson noise and evanescent wave Johnson noise (EWJN) [75], assuming

the noise source is 65 nm (the distance between G1 and the two dot center) away

from the qubit system to be consistent with Ref. [65]. The expressions of the noise
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field spectra and the parameter estimations based on experiments [65,76,77] are also

included in Appendix D.

Fig. 4.4(a) demonstrates the decoherence rate 1/T ∗2 as a function of the applied

dc electric field (Ex) due to Johnson noise from a single noise source for the case R ≈

13 nm, assuming B = 0.5 T. Using the estimated parameters in Appendix D, we find

that T ∗2 is limited by Johnson noise. Based on our calculations, the effect of EWJN is

at least 2 orders of magnitude lower than Johnson noise, and 1/fα noise is negligible

(see Appendix D), thus they are not shown here. As shown, the decoherence rate

1/T ∗2 reaches a maximum at Ex = E0, where the bonding and anti-bonding states

are formed and the system is most sensitive to charge noise. The left y-axis of Fig.

4.4(b) shows the maximum decoherence rate 1/T ∗2 due to Johnson noise as a function

of inter-dot separation R. As shown, T ∗2 can be improved by shrinking the inter-

dot separation. This can be explained by the curvature of the qubit energy curve

(e.g. the solid green or blue curve in Fig. 3(a))), which serves as a metric of how

the qubit is prone to charge noise near Ex = E0. On the right y-axis of Fig. 4(b),

we plot this curvature (a in its absolute value) by fitting the energy curves with a

quadratic function of Ex for different R. The curvature term |a| increases with R

because the tunnel coupling tc decreases with R (Fig. 3(c)), causing more abrupt

charge transition. As can be seen, 1/T ∗2 agrees with the trend of the curvature term

|a|. Consequently, larger tunnel coupling/smaller 2P-1P separation is preferred to

enhance the qubit coherence time.

So far, we have investigated the decoherence time due to a single charge noise

source. In a real device, there could be multiple charge noise sources (other in-plane

gates, top gates, etc.), resulting in T ∗2 being degraded by 1-2 orders of magnitude

eventually. Even then, using a 2P-1P spin qubit with electrical control is likely to

yield devices comparable to single electron spin qubit based on single donor (T ∗2 =

268 µs [44]) and single quantum dot qubit (T ∗2 = 120 µs [4]) based on magnetic

control, and outperform the 1P-1P charge qubit (T ∗2 = 0.72 µs [78]) in terms of qubit

coherence time.
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4.4 Summary

In summary, we propose a novel approach for all-electrical control of donor-based

spin qubits in silicon using full-band atomistic tight-binding modeling and time-

dependent simulations based on effective spin Hamiltonian. In this design, ancillary

dots are introduced to form an asymmetric 2P-1P system to create a hyperfine cou-

pling difference between 2P and 1P, utilized to realize electron spin control with an ac

electric field. We perform a quantitative analysis to optimize this design in terms of

X-gate fidelity and decoherence time through external static B-field and tunnel cou-

pling determined by inter-dot separation. We show that a long qubit coherence time

can be potentially achieved. This work can serve as an alternative design to those

that exploit the hyperfine difference to the donor the interface states [71], where the

qubit coherence could be undermined by noise sources near the interface [68, 69]. To

further reduce possible sources of deleterious noise in the proposed design, we would

further pursue all-in-plane electrostatic and qubit control without the top surface

gates in the future.
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Fig. 4.3. Impact of inter-dot separation on tunnel coupling and Rabi
oscillations.(a) The simplified energy diagram of the 2P-1P system
under a static magnetic field near the (1,0)–(0,1) charge degeneracy
point(E0). The solid green (electron spin down) and blue (electron
spin up) curves represent the two bonding states that define the qubit,
separated by ∆E in energy. The dashed curves are the anti-bonding
states, 2tc above the bonding states respectively. The explicit nuclear
spins are not shown here for simplicity. (b) Electron spin Rabi os-
cillations under ∆E< 2tc and ∆E≈2tc. (c) The tunnel coupling (tc)
as a function of inter-dot separation (R). The markers “ + ” indi-
cate data extracted from the atomistic tight-binding simulations, and
the dashed curve is fitted to the data with the regression function
tc = t0e

−bR, where t0 = 0.1742 eV and b = 0.67 nm−1.
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Fig. 4.4. Impact of electric field and inter-dot separation on decoher-
ence time. (a) Qubit decoherence rate 1/T ∗2 as a function of dc electric
field in the x direction due to Johnson noise from a single noise source,
for R ≈ 13 nm and B = 0.5 T. Here, E0 = 5682.2 kV/m. (b) The
maximum 1/T ∗2 due to Johnson noise (left y-axis) and energy curve
curvatures (|a| on the right y-axis) as a function of 2P-1P inter-dot
separation R.
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5. OPTIMIZING TUNNEL TIME FOR HIGH-FIDELITY

SPIN READOUT OF DONOR QUBITS

Part of the work in this chapter is to be submitted to a journal.

5.1 Introduction

Recent works have shown that a new regime of electronics can be achieved in silicon

by a bottom-up scanning tunneling microscopy (STM) based fabrication technology

[8], capable of achieving unprecedented doping densities with atomic scale precision

[13, 79]. With this technology, various functional components of low-temperature

electronics, such as metallic leads, gates, quantum dots (QD) and single-electron

transistors (SET) have been fabricated by precise placement of dopant atoms on a

single plane of silicon [9, 10, 13, 14, 79–81]. Moreover, recent work has indicated that

this STM lithography technique provides a mechanism to build a scalable donor-based

quantum computer in silicon [7, 10, 13, 14] that can advantage of the extremely long

coherence times of the electron and nuclear spins [2, 23, 44]. A quantum computer

based on individually addressable phosphorus donors in silicon was first proposed in

1998 by Kane [5], and relies on precision placement of single donors in silicon, a feat

that the STM technique achieves with an accuracy of 1 nm [8].

The ability to selectively load and unload electrons by tunneling into and out

of single dopants and dopant-based quantum dots is crucial to this new regime of

electronics. The tunnel times govern transport characteristics of these devices and

lead to the observation of Coulomb and spin blockade [14]. Moreover, the initialization

and readout of spin qubits are typically performed through spin dependent tunneling

[10,20,80,82], and the fidelity is largely determined by the tunnel rate [83]. Recently,

rapid initialization and readout via higher electron states of a single donor qubit
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has been demonstrated [65]. Also, as donor-cluster qubits have long spin relaxation

time and additional addressability [10, 42], their readout times are worth theoretical

studying. Therefore, knowledge of how the dopant bound qubit states are coupled to

nearby electron reservoirs is therefore critical to design devices. However, to date a

comprehensive quantitative theory that can provide design guidance for these devices

using a quantum mechanical description is lacking. In this chapter, we present an

atomistic method to compute the tunnel times between an SET island and single

donor and multiple donors as a function of various design and control parameters of

the device.

Fig. 5.1. Device structure for single shot spin readout of a donor-based
quantum dot. (a) The layout of an STM patterned donor device for
spin read-out of a silicon qubit. S and D are the source and drain
respectively, whereas G1 and G2 are gates [10]. (b) A schematic of
the central components of the device, showing source, drain, and an
SET P-donor island coupled to a precisely positioned P donor or P
donor-cluster at a distance d.

In Fig. 5.1, we show a typical device patterned by STM lithography, where a

P donor-dot serves as an addressable qubit with an P-donor SET island for spin

readout. Fig. 5.1(a) shows the scanning electron microscope (SEM) image of a typical

device [10]. The yellow regions are highly doped in-plane gates (G1, G2), leads (S,

D) and a SET island, with a doping density of 1 P in every 4 Si (i.e. inter-donor
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separations are usually less than 1 nm). Fig. 5.1(b) depicts the schematic diagram

of the central components of the spin-readout device marked as the white box in (a).

