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ABSTRACT 

Miao, Kai. Ph.D., Purdue University, May 2017. Quantum Thermal Transport in 
Semiconductor Nanostructures. Major Professor: Gerhard Klimeck. 
 
 
 

Modern semiconductor devices scale down to the nanometer range. Heat dissipation 

becomes a critical issue in the chip design. From a different perspective, energy 

conservation has attracted much of attention from researchers. The essence of heat 

dissipation and energy conservation is the heat transport. Thermal properties of 

semiconductors have been under intense investigation in recent decades. Classical models 

fail to consider the quantum effects in devices on the scale of nanometers. First-principle 

methods only can deal with small devices and is computationally intensive. Instead, a 

modified valence force field (VFF) model is applied to reproduce the phonon properties 

of different materials and devices. Phonon transport is explored using the Green’s 

functions. The concept of a Büttiker probe model is first used to mimic the scattering 

mechanisms in phonon transport. This energy conservation model is straightforward and 

efficient in describing scattering. In the quasiparticle approximation, phonon scattering 

will cause a phonon energy shift. This energy shift is represented by the scattering self-

energy in a retarded Green’s function. Phonon lifetime is extracted from the scattering 

self-energy expression. Different relaxation time approximation (RTA) models are 

studied and coupled with the phonon Green’s function method for the first time. We 

prove that the widely used and proven RTA models in the Boltzmann transport equation 

(BTE) survive in the atomistic Green’s function method. 

This method can give accurate thermal properties agreeing closely with the 

experimental results for bulk devices. This atomistic method can also consider quantum 

confinement effects at the nanoscale. The heat transport across a Si/Ge interface is 

introduced in this work as an example for this application. The heat transfer across 

metal/semiconductor (MS) interfaces is investigated as well. Relaxation at the interface 
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can be done in two different ways. Using VFF model to relax the interface and the 

second, using DFPT tool to relax the structure. Both methods show that thermal 

conductance increases after relaxation. The local temperature can be extracted for 

studying heat transfer. Our model shows that interfacial resistance is largely independent 

of the scattering rate and device length. Comparisons between our model and other 

models are introduced. The results show that the deviation is due to the interatomic force 

constant and scaling effects. 

Next, we introduce a new self-consistent electron-phonon coupling model. This 

model is still based on the concept of Büttiker probe and can capture the energy exchange 

from electrons to phonons. Proper scattering models are chosen for the Si and Ge. The 

simulation results show that in the normal case, the effect of electron-phonon scattering 

in the semiconductor is limited. For study purposes, we increase the scattering strength to 

understand the effect of large scattering rates on the overall transport simulation. 

Generally, temperature changes more rapidly as long as we include electron-phonon 

coupling. 

Finally, a summary is presented as well as an outlook for future work. The main 

improvement will be to implement the recursive Green’s function with the Büttiker probe 

model. 
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1. INTRODUCTION 

1.1. A Brief History of Heat Transfer 

The heat transfer study is related to the physics of energy transport. It includes many 

aspects such as thermoelectricity, thermal fluctuation, harmonic oscillation, and phonon 

thermal conductivity. A chronological overview of heat transport physics can be found in 

Ref. [1]. A brief history of contributions toward heat transfer physics is introduced in this 

section. It includes some main theories and developments before the 1950s. In the next 

section, I will review some recent research on heat transfer physics. 

 Fourier’s law of heat conduction has been used to describe the diffusion of internal 

energy and collisions of particles or quasi-particles in a system [2]. Boltzmann introduced 

the method by using mechanics and statistics to model the heat conduction, entropy, and 

other thermodynamic properties. He derived the relationship between entropy and 

probability [3]. Later, Plank found that energy is quantized, which means energy has a 

minimum value and this value is a discrete unit of energy. This minimum energy is called 

quantum [4]. The Schrödinger equation is used to describe the evolution of quantum 

states of a physical system. The concept of the wave function is a fundamental postulate 

of quantum mechanics. The solutions of the Schrödinger equation describe not only 

molecular, atomic, and subatomic systems but also macroscopic systems [2]. Debye 

developed a theory of specific heat capacity based on lattice vibration. This theory is 

efficient in describing the thermal properties in classical heat transfer regime [5]. 

Landau’s theory is used to model the properties of the superthermal conductor, liquid 

helium [5]. Green and Kubo developed the fluctuation-dissipation theory of transport 

coefficient. They gave an exact expression for the linear transport coefficients that is 

valid for systems of arbitrary temperature and density [6]. Callaway introduced a 

relaxation-time model, which considers the phonon-phonon Normal processes and 
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Umklapp processes, to calculate the lattice thermal conductivity that matches well with 

experimental results [7]. Holland extended this single-mode relaxation-time model with 

more scattering mechanisms included in his model [8]. 

1.2. Heat Transfer Research 

Heat transfer physics explains the transport, storage, and transitions of energy 

carriers, which include phonons, electrons, fluid particles, and photons. Here, our main 

interests are the phonon and electron thermal transport. The Fourier law describes the 

thermal transport of electrons and phonons. In the case of phonon transport, the thermal 

energy transfers diffusively if the length of the system is much longer than the phonon 

mean free path. Phonons will encounter resistance that is controlled by inter-phonon 

scattering, phonon impurity scattering, and phonon grain boundary scattering. On the 

other hand, the thermal energy transport is in the ballistic regime if the system length is 

way shorter than the phonon mean free path. There will be no resistance except at 

boundaries. Electron movement also transfers the thermal energy. This mechanism is 

controlled by the electron mean free path. Electron transport will encounter resistance 

brought about by electron-phonon scattering and electron-impurity scattering. For 

example, the electrical conductivity in metals is high enough to cause Joule resistive 

heating [1]. 

Different theories and models are applied to treat the thermal transport. Fig. 1.1 

shows regimes of application of Schrödinger equation, classical molecular dynamics 

(MD) simulation, Boltzmann transport equation (BTE), and macroscopic energy 

equation. The Schrödinger equation based method uses the atomic scale units rB and τa, 

where rB is the atomic length unit (Bohr radius of the electron in hydrogen atom) and τa is 

the atomic time unit. MD simulation uses interatomic interaction units that are the 

distances between the nearest neighbors rnn and τn=π/ωn, where ωn is the natural 

frequency of atomic vibration. BTE method uses the length scale of many atoms and the 

particle collision relaxation time. The macroscopic energy equation uses length scale 

much larger than the phonon mean free path and time scale much larger than the particle 

relaxation time. In this thesis, a method that uses Green’s function with relaxation time 

approximation is developed. This model uses the interatomic interaction units that are the 



 

 

 

3 

distances between the nearest neighbors and the time scale of the particle collision 

relaxation time.  

 

Fig. 1.1. Length-time scale regions for ab initio, MD, Boltzmann transport, and 
macroscopic treatments of heat transfer. This figure is based on the conclusion from [1]. 

Ab initio methods can be used to extract the lattice thermal conductivity. Ref. [9] and 

Ref. [10] introduced a method combining an iterative solution of the phonon Boltzmann 

equation with harmonic and anharmonic interface potentials obtained from ab initio 

density function perturbation theory (DFPT) calculations. The advantage of this method 

is that it can predict the lattice thermal conductivity that invokes no adjustable parameters 

and is valid over a wide temperature range around room temperature. However, this first-

principles method can only be applied to a system of a few atoms. It is difficult to use this 

method to simulate the thermal transport in a realistic device.  

MD simulation can provide valuable insights into the thermophysics and transport 

mechanisms in the system. Molecules in the simulation move according to the Newton’s 
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laws of motion, which means MD is a classical method. Interatomic forces are described 

using parameterized Tersoff empirical potentials. MD method can predict the thermal 

properties of different materials and structure [11][12][13]. However, MD method has its 

limitations. It is computationally intensive and classical in nature, the empirical potentials 

involved in MD limit the accuracy, and it is difficult to explore the detailed phonon mode 

behavior [12][14][15]. The intrinsic quality of classical motion makes MD models more 

suitable for high temperatures, typically way higher than 300K. 

BTE method is a statistical treatment of particle collisions. It defines a particle 

probability distribution function that denotes its position and momentum at one specific 

time. The scattering rate of particles describes their collision with each other. If the 

collision happens inside one specific carrier, the mechanism is called elastic scattering. 

Otherwise, the scattering mechanism is inelastic that there is an energy exchange between 

principal carriers. The relaxation time approximation (RTA) model is extensively used to 

describe the scattering rate in BTE method. Several scattering mechanisms have been 

investigated to model the heat transfer, including phonon grain boundary scattering, 

phonon impurity scattering, phonon-electron scattering, and phonon-phonon scattering 

(normal processes and Umklapp processes). Fig. 1.2 shows the regimes of different 

scattering mechanisms in a conductivity vs. temperature plot [1] [16]. Most of the work 

about BTE thermal transfer is based on the studies of Callaway [7] and Holland [8]. BTE 

method can be applied to either a quantum or classical system. However, RTA is derived 

under the assumption of elastic scattering, but the anharmonic phonon-phonon scattering 

is an inelastic scattering process. 

In this section, different theories and models for thermal transport are introduced. 

Each model has its advantages and disadvantages. The most important point in this 

section is that we need to understand the background of thermal transfer then choose and 

extend the thermal models appropriately. 
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Fig. 1.2. Regimes of important phonon-scattering mechanisms shown on a phonon 
conductivity vs. temperature plot [16]. The thermal conductivity is mainly contributed by 

boundary scattering under low temperature, While phonon-phonon scattering and 
impurity scattering dominate under high temperature. 

1.3. Heat Transfer in Nanostructures with Green’s Function Methods 

As we discussed in the previous section, the BTE model is widely used in describing 

a variety of semiclassical transport phenomena. It uses Newton’s law together with 

random scattering forces. Nonequilibrium Green’s function (NEGF) methods combine 

quantum dynamics with a statistical description of the dissipative interactions. The NEGF 

method has been applied to electron transport and proven to be more powerful with 

electron-electron scattering or electron-phonon scattering in nanoscale simulations 

[17][18][19].  

The NEGF method is widely used in phonon transport as well due to its versatility 

and flexibility in treating the quantum heat transport efficiently. NEGF method has been 

applied to the ballistic phonon transport in Si/Ge heterostructures [20]. It successfully 

obtains the G~T3 relation between thermal conductance G and temperature T (in the low 

temperature regime), unlike MD simulations. NEGF with ballistic transport is applied to 

simulate the heat transfer across a metal/semiconductor interface as well [21]. Interface 

roughness studies with the NEGF method show that the roughness partially destroys 
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coherent phonon transport, especially at high temperatures. Due to the competition 

between low-frequency coherent modes and high-frequency incoherent modes, the period 

length can be tuned for the Si/Ge superlattice to get a minimum thermal conductivity. 

Again, scattering mechanism is not considered here [22]. Within the quasiparticle 

approximation, phonon frequency shift and lifetime are derived from the retarded 

scattering self-energy [23]. This work covers both ballistic and diffusive limits. However, 

it is applied to simple one-dimensional atom chain models. Another work introduces 

phonon-phonon interactions through inelastic scattering self-energies solved in the self-

consistent Born approximation in the NEGF method [15]. This model can reproduce 

thermal properties accurately. However, it needs to adjust force constants for anharmonic 

terms to match experimental results, which induces extra fitting steps. 

1.4. Thesis Outline 

As discussed in the previous sections, different thermal transport models have been 

developed to understand the heat transfer physics under different situations. The target of 

this thesis is to understand the heat transfer at the nanoscale where quantum mechanics 

should be considered. I will introduce the methodology of the electron and phonon 

transport in Chapter 2 and 3. The diffusive phonon model is the extension of the 

scattering model in the electron transport. I will then apply the model to study heat 

transport in homogeneous structures, including bulk and ultra-thin-body structures in 

Chapter 4. In Chapter 5, I will apply the model to simulate the transport in 

heterostructures and introduce a method to extract the interfacial thermal resistance. 

Chapter 6 shows the application of this model to the metal/semiconductor (MS) 

interfaces. In Chapter 7, a new self-consistent electron-phonon coupling model will be 

proposed. Chapter 8 will conclude the thesis and briefly discuss the future work. 

In Chapter 2, the electron transport with nonequilibrium Green’s functions is 

introduced. The basic Green’s functions are shown as well as the contact self-energy 

calculation. Then the Büttiker probe model is introduced for the diffusive transport study. 

I will show the concept of the virtual probe to mimic scattering mechanisms in the device 

simulation. Some applications and verifications will be shown as well. I will discuss the 

importance of the scattering terms in contacts. At last of this chapter, I will show two 
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application of Büttiker probe model with the effective mass approximation and the tight-

binding basis. 

In Chapter 3, I will introduce the methodology systematically. Two different 

harmonic strain models, Keating valence force field (KVFF) model and modified valence 

force field (MVFF), are applied to the full band phonon dispersion calculation. I compare 

the thermal properties using these two models. The conclusion is that MVFF model gives 

a more accurate phonon dispersion, force constant, and sound velocity, compared to the 

KVFF model. The reason is that MVFF model considers more neighbor atoms in the 

potential energy calculation. However, more fitting parameters are required. The MVFF 

also results in the need for a larger atom domain slowing down the transport calculation. 

We then extend the electron Büttiker probe to the phonon case. The differences between 

Green’s function of electron and phonon are discussed. Based on the quasiparticle 

approximation, I show the relation between the scattering self-energy and the phonon 

lifetime. The RTA models for different scattering mechanisms are introduced. These are 

widely used in the BTE model. I here combine the phonon NEGF method with RTA 

models. This is an efficient way to include scatterings in the NEGF method. A new 

method to extract the local temperature from the calculation is introduced at the end of 

this chapter.  

In Chapter 4, I apply the method to normal semiconductors. First, I show the thermal 

current calculation for ballistic transport. The result shows that the heat current has a T3 

dependence in the low temperature regime. The initial increase in heat current is a 

specific heat effect. As the temperature increases further, first the phonon-grain boundary 

scattering and the impurity scattering dominate; and then the phonon-phonon Umklapp 

process dominates. Thermal conductivity is extracted over all temperature regimes. Our 

simulation results match the experimental measurements well. The temperature profile of 

the system is explored with the capability of Büttiker probe model. The quantum contact 

thermal resistance and device resistance can be distinguished easily. The application of 

the phonon Büttiker probe model is applied to the thermal transport in ultra-thin-body 

devices. The boundary scattering model needs to be adjusted for ultra-thin-body devices. 
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In Chapter 5, I apply this method to Si/Ge heterostructures. Phonon dispersion 

mismatch is the main reason for the interfacial thermal resistance. Phonons are scattered 

and reflected at the interface. The model of this work allows considering the boundary 

scattering and impurity scattering as well. This work can solve the problem with periodic 

boundary condition more easily. Relaxation is considered in this work. The results show 

that the thermal conductance increases after relaxation. The reason is that relaxation will 

make the transition from one lattice constant to another more smoothly. This process can 

reduce the phonon dispersion mismatch. At last, the local temperature profile is extracted 

to calculate the interfacial thermal resistance. NEGF and MD methods are benchmarked 

against each other. In future, more rigorous models based on the Büttiker probe can be 

applied to treat much larger structures. 

