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ABSTRACT

Tan, Yui-Hong Matthias Ph.D., Purdue University, July 2015. Development of Hy-
brid Atomistic/Empirical Modeling Methods for Donor-Based Quantum Computing
Architectures. Major Professor: Gerhard Klimeck.

Silicon phosphorous donor based devices have emerged as promising candidates for
future quantum computing devices. Despite the development of high precision fab-
rication techniques, inherent statistical variations of dopant placement on an atomic
scale can influence device behavior in donor-based quantum computing systems con-
siderably. Understanding the impact of statistical dopant placement variations on
an atomic scale is thus of crucial importance for comprehensive device characteriza-
tion. Existing atomistic based models such as tight-binding (TB) are to date unable
to comprehensively model realistic statistical dopant placement variations in donor-
based quantum computing systems due to immense computational requirements. The
absence of feasible modeling methods therefore poses a significant challenge towards
the goal of scalable donor-based quantum computing. Addressing the innovation
imperative for novel atomic-scale methods capable of modeling realistic statistical
dopant placement variations will close a major gap in current device characterization
capabilities and provide important design guideline implications for future quantum
computing devices. This work presents the development of novel hybrid modeling
methods for single and multi-donor based quantum computing architectures. Firstly,
a detailed study of the impact of lead dopant placement fluctuations in a single atom
transistor is presented. Using a combined modeling approach of TB models and rate-
equations, lead doping induced density of states fluctuations and their impact on the
experimental charge stability diagram are investigated with atomic scale resolution.

Secondly, a hybrid modeling methodology for multi-donor based quantum computing
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devices is presented. Based on atomistic TB simulations, empirical models and com-
binatorial algorithms, this new model served instrumental in the first demonstration
of Pauli spin blockade in a multi-donor based device - a milestone in the develop-
ment of donor-based quantum computing technology. In detail, the hybrid model
determined the exact number of donors in the experimental device by rapid compu-
tation of statistically weighted binding energy spectra comprising millions of unique
possible donor configurations. Practically unfeasible with any existing methods, the
presented hybrid atomistic/empirical modeling methodology facilitates, for the first
time, comprehensive characterization of statistical dopant placement variation effects
in donor-based quantum computing architectures with atomic scale accuracy and

unprecedented speed.



1. INTRODUCTION

1.1 Preface

Quantum computing has developed from a visionary idea into one of the most
fascinating areas of modern nanotechnology. The successful development of quantum
computers would mark a scientific and technological milestone of extraordinary im-
portance. Quantum computers would exponentially outperform current CMOS-based
computers in terms of both speed and memory storage capabilities, thus impacting
modern society immensely. In specific, silicon phosphorous donor based devices are
seen as promising candidates for the realization of qubits, the quantum analogue of
the bit and the fundamental building block of a future quantum computer. Donor
based devices in silicon can have extremely long spin-coherence and spin-relaxation
times, and would be capable of being integrated within the existing CMOS technology
infrastructure. [9] The ability to control matter with atomic scale accuracy is central
to the development of solid-state quantum computing architectures. Necessary atomic
precision control of phosphorous dopant placement in silicon has been demonstrated
using a combined fabrication method of scanning tunneling microscopy and molecular
beam epitaxy. This led to recent breakthroughs in donor-based quantum computing
technology including the development of a deterministic single atom transistor [9] and

the first demonstration of Pauli spin blockade in a multi-donor based system [1].

1.2 Status Quo of Modeling Methods in Quantum Computing

Despite the development of high precision fabrication techniques, atomic scale
statistical variations of dopant placement are inherently present. Understanding and

modeling the impact of atomic scale statistical dopant placement variations in quan-



tum computing devices is of crucial importance. The atomic scale dimensions of
modern quantum computing architectures necessitate modeling methods with atom-
istic resolution. For example, even dopant placement variations of a few angstroms
can change binding energies of multi-donor quantum dots considerably [1]. Atom-
istic based models such as tight-binding (TB) and density functional theory (DFT)
have been applied in numerous theoretical studies on donor-based quantum com-
puting architectures [3] [4]. Modeling of realistic devices using atomistic methods
often necessitates significant computational resources and access to supercomputers.
Computational constraints of atomistic methods currently prohibit comprehensive
modeling of statistical dopant placement variations present in realistic quantum com-
puting architectures. The number of possible donor configurations in few multi-donor
quantum dots can quickly grow into the millions, rendering comprehensive analysis of
dopant placement fluctuations with current atomistic methods virtually impossible.
In atomic scale devices such as donor-based quantum computing devices, inherent
statistical variations of dopant placement on an atomic scale can influence device
behavior considerably. The absence of feasible modeling methods therefore poses a
significant unsolved challenge towards the goal of predictive and comprehensive large-
scale modeling of donor-based quantum computing architectures. Understanding the
impact of statistical dopant placement variations on an atomic scale is thus of crucial
importance towards the development of donor-based quantum computing devices. Re-
alistic modeling of dopant placement fluctuations on an atomic scale will enhance the
accuracy and depth of current device characterization capabilities, as well as provide

and challenge design guidelines implications for future quantum computing devices.