The disk on the right hand side represents either a single or a few P donors acting as

the qubit. The P-donor island is an SET channel comprising a small densely doped

three dimensionally confined reservoir with discrete energy levels, allowing the flow

of a current when its energy levels are between the Fermi levels of the source (S)

and drain (D) regions. Gates G1 and G2 can tune the energy levels of the SET and

the donor qubit, and can cause an electron to be loaded onto or emptied from the

donor by quantum tunneling [80] depending upon the energy level alignment of the

two systems.

The separation distance between the donor and the SET island (shown as d in

Fig. 5.1(b)) is a critical design parameter of this device. The tunnel time is found to

be exponentially sensitive to this separation distance and can therefore be engineered

by orders of magnitude by choosing an appropriate d. Since both single donor and

donor-cluster qubits are being considered for scalable quantum computer architectures

[10,16,17], we investigate the tunnel times from a single P donor and 2P clusters with

varying number of electrons.

5.2 Modeling Strategy

To model the system with quantitative accuracy, several challenges need to be

overcome. First, the wavefunctions of electrons confined in the donor and the SET

need to be captured from a full 3D quantum mechanical method that also includes the

multiple conduction band valley degrees of freedom in silicon. A full 3D description

is needed because both the donor and the SET are 3D confined systems with discrete

energy states that are not isotropic where a lower dimensional approximation to

their wavefunctions would compromise the accuracy of the method [84]. Also, it

is well-known that the indirect gap conduction band valley degeneracies in silicon

ascribe short-range highly oscillatory components to the wavefunctions based on the
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symmetry of the potential and thus needs to be taken into account [40]. Second, strong

electron-electron interactions in multi-donor clusters in the few-electron regime are

responsible for the binding energies and wavefunction extents of the electrons, and

need to be captured in a computationally feasible manner [14]. Third, the SET region

comprises of about a hundred donor atoms and bound electrons due to its large doping

density, where a full self-consistent atomistic treatment of silicon and the donors to

obtain its electrostatic potential is not feasible. For example, in reference [10], the

size of the SET island is ∼ 10 × 5 nm2 and the 2D doping density is ∼2×1014cm−2.

Although both ab initio [85] and tight-binding [86] methods have been employed in the

past to model small periodic unit cells of silicon with such high doping densities, these

methods cannot be extended to solve a finite-sized SET of large dimensions considered

in this work. Fourth, the tunneling problem considered here is a non steady-state

fully quantum mechanical problem, and well-known steady-state approaches such

as the non-equilibrium Green’s function (NEGF) method [87] or the semi-classical

WKB approaches are not directly applicable. Hence, we need methods that take into

account all the above described complexities to provide general 3D wavefunctions

from which the tunneling times can be computed.

We have combined several methods to provide a multi-scale model of the system,

as outlined here. 1) We employ a large-scale atomistic tight-binding (TB) approach

to solve the donor and the SET wavefunctions in a 3D silicon lattice. 2) We use

a self-consistent Hartree method with tight-binding to capture electron-electron in-

teractions in multi-donor clusters. 3) For the solution of the SET potential, we use

a finite-element (FEM) non-linear Poisson solver with semi-classical charge density

using Fermi-Dirac statistics. 4) To compute the tunnel times, we employ Bardeen’s

transfer matrix approach [88] with TB wavefunctions. Below we describe each of

these methods in detail.

The TB model employed in this work uses the sp3d5s∗ atomic orbital basis with

spin-orbit interactions, and captures the full band structure of silicon including ac-

curate effective masses, band gaps, valley degeneracies [36], as benchmarked against
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a variety of experiments with the NEMO3D tool [39, 89]. A single P donor is rep-

resented by the Coulomb potential of a positive charge screened by the dielectric

constant of silicon, along with an on-site cut-off potential representing the much

studied central-cell correction [35,39]. This approach has successfully reproduced the

full energy spectrum of a single P donor in silicon, as well as various charge and spin

properties [35,56,57]. Recent STM imaging experiments have shown that this donor

model reproduces both the observed spatial and momentum space electron probabil-

ity distribution of the donor [40]. The full TB Hamiltonian is solved using a parallel

block Lanczos eigen solver in 64 processors to obtain the relevant energy states and

wavefunctions of the donor just below the conduction band.

To address multi-electron occupation of these complex multi-donor systems, we

have adopted a self-consistent Hartree approximation in which the electron-electron

interaction potential is obtained iteratively from the electron density n(r) given by∑N
i |ψ(r)|2, where the summation is over the N lowest spin-resolved eigenstates of

the TB Hamiltonian for N electron occupation. Exchange and correlation potential

is obtained from the local density approximation on n(r) [86], and added to the total

potential in the TB Hamiltonian, and iterated till convergence. The above method

has been successfully used to compute donor cluster binding energies and spin-lattice

relaxation times in quantitative agreement with experiments [14,41,42].

The SET region comprises of a hundred donor atoms and bound electrons due

to its large doping density, and a full self-consistent atomistic treatment of silicon

and the donors to obtain its electrostatic potential with either ab initio [85] or tight-

binding [86] approach is not feasible. Here, the semi-classical potential of the SET

is obtained from a solution of the non-linear Poisson equation with a FEM grid in

the Senaturus tool [59]. A doping density of ND = 1021 cm−3 is used in the SET

island with the bandgap narrowing effect considered. We assume a p-type substrate

with NA = 1015cm−3 in line with experiment. Since most of the measurements are

performed at cryogenic temperatures, we use a temperature of 2K in the simulation.

The electron distribution is computed from the conduction band effective density
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of states Nc of silicon and the Fermi-Dirac integral in the framework of Sentaurus.

The semi-classical SET potential is then interpolated on to the atomistic lattice, and

added to the TB Hamiltonian to solve for the SET wavefunctions.

Once the donor and the SET wavefunctions are available, the electron tunnel

time can be computed using Bardeen’s transfer matrix method [88], which has been

widely used to model and understand electron tunneling in STM measurements. The

resonant tunnel time TR can be obtained by

1

TR
=

2π

h̄
|〈ΨD|H −HSET |ΨSET 〉|2 (5.1)

HSET = H0 + USET (5.2)

H = H0 + USET + UD + Uee (5.3)

where HSET denotes the SET Hamiltonian which includes the background silicon

Hamiltonian H0 and the effective potential energy USET from the semi-classical ap-

proach. H is the total Hamiltonian, which includes, apart from HSET , the donor

potential energy UD given by the positive charge of the P donors, and Uee the repul-

sive potential energy of the electrons from the self-consistent Hartree method in case

of multi-electron occupation. ΨD indicates the donor or donor cluster wavefunction

solved from (H0 +UD +Uee)ΨD = EDΨD for eigen energies ED. ΨSET is the effective

single electron wavefunction of the SET solved from HSETΨSET = ESETΨSET for

SET eigen energy ESET .

5.3 Results and Discussions

Fig. 5.2(b) shows the computed tunnel times as a function of qubit-SET separation

distance and bound electron number for both a single donor (blue curve) and 2P

clusters with different electron numbers. Two different intra-cluster donor separations

are considered for the 2P cluster to show the effect of small variations in donor

locations due to variations in STM lithography. Fig. 5.2(a) shows these two 2P

configurations on a plane of Si with donor separations of 0.86 nm and 1.58 nm,

denoted as D2 and D4 respectively.
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Fig. 5.2. Tunnel time sensitivity to donor-dot electron number and
location. (a) The atomic locations of P donor(s) in a 2P cluster shown
on the 2D plane of the silicon. (b) The electron tunnel time as a
function of distance between the SET island and the donor (blue) or
donor-clusters (violet and red) for various numbers of electrons. (c)
The tunnel time at a separation distance of 15 nm of a single donor
as function of the doping density of the SET island. (d) The tunnel
time at a separation distance of 15 nm and the Bohr radii of the
2P(D2) donor-cluster as a function of the number of bound electrons
compared with the tunnel time for a single donor single electron.