In Chapter 6, I extend the method to heat transport across the MS interface. First, the 

phonon dispersion of TiSi2 (C54) using VFF model is fit. Then heat transport w/o the 

strain effect at the interface is studied. DFT method is used to relax the MS interface. 

This relaxed structure is then plugged into the NEGF method to simulate heat transport 

without scattering. The results show that the thermal conductance of a relaxed MS 

structure is higher than that of a perfect interface face. A preliminary study of the phonon 

Büttiker probe within the MS interface is shown. Heat conduction in the system is studied 

qualitatively.  

In Chapter 7, I develop a self-consistent electron-phonon coupling method to study 

the electronic and thermal transport in nanoelectronic devices. During the particle 

movement, electrons collide with crystal lattice. There will be energy exchange between 

electrons and phonons. The Büttiker probe model is applied to both electrons and 

phonons. Besides the charge conservation in the electron transport and the thermal energy 

conservation in the phonon transport, the total energy must also be conserved to make 

this simulation a self-consistent method. After the introduction of model details, I apply 

the model to a heterostructure. Results are discussed at the end of this chapter. 

In Chapter 8, I conclude the work and future work is proposed. A more efficient 

Green’s function algorithm with Büttiker probe is briefly introduced. Using this model, 
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the Büttiker probe method can handle a much larger device size to meet requirements of 

the industry in the future. 
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2. THE ELECTRON BÜTTIKER PROBE SCATTERING METHOD  

2.1. Introduction of The Nonequilibrium Green’s Functions 

In nanoelectronics device simulations, it is useful to consider nonequilibrium cases 

where a current is passed through nanoscale structures. The Non-equilibrium Green’s 

functions method can include dephasing processes into transport problems. It is critical to 

consider nonequilibrium cases where a current is passed through nanoscale structures. 

We restrict our attention to a system which is assumed to have reached steady-state 

behavior, eliminating the need to consider transient effects [24]. The NEGF formulism 

has been successfully applied to the nanodevice simulation, including the tunneling 

device [25], resonant tunneling diodes [26], and LED [27] device. In this thesis, we give 

a very brief introduction to the topic to be used within the Büttiker probe formalism later. 

Four different Green’s functions , , ,R AG G G G< >  and self-energy functions 

, , ,R A < >S S S S are introduced in Keldysh formulism. In Datta’s paper [28], some new 

notations are introduced , , ,n p in outG G S S . The relation between the standard notation of 

NEGF and Datta’s notation is: 

( , ', ) ( , ', )
( , ', ) ( , ', )
( , ', ) ( , ', )
( , ', ) ( , ', )

n

p

in

out

G r r E iG r r E
G r r E iG r r E
r r E i r r E
r r E i r r E

<

>

<

>

= -

= -

S = - S

S = - S

                                       (2.1) 

The newly introduced notation is straightforward to reflect physical meanings. The 

matrices , , ,n p in outG G S S  are Hermitian that all their diagonal elements are pure. The 

diagonal elements of iG<-  give the electron density. Similarly, iG>-  gives the hole 

density. The i <- S  and i >- S  functions are the in-scatterings and out-scatterings in the 

transport. The notation , , ,iG iG i i< > < >- - - S - S  or , , ,n p in outG G S S  allows us to track the 
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incomings and outgoings of particles. We need retarded (and advanced) Green’s 

functions ( , , ,R A R AG G S S ) to describe the dynamics of particles in the transport [28]. The 

retarded Green’s function is: 
1( )R RG EI H -= - -S                                           (2.2) 

The advanced Green’s function and the advanced self-energy are the Hermitian 

adjoints of the corresponding retarded functions: 

[ ] , [ ]A R A RG G + += S = S                                        (2.3) 

The retarded Green’s function describes the coherent transport when the particle is 

injected in the lead. The coherence disappears when the particle escapes from another 

lead or is scattered into a different state RG . The self-energy RS  describes the effect of 

the leads and the interactions on the electron dynamics. 

Another important function is the spectral function ( - )R AA i G G= , which represents 

the generalized density of states. The spectral function tells us the allowed electronic 

states in the device. Those allowed states are either occupied or empty. The electron and 

hole correlation functions nG  and pG  tell us the occupied or empty states. The electron 

correlation functions nG  should be proportional to the in-scattering function inS , and the 

hole correlation function pG  should be proportional to the out-scattering function outS  

[28]. So the correlation functions can be calculated as: 

,n R in A p R out AG G G G G G= S = S                                            (2.4) 

So far, we have introduced the basic electronic Green’s functions with two different 

notations. The Keldysh formulism is the standard notation that is widely used in the 

nonequilibrium transport. The Datta’s notation is more straightforward to reflect the 

physical meaning. Two notations are the same. We can choose the proper notation when 

dealing with specific problems. In the next section, we will introduce the calculation of 

contact self-energies. 
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2.2. Contact Self-Energy of Electron 

There are mainly three methods which are widely used recently for the self-energy 

calculation in the NEGF model, the direct iterative method, the Sancho Rubio method 

[33] and the transfer matrix method [34].  

The direct iterative method is very intuitive and straightforward to implement. 

However, this method has convergence problems in calculating the contact self-energy at 

the surface layer of a structure 

 
1

, 1 1 1,

( )R R
i i i
R R
i i i i i i

g EI H
T g T

-

- - -

= - -S

S =
                                               (2.5) 

The T matrices denote the coupling Hamiltonians between different slabs. The equations 

above need to be solved iteratively. It assumes that the boundary condition for contacts is 

periodic. After few iterations, the effect of the boundary reflection is small enough to be 

neglected. The average number of iterations is 50 [33]. Near the singularity energy, 

several hundreds of iterations are needed for convergence.  

For fast iterations, the Sancho Rubio method [33] can be used. This method iterates 

over contact blocks in an exponential manner. As a result, the convergence can be 

achieved within very few iterations. The equations are summarized as 
1

1 1 1

1
1 1 1

1 1
1 1 1 1 1 1 1

1
1 1 1 1

( )

( )

( ) ( )

( )

i i i i

i i i i

i i i i i i i i
s s
i i i i i

EI
EI

EI EI
EI

a a e a

b b e b

e e a e b b e a

e e a e b

-
- - -

-
- - -

- -
- - - - - - -

-
- - - -

= -

= -

= + - + -

= + - ,         

(2.6) 

Here the ε0 is the dynamical matrix of the contact, α0 and β0 are the coupling dynamical 

matrices connecting the contact to the device in the first iteration. The idea of the Sancho 

Rubio method is to treat the contact as semi-infinite that contains many repeating blocks. 

It starts from α0 and β0 which are the adjacent blocks. The next iteration skips the 

adjacent blocks and goes to the next block directly. Following the same procedure, the nth 

iteration skips over 2n blocks. This makes the convergence faster than the direct iterative 

method. The iterations continue until αi and βi vanish, and then the surface Green’s 

function is solved as 
1( )R s

ig EI e -= -   .                                              (2.7)  
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The self-energy is then solved using the converged surface Green’s function. The 

Sancho-Rubio method typically takes 30~40 iterations. The number of the iteration near 

the singularities roughly doubles. The Sancho Rubio method is used for the contact self-

energy calculation in the following chapters due to its efficiency and intuitiveness. 

Different from Sancho-Rubio method, the transfer matrix method [34] is a non-iterative 

method. This method is based on the solution of the eigenvalue problem of contacts. The 

transfer matrix method is more efficient than the iterative method introduced above [34]. 

However, our target in this work is to use the transport model to simulate diffusive 

transport, which means scattering mechanisms should be considered during the 

simulation. When scattering is added in the device region, the same scattering should be 

added in contact regions as well. Sancho Rubio method is suitable to consider scattering 

terms in contacts, which is the main reason the model is adopted in this work. 

2.3. The Electron Büttiker Probe Scattering Method 

In the previous sections, we have discussed how real contacts (e.g. the source and 

drain) are represented in the NEGF formalism. In this section, we will show how Büttiker 

probes are integrated into NEGF model in the same manner. We add Büttiker probes as if 

they were just another self-energy coupling to our system. However, there is one 

important difference between our virtual contacts and contacts that represent physical 

points of carrier injection. We will discuss this difference in the following sections. 

2.3.1. Nonequilibrium Green’s Functions with Scatterings 

In the ballistic limit of NEGF model, the carriers cannot redistribute their energy and 

momentum. The Büttiker probe method uses virtual contacts attaching to each atom to 

mimic the scattering events in the channel as depicted in Fig. 2.1. Both elastic and 

inelastic scatterings can be modeled using Büttiker probe model [31]. 



 

 

 

14 

 

Fig. 2.1 Process of the Büttiker probe calculations. Top: a Quasi-1D device with two real 
contacts shown in discretized segments. Middle: Modeling the semi-infinite contacts as 
self-energies coupled to the ends of the device. Bottom: Addition of Büttiker probe self-

energies to model scattering. We use a suite of Büttiker probes to create scattering 
mechanisms throughout the device. 

The Büttiker probes are virtual contacts introduced to model elastic and inelastic 

scattering mechanisms [32] efficiently. The retarded Green’s function of electrons can be 

calculated by: 
1( )R R BPG EI H -= - -S -S                                         (2.8) 

Where ,R R BP BP
c C c p P pÎ ÎS = S S S = S S , and C is the set of all real contacts; P is the set of 

all Büttiker probes in the system. The E term is used in the electron NEGF case. The 

H(E) is the Hamiltonian matrix which includes the electronic band structure information. 

The calculation of the contact self-energy R
cS  needs to be modified. The only 

modification needed is to add the scattering term into equations of 2.2. The details of this 

modification will be introduced in the next section.  

The G< is given by  
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†(E) G (E) (E) G (E)R RG< <= ×S ×                                       (2.9) 

† †
( )/

1( ) ( ),where
1B

c R R p BP BP
c C FD c c p P FD p p FD E k Tf f f

e µ
<

Î Î -S = -S × S -S -S × S -S =
-

     (2.10) 

The transmission function ( )EX  is given as a trace over the Green’s function of the 

center region and the coupling terms between the leads and the center 
†[ ]R R

mn m nTr G GX = G × ×G ×                                              (2.11) 

2.3.2. Current Conservation 

With the Green’s functions defined, the critical step of Büttiker probe approach is to 

maintain the charge and therefore the current conservation in each virtual contact. The 

virtual probes are not real contacts where carriers can exit and reenter the device. The 

concept of virtual probes is to affect the carriers by redistributing them in energy, 

momentum, spin, etc. In the following discussion, we will assume the probes are large 

enough to be in thermal equilibrium, so Fermi-Dirac statistics governs their carrier 

distribution. With the well-defined temperature at each probe, this model is advantageous 

because each probe's distribution is governed by a single parameter, its chemical 

potential.  

According to [32], there are two different current conserving methods, the 

momentum relaxing model and the energy relaxing model. The momentum relaxing 

model ensures current is conserved for a particular probe at a given energy. The name 

comes from the fact that momentum is not necessarily conserved for a given probe, hence 

the relaxation. The charge current through each virtual contact can be calculated as 

1, ( ) ( ( , ) ( , ))m P C m BP m BP
e n n m mn FD n FD m

eI E f E f E dE
h

µ µ
+¥ È

= ¹-¥
= S ×X × -ò         (2.12) 

The momentum relaxing model needs to make the current at each probe equal 0,  

( ) 0m
eI E =                                                   (2.13) 

This model will not only need a probe for each physical location, but also for each 

energy. This is the shortcoming of such a model. This represents a heavier computational 

burden for the Newton-Raphson method, especially for finer energy meshes. The 

scattering effect comes from the fact that momentum is not required to be preserved, and 
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thus carriers scattering into the Büttiker probes with a given momentum can be replaced 

with carriers with another momentum. The model is also referred to as the phase- 

breaking the model. The electrons are still confined to their input energies, but the overall 

current is reduced because of backscattering. 

The more general model is that of energy relaxation. Here, the net current at each 

probe is zero when integrated over all degrees of freedom, save for physical position. 

Charge current continuity requires that the net charge current at each probe m
eI  equals 

zero.  

( ) 0m m
e eI I E dE

+¥

-¥
= =ò                                                   (2.14) 

Unlike the above momentum relaxing method, a single probe can incorporate all 

scattering effects for a given location because the chemical potentials need to be adjusted 

only to preserve the energy-integrated current at a given physical location. This allows us 

to observe how the energy-loss of incoherent scattering is incorporated. 

So far we have introduced two current conserving models. The energy relaxing 

model is chosen for the rest of our calculation due to its generality. 

2.3.3. Newton-Raphson Method  

One important assumption of the Büttiker probe model is to ensure the local current 

density for each localized probe is small enough to be negligible. A linear equation can 

describe the current conservation constraint. The Newton-Raphson method is widely used 

to solve the nonlinear equation. Note that while the chemical potential of the real contacts 

is fixed, the chemical potential of the Büttiker probe has to be adjusted from the charge 

current continuity. The probe chemical potential is adjusted iteratively using Newton’s 

method [36]. The Jacobian matrix for the Newton iteration scheme is numerically 

evaluated as  

,
m m

mm mne e
e em n

I IJ J
µ µ
¶ ¶

= =
¶ ¶

                                                 (2.15) 

And the corrections to the probe chemical potential during the iterations as  
1m m

e eJ Iµ -D = - ×                                                      (2.16) 
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This procedure is repeated until the constraint of Eq. (2.13) is satisfied within a 

given threshold. Naturally, the solution of this system of nonlinear equations is dependent 

upon the device geometry, Büttiker probe model, and positions, as well as the Fermi 

levels of the real contacts. It will not always yield a solution, and in cases where it does, 

the extremum found is not guaranteed to be the global minimum. For this reason, the 

initial guess of the chemical potential is vital, and poor guesses may be outside the 

interval of convergence. One's physical intuition of such systems is a good starting point 

for discerning if the chemical potential has converged to the correct value. 

2.4. The Diffusive Transport Simulation 

The electron Büttiker probe scattering model within the NEGF formulism has been 

introduced. In this section, we will discuss two topics about the applications. The first 

application is about the diffusive transport simulation with the effective mass basis. We 

will compare the diffusive transport with the scattering term added in the contacts to that 

without the scattering in the contacts. The second application is to apply the Büttiker 

probe scattering model with the tight binding basis. We will introduce two different 

treatments of the virtual probes attached to the device. 