1.3 Addressing the Innovation Imperative for New Modeling Methods

This work presents the development of novel hybrid modeling methods for sin-
gle and multi-donor based quantum computing architectures. In the first chapter, a

detailed study of the impact of lead dopant placement fluctuations in a single atom



transistor is presented. Using a combined tight-binding/rate-equations approach the
charge stability diagram of single atom transistor is reconstructed. Density of states
(DOS) fluctuations in the atomic-scale phosphorus doped device leads and their im-
pact on the charge stability diagram are modeled through multi-million atom tight
binding simulations. The precise placement of the donors in the device leads substan-
tially impacts the DOS fluctuation signatures in the charge stability diagram, thus
highlighting pronounced dopant placement fluctuations effects in the single atom
transistor device. The second chapter expands the discussion to multi-donor based
quantum computing architectures. In specific, a hybrid modeling methodology for
multi-donor based quantum computing devices is presented. Based on atomistic TB
simulations, empirical models and combinatorial algorithms, this new model served
instrumental in the first demonstration of Pauli spin blockade in a multi-donor based
device - a milestone in the development of donor-based quantum computing tech-
nology [1]. In detail, the hybrid model determined the exact number of donors in
the experimental device by rapid computation of statistically weighted binding en-
ergy spectra comprising millions of unique possible donor configurations. Practically
infeasible with any existing methods, the presented hybrid atomistic/empirical mod-
eling methodology facilitates, for the first time, comprehensive characterization of
statistical dopant placement variation effects in future donor-based quantum comput-
ing devices with atomic scale accuracy and unprecedented speed. The third chapter
presents proposed future work projects which build upon and expand the scope of the
hybrid atomistic/empirical modeling methodology. The overarching goal is the devel-
opment of a comprehensive and expandable set of hybrid empirical /atomistic models
which allow high-speed and large-scale statistical device characterization of donor-
based quantum computing architectures. The anticipated outcomes of the future
work proposal will provide design guidelines for optimal donor cluster geometries, en-
able quantitative analysis of donor diffusion effects and rapid large-scale computation
of key device performance indicators such has binding energies, spin relaxation times

and hyperfine coupling strengths. A three stages project plan to build the foundation



of a comprehensive large-scale device characterization tool for donor-based quantum

computing devices is outlined and presented in detail.



2. COULOMB BLOCKADE AND LEAD DOPANT
PLACEMENT FLUCTUATIONS IN A SINGLE ATOM
TRANSISTOR

2.1 Abstract

This chapter presents a detailed study of the impact of lead dopant placement
fluctuations in a deterministic single atom transistor. Using a combined modeling
approach of TB models and rate-equations, lead doping induced density of states fluc-
tuations and their impact on the experimental charge stability diagram are modeled
with atomic scale resolution. Random dopant placement fluctuations in the device’s
leads can be probed via modeling of the experimental charge stability diagrams. The
precise placement of the donors in the device leads substantially impacts the DOS
fluctuation signatures in the charge stability diagram, thus highlighting pronounced
atomic granularity effects in the single atom transistor device. Furthermore, the ex-
perimentally observed asymmetric coupling of the source and drain device leads to
the single channel phosphorus dopant is investigated and compared to experimental

conditions.

2.2 Motivation

As modern semiconductor devices usher towards few nanometer length scales,
atomic precision in fabrication technology is becoming increasingly important. Novel
atomic-scale semiconductor devices will exhibit atomic granularity effects, where de-
vice characteristics are influenced by the specific placement of individual dopant
atoms. Interface roughness, randomness in alloy and doping compositions, or strain

effects will also continue to be further impacted by the atomic resolution type nature



of ultra-scaled device [2,5-8]. Accurate dopant placement is thus crucial for study-
ing and understanding the impact of atomic granularity effects on device behavior.
Precise control of donor incorporation also constitutes a significant step towards the
realization of donor-based quantum computers [20-24]. Recently, Fiichsle [9] demon-
strated the first single-atom transistor in which an individual phosphorus dopant
atom has been deterministically placed within an epitaxial silicon device architec-
ture. Using a combined approach of hydrogen-resist lithography and scanning tun-
neling microscopy, the single phosphorus dopant was positioned with a remarkably
high spatial atomic level accuracy of one lattice site [9]. The source and drain leads
and two in-plane gates of the device were formed with heavily phosphorus doped
delta-layer wires, which can provide Ohmic conductance to the central device un-
der atomistic control [15]. The wires also modulate the electrostatic environment of
the single dopant and can control the 0, 1 and 2 electron states. Despite the pres-
ence of the highly doped leads, the silicon encapsulated single dopant retains discrete
quantum states and a bulk-like charging energy; findings of important relevance for
the development of future scalable atomic-scale silicon device architectures [9]. The
theoretical work of Hoon et.al. [9] confirmed the existence of the single atom tran-
sistor with high confidence. Hoon et.al. not only theoretically model the charging
energy and device gate controllability in excellent agreement with experiment, but
also quantitatively explain the larger extent of the D- region in the charge stability
diagram [9]. This work aims to further expand the theoretical modeling work of the
single atom transistor. In particular, we investigate the impact of impurity placement