The solid blue curve in Fig. 5.2(b) represents a single P donor with 1 bound

electron. On a semi-log plot, the tunnel times between the donor and the SET island

appear nearly as a straight line, showing the tunnel times increase exponentially with
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SET-donor separation as expected. Importantly, we see the tunnel times increase

exponentially from ∼10−10s at 6 nm to ∼10−4 s at 16 nm, over ∼6 orders of magnitude

within 10 nm.

In experiments, there are uncertainties in the donor number and bound electron

number of the SET island and substrate doping density, which impacts the effective

single-electron confinement landscape of the SET island. Effectively, the doping den-

sity could deviate from 1021cm−3 and affect the tunnel times. In Fig. 5.2(c), we fix

the distance of the single donor and the SET island as 15 nm and show the tun-

nel time as a function of the SET doping density. As can be seen, the tunnel time

can be changed from ∼ 1 µs to ∼ 78 µs by changing the SET doping density from

0.5 × 1021cm−3 to 2 × 1021cm−3, which is a reasonable range given such uncertain-

ties. In the following discussions, we will always use 1021cm−3 to be in line with the

experimental assumption.

Fig. 5.2(b) also shows how the tunnel times vary for 2P donor clusters with

one, two and three electron occupation portrayed by the red, violet and green curves

respectively, the slopes of which are sensitive to the electron number. Although

all these donor-electron configurations show an exponential increase in tunnel times

with distance as before, the slopes of the curves are now sensitive to the electron

number. This is because the tunnel times depend on the decay length of the electron

wavefunctions, which in turn depends on the net charge of the system. A wavefunction

that decays faster produces less overlap and tunnel coupling with an SET bound

wavefunction, which translates to longer tunnel times. The 2P2e cases (red curves)

lie very close to the 1P1e curve, as both cases result in a charge neutral system with

comparable wavefunction extent. In the 2P1e cases (violet curves), the wavefunction

is more confined at the donor cores and decays more rapidly due to the remnant

positive charge of the nucleus. As a result, the tunnel times are larger than the

1P cases for most separation distances. The 2P3e case (green curve) has the largest

wavefunction extent due to the net negative charge of the configuration, and therefore

the tunnel times are much shorter.
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The green curve in Fig. 5.2(d) shows the effective Bohr radius in the SET-donor

separation direction as a function of electron number. The Bohr radius is extracted

from the converged Hartree wavefunction by numerically fitting an exponential func-

tion. The size of the electron wavefunction of a donor-cluster is different for different

electron numbers, and as a result the tunnel time of the qubit electron varies dramat-

ically. For a distance of 15 nm between the donor dot and the SET island, the blue

curve in Fig. 5.2(d) shows the tunnel time as a function of the number of electrons

bound to the donor-cluster in comparison with the tunnel time of single P donor

qubit (dotted blue horizontal line). As shown, the tunnel time for the first electron

is about 2 orders of magnitude longer than that of the single P qubit due to the

stronger quantum confinement. In this two-donor system, the tunnel time decreases

by 4 orders of magnitude as 3 electrons are loaded on to the 2P cluster, as Coulomb

repulsion between the electrons causes the wavefunction to spread out spatially. It

seems that the tunnel time can be decreased dramatically by taking advantage of

multi-electron occupation of a donor cluster qubit. But one needs to keep in mind

that spin relaxation time (T1) also decreases several orders of magnitude when there

is multi-electron occupation. Reference [42] showed T1 in a 2P donor-cluster can be

decreased by 4-5 orders of magnitude from 1e to 3e. As a consequence, the trade off

between the tunnel time and T1 needs to be considered in designing a scalable and

addressable qubit architecture.

5.4 Summary

We have developed a multi-scale modeling method, combining atomistic tight-

binding approach, semi-classical solution of electrostatics, self-consistent Hartree the-

ory, and Bardeen’s transfer matrix method to compute the electron tunnel times

between donors and SET islands used in spin-readout devices. We overcame the

challenge of treating a non-steady state tunneling problem in full 3D taking into

account a quantum mechanical description of the host band structure and electron-
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electron interaction in a realistic device setting, which enables us to compare directly

with the measurements of state-of-the-art spin-readout experiments. The tunnel time

is found to be exponentially sensitive to the distance between the donor and the SET

island and decreases significantly as the electron number increases in a multi-donor

cluster. Device design considerations are put forward for addressable 1P and 2P qubit

configurations, demonstrating a tradeoff between the spin relaxation time and spin

readout time.

The developed multi-scale modeling method has some drawbacks in the modeling

of the SET island due to computational limitations. First, the SET P-donor island

is not treated fully quantum mechanically. Though the band gap narrowing effect

is considered in the TCAD model, the full band structure including the impurity

bands of a δ-doped layer [85, 86] and that under quantum confinement are not well

captured. Second, The SET island is not treated fully atomistically. The Coulombic

donor potentials are not included in the charge and potential calculations, and elec-

tron density is not computed from a full quantum solution. Moreover, atomic disorder

(random donor locations, diffusion and segregation) is not accurately considered. The

consequent effect might not affect the final wavefunction of the SET island and the

calculated tunnel times much as they can be averaged out due to the large number of

donors, but it is worth further validating. The above limitations can result in inaccu-

racy of the obtained wavefunction of the SET island, which can lead to discrepancy

between the calculated and the measured tunnel times. Therefore, a more accurate

model to treat the SET electronic structure is in need of further development.
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6. BULK AND SUB-SURFACE DONOR BOUND

EXCITONS IN SILICON UNDER ELECTRIC FIELDS

The work in this chapter is published in Ref. [98], and the text is taken from there.

6.1 Introduction

In this chapter, we investigate the electronic structure of the donor bound exciton

(D0X) in silicon under the influence of electric fields and interfaces, thus mimicking

the environment of realistic devices. This is required since single spin readout in a

quantum computer can not be achieved in a bulk environment but requires a device

environment. The electronic states of the donor bound exciton are influenced by the

complicated band structure of silicon including its multiple valley degeneracy in the

conduction band (CB), the light and heavy hole valence bands (VB), the Coulomb

bound donor states and the three-particle fermionic interactions. We include all these

factors in quantitative details using an atomistic tight-binding method over a silicon

lattice of one million atoms, and compute the spin-resolved transition energies and

transition dipoles of the D0X in a gated nanostructure. For specificity, we refer here

only to the most common shallow donor in silicon, phosphorus. These methods can

readily be generalized to the other shallow donors Sb, As and Bi, which have slightly

different electronic binding energies, and also different nuclear spins and hyperfine

constants.

Three-particle excitons or trions have also been reported recently in two-dimensional

materials such as MoS2 [90, 91] and have attracted much attention as a test-bed

for studying many-body interactions in a semiconductor with both spin and valley

degrees of freedom. Previous theoretical studies in bulk D0X in silicon have been

performed from effective mass approximations to understand Auger recombination in
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Fig. 6.1. Schematic of the photon induced transition from a Coulomb
bound electron in a donor to a donor bound exciton in bulk a) with
and b) without an electric field, and c) in a confined nano device with
an interface and electric field. The blue and the red color describes
the electron and hole probability densities respectively. The bottom
panel provides a 1D schematic of the Coulomb potential of the donor
core.

donors [92] and more recently to investigate applications such as quantum Hall charge

sensors [93]. This work presents atomistic electronic structure calculations of the D0X

in a device environment for the first time, crucial for experiments to integrate optical

addressing methods in a silicon quantum computer.