2.4.1. Scatterings in Contacts 

Normally when dealing with scatterings, we only incorporate scatterings throughout 

the device Hamiltonian and may not consider the effects of leaving out scattering in the 

contacts. The contact self-energy is solved in the traditional semi-infinite way without 

scatterings in contacts. The effect of including scatterings in contacts can be seen in Fig. 

2.2. 
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Fig. 2.2 Contour plots of the density of states with the effective mass basis. The 
chemical potentials are flat in both cases. Scatterings are included in both simulations. 
Left: No scattering in contacts. Right: The same scattering terms are added in contacts. 

For a flat potential in a uniform material, we would expect to observe a flat density 

of states even when incoherent scattering is included. However, in the plot without 

scatterings in contacts, we observe a discontinuity of the density of states toward the 

device-contact interfaces. This discontinuity extends throughout the device. For the 

system that incorporates uniform scatterings in both the device and the contacts, a 

uniform density of states is observed throughout the device. 

We can understand the effect of scatterings isolated in the device as shown in Fig. 

2.3. For the one-dimensional scattering problem, the electric potential barrier in the 

device disturbs the plane wave wavefunction, resulting in a non-uniform probability 

amplitude both above and around the barrier. If the electric potential is flat, no 

perturbation is observed in the device, and the density of states is flat for both scattering 

and ballistic cases. Moving from the contacts into the device, electrons experience a 

discontinuity in the scattering strength, which is zero in the contacts and non-zero in the 

device. This results in the non-uniform density of states appeared in the interface regions. 

The result of adding the same scattering into the contacts brings the scattering to 

uniformity throughout the contact-device system, producing a flat scattering throughout 

the device. 
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Fig. 2.3 The electronic potential and scattering profile throughout the device and 
contacts. In the flat potential simulation, the Büttiker probe scattering is added only in the 

device region. 

2.4.2. Nonequilibrium Green’s Functions with Scatterings 

We have seen that there will be DOS interference at the contact-device interface if 

we only include the same scattering in the device due to the non-uniform scattering. The 

scatterings in contacts are always considered in all of our calculations. A quantum well is 

a potential well with discrete energy values. Its applications include diode lasers, 

HEMTs, and solar cells. Here we want to apply our Büttiker probe model into the 

quantum well structure to reveal the quantum effect in the nanoscale device. 
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Fig. 2.4 The electric potential for a quantum well structure. If not mentioned, scatterings 
are always uniform in the device and contacts. 

Now we consider the simulation of a potential well of 0.25 eV depth in equilibrium 

that is shown in Fig. 2.5. An energy mesh resolution of 240 points between 1.0 and 1.5 

eV is used. The effective mass basis is used to construct the Hamiltonian matrix of the 

quantum well structure. In the ballistic case, no charge occupies the well. Indeed, with no 

mechanism to dissipate energy, the carriers, which are injected at an energy above that of 

the well, cannot lose the energy and fall into the well. Due to the scattering effects 

present, clear DOS in the well can be seen. We call these states in the well bound states. 

The scattering in the quantum transport can help to describe the quantum effect in the 

quantum well structure. 
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Fig. 2.5 Contour plots of the density of states in a quantum well. Left: DOS without 
scatterings. Right: DOS with scatterings. 

2.4.3. The Büttiker Probe Model with The Tight-binding Basis 

Büttiker probes have so far been applied to electron transport in the effective mass 

approximation. The tight-binding (TB) models, which have already been implemented in 

NEMO5, can provide the much more realistic simulation of confined geometries at the 

atomic resolution than the effective mass model. The effective mass approximation is a 

one band model while the TB models are multi-band models. We should consider how to 

attach the Büttiker probe to the device with the TB basis.  

The first way to add the Büttiker probe in TB representation is that the probes are 

attached to each orbital. This method is shown in fig. We can see that each orbital has its 

scattering term. By using this method, we can model the scattering effect to each orbital. 

This orbital based Büttiker probe needs the scattering strength for each orbital. These 

scattering terms are added to the diagonal of the Hamiltonian. If we want to model the 

energy relaxation between different orbitals, we need to include the coupling scattering 

terms to the off-diagonal. One disadvantage of this model is that the computational 

burden is very heavy for a relatively large device since we need to conserve the electric 

current at each probe. 
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Fig. 2.6 Tight-binding implementation of Büttiker probes. A five-band sp3s* is used here 
as an example to introduce the probe model. One Büttiker probe is attached to each orbit 

in the tight-binding basis. 

 

Fig. 2.7 Tight-binding implementation of Büttiker probes. A same five-band sp3s* is 
used here as an example. One Büttiker probe is attached to each atom in the tight-binding 

basis. 

Another treatment of the Büttiker probe is to add the virtual probe based on the atom. 

Therefore, the computational burden is largely reduced without losing too much physics. 

The idea of this method is that the chemical potential at each atom should be a certain 

value. The chemical potentials for all orbitals of one atom should be the same. From 

experiments, we can only measure the chemical potential at a certain position which 

corresponds to a certain atom. Another important thing is that in Chapter 7, we will 

introduce a electron-phonon coupling model based on the Büttiker probe method. This 

self-consistent model requires same Büttiker probe numbers for the electron and the 
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phonon. The number of electronic bands for one atom is always different from that of 

phonon bands. Therefore, the atom-based Büttiker probe is suitable for the electron-

phonon coupling model. 

 

 

2.5. Conclusion 

We began our discussion with a review of what causes incoherent scattering and why 

it is important in nanoelectronic simulations. The review of current simulations 

techniques motivated the use of the Büttiker probe scattering method. Next, we 

introduced the formal Büttiker probe scattering method within NEGF. The Büttiker 

probes were treated as any other self- energy with one important difference - current had 

to be conserved at every coupling location because the probes are fictitious. Current 

conservation and self-energy forms were then discussed before moving into the explicit 

Newton-Raphson method used to ensure this stipulation. Simulations developed by the 

author were discussed in the following chapter. In each case, the author explored results 

from each of the simulations. We observed how Büttiker probes changed the charge 

density and density of states from the ballistic cases in several electric potential 

situations, as well as the effect of sudden changes of potential. In particular, we proposed 

an extension of the model from the effective mass approximation to the tight-binding 

basis, which would not only increase computational accuracy but would also allow for 

more precise scattering models. Two different treatment of attaching probes to the device 

are introduced, the orbital based model and the atom based model. The atom based model 

is our primary interest. 
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3. BÜTTIKER PROBES OF DIFFUSIVE PHONON QUANTUM 
TRANSPORT 

3.1. Introduction 

Phonons are lattice-thermal-vibration waves that propagate through a crystalline 

solid. It represents an excited state in the quantum mechanical quantization of vibrations 

of elastic structures. As will be shown, the vibrations have different modes, and the 

propagation speed can be strongly frequency dependent. The Boltzmann transport 

equation can identify the particle and its energy regarding its position and momentum, 

and also allows for the determination of a nonequilibrium probability distribution of 

particles under an applied force. These distributions are used in determining transport 

coefficients under the influence of driving forces [37]. The molecular dynamics (MD) can 

provide limited, but more intuitive insights into the phonon transport. However, MD 

based on the classical Newtonian mechanics has limitations when considering the 

quantum effects, even though it can easily include the anharmonic effects. The 

nonequilibrium Green’s function formalism is used to addresse the quantum features and 

the carrier wave effects in the nanoscale thermal transport. Phonon-phonon interactions 

are systematically studied by NEGF formalism in momentum space at finite 

temperatures. The lowest-order NEGF provides the same phonon lifetime as Fermi’s 

golden rule [38]. This model is applied to study the phonon transport in one-dimensional 

atom chains. 

In this chapter, we begin with lattice vibration and the relation between frequency 

and wave number (the dispersion relation) for the bulk silicon and germanium [1]. Two 

models based on the valence force field method are introduced to reproduce the phonon 

dispersion. Then the phonon NEGF formulism will be introduced briefly to show the 

difference compared to the electron case. With the idea of the relaxation time 
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approximation model, which is widely used in the Boltzmann transport equation, a new 

phonon Büttiker probe model is introduced to take account of the incoherent scattering in 

atomistic NEGF simulation of phonon transport. At last, the new phonon Büttiker probe 

model allows us to study the temperature distribution inside the device. A method of 

extracting the local temperature is shown. 

3.2. Harmonic Strain Model  

In this work, phonons are represented in the modified valence force field model 

(MVFF) which is given by [29][30]: 

(i) , (i) , ,

1 ( )
2 A i

j k j k j k lij jik jik jik jikl
bs bb bs bs bs bb bb bbi N j nn j k nn j k l COP

U U U U U U¹ ¹ ¹ ¹

- - -Î Î Î Î
é ù= + + + +ë ûå å å å ,   (3.1) 

where U, NA, nn(i), and COPi represent the potential energy of the lattice, the total 

number of atoms in one unit cell, the number of nearest neighbors for atom i, and the 

atoms up to the third nearest coplanar neighbor of atom i, respectively[30]. The first two 

terms on the right-hand side of Eq. (1) corresponds to the Keating VFF (KVFF) model 

[29]. The terms ij
bsU  and jik

bbU  represent the elastic energy caused by bond stretching and 

bond-bending between the atoms connected to each other. The terms jik
bs bsU -  jik

bs bbU -  and 

jikl
bb bbU -  represent the cross bond stretching, cross bond bending-stretching and coplanar 

bond bending interactions, respectively. Further details of MVFF model can be found in 

Ref.[30]. Based on the potential energy and harmonic approximation, the dynamical 

matrix (DM) is calculated. The DM describing the interaction between two atoms i and j 

is given by, 
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Fig. 3.1 The short range interactions considered in MVFF model (given by Eq (2.1) ) for 
the calculation of phonon dispersion of zinc-blende semiconductors. (a) bond stretching 

(b) bond bending (c) cross bond stretching (d) cross bond bending-stretching, and (e) 
coplanar bond bending interactions. This figure is adapted from ref [30]. 

The KVFF model is an efficient empirical model. With parameters a and b fitted to 

experiments, the KVFF model can reproduce the phonon dispersion accurately. The 

phonon dispersion of bulk Silicon and bulk Germanium by KVFF model are shown in 

Fig. 3.2. It can be seen that the KVFF model match the experimental data from Ref [33] 

very well. The parameters a and b for silicon are 47.85 and 6.97, respectively and for 

germanium are 43.42 and 5.64. Phonon dispersion can be modeled more accurately by 

the MVFF model [30]. 
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Fig. 3.2 Phonon dispersion of (a) Silicon and (b) germanium by KVFF 
model. The phonon dispersions by KVFF model agree well with experimental 

data from Ref [40]. 

However, the KVFF cannot accurately model the elastic constants which are critical 

in the process of relaxation. The reason is that KVFF model uses only two fitting 

parameters which cannot fulfill multiple fitting targets at the same time. To overcome this 

problem, MVFF which has more fitting parameters can be used. Table 3.1 shows the 

elastic constants of silicon from experimental data, KVFF and MVFF. The MVFF model 

shows better agreement with experiments compared with KVFF. Compared with the 

KVFF model which takes only two parameters, the MVFF model uses six fitting 



 

 

 

28 

parameters which provide the capability to fit both the phonon dispersion and elastic 

constant accurately.  

Table 3.1 Comparison of elastic constant. Experimental data is from [40]. Results using 
MVFF are from [40]. Results using new KVFF parameters are listed.  

Elastic constant 
(1010 N m-1) 

Expt.[32] KVFF MVFF[27] 

C11 16.57 11.01 16.8 
C12 6.39 7.40 6.47 
C44 7.96 3.29 7.63 

 

3.3. Phonon Nonequilibrium Green’s Functions with Scatterings 

The nonequilibrium Green’s function method is often applied to model transports of 

electrons [31][17]. We have introduced the electron NEGF model in the previous 

Chapter. Therefore, we will focus on the difference needed. 

For the case of phonon transport, the NEGF method requires the calculation of 

greens functions GR and G< [23][32]. The GR is given by  
2 1( ) ( ( ) ( ) ( ))R R BPG E E D E E E -= - -S -S  ,                            (3.4) 

where ( ) ( ), ( ) ( )R R BP BP
c C c p P pE E E EÎ ÎS = S S S = S S  C is the set of all real contacts; P is the 

set of all Büttiker probes in the system. We notice that the difference between the 

electron NEGF and the phonon NEGF is that phonon Green’s functions are dealing with 

the energy square term. The G< is given by  
†( ) ( ) ( ) ( )R RG E G E E G E< <= ×S ×                                       (3.5) 
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The phonon lifetime can be used to approximate the retarded self-energies [23], 

2Im( ( )) 2BP
p E ww

t
×

S = - × ×G = -                                     (3.7) 
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In our calculation, we approximate the retarded self-energies of the Büttiker probe as 

pure imaginary numbers. Notice that there is one extra ω compared to the electronic case 

in extracting the mean free time from the scattering self-energy. 

The contact self-energy of phonon NEGF method is similar to the contact self-

energy for electron case. Compared to the self-energy calculation in the electron case, the 

direct iterative method is modified as following: 

 
2 1

, 1 1 1,

( )R R
i i i
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i i i i i i
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-

- - -

= - -S

S =
                                               (3.8) 

The T matrices denote the coupling Hamiltonians between different slabs. The equation 

above needs to be solved iteratively. It assumes that the boundary condition for the 

contact is periodic. After few iterations, the effect of the boundary reflection is small 

enough to be neglected.  

For the concern of fast iterations, the Sancho Rubio method is updated to calculate 

the phonon self-energy: 
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(3.9) 

Here the ε0 is the dynamical matrix of the contact, α0 and β0 are the coupling dynamical 

matrices connecting the contact to the device in the first iteration. The iterations continue 

until αi and βi vanish, and then the surface Green’s function is solved as 
2 1( )R s

ig E e -= -   .                                              (3.10)  
The self-energy is then solved using the converged surface Green’s function. When 

scattering is added in the device region, the same scattering should be added in the 

contact regions as well. We have introduced the effect of the scattering term in contacts 

to the device simulation in the electron case. The effect of the scattering in contacts is 

similar in the phonon transport. We will not discuss it again in this work. The important 

message of this section is to extend the method of the electron self-energy calculation to 

the phonon case. 
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3.4. Relaxation Time Approximation Model 

The retarded scattering self-energy is chosen to represent phonon-phonon Umklapp 

scattering 1 2
p p C Tat w-
- = , impurity scattering 1 4

IM Bt w- = , and grain boundary scattering 

1 /b s LFt u= =  in the relaxation time approximation [8][32][35]. The total relaxation time 

can be approximated by 1 1 1 1
b IM p pt t t t- - - -

-= + + . Here, ,b IMt t  and p pt -  are the relaxation 

times for the grain boundary scattering, impurity scattering, and phonon-phonon 

Umklapp scattering, respectively. The grain boundary scattering rate is determined by the 

average phonon velocity su , the Casimir boundary length L, and a geometry factor F all 

taken from Ref. [8]. The scattering due to impurities IMt  and other phonons p pt -  

depends on B, C, and a, respectively. Here, B, C, and a are chosen to best reproduce the 

thermal conductivity of silicon and germanium of Refs. [8][56] (see Table 3.2). 

Table 3.2 Fitting parameters for the Büttiker probes with different scatterings 
mechanisms 

Material B(s3) C(sK-α) α 
Si 0.71×10-45 1.74×10-21 1.64 
Ge 3.2×10-45 1.12×10-20 1.48 

3.5. A New Phonon Büttiker Probe Scattering Method 

Here we extend the Büttiker probe to phonon transport: Instead of charge current, the 

energy current through each contact is calculated by 

1,
1( ) ( ) ( ( , ) ( , ))m P C m BP m BP

p n n m mn BE n BE mI E E E f E T f E T dE
h

+¥ È
= ¹-¥

= S × ×X × -ò              (3.11) 

Note that while the temperature of the real contacts is fixed, the temperature of the 

Büttiker probe has to be determined from phonon current continuity. Phonon current 

continuity requires that the net energy current at each probe equals zero. This gives 

( ) 0m m
p pI I E dE

+¥

-¥
= =ò                                                 (3.12) 

This model is equivalent to the electronic model of energy relaxation based on BP 

[31]. It implies that probes’ phonons are fully thermalized with the individual probe’s 

temperature. Therefore, the probe temperature is position dependent. The relaxation of 

the phonons in the device due to scattering on BPs is to equilibrate with the local probe 
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temperature. The probe temperature should be adjusted iteratively using Newton’s 

method [36]. The Jacobian matrix for the Newton iteration scheme is numerically 

evaluated as  

,
m m
p pmm mn

p m n

I I
J J

T T
¶ ¶

= =
¶ ¶

                                                (3.13) 

And the corrections to the probe temperature during the iterations as  
1m m

p pT J I-D = - ×                                                  (3.14) 

The probe temperatures are iterated until equation 3.12 holds up to one threshold value. 

The typical value for the phonon BP within the bulk structure is 10-20 W/m2. Fig. 3.3 

introduces the workflow for the phonon Büttiker probe.  

 

Fig. 3.3 Workflow for the phonon Büttiker probe calculations. 

We notice that the electron and the phonon Büttiker probe model use a similar set of 

NEGF equations, and follow the same process. In the process, particles are conserved at 

each probe by adjusting the driven force of the particle transferring. The differences 

between electron and phonon Büttiker probe model include the particle types, the particle 
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distribution functions, the current types, and the driven forces of the particle movement. 

With the electron and phonon Büttiker probes introduced, we will introduce a self-

consistent electron-phonon coupling model in section 2.9. The electron-phonon coupling 

model can mimic the electron-phonon scattering mechanism by coupling electrons and 

phonons through the concept of Büttiker probe. It needs electron Büttiker probes to 

transfer the electronic energy to phonons. 

 

3.6. Extraction of Local Temperature 

The scattering model of Eqs. (2.12-2.15) is similar to the electronic Büttiker probe 

model of Ref. [31]. It implies that the limit for the phonon thermalization at each degree 

of freedom in the device (i.e., each atom and each vibrational direction) tends toward the 

respective local Büttiker probe temperature. The difference between actual local 

temperature and Büttiker probe temperature depends on the scattering strength, and we 

will elaborate on this issue further in the next section. An estimate of the local 

temperature can be extracted from the average phonon gas energy: 

2 2
/( )

1B localE k T
AE E G E dE E dE

e
<< >= »

-ò ò                              (3.15) 

where A is the spectral function †( )R RA i G G= - . The second moment of energy that 

appears in the integrals of Eq. 2.16 is a consequence of the following relations between 

phonon number density ρ(E), phonon density of states D(E), spectral function A(E) and 

the lesser Green’s function G<(E): 

(( )) ) ( )(EG E EA ED EEr
p p

<

==                                                (3.16) 

Hence, the local energy density is given by the second energy moment of the lesser 

Green’s function. The definition of a local device temperature may not be valid in 

general, and especially under weak scattering conditions in the device. Also, the local 

phonon occupation function differs from the Bose distribution under nonequilibrium 

conditions. Hence, Eq. 2.21 is only expected to provide an approximation to the local 

device temperature, and the approximation is more realistic under strong phonon-phonon 

scattering to restore local equilibrium in the device region. In this way, an effective 
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locally thermalized phonon gas of temperature localT  is assumed to match the phonons 

solved in the NEGF equations with respect to their average energy. 

3.7. Conclusion 

In this chapter, we have introduced vibration models, transport models, scattering 

models, and the local temperature extraction. The most important part we want to 

highlight is the Büttiker probe model. With the concept of the virtual probe modeling the 

scattering mechanisms for different particles, we can do the diffusive transport 

calculation to understand the physics of the device at the nanoscale. The extension of the 

Büttiker probe model to the phonon transport is first introduced here. The power of 

phonon Büttiker probes will be shown in the next chapter.  
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4. APPLICATIONS OF PHONON BÜTTIKER PROBES TO 
HOMOGENEOUS STRUCTURES 

4.1. Introduction 

State of the art semiconductor logic and optoelectronic devices such as 

nanotransistors, quantum well photodetectors, and cascade lasers have characteristic 

device dimensions within the nanometer length scale [41][42]. All of these devices 

experience intense Joule heating and phonon dissipation during their operation. To 

understand the thermal transports in these devices, well established semiclassical 

calculations use either the Boltzmann transport equation (BTE) [7][8] or the molecular 

dynamics [12][14]. At the nanoscale, however, these methods miss important quantum 

physics such as tunneling, confinement and interference effects [43][44][45]. For 

fermionic nanoscale transport such as transport of charge and spin, the nonequilibrium 

Green’s function method (NEGF) has proven to be capable to consistently and accurately 

describe coherent and incoherent quantum effects [17][46]. For phonon transport, the 

NEGF method was predominantly used in the coherent (i.e. ballistic) approximation 

[20][22][47][48][49]. While to consider the scattering process by NEGF typically 

requires self-consistent iterations to calculate the Green’s functions. Such iterative 

algorithms (so-called “self-consistent Born approximation”) have been adopted in a few 

works [15] [50] with heavy numerical expense in terms of memory and CPU time which 

typically prevents applications to concrete, atomically resolved nanostructures. To reduce 

the computational efforts of incoherent transport calculations, Büttiker et al. introduce an 

efficient heuristic scattering model for electronic transport in NEGF which is commonly 

called “Büttiker probes”[31][51][52]. This model allows direct fitting to experimental 

transport data while avoiding self-consistent iterations within the NEGF equations. 
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4.2. Phonon Transport in Bulk Structures 

In this Chapter, the Büttiker probe approach that has been widely used for electronic 

transport is extended to model incoherent scattering in the atomistic phonon NEGF 

implementation of the nanodevice simulation tool NEMO5 [53]. The phonon Büttiker 

probe model is designed to mimic the frequency and temperature dependencies of phonon 

scattering rates and material-related thermal transport characteristics. Our method 

involves fitting of Büttiker probe scattering rates to experimental thermal conductivity. 

Hence, the present approach is not an entirely predictive tool for phonon transport. 

However, an interesting possibility for future work would involve the establishment of a 

relationship between the Büttiker probe scattering parameters and ab initio scattering 

rates computed from first-principles.  

We will start with the ballistic thermal transport calculation and one contradiction 

will be shown between the ballistic transport result and the experimental results. To deal 

with this problem, the phonon Büttiker probe model is applied to do the diffusive thermal 

transport calculation in the bulk Si and Ge. The physics behind this phonon Büttiker 

probe model is illustrated and discussed for a fictitious material by varying the effective 

scattering strength. The application of the Büttiker probe model to simulate the phonon 

transport in the Ultra-thin body device will be shown in the next section as well. It shows 

that our robust thermal transport model can be used to simulate the heat transfer in 

different structures with very limited modifications.  

4.2.1. Ballistic Thermal Transport in Bulk Materials 

We start our calculation in the ballistic regime. Fig. 4.1 shows the Phonon 

transmission function calculation with KVFF and MVFF for (a) Si bulk [100], (b) Ge 

bulk [100]. The difference in transmission corresponds to the difference in phonon 

dispersions between KVFF and MVFF. Fig. 4.2 shows the phonon current calculation 

using KVFF and MVFF in the ballistic regime (without BP scattering). We notice that the 

phonon currents by both KVFF and MVFF agree well in the low-temperature regime. 

The reason is that the acoustic phonons by KVFF and MVFF show small discrepancies, 

and phonon current is mainly contributed by acoustic phonon under low temperatures. 
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However, as the temperature increases, the deviation of phonon current by these two 

models increases as well.  

 

Fig. 4.1 Phonon transmission function calculation using KVFF and MVFF for (a) Si bulk 
[100], (b) Ge bulk [100]. 

 

Fig. 4.2 Phonon thermal current calculation in ballistic transport regime. The solid line is 
the phonon current with the MVFF model. The solid line with squares represents the 

phonon current with the KVFF. The MVFF and KVFF result have small discrepancies for 



 

 

 

37 

low temperature regime. For high temperature, thermal current by MVFF is about 5% 
higher than that of KVFF. 

We replot Fig. 4.2at the logarithmic scale in Fig. 4.3. We can see that the phonon 

thermal current In by NEGF model has a T3 dependence in the low-temperature regime 

(for T smaller than 50K). The T3 are the trend predicted from Debye model of lattice 

specific heat capacity [1].  

 

Fig. 4.3 Phonon thermal current for silicon bulk structure along [100] direction. The solid 
line shows the thermal current using MVFF model. The symbolic line represents the 

thermal current with KVFF model. The dotted line shows the T3 dependence. The NEGF 
calculation follows T3 trend in low temperature regime. 

4.2.2. Diffusive Thermal Transport in Bulk Si/Ge 

In previous section, the behavior of the ballistic phonon transport is introduced. The 

temperature dependence of thermal current is similar to the experimental results when the 

temperature is lower than the room temperature. When the temperature goes to the room 

temperature or higher, the temperature-dependent thermal conductivity of Si, for 



 

 

 

38 

example, is shown in Fig. 4.4. The thermal conductivity decreases as the increasing of the 

temperature. Compared to Fig. 4.3, we notice a contradiction between the ballistic 

phonon transport calculation and the experimental results. The reason for the 

contradiction is that the scatterings are missing in the calculation. The next step is to 

apply the introduced diffusive phonon transport model to our calculations. 

 

 Fig. 4.4 The experimental data of the thermal conductivity for Si with respect to the 
temperature. The conductivity shows a T3 dependence in the low temperature. As the 

increasing of the temperature, the thermal conductivity decreases. 

Fig. 4.5 compares the experimental thermal conductivity of silicon and germanium 

from Refs. [8][56] with the scattering NEGF results. The fitting of the scattering 

parameters in Table 3.2 allows the NEGF method to reproduce the thermal conductivity 

very well over a large temperature range. The inset of Fig. 4.5 shows the average phonon 

mean free path of silicon and germanium. The mean free paths at 300K are 130nm and 

40nm for silicon and germanium, respectively, which agrees well with results in Refs. 

[15][58]. 
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Fig. 4.5 Comparison of temperature-dependent thermal conductivity and mean free path 
(inset) of Si and Ge along [100] direction. The simulation uses the Büttiker probe 

approach with parameters fitted to experiment. The simulations match experiment exactly 
using a few parameters listed in Table 3.2. 

Fig. 4.6 compares the Büttiker probe temperatures with the local temperature 

distribution localT  of Eq. (13) in 5.3nm homogeneous silicon. The temperatures in the 

leads are 305K (left reservoir) and 300K (right reservoir) respectively. Here, the Büttiker 

probe temperatures are averaged over the three polarization directions m as a function of 

the atom position along the transport direction 3
( , )1
/ 3i mm

T
=å . It is worth to note that the 

polarization dependence of the Büttiker probe temperature depends on scattering 

strengths and phonon dispersions. By construction, the Büttiker probe temperature is the 

target temperature of the phonon thermalization processes in the device. The local 

temperature localT  of Eq. 2.16 is independent of polarization by definition. To illustrate 

the impact of different scattering strengths, the calculations in Fig. 4.6 include only the 

phonon-phonon scattering with varying scattering amplitude. It is shown in Fig. 4.6 that 

the stronger the scattering, the larger is the temperature drop within the device and 

consequently the smaller is the phonon conductance. The temperature drops close to the 

lead/device interfaces are more pronounced with larger heat conductivities. This effect is 
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similar to the depletion effects discussed already in the area of electronic transport 

[54][59][60][61]. The larger the heat flow in the device is, the larger is the average 

velocity of the phonon gas in the device. Since equilibrium distributions are assumed in 

both leads, the phonons that enter (leave) the device at the left (right) device boundary 

needs to get accelerated (decelerated). The acceleration causes a phonon depletion and 

the deceleration a phonon accumulation close to the leads. Accordingly, the phonon 

temperatures on the device side of the lead/device interfaces differ from the assumed lead 

temperatures. Alternative lead models that assume drifted distribution functions 

[54][59][60][61] or a change in the number of phonons/particles in the leads [62] give 

smaller temperature drops at the lead/device interface. 

	

Fig. 4.6 Calculated local and Büttiker probe temperature in homogeneous 5.3 nm thick Si 
between Si leads of 305K and 300K when only phonon-phonon scattering is included, 
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and the phonon scattering prefactor is varied. The transport direction is along the [100] 
crystal axis. Quasi-ballistic (a) and realistically scattered (b) transport calculations show 
almost constant local temperature. Transport calculations with 10x (c) and 50x (d) larger 

than realistic scattering show pronounced temperature drops over the device. 

4.3. Phonon Transport in Ultra-thin Body Device 

In the previous section, we have shown the scattering phonon transport in bulk 

materials. In this section, we will focus on the study of thermal transport in ultra-thin 

body devices. The thickness of transistor devices scales to a few nanometers currently. 

Many experimental and theoretical efforts have been invested in understanding the heat 

flow in transistors [58][63][64]. The thermal conductivity remains the same with different 

boundaries for bulk materials. The reason is that the size of the bulk structure is much 

larger than the phonon mean free path. The effect of boundary scattering is very limited 

and can be neglected. In modern semiconductor devices, the thickness of the transistor is 

always comparable or smaller than the phonon mean free path. The thermal conductivity 

will be reduced dramatically due to the strong phonon boundary scattering. Here we 

continue to use Büttiker probe model with NEGF Landauer as the method to predict the 

thermal conductivity in ultrathin body device. The only different between thin body 

device and bulk structure is that the boundary scattering model is now thickness 

dependent, 
1 /b sv dt - =                                                                (4.1) 

where d is the thickness of the device. Before we show our simulation results, let’s take a 

look at the thermal conductivity of bulk Ge.  