A neutral P donor in bulk silicon comprises a positively charged donor core that

produces a Coulomb potential and binds an electron 45 meV below the conduction

band edge (also called the D0 state). If stimulated by a laser pulse of appropriate

wavelength, an additional electron and a hole can be generated and bound to the

impurity, forming the donor bound exciton (D0X), as shown in Fig. 6.1a) for a bulk

donor, with blue and red representing the electron and hole wavefunction probability
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densities respectively. The bulk transition energy from a D0 to a D0X state has

been measured to be near 1150 meV [23]. Fig. 6.1b) shows a schematic of the same

system under an applied electric field. Both the D0 and the D0X undergo a Stark

shift, however the latter is more strongly perturbed due to the larger size of the

wavefunction. The electric field pushes the electrons and holes in opposite directions

and thus changes the excitation wavelength from λ0 to λ1. Fig. 6.1c) shows the

combined effect of an interface and an electric field with excitation wavelength λ2.

In this case, the donor wave functions are also truncated by the interface. Later, we

will show the transition energies, Hartree energy, wavefunctions and transition dipole

moments for these three cases, as well as the interface and E-field induced hyperfine

and hole splitting that can affect the spin-resolved transition energies.
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Fig. 6.2. Energy levels and spin structure of the D0X in a magnetic
(B) field a) in bulk and b) in a nanostructure. ∆A (∆A′) and ∆H
denote the hyperfine and heavy hole-light hole splitting respectively,
while ∆E (∆E ′) is the formation energy at B = 0.
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In Fig. 6.2, a schematic of the energy levels of the D0 and D0X are shown for a

bulk-like exciton and an exciton in a nanoscale device. In the D0 state, the hyperfine

interaction between the nuclear and the electronic spins produces a singlet and a

triplet splitting ∆A. The D0X has two electrons spin paired in a singlet with S = 0,

and as a result, the spin splitting in a B-field is governed by the hole 3/2 and 1/2 total

angular momentum states, which arise from the heavy hole (HH) and the light hole

(LH) bands. If the donor is located close to an interface or subjected to an electrical

field, then the transition energies of the D0X are strongly modified, as shown in Fig.

6.2b). First, the presence of an interface or electric field changes the localization

of all the confined particles in both D0 and D0X. As the wave functions shift and

deform in space, the particle-particle interactions also change. We have computed

this transition energy from self-consistent Hartree method with tight-binding, and

denote it as ∆E ′. Second, the electric field or the interface also splits the 3/2 and 1/2

states of the hole bound to the D0X, which we denote as ∆H. This splitting is due

to the effect of confinement on the HH and LH bands, which have different effective

masses. Third, the hyperfine coupling of the D0 state also changes due to the field

and depth [35], and is denoted as ∆A′ in Fig. 6.2b). Details of how the spin-resolved

D0X transitions can be used to initialize and readout the donor nuclear spins using

an Auger recombination process can be found in Refs [23,24].

6.2 Method

We employ an sp3d5s* atomic orbital tight-binding method with spin-orbit in-

teraction and nearest neighbor coupling to represent the full band structure of sili-

con [35,39–41,89,94]. Details of the methods can be found in the following.

The Hamiltonian of the three-particle D0X is given by,

H = H0,e1 +H0,e2 +H0,h +He1,e2 +He1,h +He2,h (6.1)

where the first three terms represent the single particle Hamiltonian of the two elec-

trons (e1, e2), and the hole h, and the last three terms are the pairwise Coulomb
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interaction between the three particles. Each of the H0,n, for n ∈ {e1, e2, h} includes

the Hamiltonian of the silicon lattice HSi, the potential energy of the donor atom VD,

and the potential energy of the applied electric field F , and is given by,

H0,n = HSi + VD − e ~F · ~r (6.2)

In the atomistic tight-binding formalism employed here, HSi is represented in

a basis of 20 atomic orbitals (sp3d5s*) per atom including spin in the basis and

nearest neighbor interactions [89]. For a bulk silicon unit cell, the model reproduces

the full band structure of the host material [37]. Surfaces are treated as dangling

bond passivated following the model shown in Ref [38]. The donor potential energy

is represented as a Coulomb potential with an on-site cut-off term and an orbital

based central-cell correction, and reproduces the full spectrum of donor bound states

including a ground state at 45.6 meV below the conduction band [35, 39]. For the

solution of a bulk single donor in silicon, a box size of 30 nm × 30 nm × 30 nm

was used such that the donor wavefunctions are not affected by the interfaces of the

box. The model has been used in a variety of earlier works to reproduce various

experimental data with very good accuracy [35,40,42,94]. The resulting Hamiltonian

is solved by a parallel block Lanczos eigen solver to obtain a set of states close to the

conduction and valence band edges [38].

An exact solution of the three-particle system involves diagonalizing eq. 6.1 in

the basis of many Slater Determinants comprising of the single particle electron and

hole states until convergence is achieved with the so called Configuration Interac-

tion (CI) approach. However, such an approach is computationally intractable for a

Hamiltonian of over one million atoms, as Coulomb and exchange integrals between

the three particles need to be computed with a very large number wave functions to

represent the spatial spread and symmetries of the electrons and holes. Hence, we

employ a mean-field method based on the self-consistency between the effective single

particle Hamiltonian of each particle and the Poisson equation. In this approach, the
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particles are each represented with a separate Hamiltonian taking into account the

mutual interactions, as described below,

He1 = H0,e1 + Ve2 + Vh (6.3)

He2 = H0,e2 + Ve1 + Vh (6.4)

Hh = H0,h + Ve1 + Ve2 (6.5)

Here, each particle is subjected not only to the host and donor potential along with

the applied field (H0,n), but also to the potential due to the other two particles (Vn).

Finding an approximate solution can be done by initially solving the three Hamilto-

nians with all Vn = 0 to obtain the respective initial wave functions Ψ0,e1 , Ψ0,e2 , and

Ψ0,h, and corresponding energies E0,e1 , E0,e2 and E0,h. Using these wavefunctions,

the charge densities n(r) and the potential Vn can then be computed. Using these

new Vn terms, the Hamiltonians are solved again, and the process repeated till the

energies and the wavefunctions converge. A similar technique had been used to com-

pute the D− (two-electron) state of a P donor in close agreement with experimental

measurements [41], and more recently to obtain charging energies of multi-electron

donor clusters [14].

If the final ground state energies of the Hamiltonians shown in eq 3-5 are given by

Ef,e1 , Ef,e2 and Ef,h with f denoting the final iteration (Ψf,e1 , Ψf,e2 , and Ψf,h being

the corresponding wavefunctions), then the total three-particle interaction energy EC

is given by,

EC =
1

2
[Ef,e1 + Ef,e2 + Ef,h − E0,e1 − E0,e2 − E0,h] (6.6)

Also, the total energy ET is given by,

ET = E0,e1 + E0,e2 + E0,h + EC (6.7)
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The transition energy from the D0 state to a D0X state depends on the difference

of the total energy of the two systems, and is given by,

∆E = ET (D0X)− ET (D0) (6.8)

where ET (D0X) and ET (D0) are the total energies of D0X and D0 respectively. In our

calculations, the total energies are with respect to the VB edge at F=0 MV/m (i.e.

the 0 eV reference point). If ED is the donor binding energy relative to the CB edge,

corresponding to -45.6 meV for a bulk donor at F=0 MV/m, then ET (D0) = Eg+ED,

where Eg = 1.17 eV is the low temperature (4K) band gap of silicon. ED changes

with donor depth and electric field, as shown earlier [56]. Hence, the transition energy

∆E is expected to vary with donor depth and applied electric field, as both ET (D0X)

and ET (D0) change.