 

 

 

42 

 

Fig. 4.7 Thermal conductivity in bulk Ge. The solid line shows the thermal conductivity 
from experiment and the square values are the thermal conductivity from the simulation. 
The simulation agrees well with the experimental result. One important information of 
this figure is that the thermal conductivity in the bulk Ge decreases as the increasing of 

the temperature when T>20K. 

The thermal conductivities from 20K to 1000K are increasing due to the dominance of 

phonon-phonon scattering in bulk structure. In ultrathin body device, with the new 

phonon boundary scattering applied, the thermal conductivity is plotted in Fig. 4.8. From 

the left figure we notice that with increasing temperature, the thermal conductivity 

increases. The reason is that when the film thickness is much larger than the phonon 

mean free path, the thermal boundary scattering rate is much larger than the phonon-

phonon scattering at low temperatures. Therefore, the conductivity-temperature relation 

is dominated by the phonon distribution. This phenomenon is similar to the thermal 

transport in ballistic device Fig. 4.3. With the increase of temperature, both thermal 

boundary scattering and phonon-phonon scattering will dominate the thermal transport. 

From the left figure, we notice that the thermal conductivity goes flat in a high-

temperature region. We can expect that the thermal conductivity will decrease if we 

increase the temperature further. From the right figure, we can notice that the thermal 

conductivity is linearly dependent on the film thickness. This is the same as reported in 

[64]. 
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Fig. 4.8 Thermal conductivity in Ge ultrathin body. Left: the thermal conductivity from 
100K to 700K with three different thickness. Right: Thermal conductivity vs Film 

Thickness under different temperature.  The thermal conductivity saturates when the 
temperature is larger than 250K, and it linearly increases with respect to the film 

thickness. 

The thermal conductivity in Ge bulk structures decreases with the increase of the 

temperature when T>20K based on Fig. 4.5. The actual reason the different temperature 

dependence of thermal conductivity in the UTB structures can be understood in Fig. 4.9. 

The phonon-phonon scattering rate will increase with the temperature. However, the 

boundary scattering rates in both bulk and UTB structures are independent of the 

temperature. The boundary scattering rate in bulk structures is very small that the 

phonon-phonon scattering will dominate when the temperature is larger than a small 

value. This explains the thermal conductivity in bulk structure. Since the boundary 

scattering rate is very strong in UTB structures that when the temperature is lower than a 

relatively high temperature, the boundary scattering will dominate. This leads to the 

increasing thermal conductivity in UTB structures when the temperature is around the 

room temperature. 
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Fig. 4.9 Scattering dominant picture in the bulk and UTB structure. The purple line 

represents the phonon-phonon scattering rate which increases as the temperature rises. 
The green line represents the boundary scattering in the bulk structure. The blue line 

represents the boundary scattering rate in the UTB structure. The boundary scatterings in 
the bulk and UTB structures are both temperature independent. 

4.4. Conclusion 

In conclusion, a heuristic scattering quantum transport method of the NEGF with 

Büttiker probes is extended from the electronic framework to phonon transport. 

Relaxation time approximation models are used to describe the various scattering 

mechanisms in phonon transport. The scattering parameters of Büttiker probes in Si and 

Ge are fit to reproduce the experimental thermal conductivity of bulk Si and Ge over a 

large temperature range. With the help of relaxation time approximation, the thermal 

transport in ultrathin body device can be simulated easily by making the boundary 

scattering model thickness dependent. The results show that the scattering dominant 

picture in ultrathin body device is different from it in bulk structure. Boundary scattering 

dominates when the temperature is lower than room temperature. With increasing 
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temperatures, both boundary scattering and phonon-phonon scattering become important 

in thermal transport. 
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5. THE STUDY OF INTERFACE THERMAL RESISTANCE  

5.1. Introduction 

Modern semiconductor devices are on the scale of a few nanometers [42][54][65].  

Heat dissipation is a vital issue for the design of nanoscale devices. Superlattices, 

periodic materials are being studied for their potential in increasing the efficiency of 

thermoelectric energy conversion devices [66]. These layer thicknesses are less than the 

mean free paths of many of the phonons. Accurate models for the film thermal transport 

properties are required.  

Existing models to calculate thermal transport in layered heterostructures include 

first principle model [67], Landauer formula [68], molecular dynamics model [66][69], 

Fourier’s law, and Boltzmann transport equation [58][62]. The popular Landauer formula 

has been used to model coherent transport, but it has limits when applied to layered 

heterostructures[66][68]. The Landauer formula cannot truly take account of the 

discontinuity of phonon distribution around the interfaces. Instead, it uses fictitious 

interfaces in homogeneous structures, and lead to a finite thermal resistance, which is 

contradicting to the device physics. To fix this problem, we use the NEGF method with 

the Büttiker probe model for phonon transport in this chapter. The Büttiker probe 

approach has been widely used in electronic transport in nanostructures. With the 

Büttiker probe approach, Quantum effects and scattering mechanisms such as impurity, 

boundary, and Umklapp scattering are considered.  

In addition, a method of local, equivalent temperature calculation was introduced 

3.6. The interface thermal resistance is extracted by a method similar to MD calculations 

[66]. The first step is to apply a small temperature difference at two leads, and the 

thermal conductance R(L) can be calculated based on the simulation. At last, the thermal 

conductivity is calculated by  
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-1( ( ) / )dR L Lk =                                                    (5.1) 

5.2. Method 

The critical processes of our method have been introduced in chapter 3. Just as 

mentioned previously, the Landauer formula is used along with NEGF model to do the 

transport simulation in our work. Here the equation to calculate the thermal current for 

each lead is, 
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Where the  is the scattering lifetime, and the ( , )i mT  is the temperature of the Büttiker 

probe at atom i and vibrational direction m. Here, the ,left rightX  and ( , )i m leftX  are the 

transmission functions between Büttiker probes (i, m) and right reservoir to the left 

reservoir. The current in the right reservoir is the same in magnitude but opposite in 

direction to the left side. If there is no scattering, ( , )i m leftX  is 0, which gives: 
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The equation has been introduced in Ref. [68]. We have proved that the Landauer 

formula used in Ref [68] can be derived from our method by assuming that there is no 

transmission from each Büttiker probe to the two lead reservoirs. The next step is to do 

the simulation to verify our method in heterostructures. 

After we use Landauer and NEGF model to calculate the thermal energy current, the 

next step is to extract the thermal resistance. The first step is to follow the method 

introduced in Section 3.6 to plot the local temperature profile in the device. Fig. 5.1 

shows the local temperature in a heterostructure. With an interface, phonon dispersion 

and velocity are different on both sides of the interface. Dispersion mismatch will bring 

an abrupt temperature drop ΔT at the interface. On either side of the heterostructure, there 

is no interface reflection of phonons. Therefore, the temperature is linear along the 

transport direction. The slope represents the intrinsic thermal resistance of the material. 
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When the device length is short (on the scale of nanometers), the intrinsic thermal 

resistance is neglected compared to the interfacial resistance. The simple equation can 

calculate the interfacial thermal resistance below, 

int ( )/ left rightR T I= D                                               (5.4) 

 

Fig. 5.1 Temperature profile in a heterostructure. The temperature is linearly decreasing 
in material 1 and material 2. The slope represents the intrinsic thermal resistance of each 

material. The abrupt temperature drop at the interface corresponds to the mismatch of 
phonon dispersion of two materials. 

Using the above method to extract the interfacial thermal resistance is not accurate. 

The reason is that the energy current term is specific to a structure of a particular length. 

If the device length varies, the energy current changes. Therefore, more computations are 

needed to extract the interfacial thermal resistance. The method is that we calculate the 

thermal resistances for different device lengths. Then the thermal resistance is plotted 

with respect to the device length. The actual interfacial thermal resistance is extrapolated 

by extending the resistance-length line to the point when length equals zero. The 
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molecular dynamics follows the same process to extract the actual interfacial thermal 

resistance. The different between molecular dynamics and this work is that the model in 

this work can deal with the periodic boundary conditions whereas molecular dynamics 

needs to follow the same process to extrapolate the interfacial thermal resistance by 

varying the device cross area.  

 

Fig. 5.2 Extrapolation of interfacial thermal resistance. The process is to calculate the 
interfacial thermal resistances for different channel lengths. After plotting the results in 

one figure, the interfacial thermal resistance can be extrapolated by extending the 
resistance-length line to the point where the channel length equals zero. 

5.3. Results 

We have introduced the process to extract the actual interfacial thermal resistance. 

The interfacial thermal resistance is independent of the channel length. In the following 

chapter, we will apply our method to calculate the interfacial thermal resistance and study 

the heat transfer in the heterostructure. 
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5.3.1. Thermal Transport in Si with the Artificial Interface 

The new method for quantum transport including Büttiker probes solves the issue of 

artificial interface resistance at fictitious interfaces: The temperature profile in 

homogeneous devices at fictitious interfaces is continuous as shown in Fig. 5.3. For 

consistency: note that larger scattering will produce larger temperature drop, which leads 

to a larger thermal resistance in the bulk Si (shown in blue in Fig.1 with larger scattering 

in the left part of the device). However, the difference in heat conductance of the two Si 

layers with different scatterings does not maintain a finite interface resistance which is 

the result of continuity of the temperature profile at the interface.  

Considering the phonon spectrum which is shown in Fig. 5.4 (a), we notice that there 

is a slight discontinuity of phonon spectrum at the interface. Then we plot phonon 

spectrum functions for the two layers with different scatterings in Fig. 5.4 (b), the two 

phonon spectrum lines are almost the same. The conclusion here is that in two layers with 

the same phonon dispersion, there is no thermal interfacial resistance if only the 

scattering rates in two layers are different.  
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Fig. 5.3 Temperature profile in the device with Si channel. The device is separated into 
two regions with adjustable scattering strength. The red line represents the temperature 

with homogenous scattering rates in both regions. The blue line represents the 
temperature profile with different scattering rates in both regions. The effective scattering 

strength of the right region is five times weaker than that of the left region. 

 

Fig. 5.4 Phonon spectrum function for a two-layer Si/Si structure with different scattering 
rates. (a) The energy and position resolved phonon spectrum of this structure along the 

transport direction. The spectrum discontinuity at the interface is negligible. (b) The 
phonon spectrums in the left and the right layer. The phonon spectrums in two layers are 

almost the same. A slight difference can be observed at the energy of 30meV. 

We then consider the effect of phonon dispersion to the interfacial thermal resistance 

further. Normally when two different materials are brought together, an interfacial 

thermal resistance is introduced. We have proved that a different scattering rate couldn’t 

bring a finite interface resistance. In this part, we vary the material property to see the 

effect of thermal resistance. The atomic mass, lattice constant and the strain constant 

control the phonon dispersion. If any of these three properties are changed, the phonon 

dispersion will change. Here, we do a test to check the effect of different atomic masses 

on the thermal transport. We generate a Si/Si structure as well. The atomic masses on left 

and right side are 30 and 28, respectively. In Fig. 5.5 (a), we notice an apparent 

discontinuity of the phonon spectrum at the interface. The discontinuity suggests that the 
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phonons are scattered and reflected dramatically. The scattering and reflection will result 

in a finite interfacial thermal resistance. Furthermore, we notice that the phonon spectrum 

on the side with heavy atomic mass is brought down along the energy axis compared to 

the phonon spectrum in the side with lighter atomic mass. Since atomic mass will 

contribute to the phonon dispersion, we plot the phonon dispersion of silicon for different 

atomic masses in Fig. 5.5 (b). We notice that the phonon dispersions for different atomic 

masses are very different from each other. Furthermore, the phonon dispersion for the 

case with the heavy atom is lowered compared to the light atom mass. The phonon 

dispersions in Fig. 5.5 (b) are corresponding to the phonon spectrum plot in Fig. 5.5 (a). 

Therefore, the finite thermal interface resistance is the result of the different phonon 

dispersions in the heterostructure. Different atomic mass, the lattice constant and strain 

parameters will bring interfacial resistance at the interface. Scattering rate contributes less 

to the interfacial resistance.  

 

Fig. 5.5 (a) Contour plot of energy and position resolved phonon spectrum in the 
Si(28)/Si(30) quasi1D structure along the transport direction. The discontinuity can be 
observed at the interface due to different atom masses. (b) The corresponding phonon 

dispersions of bulk silicon with different atom mass. The red lines represent the phonon 
dispersion for the light atom mass and the black lines represent the phonon dispersion for 

the heavy atom mass. Discrepancies of phonon dispersions up to 5meV can be seen. 
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 To further understand the heat transfer in the Si/Si structure, we perform a series 

of tests and compare our calculation with NEMD simulation. In Fig. 5.6, we consider the 

transport of heterojunctions formed by Si with varying mass. The first case has a mass 

ratio of 1.1 and the second case has a mass ratio of 9. The temperature profile is shown in 

Fig. 5.6. When the mass ratio equals 1.1, the contact resistance is comparable to the 

interface resistance. The temperature slope inside the homogeneous part is noticed as 

well. In the case of the mass ratio of 9, the contact resistance and intrinsic resistance 

disappear. The reason is that a considerable velocity mismatch happens at the interface 

due to the large difference of the atom masses. This results in a large interface resistance. 

The NEMD simulations give the similar results. In Fig. 5.7 we do the similar interface 

simulation with the same mass ratios. We use Tersoff interatomic potential in pure 

materials and mixing rule to get the interatomic potential at the interface. The Tersoff 

potential is one kind of bond order potentials that the chemical bonds depend on the 

number of bonds, bond length, and the bond angles. One major difference between the 

NEMD and NEGF simulation is that we use a much larger device, 4nm x 4nm x 100nm, 

in the NEMD calculation to get rid of the domain size effect. The total temperature drop 

in this longer device is larger than it in the NEGF case as well. The temperature profile 

noticed in NEMD simulation is similar to the NEGF simulation result. Larger mass ratio 

leads to larger temperature drops at the interface. The contact resistance and the intrinsic 

resistance can be neglected in the light silicon side.  
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Fig. 5.6 Temperature profile across the interface of Si(Heavy)/Si by using NEGF model. 
The left half has heavy silicon for both cases. The red line shows temperature in a 
Si(Heavy)/Si interface with a mass ratio of 9. The blue line shows temperature in a 

Si(Heavy)/Si interface with a mass ratio of 1.1. 

 

 
Fig. 5.7 Temperature profile across the interface of Si(Heavy)/Si by using NEMD model. 

The NEMD model is using Tersoff interatomic potential. The interface region uses 
mixing rule to generate the interatomic potential for the Si-Ge bond. The atom mass of 
silicon in the left half is 28. The atom mass of silicon in the right half heavier than it in 

the left half. The size of this structure is around 4nm x 4nm x 100nm. The NEMD 
simulation is done by Jingjing Shi. The NEMD results and NEGF results presented in 

Fig.4.6 shows quantitative agreement. 

5.3.2. Relaxation and Temperature Analysis at the Si/Ge Interface 

We have discussed that the phonon dispersion mismatch will result in a finite 

temperature drop at the interface in a heterostructure. Fig. 5.8 shows the local 

temperature of a Si/Ge interface in the ballistic and scattering case. We notice that in the 

ballistic case, the temperature profile inside Si and Ge is almost flat. This is a zero 

temperature slope is a consequence of the zero scattering rate. The temperature drops at 

the Si/Ge interface and contact/device interface. In the scattering case, the Büttiker probe 
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scattering gives non-zero slopes to the temperature curves so that the local temperatures 

are properly equilibrated. 

 

Fig. 5.8 Local temperature of a silicon/germanium interface connected to homogeneous 
Si and Ge leads under 305K and 300K respectively. The transport direction is along [100] 

direction. The red line represents the local temperature in the ballistic transport and the 
blue line represents the local temperature with scattering. 

Fig. 5.9 shows the local temperature profile within several nanometers around a 

Si/Ge interface for various scattering strengths. Like Fig. 5.3, the left and right reservoir 

temperatures are 305K and 300K, and stronger scattering of the phonons in the bulk 

materials produces larger temperature gradients in the volume of the individual materials, 

with correspondingly smaller temperature jumps across the interfaces. Si and Ge atoms 

must be relaxed near the interface due to their lattice mismatch to minimize the lattice 

energy.  
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Fig. 5.9 Local temperature of a silicon/germanium interface connected to homogeneous 
Si and Ge leads under 305K and 300K respectively. The transport direction is along [100] 

crystal direction. The scattering rates of Si and Ge are varied with constant factors (10x 
triangles, and 100x crosses) in Si and Ge simultaneously. Smaller temperature drops 

across the interface can be observed for larger scattering rates. 

Fig. 5.10 shows the importance of structural relaxation on the thermal interface 

conductance. The phonon thermal conductance of the relaxed structure is about 10% 

higher than in the unrelaxed case. As the scattering rate ratio between Si and Ge 

increases, the discrepancy between the relaxed and the unrelaxed structure reduces. 

Similar results occur for two-interface systems in which the thin Si layer is sandwiched 

between semi-infinite Ge leads. The present simulations consider a lattice-matched 

interface in which the Ge lattice is strained to match its lattice with Si. However, a more 

rigorous approach would consider the effect of lattice mismatch and the associated 

dislocations that form near a lattice-mismatched interface. Such simulations would 

require the use of large in-plane periodicities, and the associated computational expense 

of obtaining full Green’s function matrices with direct matrix inversion poses a 

challenge. Ref. [32] performed heat transport simulations on lattice-mismatched 
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interfaces and showed that lattice mismatch lowers the thermal interface conductance by 

about 6.8% in comparison to NEGF simulations that assume lattice-matched interfaces. 

 

Fig. 5.10 Phonon conductance of the Si/Ge interface of Fig. 5.9 with nominal scattering 
potentials scaled with a factor SF for both Si and Ge simultaneously. SF equals the ratio 
of the actual scattering rate to the fitted scattering rate. The thermal conductance of the 

strain-relaxed interface exceeds the conductance when all atoms are fixed on a Ge native 
lattice. 

Inelastic scattering is known to fill lower energy confined states with particles in 

electron transport [33]. This scattering-induced state-filling also holds for phonon 

transport as illustrated in Fig. 5 for a 3nm Ge layer embedded between two 3nm thick Si 

layers and Ge leads with 305K and 300K for the left and right lead temperatures. Fig. 

5.11(a) and Fig. 5.11(b) compare the energy-resolved phonon current and density of 

states of (a) ballistic transport and (b) with transport that includes the Büttiker probes of 

Table 3.2. In both cases, a large portion of phonon current is carried by phonons with 

energies similar to optical phonons of Ge (around 35meV). This result indicates that high 

energy phonons can coherently tunnel through the structure, and therefore the phonon 
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current for these two cases are similar. The contour lines of the energy-resolved local 

phonon density of states in Fig. 5.11 show a higher density of states around 16meV in the 

central region when scattering is present. This density of states represents confined 

phonons of the central Ge layer that do not couple directly to the leads and therefore do 

not appear in the ballistic calculation. Inelastic scattering with phonons of different 

energies allows such confined modes to interact with the leads which (in this 

configuration) compensates the reduction of the net heat current caused by scattering in 

the other Ge areas. Similar findings of confined modes appearing with scattering in 

nanowire heterostructures were reported in Ref. [17]. 
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Fig. 5.11 Energy and position resolved phonon energy current densities of a 3nm Ge 
layer separated by two 3nm Si layers from semi-infinite homogeneous Ge grown in [100] 
direction. The contour lines represent the density of states. The right and left leads have 
different temperatures of 305K and 300K respectively. The ballistic situation (a) lacks a 

pronounced density of states of confined phonon modes in the central Ge layer that a 
calculation including scattering parameters of Table 3.2 shows (b). 
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5.3.3. Interface Thermal Resistance 

Thermal transport in heterostructure has been widely studied in recent years. Two 

major applications of thermal transport are the development of thermoelectric materials 

and heat management in microelectronics/nanoelectronics. The first application, which is 

the thermoelectric materials development, aim to lower the thermal conductivity as much 

as possible. Industry can use alloy structures, superlattice structures, and thin film 

structures to cause different the scattering mechanisms. The reason is that phonons are 

scattered and reflected by impurity and boundary. For the other application, the heat 

dissipation study in nanoelectronics devices, we need to increase the heat conduction 

inside the device. In this case, increasing the thermal conductivity is extremely important. 

Impurity and interface discontinuity could increase the thermal resistance. Our goal here 

is to apply the new phonon transport model to measure the thermal interface resistance 

and benchmark with other theoretical models and experimental results. One model named 

acoustic mismatch model is used to understand heat transfer across the interface [70]. 

This method can help to have a big picture on the heat conduction across the interface. 

However, this model assumes that the phonon is transmitted and reflected at the interface 

in a single direction. In reality, the movement of the phonon is influenced by the 

scattering mechanisms in 3D space. Therefore, acoustic mismatch model is inadequate to 

extract the thermal conductance in a microelectronic device. Molecular dynamics models 

based on statistics is capable of modeling the thermodynamics [71][72][73]. This model 

is a classical dynamics model. Normally, nonequilibrium molecular dynamics is widely 

used. The temperatures in two heat reservoirs are fixed to make sure that a constant flux 

is constructed throughout the device. The temperature drop at the interface can be 

extracted as well. Molecular dynamics has some disadvantages. This model cannot 

consider the periodic boundary conditions. Therefore, when treating periodic devices like 

bulk structures, the size of the structure needs to be as big as possible. The computational 

burden increases dramatically. Another assumption of this model is that the phonon 

velocity is rescaled. The inaccuracy of phonon velocity will bring doubt in the thermal 

properties using this model. In our case, we use Büttiker probe model with 

nonequilibrium Green’s function to do the thermal transport calculation. This method can 
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adjust the scattering rate easily with a variable. In the last chapter, we have shown that 

this method can reproduce the thermal conductivity in the periodic device without a lot of 

effort. The next step is to compare our model with other theoretical models as well as the 

experimental results. 

In section 5.2, the method to extract the interfacial thermal resistance is introduced. 

Based on this method, we continue our study of thermal interface resistance. Normally 

we use a nominal scattering rate in our simulation. It would be important to check the 

effect of the scattering strength of the interfacial resistance. Fig. 5.12 shows the 

interfacial resistance for different scattering strengths. The dashed line represents the case 

when nominal scattering is used in the simulation. When the scattering rate equals zero, 

which means it is ballistic transport, the interfacial thermal resistance is about 20% larger 

compared to the nominal scattering. The interfacial thermal resistance with about eight 

times larger than the nominal scattering is about 15% smaller than with the nominal 

scattering. The variation of interfacial thermal resistance is largely independent of the 

scattering strength. Unlike the molecular dynamics method, which is strongly dependent 

on the device size and has a fixed thermal velocity, our model can lower the effect of size 

on the interfacial resistance. Besides, our model can give insight into the effect of 

scattering rate on the heat transfer across the interface. 
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Fig. 5.12 Interfacial thermal resistances with different scattering strengths. The dashed 
line represents the case when the scattering strength is nominal. When the scattering 
scaling factor equals 0, it shows the interfacial thermal resistance in the ballistic case. 

When the scattering strength is eight times of the nominal scattering, the phonon 
transport is nearly in the diffusive region. 

Before calculating the interface resistance across Si/Ge interface, we start our 

calculations with Si/Si structure. The length of this structure is 5nm/5nm and the 

boundary conditions in the cross plane are periodic. The interfacial thermal resistance is 

plotted in Fig. 5.13. The interfacial thermal resistances with acoustic mismatch model 

(AMM) [70] and nonequilibrium molecular dynamics (NEMD) [66][69] method are 

plotted in Fig. 5.13 as well. The interfacial thermal resistance in the homogenous 

structure is zero. From Fig. 5.13, when the mass ratio equals one, it represents the case of 

a homogenous structure. The interfacial thermal resistance can be neglected when the 

mass ratio is close to one. With increasing mass ratio, the thermal interface resistance 

appears. Compared to acoustic mismatch model and molecular dynamics, our method 

gives the lowest interfacial resistance. Two possible statements can be made here to close 

the gap between our models and others. First, molecular dynamics cannot deal with the 
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periodic boundary conditions precisely. The larger the simulation structure is, the more 

accurate the result is. From previous calculations, as we increase the size of the device, 

the thermal resistance decreases. Second, the scattering rate in our model is fit to match 

the thermal conductivity in bulk structure. The length of our simulation is around 10nm. 

The device size is smaller than the phonon mean free path. Therefore, the thermal 

conductance is overestimated. Two NEMD simulations with different interatomic 

potentials show variation as well. The Tersoff potential is a bond order potentials that the 

chemical bonds are dependent on the environment. The Stillinger-Weber model is very 

similar to the valence force field model. It considers the two body and three-body terms. 

The main difference between valence force field and Stillinger-Weber model is that the 

later model treats the angle of the three-body term as a constant. In a valence force field 

model, the angle of the three-body term is not fixed. It depends on the actual atom 

positions in the lattice. 

 

Fig. 5.13 Thermal resistance of interface in a Si/Si heterostructure. M1 is 28, the mass of 
silicon. M2 is varied from M1 to 10M1. The blue line with the cross marker is the 

interfacial thermal resistance with nonequilibrium molecular dynamics using Tersoff 
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potential. The red line with triangle marker represents the results using acoustic mismatch 
model. The black line with square marker shows the results using our method. The green 

line shows the interface resistance with NEMD model from reference [66]. The 
Stillinger-Weber interatomic potential is used in this calculation. The NEGF model gives 

smaller interface resistance compared to NEMD models. 

The next step is to simulate the thermal transport in a Si/Ge heterostructure and 

extract the interfacial resistance. Fig. 5.14 shows the interfacial thermal resistance across 

Si/Ge interface. The estimated interfacial thermal resistance is in the order of 10-9 from 

experiment [75]. The experimental result in [75] is a multi-layer device. The interfacial 

thermal resistance from this work is lower than that from molecular dynamics model. 

One disadvantage of NEMD method is that it’s a method based on statistics. At each 

temperature, it needs a large number of samples to get the statistical distribution of 

thermal resistance. Therefore, it’s computationally heavy. The smaller thermal resistance 

of NEGF model is due to three possible reasons, the different force constants, the 

different sizes of simulation domain and the different relaxation model. We can see that 

the NEMD result with Tersoff potential is closer to the NEGF results. One of the 

discrepancies of NEMD model with Sillinger-Weber potential is that this method uses a 

fixed angle to model the potential of the three-body term. Although it’s not a big issue to 

calculate the heat transfer in the homogenous structure, it will result in an apparent 

inaccuracy when dealing with the heterostructures. Our NEGF method and NEMD model 

with Tersoff potential both give a smaller interface thermal resistance. Based on this fact, 

the conclusion here is that the NEMD model with Sillinger-Weber potential 

overestimates the interfacial resistance. 
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Fig. 5.14 thermal resistance of interface in Si/Ge structure. The green line with the error 
bar represents the results using NEMD with Stillinger-Weber potential [74]. The black 
line with the square is the result using NEGF and the blue line is the NEMD simulation 

by using Tersoff potential in the system. The NEMD model with Stillinger-Weber 
potential is less accurate when dealing with the interface due to the simplified three-body 

term. The NEGF model and the NEMD model with Tersoff model are more accurate 
when dealing with the interface since they are both environmental dependent. 

5.4. Conclusion 

In this chapter, the NEGF with Büttiker probe model is applied to study the heat 

transfer across the interface. Phonon dispersion mismatch is the main reason for the 

interfacial thermal resistance. Phonons are scattered and reflected at the interface. The 

model in this work allows consideration of boundary scattering and impurity scattering as 

well. This work can solve the problems with periodic boundary conditions more easily. 

Relaxation is considered in this work. The results show that the thermal conductance 

increases after relaxation. The reason is that the relaxation will make the transition from 

one lattice constant to another more smoothly. This process can reduce the phonon 

dispersion mismatch. At last, the local temperature profile is extracted to calculate the 

interfacial thermal resistance. Benchmarking has shown that NEGF model gives a smaller 

estimation of the thermal resistance compared to the NEMD method. One possible reason 
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is that NEMD method needs to scale to very large structures to get a conserved result. In 

the actual simulations, due to the computational complexity, the size of the simulation 

domain is small. Therefore, NEMD overestimates the interfacial thermal resistance. In 

future, a more rigorous model based on the Büttiker probe can be applied to simulations 

with much larger structures. 
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6. PHONON TRANSPORT ACROSS METAL/SEMICONDUCTOR 
INTERFACES 

 

6.1. Introduction 

Heat flow becomes more important in the microelectronic and nanoelectronic 

devices. With the scaling down of the device size in modern semiconductor device 

fabrication, the heat dissipation problem should be considered carefully. As most of the 

electronic devices consist of metal-semiconductor (MS)/insulator (MI) interface, it’s 

critical to study the heat dissipation across the MS/MI interface [77][78]. 