The transition dipole moments describe a photon induced transition from the D0

state to a D0X state, and is given by the dipole moment between the electron and

the hole wavefunctions,

WD0−>D0X = q|〈Ψ0,e1,2|~r · ê|Ψf,e1〉〈Ψf,h|~r|Ψf,e2〉

+〈Ψ0,e1,2|~r · ê|Ψf,e2〉〈Ψf,h|~r|Ψf,e1〉|2 (6.9)

where ê is the polarization direction of the photon and ~r is the dipole operator. The

first term represents a transition in which the D0 electron (denoted by Ψ0,e1 or Ψ0,e2 ,

which are the same) forms electron 1 of D0X, while electron 2-hole transition emerge

based on the dipole moment. The second term represents the other pathway in which

the D0 electron forms electron 2 of D0X, and electron 1-hole transition results due to

the photon. If one of the electrons and the hole are now spatially separated by the

E-field, 〈Ψf,h|~r|Ψf,e2〉 or 〈Ψf,h|~r|Ψf,e1〉 decrease as a result of reduced wavefunction

overlap. Eq 9 therefore provides a measure of the transition probability from D0 to

D0X.
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An exact electronic structure calculation of D0X involves a three-interacting par-

ticle solution of the system Hamiltonian taking into account description of multiple

conduction band valleys and features of multiple valence bands. While simplified

effective mass envelope function solutions may be possible, it is difficult to incorpo-

rate all the band structure effects, such as valley-orbit and spin-orbit interactions,

multi-valley and multi-band descriptions under a unified framework. Furthermore,

the hyperfine structure and the spin structure needs to be computed, in addition to

the effects of fields and interfaces. It is also cumbersome to perform a density func-

tional calculation, as the wavefunctions of the holes and electrons typically spread

out over 30 nm × 30 nm × 30 nm of silicon lattice (1.4 million atoms). The atomistic

tight-binding technique employed [35,89] in this work provides a suitable compromise

between computational rigor and complexity, as multi-million atom systems can be

simulated at ease including the full band-structure of the host material. Particle-

particle interactions can be also incorporated in a computationally tractable manner

through a self-consistent mean-field description [41] without using the more exact CI

method [48].

The only compromise we make here is that the mean field approach does not

capture exchange and correlation effects. However, the singlet electronic state of

the D0X can be described well without considering exchange and spin correlations,

as shown by Hartree calculations of the D− state of the donor, which reproduces

the charging energy within 1-2 meV. The two electron state of the donor has higher

order orbital correlations since excited orbital states beyond 1s are needed to describe

the spatially extent D− wavefunctions. However, our self-consistent Hartree method

iteratively updates Hamiltonian till the mean-field Coulomb interation converges.

Hence, the orbital extent is well-captured by this method [13]. Furthermore, the

hole is distinguishable from the electron pairs by its charge, and the indistinguishable

particle CI method does not need to be used in this case.
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6.3 Results and Discussions
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Fig. 6.3. a) Coulomb energy of the three-particle system with E-field.
b) Transition energy (left axis) from D0 to D0X for a bulk-like system
as a function of an applied E-field. Transition dipole moment (right
axis) from D0 to D0X with E-field.

First, we investigate the Stark effect of the D0X when the donor is in bulk silicon.

Fig. 6.3 shows the Coulomb energy, transition energy and transition dipole moment

of the three-particle D0X for a bulk-like case as a function of an electric field. In the

simulation, a bulk system is represented by a 30 nm × 30 nm × 30 nm of silicon lattice

bounded by hydrogen passivated hard-walls on all sides. The donor is placed at the

center of the box, and the simulation domain size is chosen such that the electronic

and hole wavefunctions at zero E-field are not affected by the boundaries of the box.

This is reasonable as the Bohr radii of the D0 and D− states are in the range of 1-4

nm.

The Coulomb energy of the D0X comprises of the repulsive energy between the

two electrons and the attractive energy between the hole and each of the electrons.



63

Fig. 6.3a) shows this three-particle Coulomb energy with an E-field, computed from

eq 3 of the Supplementary Materials (SM). At low fields, the Coulomb energy lies

between 35 and 40 meV, and decreases slightly with the field. It is known that the

Coulomb energy in the two-electron D− state is about 43 meV at zero E-field [41].

Therefore, the attractive energy of the hole in D0X reduces the total Coulomb energy

to sub 40 meV. As the E-field is increased, the electron and hole wavefunctions are

spatially separated steadily, and the Coulomb energy decreases. An abrupt drop in

the Coulomb energy is observed in Fig. 6.3a) at about F=1 MV/m as the hole and one

of the electrons ionize to opposite surfaces of the bounding box. The E-field produces

triangular wells at the opposite surfaces (in the CB and VB). When the energy of

the bound states in these triangular wells are lower than those of the Coulomb bound

states (including mutual screening between the particles), the electrons and holes

localize at the surfaces. As a result, the large spatial separation between the three

particles at ionization reduces their net electrostatic interaction.

The transition energy required to excite a D0 into a D0X state is computed from

the difference of the total energies of the D0X and D0 as given by eq 6 of the SM,

and is shown in Fig 6.3b) on the left vertical axis. Using the low temperature band

gap of 1.17 eV in silicon, the transition energy at zero field (F=0) is 1145 meV in

close agreement with the experimental measurements [24]. It is to be noted that no

fitting parameters are used in the D0X simulations. As the E-field is increased, the

transition energy drops gradually untill an abrupt drop is witnessed at F=1 MV/m

due to field ionization. Overall the transition energy decreases with E-field due to

both the reduced Coulomb energy and the reduced energy difference between the

single particle orbital energies in the CB and in the VB.

A reduced transition energy with E-field, however, does not mean that the D0 to

D0X transition becomes more likely. The transition probability is governed by the

dipole moment between the wavefunctions which depends strongly on their spatial

overlaps. Using eq 7 of the SM, we evaluated the transition dipole moment of the

D0X in Fig. 6.2b) on the right vertical axis. It is shown that the dipole moment
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is large at low E-fields and close to the F=0 value, but decreases rapidly by orders

of magnitude near F=1 MV/m. As the hole and one of the electrons are ionized to-

wards opposite surfaces, the spatial overlap of the wavefunctions of the three particles

diminish abruptly, making the D0 to D0X excitation unlikely.

|Ψ |
210 nm

e1: 1 MV/m e2: 1 MV/m

e1: 2 MV/m e2: 2 MV/m

e1: 0 MV/m e2: 0 MV/m h: 0 MV/m

a) b) c)

d) e) f )

g)

h)

i)
h: 2 MV/m

h: 1 MV/m

Fig. 6.4. Wavefunction probability density (|ψ|2) of the two electrons
(column 1 and 2) and the hole (column 3) plotted separately for a
bulk-like donor. Each row shows |ψ|2 for a specific E-field. a-c) are
for F=0, d-f) for F=1 MV/m, and g-i) for F=2 MV/m.
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Fig. 6.4 shows the spatial probability densities of the electron and hole wavefunc-

tions with an E-field applied along the vertical direction.The first row depicts the

probability distributions (a-c) without an E-field, showing the electrons to be tightly

bound to the donor as in the D− state [41]. Since the hole experiences a weak negative

potential of the two electrons, its probability distribution spreads out over a larger

region, but is still far from the edges of the bounding box. Hence, the use of 30 nm

× 30 nm × 30 nm box to represent the bulk-case is justified. The hole wavefunction

assumes a more p-like structure as shown by the lower density at the core (green) and

a larger density rim (red) surrounding it. As a vertical E-field of 1 MV/m is applied

in the second row, one of the electrons remains donor bound (d), while the other

electron is pulled opposite the E-field towards the top surface (e). The hole, on the

other hand, is pushed towards the back surface in a direction along the E-field (f).

Hence, the overlap between the three particles decreases. However, both the electrons

and the holes still have some density at the core, showing that the ionization at this

field is only partial. The 3rd row shows the complete ionization case at a large E-field

of 2 MV/m, in which the electron (h) and hole wavefunctions (i) are fully localized

near the surface. At even larger biases, the donor bound electron (g) will eventually

also ionize to the surface, but this regime is not pertinent to this work.