Thermal resistance across MS interface was first observed between Cu and liquid He 

interfaces [79]. Acoustic mismatch model (AMM) is applied to describe the heat flow 

across the interface [74]. The excellent agreement between AMM and experiment 

suggests that the heat transfer is governed by the acoustic mismatch. However, acoustic 

mismatch model neglects the diffusive scattering at the interface. In order to understand 

the effect such diffusive scattering would have on the heat flow, diffuse mismatch model 

(DMM) was introduced. This model assumes that all phonons are diffusively scattered at 

the interface [70]. Both AMM and DMM give reasonable agreement with experiments 

for temperatures below 40K. Besides, these two methods rely on several measured 

material properties and the fitting parameters to reproduce the experiment results [72]. 

These facts limit the application of AMM and DMM in modern heat transfer study. 

Equilibrium/nonequilibrium molecular dynamics (MD) is widely used to calculate 

thermal resistance across various interfaces [73][81][82]. MD method has its drawbacks 

such as finite size effect [83] and quantum effect [1]. In addition, MD method needs 

interatomic potential as inputs. Recently, an atomistic method, nonequilibrium Green’s 



 

 

 

68 

function (NEGF), is being extensively used to model the electronic transport [17]. NEGF 

method can be applied to model the phonon transport easily [20].  

6.2. Method of Phonon Transport across MS Interface 

 In this study, NEGF method is applied to calculate the phonon transport across 

MS interface. Before the transport calculation is executed, atom structure of the MS 

interface is constructed by using the commercial simulator tool Atomistix ToolKit 

(ATK). Then NEMO5 reads the interface atom structure in, to generate the dynamical 

matrix by using Keating valence force field (KVFF) model.  

TiSi2 C54 phase is investigated in this study. Fig. 6.1 shows the atom structure of 

TiSi2 (C54)/Si interface. During the fabrication process, Si [110] and Si [111] are two 

preferred directions for the substrate growth [87]. Different crystal planes were observed 

in the TiSi2 C54 side, including [100], [101], and so [88]. In this study, [100] plane is 

chosen for the TiSi2 C54 phase on the Si [111] substrate, which is shown below inFig. 

6.1.  

 

Fig. 6.1 Atom structure for Si[111]/TiSi2(C54)[100] interface 

After we have the atom structure of the MS interface, we use ab-initio method to 

relax the TiSi2(C54)/Si interface. GGA double zeta basis is used to relax the interface. 

During the relaxation, Si side is fixed. The reason is that in the fabrication process, 

titanium atoms are deposited on the Si substrate. The silicon atoms far away from the 

interface should have no strain. The boundary condition for the TiSi2 side is free. After 

relaxation, TiSi2 boundary atoms far away from the interface should be truncated. This 
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step can make sure that after truncation, the force from the outside of the simulation 

domain can be diminished. 

The next step is to read the relaxed atom structure in the NEMO5. Keating valence 

force field method is applied to calculate the phonon dispersion for different materials. 

Meanwhile, the dynamical matrix is assembled and provided to the phonon transport 

calculation. Fig. 6.2 is the comparison between NEMO5 and DFT results for TiSi2 (C54) 

phonon dispersion.  

 

Fig. 6.2 Phonon dispersion fitting for TiSi2 C54. 

From Fig. 6.2 we can see that three acoustic branches are fit better than the high 

energy optical branches. At room temperature, acoustic phonons are excited more than 

optical phonons. Acoustic phonons contribute more to the total thermal transport. 

Although the phonon dispersion is not fit perfectly with the DFT results, it has less fitting 

parameters and considers fewer neighbor atoms, which results in less computational 

burden.  
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6.3. Simulation Results 

In the thermal transport calculation, NEGF method is applied. As we mentioned 

above, the atom structure is relaxed with DFT simulation. The converged structure from 

DFT is read into NEMO5. KVFF model then provides the dynamical matrix for the 

NEGF transport calculation. In our transport simulation, ballistic transport is assumed 

currently. No scattering is considered. The representative temperature profile for an MS 

interface is shown in Fig. 6.3. Left side describes the temperature drop in the ballistic 

transport. Only phonon reflection and phonon scattering due to the interface are 

considered at the MS interface. The right side describes the temperature drop with 

electron-phonon scattering and phonon-phonon scattering. In metal, electrons carry heat. 

However, phonons are the main heat carriers. Therefore, the electron-phonon coupling 

should be an important scattering mechanism in the heat flow across the MS interface. 

Here, we start with the ballistic transport study. 

 

Fig. 6.3 Representative temperature profile for the MS interface 

Thermal transport calculation results are shown in Fig. 6.4. Fig. 6.4 (a) shows the 

transmission from NEGF method. The TiSi2/Si interface causes phonon reflection and 

scattering, which results in the reduction of heat current. Fig. 6.4 (b) shows the 

corresponding results for thermal conductance. The total thermal resistance across the 



 

 

 

71 

interface is about four times larger than in TiSi2 bulk and about right times larger than in 

Si bulk. 

 

Fig. 6.4 Transport calculation results in bulk and at interface without relaxation. (a) 
Integrated transmission results. (b) Thermal conductance calculation results. 

Conventional phonon scattering theory predicts a T3 dependence for low-temperature 

thermal conductance [8]. Thermal conductance in the low-temperature regime is plotted 

in Fig. 6.5. Our simulation result has the T3 dependence below 100 K.  
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Fig. 6.5 Thermal conductance in the low-temperature regime. 

The thermal conductance results above are calculated without relaxation. In a 

realistic situation, due to the lattice mismatch between Si and TiSi2, the strain must be 

considered near the interface region. ab initio method is used here to relax the TiSi2/Si 

interface. To briefly describe the method, the total electron energy is calculated first. 

After the electron energy is conserved, atom positions of the system are changed and the 

total potential energy of the system is calculated until the value of the total potential 

energy is smaller than the convergence criterion. Fig. 6.6 shows the thermal conductance 

results w/o relaxation. The thermal conductance is about 10 percent larger without 

relaxation than with relaxation. 
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Fig. 6.6 Thermal conductance after relaxation with different boundary conditions 

The KVFF+NEGF method also allows simulating the thermal transport in nanowire 

with comparably large cross-sectional areas. Here we simulate the heat currently in a 

nanowire with 2nm X 3nm cross section, which is shown in Fig. 6.7 (a). In this case, the 

strain at the TiSi2/Si interface is only about 0.9%. Fig. 6.7 (b) shows thermal 

conductance results for the nanowire. Due to the surface confinement of nanowire 

structure, thermal conductance has a G~T dependence. 
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Fig. 6.7 Thermal transport calculation in the nanowire. (a) the cross section was 
chosen for the TiSi2/Si interface. (b) Thermal conductance simulation results for 

the 2nm X 3nm nanowire 

6.4. Conclusion 

In conclusion, thermal transport across TiSi2 (C54)/Si interface is studied. A 

combined atomistic method is applied here. DFPT+KVFF+NEGF method only needs a 

small number of input parameters for the simulation, which makes our method 

computationally more feasible. The method also considers the quantum effects of phonon 

transport. Meanwhile, KVFF model can reduce the computational burden. In this study, 

ballistic transport is assumed in our simulation. The only scattering mechanism is the 

interface reflection. In next chapter, we will continue our study with the inclusion of 

electron-phonon coupling and the phonon-phonon coupling. 
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7. A SELF-CONSISTENT ELECTRON-PHONON COUPLING MODEL 

7.1. Introduction 

Interfacial heat transfer is one of the major concerns in the design of micro- and 

nano-scale materials and devices. In metals, both electrons and phonons are thermal 

energy carriers, while in dielectrics, heat are mainly carried by phonons. Therefore, for 

metal-dielectric composites, heat is transferred across an interface by coupling either 

between phonons in metal and dielectric or by direct coupling between electrons in the 

metal and phonons in the dielectric through electron interface scattering. For electron-

phonon coupling, a number of different viewpoints exist. Studies in ref [77] have 

assumed that electron-phonon coupling across a metal-dielectric interface is negligible 

and heat transfer occurs as electron-phonon coupling within metal and then phonon-

phonon coupling across the interface. Electron-phonon coupling at metal-dielectric 

interfaces has been measured to exhibit negligible apparent thermal resistance in work by 

ref. [90], yet works by ref.[91] suggest it to be important. One theoretical model suggests 

that inelastic electron-interface scattering may provide a pathway for interface heat 

transfer, particularly for metals with strong electron-phonon coupling or interfaces with 

little phonon transparency. Comparison between simulations and transient thermal 

reflectance (TTR) measurements for Au-dielectric interfaces suggests that energy could 

be lost to the substrate by electron-interface scattering during ultrafast laser heating, and 

this effect depends on electron temperature and substrate thermophysical properties [93]. 

An atomistic nonequilibrium Green’s function of coupled electron-phonon transport is 

reported in [94].  Electron-phonon coupling is considered through scattering self-energies 

treated in the self-consistent Born approximation. A model of first-principles calculations 

combined with heat transport simulation using nonequilibrium Green’s function is used 

to predict the thermal interface conductance of CoSi2-Si interface [96]. First-principal 
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calculations of electron-phonon coupling can explain the interface heat transfer across the 

interface. To summarize, it would be reasonable to conclude that qualitative 

understanding is emerging on cross-interface electron-phonon coupling, but quantitative 

models validated by experiments are lacking. This issue is the primary motivator of the 

proposed research. 

The thermoelectric effect describes the conversion of temperature differences to 

electric voltage and vice versa. The physics behind this effect is that both voltage and 

temperature can drive the electrons moving from one lead to another lead. Fig. 7.1 below 

shows the electron transport driven by temperature differences. 

 

Fig. 7.1 Fermi-Dirac distributions in two contacts with different temperatures and the 
DOS plot inside the device. The left figure shows the distribution of high temperature. 

The right figure shows the distribution of low temperature. 

We have shown that the temperature differences can drive both the electrons and 

phonons. Electrons and phonons would collide with each other. We use electron-phonon 
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scattering to describe this process inside the solid state devices. The details about the 

electron-phonon coupling model will be introduced in next part. 

7.2. A Self-consistent Electron-phonon Coupling Model 

In this section, we develop a new implementation of self-consistent electron-phonon 

coupling method to study the electronic and thermal transport in nanoelectronic devices. 

As the electrons move in the channel, they will collide with an atom in the lattice. There 

is energy exchange between electrons and phonons. Our model starts from the basic 

electron transport simulation with Büttiker probe. The input parameters for the electronic 

part include the scattering strength, lattice temperature, chemical potential, and applied 

voltage. At the stage of electron Büttiker probe simulation, we should check the charge 

conservation at each probe. After the charge conservation achieved, the total energy 

current of the electrons at each probe is calculated and plugged into the corresponding 

phonon Büttiker probe. The physics behind this step is that the total charge current should 

be conserved during the scattering process. In the case of the electron-phonon coupling, 

the chemical potential throughout the device always remains the same. The temperature 

difference is the driven force for the electron flow. Therefore, the charge conservation 

and Newton-Raphson iteration need slight modifications. The charge current through 

each virtual contact can be expressed as 

1,( ) ( ) ( ( , ) ( , ))m P C m BP m BP
e n n m mn FD n FD m

eI E E f E T f E T dE
h

+¥ È
= ¹-¥

= S ×X × -ò         (7.1) 

The temperatures of two real contacts are fixed. The temperature at each probe is 

adjusted to make sure the charge is conserved. Charge current continuity requires that the 

net charge current at each probe m
eI  equals zero. The probe temperature can be adjusted 

iteratively using Newton’s method. The Jacobian matrix for the Newton iteration scheme 

is numerically evaluated as  

,
m m

mm mne e
e em n

I IJ J
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¶ ¶

= =
¶ ¶

                                                 (7.2) 

And the corrections to the probe chemical potential during the iterations as  
1m m

e eT J I-D = - ×                                                      (7.3) 
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We can notice that the charge current through each probe with scatterings needs to 

be conserved. However, the total energy current of the electrons after scattering can be 

different from that before scattering. The energy current of the electrons can be calculated 

by 

1,( ) ( ) ( ) ( ( , ) ( , ))m P C m BP m BP
e p n n m mn FD n FD m

eI E E E f E T f E T dE
h

µ
+¥ È

- = ¹-¥
= S × - ×X × -ò         (7.4) 

The simulation of phonon Büttiker probe is almost the same as we introduced in 

previous chapters except that the total phonon energy m
e pI -  at each probe is no longer 

zero. It equals the value of the energy exchange from the electronic simulation. During 

the phonon transport calculation, the only difference in the electron-phonon coupling 

model is that the Eq. 3.12 is modified below, 

( )m m m
p p e pI I E dE I

+¥

--¥
= =ò                                                 (7.5) 

Once the phonon transport simulation is done, the global energy conservation is 

checked. If the total energy is not conserved, the temperature at each probe after phonon 

transport simulation should be plugged back into electron transport. The physical 

explanation this step is that the change in lattice temperature will influence the electron 

transport. Therefore, we have a self-consistent coupling loop to model the electron-

phonon coupling in a device simulation. Once the global energy conservation is met, we 

can get the results that include both electronic and thermal properties. Both electron-

phonon and phonon-phonon scattering mechanisms are ready to be applied to the 

coupling model. The coupling model is shown in fig below. 
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Fig. 7.2 Simulation process of the self-consistent electron-phonon coupling model. The 
simulation starts from the electron Büttiker probe simulation. Charge conservation is 

checked in this step. The next step is to plug the exchange energy from electron part into 
the phonon Büttiker probe simulation. Energy conservation at each probe is checked. The 

next step is to check the global energy conservation. If no, the lattice temperature is 
plugged into the electron Büttiker probe simulation. A self-consistent simulation loop is 

constructed. The whole simulation is repeated until the global energy is conserved. 

The phonon–electron relaxation time is found from a momentum balance analysis 

based on maximum phonon frequency [97] as  
2
,
2

,

31 p A e

e p e pc Tu

µ s
t µ-

=
×

                                                   (7.6) 

Where es  and eµ  are the electrical conductivity and mobility, and , pcu  is the 

phonon specific heat of the phonons allowed to interact with conduction-band electrons. 

Using the Debye model for , pcu [1],  
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An approximation for equation (6.2), in terms of the Debye temperature, is given in 

[98]. For the case of acoustic phonons inelastic interaction with the conduction electrons, 

we will use a coupling potential. In general, phonons affect conduction electron transport 

more than electrons affecting the phonon transport. Phonon related scattering 

mechanisms have been introduced in previous chapters. Therefore,  

We use the atomistic tight-binding model to reproduce the band structure for the 

device. The tight-binding model is introduced in [85]. Briefly speaking, the sp3d5s* 

model is applied in our simulation. This sp3d5s* model is a 10-band model that leads to a 

10x10 matrix for each atom. This means that there are ten Büttiker probes attached to an 

atom. As we introduced previously, the three band valence force field model is used in 

the phonon Büttiker probe simulation. During the step of plugging the exchange energy 

from electron transport to phonon transport, the number of electron probes is different 

from the number of phonon probes which causes the energy coupling to fail. To solve this 

problem, we adjust the Büttiker probe model to use only one probe at each atom. 