Next, we investigate the Stark effect of the D0X when the donor is closer to

a surface, which is more representative of a realistic device. It was shown in prior

works [56] that a single electron bound to a donor in silicon can undergo strong orbital

Stark shift if the donor depth D from the surface is small (typically < 6 nm). In this

case, a large E-field can be applied without completely ionizing the donor electron.

At these relatively large E-fields, the donor orbitals hybridize with the confined states

of the triangular well at the surface, resulting in a gradual (non-abrupt) ionization

process.

Fig. 6.5a) shows the three-particle Coulomb energy for the D0X when the donor

is at 4.2 nm depth from the surface. The Coulomb energy is still in the sub 40

meV range, but decreases slightly below the bulk value at F=0. The high potential
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Fig. 6.5. a) Coulomb energy of D0X for a donor 4.2 nm from an
interface as a function of E-field. b) Transition energy (left) and
dipole moment (right) for the same.

barrier at the surface not only truncates part of the wavefunction but also pushes the

asymmetric charge densities a bit off the donor center with the electron wavefunctions

slightly shifting deeper into the lattice and the hole wavefunction moving closer to the

surface. The Coulomb energy is maximum when the electron-hole charge densities are

centered around the donor core, but decreases when the electron-hole wavefunctions

are displaced from the donor core. A small applied E-field acts against the surface

potential and pulls the electron-hole densities towards the donor core. Hence, the

Coulomb energy is seen to increase at low E-fields and reaches a maximum of 39

meV. A larger applied field now pushes the electrons towards the surface and holes

away from the surface (acting opposite the E-field due to the surface potential), and

decreases the Coulomb energy monotonically. Unlike the bulk case, the ionization

process is gradual (non-abrupt), and the Coulomb energy curve appears smooth even

when the hole and one of the electrons ionize at about 10 MV/m. Fig. 6.5b) also

shows the transition energy and dipole moments as before, however, these curves
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are also relatively smoother as the larger E-fields cause a gradual ionization of the

electrons and holes.

The ionizing field for the D0X is depth dependent. Ignoring the donor potential

and the inter-particle interactions, the potential drop between the donor location and

the surface for electrons and holes is qFρe,h, where, ρe is equal to the donor depth,

D, and ρh equals the distance to the opposite surface, W − D, in which W is the

thickness of the channel. Hence, even for a donor close to an interface (small D) the

D0X disassociates already at moderate field strengths by removal of the hole if W is

large compared to D. This is qualitatively different from field ionization of the D0

and D− states [41, 56].
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Fig. 6.6. a) D0X hole splitting with E-fields for a bulk and a sub-
surface dopant. b) Hyperfine resonance frequencies (HRF) of a P
donor below a depth D from the silicon surface with applied electric
fields.

In Fig. 6.6, we investigate the other two energy gaps, ∆H and ∆A, that influence

the D0 to D0X transition energy, as shown in Fig. 6.2b). The proximity to an interface
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and/or the presence of an applied field changes both the LH and HH splitting ∆H,

and the hyperfine resonance energy ∆A. Fig. 6.6a) shows that ∆H increases with

E-field both for bulk and interface donors, as the mJ = ±3/2 and mJ = ±1/2 states

are affected differently, which is consistent with recent studies of Boron acceptors in

silicon [95]. Fig. 6.6b) shows the variation of the hyperfine coupling with E-field for

donors at various depths. The shift in the hyperfine coupling from a bulk donor can

be directly evaluated using the amplitude of the D0 wavefunction at the donor site,

as done in Ref [35]. A for bulk-like donors (D=15.2 nm) varies from the bulk value

of 117 MHz at small fields before abruptly diminishing to 0 as the donor ionizes. In

contrast, A for donors nearer to an interface can assume a continuous range of values

(117 to 0 MHz) depending on the field as the ionization process is gradual. Also,

much higher fields in the range of 10-40 MV/m can be applied to donors less than 5

nm deep without completely ionizing the D0 electron.

There are two factors which we have ignored here, as they lie beyond the scope

of this work. First, we have neglected exchange and correlation effects, and treated

the problem within the Hartree approximation for computational feasibility. There is

a 5 meV difference between the calculated and measured bulk transition energy [24],

as shown earlier, which could be due to this approximation. More justification of

this approximation is provided in the SM. Second, some residual strain has been

reported recently in nanodevices close to the oxide-silicon interface [96]. Although

we have not included the effect of local strain in the calculations as it may vary from

device to device, qualitatively the effect of strain is similar to that of the electric

field. The strain may cause valley-repopulation of the donor, and reduce the weight

of the electronic wavefunction in the central-cell. As a result, strain will reduce both

the Coulomb energy ∆E and the hyperfine coupling ∆A. In addition, strain removes

the light and heavy hole degeneracy, and enhances ∆H, which has been shown in

Ref [25].
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6.4 Conclusion

We have shown that electric fields and interfaces can affect the transition energies

and dipole moments of donor bound excitons in nanodevices quite significantly, and

optical addressing techniques for donor qubits need to be aware of these changes

to be successful. We have also performed the first atomistic electronic structure

calculation of the donor bound exciton in silicon taking into account the full band

structure and full donor energy spectrum using spin-resolved atomic orbitals of over

a million atoms, and have obtained the three-particle Coulomb energy, hyperfine

and hole splittings, all of which contribute to the D0X transition energy. A detailed

understanding of the range of excitation frequencies possible in nanoscale devices and

the environmental conditions needed for a stable D0X helps to extend the optical

addressing methods from bulk ensembles to single donor qubits, and may also enable

hybrid opto-electric addressing of nuclear spins in silicon with improved fidelity and

possible higher temperature operation.
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7. SUMMARY AND OUTLOOK

In this work, we provide novel approaches and considerations for designing and op-

timizing donor-based spin qubits in silicon, in terms of characterization, single- and

two-qubit operations, electrical control of spin, spin readout based on quantum tun-

neling and opto-electric hybrid approach. The work is based on the well calibrated

atomistic quantum modeling approach that can capture the full band structure of

silicon and the electronic structures of donors in silicon. With this approach, we

are able to provide designs with quantitative guidelines, which is helpful for future

experiments.

Looking forward, there are several directions to further pursue in order to help

experimentalists build better donor-based spin qubits in silicon using an atomistic

quantum modeling approach:

1) Realistic qubit coherence time calculations. In chapter 4, we develop a method to

calculate the decoherence time of electrically controlled donor qubit by using atom-

istic wavefunctions. In this method, the noise power spectrum is estimated based

on existing experiments, but is not calculated directly from the device components

in the simulation. Including the noise spectra of different device components such

as top metal gates, in-plane gates, single electron transistors, and their influences on

the coherence times directly in simulations would help in design, feasibility valida-

tion and optimization of scaled-up multiple-qubit devices with all these components

present. The noise model development would involve calibration with experimental

measurements of noise spectra for different components.

2) Scalable multiple-qubit modeling. In chapter 3, we propose a two-qubit design

that is alternative to the Kane architecture. The design is relied on electron-electron

exchange calculation based on an atomistic full configuration approach, which is com-

putationally expensive. In practice, we can extend the atomistic FCI simulation to
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three qubits, but simulations of over three qubits could be very challenging. Therefore,

for designing a quantum computer that has many qubits with the help of modeling

and simulations, an approach that is more compact and less computationally expen-

sive is needed, which will assist and accelerate the design and experiment iterations.

Without losing accuracy, the compact model would be based on a large amount of

atomistic simulation results (e.g. binding energies, tunnel couplings, exchange cou-

plings, etc. and their dependencies) as the design basis, and also be able to project

unknown parameters by using the existing data and regression or advanced machine

learning algorithms. This would break the computation bottleneck of the existing

method, and enable the design and modeling of many-qubit devices.

3) Quantum algorithm simulations based on an atomistic approach. If the atomistic

approach based compact model envisioned above can be realized, with imperfections

(e.g. noise) and error correction mechanisms included, we would further pursue quan-

tum algorithm simulations (e.g. Shor’s algorithm for factorization used in cryptog-

raphy) in realistic environments. The idea is to treat the whole qubit system as a

black box which is described by the compact model, the dc and ac gate biases and

their time dependencies as the input, and the quantum states of the qubits as the

output. The time evolution of the effective Hamiltonian described in chapter 4 could

serve as a premature version of this approach. A more sophisticated approach would

help in validating the feasibility of physical or experimental realization of a quantum

algorithm and its further optimization.
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A. TIGHT BINDING APPROACH AND FULL

CONFIGURATION INTERACTION METHOD

In our TB approach, the full Hamiltonian of silicon and donor atoms is represented

by the sp3d5s∗ atomistic basis with nearest neighbor interactions [89]. This method

expresses the single electron wavefunction as a linear combination of the atomic or-

bitals. For a silicon unit cell, the model reproduces the full band structure including

the correct conduction band and valence band extrema, effective masses, and band

gap [37]. A donor is modeled by the Coulomb potential of a positive charge screened

by the silicon dielectric constant, and an onsite cut-off potential U0, which is adjusted

to reproduce the ground state binding energy of 45.6 meV below the conduction band

for a P donor in Si [35]. It has been shown in earlier works that this model captures

the central-cell correction, and produces correct wavefunction symmetries and en-

ergy splittings of the donor states [39]. The computed ground state wavefunction

also showed excellent agreement with real and momentum space images of the donor

obtained by STM experiments [40]. Using this model, the single electron molecular

orbitals of the two donors are obtained by

H1,2 = H0 +HL +HR + e ~E · ~r, (A.1)

where H1,2 represents the single electron Hamiltonian for electron 1 or 2, H0 is the

crystal Hamiltonian of millions of Si atoms, HL and HR are the left and right donor

potential energy respectively, and the last term is the potential energy of a detuning

electric field ~E. The eigen problem HiΨ = εΨ is solved by a parallel block Lanczos

algorithm to obtain a set of molecular orbitals of the P-P+ system, {Ψ1,Ψ2, ....,Ψm}

corresponding to energies {ε1, ε2, ...., εm} where the index goes from the ground state

1 to the excited state m.
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Using the m molecular orbitals, all possible two-electron Slater determinants (SD)

are constructed to represent non spin-adapted anti-symmetric electron configura-

tions of electrons occupying molecular orbitals i and j as SDij = 1√
2
[Ψi(~r1)Ψj(~r2)−

Ψj(~r1)Ψi(~r2)], where ~r1 and ~r2 are the coordinates of electron 1 and 2. We employ

a full configuration interaction (FCI) scheme, which means that we include all pos-

sible single and double excitations of the system for the two-electron problem. We

found that about 12 single electron molecular orbitals (24 spin states) are needed to

achieve convergence, which leads to the number of SDs being C2
24. The two-electron

Hamiltonian is given as

H2e = H1 +H2 +
e2

4πε(|~r1 − ~r2|)
1

|~r1 − ~r2|
, (A.2)

where the last term denotes the Coulomb interaction between electrons 1 and 2 with

the dielectric function being ε(|~r1 − ~r2|). If this term is evaluated in the basis of the

SDs, the familiar Coulomb (C) and exchange (K) integrals are obtained, as follows,

〈SDij|
e2

4πε(|~r1 − ~r2|)
1

|~r1 − ~r2|
|SDpq〉 = Cij,pq −Kij,pq, (A.3)

where i, j, p, q ≤ m. The first and the second terms on the right hand side are the

Cij,pq and Kij,pq integrals:

Cij,pq =

∫∫
d~r1d~r2Ψ

∗
i (~r1)Ψ

∗
j(~r2)

e2

4πε(|~r1 − ~r2|)
1

|~r1 − ~r2|
Ψp(~r1)Ψq(~r2), (A.4)

Kij,pq =

∫∫
d~r1d~r2Ψ

∗
i (~r1)Ψ

∗
j(~r2)

e2

4πε(|~r1 − ~r2|)
1

|~r1 − ~r2|
Ψq(~r1)Ψp(~r2). (A.5)

The solution of Eq. A.2 in the basis of SDs yields the total energies and wavefunctions

of the two-electron system. The computed wavefunctions are spin singlets and triplets.

The wavefunctions appear as linear combinations of SDs with coefficients cij, given

as Ψ2e =
∑

i,j cijSDij, where i, j ≤ m and i 6= j.
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B. MITIGATED EXCHANGE OSCILLATIONS IN 2P-1P

QUBITS: WAVEFUNCTION OF 2P CLUSTER AND ITS

VALLEY RE-POPULATION

The exchange oscillations directly arise from the spatial oscillations of the wavefunc-

tions due to the valley components. A further analysis of the atomistic wavefunction

of the 2P cluster shows that several factors contribute to making the wavefunction

smoother, which in turn suppresses the exchange oscillations. In particular, the 2P

cluster wavefunctions have 1) excited orbital contributions, 2) Reduced Bohr radii,

and 3) reduced X-Y valley weights, as shown below.

Fig. B.1. Donor locations of three systems (a), (b) (single donors), and
(c) (a 2P cluster). The squares represent the silicon atoms on the (001)
atomic plane and the white filled circles labeled a and b represent the
substituting P atoms. The origin is defined as O. a0/

√
2=0.384nm,

where a0 is the lattice constant of silicon (∼0.543nm).

To explain the mitigated exchange oscillations in 2P-1P qubits, we analyzed the 2P

wavefunction by decomposing it into isolated single donor wavefunctions. The three

systems shown in Fig. B.1(a), (b) and (c) are studied. We solved the ground-state

wavefunctions of these three systems using atomistic tight-binding approach, and

denote these as |Ψa〉,|Ψb〉 and |Ψ〉 for (a), (b), and (c) respectively. We define the ideal
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bonding state formed by |Ψa〉 and |Ψb〉 as |Ψab〉, where |Ψab〉 = 1/
√

2(1 + S)(|Ψa〉+

|Ψb〉) (S is the overlap integral: S = 〈Ψa|Ψb〉). We evaluated |〈Ψ|Ψab〉|2 = 0.838,

which indicates that ∼84% of the 2P wavefunction is composed of the 1s(A1) ground

states of two isolated donors (Fig. B.1(a) and (b)), and the other ∼16% is composed

of higher orbital states.

Secondly, using the Kohn-Luttinger formula, the 2P electron wavefunction can be

expressed as [97]:

Ψ2P (x, y, z) =
1√

2(1 + S)

±x,±y,±z∑
µ

αµuµ(~r)√
π/R3

B(2P )
[e−|~r− ~ra|/RB(2P )ei

~kµ(~r− ~ra)

+ e−|~r−~rb|/RB(2P )ei
~kµ(~r−~rb)], (B.1)

where µ is the index of the six conduction band valleys (x,y,z) of silicon, αµ is the

corresponding weight of the valleys, RB(2P ) is the Bohr radius of the 2P cluster

(assumed to be isotropic here for simplicity), kµ is the corresponding wave vector of

the valleys, ~r is the position vector, ~ra, ~rb denotes the positions of the two donors,

and uµ(~r) is the Bloch function. The oscillations are damped by the factor e−r/RB(2P )

because of the reduction of the Bohr radius of a 2P cluster (∼1nm) compared to a

1P donor (∼2 nm) computed from atomistic tight-binding approach [42].

Fig. B.2. The momentum space components of |Ψ〉.