Therefore, the probe numbers on both electron and phonon side of the simulation are the 

same. This atom based Büttiker probe method can reduce the computational burden as 

well. The reason is that the most time-consuming part of Büttiker probe simulation is in 

solving the Newton iteration. Assuming that we are solving a problem with n atoms in 

total, the size of the Jacobian matrix with the band based model is 2( )m n×  (m=10 in 

electron case and m=3 in phonon case). The complexity of the matrix operation is 
3( )m n× . However, the complexity of the atom based model is n3. It’s obvious that the 

atom based model is much more efficient. 

From [1] we know that at room temperature, compared the phonon-phonon 

scattering, the electron-phonon scattering can be neglected in the phonon transport. 

However, electron-phonon scattering should be considered in the electronic simulation. 

In this work, we mainly focus on the group IV materials. Therefore, the acoustic and 

optical phonon scattering are included in this work. Acoustic phonon scattering is nearly 

elastic. It describes the fluctuation in electron energy caused by strain. The optical 

phonon scattering is assumed to be dependent of the atomistic displacement but not to its 

derivative. The equations for the scattering are shown in [86], 
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Fig. 7.3 Left figure shows the electron-phonon scattering in Si and right figure shows the 
electron-phonon scattering rate in Ge. The green line is the acoustic phonon scattering 

rate. The red line represents the optical phonon scattering rate, including both the 
absorption and emission. The blue line shows the total electron-phonon scattering rate. 

In this case, the electron-phonon scattering is energy dependent. After we obtain the 

scattering rate for the device, we can calculate the scattering self-energy for the NEGF 

model by 

(7.9) 

 

7.3. Simulation Results 

Before we go to the study quantitatively, we should understand this electron-phonon 

model qualitatively. The test process uses a large scattering rate in the simulation. For 

simplicity, a small structure with four unit cells is used in the study. The first test is to 

measure the effect of energy exchange from electrons on the phonon temperature. Based 

on the model introduced in 7.2, Fig. 7.4 shows that the global energy conservation check 

is turned off. The red arrow means we can turn on/off a particular step. The 

corresponding result is shown in Fig. 7.5. Since there is no feedback influence from the 

phonons to the electrons, the electron temperature remains the same. Once we include the 

energy exchange from electrons to phonons, the phonon temperature drops in the device 
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increases. The physics behind this picture is that electron movement inside the device 

may increase the phonon scattering strength. Stronger scattering may lead to a larger drop 

in the lattice temperature. So far, we have examined the effect of the electron-phonon 

scattering on the phonon transport.  

 
Fig. 7.4 The simulation process of examining the effect of the electron-phonon scattering 
on the phonon transport. The step of global energy conservation check is not included in 

the first test. The energy transfer from electron to phonon can be turned on/off. 

 
Fig. 7.5 Electron and phonon temperature profiles for the first test. Scattering rates for 
both electron and phonon transport are larger than realistic ones. The strong scattering 
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will exaggerate the effect of the electron-phonon scattering. The device structure has 16 
atoms for this test case. The black line shows the electron temperature profile in the 

device. Since there is no feedback from phonon transport, the electron-phonon profile 
remains the same during the simulation. The red line represents the phonon temperature 
drop without electron-phonon coupling, and the blue line shows the phonon temperature 

drop with electron-phonon coupling. 

The next step is to check the influence of global energy conservation on the transport 

calculation. The test includes two cases. The first case is to couple the electron transport 

and phonon transport once. This means that the simulation starts from the electron 

transport calculation. The energy exchange from the electron is coupled with phonon 

transport. The phonon temperature result is then coupled with electron transport again. 

After one more electron transport simulation, we output all calculated properties without 

global energy conservation check. The second case is to do the self-consistent simulation 

until the global energy is conserved. The simulation picture is shown in Fig. 7.6. 

 

Fig. 7.6 The simulation process of examining the effect of the global energy conservation 
check to the transport. The red part means that for one case, the global energy is not 

conserved. For another case, this self-consistent simulation loop should be executed until 
the global energy is conserved. 

The simulation results with the global energy conservation check are shown in Fig. 

7.7. The red solid line and the blue solid line are the electron and phonon temperature for 

only one iteration of the self-consistent calculation. They are different from each other. 
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The simulation with one iteration cannot guarantee the global energy conservation. The 

next step is to do the simulation self-consistently until the global energy conservation 

criterion is met. The red and the blue crossed lines represent the electron and phonon 

temperature with a conserved total energy. Compared to the case with only one iteration, 

the self-consistent simulation gives higher drops in electron and phonon temperatures in 

the device. The one iteration case underestimates the scattering strength in the device. 

One thing to be pointed out is that in this short device, we use a very large scattering 

strength to exaggerate the effect of scattering mechanisms on the temperature. The 

conclusion here is that the self-consistent electron-phonon coupling model results in a 

larger temperature drop in the device. 

 
Fig. 7.7 Electron and phonon temperature profiles in the device. Scattering rates for both 

electron and phonon transport are larger than realistic ones. The strong scattering will 
exaggerate the effect of the electron-phonon scattering. The device structure has 16 atoms 
for this test case. Two blue lines show the phonon temperature profiles and two red lines 
show the electron temperature profiles. The solid lines show the temperature with only 1 
iteration of the self-consistent loop. The dashed lines with crosses represent the case with 

the conserved global energy. 
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After we prototype the electron-phonon coupling model in Matlab, we continue to apply 

this model to the real device simulation. A short Ge/Si/Ge heterostructure is used here as 

an example. There is no applied bias to this structure so that the chemical potential is flat 

in the device. A temperature difference of 5K is applied between the two leads. 

Therefore, the temperature difference is the driving force for the electron and phonon 

movement. The structure of the device is shown in Fig. 7.8. From [1] we know that the 

effect of electron-phonon coupling to the phonon transport can be neglected. The first 

step is to do the test about this issue. Two test cases are simulated. The first case is to 

calculate the phonon transport without the electron-phonon coupling. The second case is 

to include the electron-phonon coupling. The temperature profile is shown in Fig. 7.9. 

The temperature profiles for the two cases are the same to each other. This result verifies 

the conclusion introduced in [1] that the effect of electron-phonon scattering is trivial to 

the phonon transport. 

 

Fig. 7.8 A Ge/Si/Ge heterostructure used as an example to do the electron-phonon 
coupling simulation. The total channel length is around 7nm. Temperature is 305K in the 

source and 300K in the drain.  
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Fig. 7.9 Transport simulation of the structure shown in Fig. 7.8. The red line represents 
the lattice temperature simulated without the electron-phonon scattering. The blue line 

with the cross is the lattice temperature simulated by including the electron-phonon 
coupling. 

The electron and phonon temperature profiles by the self-consistent electron-phonon 

coupling model introduced in this work are shown in Fig. 7.10. Our results show a 

deviation between electron temperature and phonon temperature. One possible reason is 

that when the electron flows from hot source to cold source, the electron redistribution 

will bring a chemical potential difference. This is called Seebeck effect. At this stage of 

our model, the chemical potential cannot be adjusted during the simulation. The chemical 

potentials in two contacts are fixed in an equilibrium condition. This assumption may 

influence the electron profile in the device. The electron current driven by temperature is 

much smaller than that driven by chemical potential. One future work is to test this 

electron-phonon coupling model with both chemical potential difference and temperature 

difference. 
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Fig. 7.10 Temperature profile using the electron-phonon coupling model. The red line 
represents the electron temperature and the blue line represents the phonon temperature 

throughout the device. 

The electron temperature is sensitive in the temperature-driven case due to the small 

electron current. The main focus for the situation of only temperature-driven transport is 

the lattice temperature or the phonon temperature. We have shown that the effect of 

electron-phonon scattering to the lattice temperature is very limited in the realistic 

situation. The reason should be investigated more carefully. The value of energy current 

flow in the simulation of Fig. 7.8 is in the order of 10-9 (W). The energy exchange from 

the electron part at each probe is shown below Fig. 7.11. Since the actual energy 

exchange through each probe is in the order of 10-15(W), which is much smaller 

compared to the phonon energy current, the effect of electron-phonon coupling can be 

neglected. It would be interesting to know the effect of larger electron-phonon scattering 

rate to the device heat flow.  
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Fig. 7.11 Energy exchange from electron to phonon in the realistic case. The actual 
energy current is in the order of 10-15(W) which is much smaller than the phonon current. 

 

In the next test, for the same structure, we increase the electron-phonon scattering 

rate by a factor of 100. The new energy exchange throughout the device is shown in Fig. 

7.12. The energy exchange now is in the order of 10-11(W). Considering that the value of 

energy exchange describes the energy flow through each probe, the total contribution of 

an electron to the phonon current will be dramatic. The phonon temperature, in this case, 

is shown in Fig. 7.13. The first interesting thing we notice is that the interface 

temperature drop disappears. The reason is that energy exchange from electron to phonon 

dominates the energy flow with such a large scattering rate. The temperature plateau in 

the middle silicon part is the reason of small energy exchange in the middle region which 

is shown in Fig. 7.12. Except for this narrow middle region, energy exchange is large 

enough to cancel the temperature drop caused by the interface resistance. We notice that 

the temperature drop is increasing. This drop is mainly due to the strong electron-phonon 

scattering. 
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Fig. 7.12 Energy exchange from electron to phonon in the case with an order of 100 
larger than that in the realistic case. 

 

Fig. 7.13 Phonon temperature throughout the device. The electron-phonon scattering 
rate is an order of 100 larger than that in the realistic case. 

7.4. Conclusion 

 In this chapter, we introduce a self-consistent electron-phonon scattering model to 

simulate the particle transport driven by the temperature difference. This model can 

mimic the energy exchange from electron to phonon and the feedback of changed phonon 

temperature to the electron transport. The results show that in a realistic case, the effect 

of electron-phonon coupling to the phonon transport can be neglected, this conclusion 

can be verified by other works. Another important conclusion is that after some 
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qualitative study of strong electron-phonon scattering rate, the temperature drop at the 

interface might disappear due to the huge energy exchange based on the coupling rate, 

not the lattice mismatch anymore.  
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8. SUMMARY AND OUTLOOK 

8.1. Summary 

The presented thesis mainly focuses on a new application of Büttiker probe method 

to the NEGF model. We show the details of this model for the phonon transport first. The 

whole phonon transport model has been implemented into NEMO5. The phonon solver 

starts from the valence force field model to calculate the phonon dispersion. During this 

step, the dynamical matrix needed for the transport simulation is assembled. The phonon 

transport simulation is ready. The phonon solver can calculate the phonon current for 

both the ballistic and diffusive cases. Different scattering mechanisms are available to 

mimic the heat transfer in a real device. Relaxation in the heterostructures and phonon 

density analysis are available in the phonon solver as well. There are two ways to include 

the relaxation simulation. The first way is built into NEMO5 so that the relaxation is 

available for the traditional semiconductor structures. If we want to include the relaxation 

effect in metal/semiconductor interface, we need to use other simulation tools to relax the 

structure outside of NEMO5 and then read the relaxed structure into NEMO5. A method 

to extract the local temperature is introduced in the thesis. The temperature profile in the 

device can be understood from the simulations.  
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Fig. 8.1 Overview of phonon solver in NEMO5 

 Another import part is the self-consistent electron-phonon coupling model. We 

expand the application of Büttiker probe model and couple the electrons with phonons 

with the energy exchange term and lattice temperature. This electron-phonon coupling 

model will be applied to metal/semiconductor structures since the available literature, and 

experimental studies show that the electron-phonon scattering has a dramatic influence 

on the thermal transport across the interface. 
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Fig. 8.2 Overview of electron-phonon coupling in NEMO5 

8.2. Outlook 

The electron transport simulation is computationally intensive. The reason is that a 10 

band tight-binding model (20 band model if we include the spin) is used in our study. If 

we want to simulate large structures, nanowires, for example, the matrix size for the 

calculation is huge and it will cost a lot of CPU hours and memory. Although we can 

parallelize the simulation in energy and momentum space, the most time-consuming part 

is to calculate the current flow between each of the probes. For example, if we want to do 

the electron transport simulation in a device with 1000 atoms, the matrix size for the 

Hamiltonian is 105. The size of the probes is 105 as well. For each probe, we need to do 

the Green’s function calculation for 105 times. The total time for this simulation will be 

notoriously long. By applying a recursive Green’s function [95], the computational 

complexity can be improved dramatically. The method allows us to do the Green’s 

function calculation based on a small slab recursively instead of doing the whole matrix 
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operation directly. We have reported this recursive Green’s function method in [96]. It 

has been prototyped successfully. The prototype of this model in MATLAB shows that 

the computational efficiency is enhanced dramatically. The details of this recursive 

Green’s function with Büttiker probe will be introduced in the appendix. The next step is 

to implement this recursive Green’s function into NEMO5. Upon finishing the 

implementation of this recursive Green’s function, the Büttiker probe model will be ready 

for massive applications towards simulating realistic devices for the industry.  
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APPENDIX 



 

 

 

RECURSIVE GREEN’S FUNCTION WITH BÜTTIKER PROBE MODEL 

Due to the complexity of direct NEGF method, a recursive Green’s function with 

Büttiker probe model has been reported in [96]. Here the main equations and steps for 

this efficient model are introduced here. The energy current through each probe can be 

calculated by: 
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Green’s function calculation, the spectral function A and Gn are full matrices and need to 

be computed. NEGF method is computationally heavy since the direct matrix operation 

for the large structure will slow down the simulation and use a large amount of memory. 

By applying the RGF algorithm, we can calculate the Green’s function block by block 

recursively. The detail of RGF method is introduced in [95]. Here we only list the 

Büttiker probe related steps. The left-connected 1+inLg is: 
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The equation for n
iiG ,  is: 
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The derivative of n
iiG ,  with respect to Büttiker probe temperature is given by: 
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The RGF algorithm to calculate Gn and the derivatives of Gn with respect to the 

temperature is: 
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For i=1, 2,…, N-1 and j=1,2,…,N, compute equation (2) &(3). 
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For q =N-1, N-2,…1 and j=1,2,…N, compute equation (4) &(5). 

The new RGF method with Büttiker probe follows the steps below: 

1. Start the calculation with an initial guess of probe temperature. 

2. Compute the related Green’s function using the RGF algorithm. 

3. Calculate the energy current in each probe using A.1. 

4. Calculate the Jacobian matrix by using the equation below: 
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function. 

5. Update the temperature of each probe by solving the Newton equation: 

fJTT oldnew
1--=        (A.8) 

6. If e>- oldnew TT , go back to step 1 with the updated probe temperature and 

continue the calculation by following the steps above until the convergence criteria 

have been met. 
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