84

Thirdly, we also plot the momentum space components of the 2P wavefunction

|Ψ〉 in Fig. B.2. As can be seen, the weights of the z-valleys are dominant as shown

by the brighter colors of the z-valleys compared to the x- and y- valleys while the x-

and y-valley contributions are relatively suppressed. As a result, the wavefunction

components containing eik±zz contribute the largest to the overall wavefunction. A

displacement of the other (1P) donor on the X-Y plane affects the x- and y-valley

components. Since the dominant interference terms do not arise from these compo-

nents, the exchange oscillations are suppressed as a function of donor separations in

the X-Y plane.
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C. COMPARISON OF TUNING EXCHANGE COUPLING

WITH KANE’S J-GATE AND DETUNING GATES

In this section, we demonstrate the exchange tunability of the 1P-1P and 2P-1P

systems in realistic gated device structures as shown in Fig. 3.1. We compare the

Kane device (Fig. 3.1a) and the detuning gate designs (Fig. 3.1b and c). In Fig.

3.1a, the widths of the A-gates and the J-gates are 6 nm. The dark red region is a

SiO2 layer with 3nm thickness. The light pink region is undoped silicon that hosts the

donor qubits. The donor qubits are separated by 15 nm, and placed ∼10 nm below the

Si/SiO2 interface directly beneath the center of each A-gate. To tune the exchange

coupling, the J-gate bias is varied from -1 V to 1 V while the A-gates are grounded.

The electrostatic potential of the device is solved by a technology computer aided

design tool Sentaurus [59] and then coupled to the atomistic TB-FCI calculations.

Fig. C.1(a) shows the exchange coupling of the 1P-1P and 2P-1P systems as a function

of the J-gate bias. By applying negative biases, the exchange coupling first decreases

(0 V to -0.6 V) as the two electron wavefunctions are pushed apart, resulting in a

reduction of the wavefunction overlap. Then the exchange coupling reaches a plateau

(-0.6 V to -1 V) as the overlap of the wavefunctions is not affected by the negative

potential and is largely determined by the spatial separation of the two qubits. With

positive J-gate biases, the exchange coupling first increases (0 V to 0.5 V) because

the wavefunctions are pulled toward the J-gate, and the overlap increases as a result.

By further increasing the J-gate bias, for the 1P-1P system, the exchange coupling

first decreases (at 0.6 V) because one of the donor electrons is ionized to the Si/SiO2

interface whereas the other one is still bound. Then the exchange coupling drastically

increases (0.7 V to 1 V) because both electrons are ionized to the interface causing

the overlap to increase sharply. However, in this regime, the interface electrons are

not distinguishable any more and cannot be utilized as qubit electrons. For the 2P-1P
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system, the exchange coupling starts decreasing at 0.6 V as the 1P electron is pulled

to the interface while the 2P electron is still bound. The interface electron is prone

to interface defects and gate noise, which can significantly undermine the coherence

time and the qubit performance. We are only interested in the donor-bound regimes

where the exchange coupling can only be tuned by a factor of ∼30 (-1 V to 0.5 V)

under Kane’s architecture for both the 1P-1P and the 2P-1P systems.

Fig. C.1. Comparison of the tunability of exchange coupling with
Kane’s structure and detuning gate structures. (a) Exchange energy
as a function of J-gate biases for the 1P-1P and the 2P-1P systems.
The two qubits are separated by 15 nm in the [100] direction. The
corresponding device structure is shown in Fig. 3.1a in the main text.
(b) Exchange coupling as a function of top-gate biases for the 1P-1P
and the 2P-1P systems. The two qubits are separated by 15 nm in
the [100] direction. The device structure is shown in Fig. 3.1b in the
main text.

In comparison, we also investigate the exchange tunability with top and in-plane

detuning gates. In Fig. 3.1b, G1 and G2 are two top gates that are 6 nm wide. The

donor qubits are placed beneath the center of G1 and G2, respectively. They are

separated by 15 nm and buried ∼10 nm below the Si/SiO2 interface. Gate biases of

opposite polarity are applied on G1 and G2 to detune the system. Fig. C.1(b) shows

the exchange coupling as a function of the detuning gate biases in both the 2P-1P
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and the 1P-1P systems. For the 2P-1P system, a similar exchange tunability (5 or-

ders of magnitude) as the uniform field detuning case (shown in Fig. 3.3 of the main

text) is obtained. We find that the in-plane detuning gate structure (Fig. 3.1c) pro-

vides similar tunability as well (not shown). For the 1P-1P system, spatially varying

electric fields applied from the top gates can tune the exchange coupling by a factor

of ∼50 (from 0.13 GHz to 53.4 GHz) as shown in Fig. C.1(b). Compared with the

uniform field detuning case (tunability of a factor of 5), the top-gate structure is more

promising. The exchange tunability in the 1P-1P system will therefore be limited by

the magnitude of the electric field realizable in practice. Better performance could

possibly be achieved with more rigorous device geometry and control optimization.

In summary, the J-gates in Kane’s architecture provide limited exchange tunabil-

ity for both the 1P-1P and the 2P-1P systems. Larger exchange tunability can be

achieved with the detuning gate scheme proposed here. This work therefore provides

useful two-qubit design guidelines for future donor qubit experiments.



88

D. SPECTRUM FUNCTIONS OF CHARGE NOISE

FIELDS

Following Ref. [75], we investigate three types of charge noise. The 1/fα noise field

spectrum is expressed as:

SE(ω) =
N

ωα
, (D.1)

where N is the noise field strength in (V/m)2. In this work, we estimate N based on

Ref. [73], where the root-mean-square electric field noise is Fr.m.s = 46 V/m. Then

N = (
√

2Fr.m.s)
2 = 4232 (V/m)2. We assume the bandwidth starts at 0.1 Hz also in

line with Ref. [73], and α = 1 in the calculations.

The Johnson noise field spectrum is:

SE(ω) =
2ξωh̄2

1 + (ω/ωR)2
/(el0)

2, (D.2)

where ξ = R/Rk, Rk is the fundamental quantum resistance h/e2, R is the circuit

resistance, and ωR = 1/RC is the cutoff frequency. R is estimated based on Ref. [76].

In this work, we assume the gate length (lg) is 100 nm and the gate width is 6 nm

(w) which leads to 18 conducting modes (M , number of modes) [76]. As estimated

in Ref. [76], the mean-free-path (λ) of such a wire is ∼6 nm. Hence, R in this work

is calculated by 1/R = e2/h ·M · λ/(λ + lg). l0 is the distance between the qubit

and the noise source, and we assume l0 = 65 nm based on experimental devices [65].

C is estimated based on Ref. [77], where the donor-gate capacitance is 0.6 aF for a

separation ∼35 nm. Therefore, C in this work is evaluated as 35nm/65nm ·0.36aF =

0.17aF .

The evanescent wave Johnson noise (EWJN) field spectrum can be expressed as:

SE(ω) =
h̄ω

8z3σ
, (D.3)



89

where σ is the conductivity of the gates. We extract σ from Ref. [76] where the wire

length (lw) is 47 nm. We assume the thickness of the wire (tw) to be 2 nm considering

donor diffusion and segregation, then the conductivity can be expressed as 4.8 e
2

h
lw+λ
w·tw .

Fig. D.1. Comparison of the effects of Johnson noise, evanesant wave
Johnson noise and 1/f noise on the decoherence rate 1/T ∗2 . The 2P-1P
separation R ≈ 13 nm and the applied static B-field is 0.5 T.

In Fig. D.1, we compare the effects of the three types of charge noise stated

above on the decoherence rate 1/T ∗2 . As can be seen and stated in the main text,

T ∗2 is limited by Johnson noise. EWJN is at least 2 orders of magnitude lower than

Johnson noise, and 1/fα noise is negligible, which is consistent with Ref. [75].
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