fluctuations in the Si:P leads on the single atom transistor’s charge stability diagram.

2.3 Experimental Structure, Coulomb Diamond features

Figure 1a) shows a schematic of the experimental planar single atom transistor
device. A single phosphorus dopant atom is placed in the channel region between

highly phosphorus doped source (S), drain (D) and gate leads (G1, G2) in a silicon
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Fig. 2.1. (a) Atomistically calculated potential profile of the close-
up inner Single Atom Transistor device area. The co-planar leads
consist of highly phosphorus-doped monatomic layers. The white dot
marker indicates the position of the single isolated phosphorus atom
in the central device channel region. (b) Schematic donor potential
of a single phosphorus atom in the one-electron D° and two-electron
D~ state.

substrate environment. The gate leads are ~ 54nm away from the central P donor.
The source and drain leads are ~ 9nm apart from the single P dopant in the channel.
The gates electrostatically tune the energy states of the channel P dopant into and
out of the Fermi window spanned by the voltage across the source and drain leads,
thus effectively controlling current flow through the device. The leads have a universal
phosphorus doping concentration of 1/4 monolayers; i.e. 1 in every 4 atoms in an
atomic plane is a phosphorus (P) dopant. The ohmic conductance of these ultra-scaled
nanowires has been measured [15] and modeled in detail [25]. Phosphor placement
variations with the nanowire region as well as small phosphor density variations do
not affect the wire conductance strongly. However we will show here that the detailed
wire configurations do affect some details of the transport through the single impurity
device. In fact one can argue that the single impurity states can perform a spectral
analysis of the detail in the leads.

Figure 1b) shows the Coulombic potential of the single phosphorus channel dopant
in the D° and D~ charging state. The single phosphorus donor ground state and first
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Fig. 2.2. Investigated charge stability diagram features of the single
atom transistor. (a,b) Schematic charge stability diagrams with two
different atomistic lead doping profiles. Conductance streaks (grey)
indicate density of states fluctuations in the source/drain leads and
are dependent on the atomistic doping profile of the leads. Schematic
conductance streaks without (¢) and with (d) inelastic scattering.
Schematic conductance streaks with symmetric (c¢) and asymmetric
(d) lead to channel donor coupling.

excited energy states are included in the subsequent modeling analysis and denoted

here with solid and dashed lines, respectively. The potential profile and eigenstates



of the single phosphorus dopant were obtained through atomistic tight-binding cal-
culations and validated against experimental data [?,10, 11].

Figure 2) provides a conceptual overview of the charge stability diagram phenom-
ena to be investigated in this work. In the first part, the impact of atomistic lead
doping profiles on the charge stability diagram of the single atom transistor is inves-
tigated (Figures 2a, 2b). In the second part, inelastic scattering effects are modeled
and discussed. (Figures 2c, 2d) In the third part, we conclude with modeling the
asymmetric lead to channel donor coupling as observed in the experimental device.

(Figures 2e, 2f)

2.4 Lead DOS fluctuations

Figure 3) shows three sample simulation unit cells for the planar delta-doped
Si:P source (S) and drain (D) device leads. The doping concentration is kept close
to experimental measurements at 1/4 ML, whereas the specific dopant placement
differs among the three samples. As the physical length of the source and drain
leads is considerably larger the leads’ widths, periodic boundary conditions along
the 110 direction are assumed in the modeling analysis. The center figures show
the simulated density of states profiles for the three leads along the y-confinement
direction as obtained through atomistic tight-binding simulations.

The Fermi level is 79 meV below the silicon bulk conduction band edge, which
serves as a general energy reference in this work. To incorporate the information
of the atomistically simulated lead density of states profiles into the rate-equation
model [19] for simulating the charge stability diagrams, the coupling strength of the
source and drain lead to the center dopant is approximated to be proportional to
the energy dependent lead density of states. The right insets show the resulting
charge stability diagrams with incorporation of the atomistically calculated density
of states fluctuations in the device leads. Although the doping concentration and

physical dimensions of the wires are identical across the three samples, the different
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Fig. 2.3. (a) Schematic of three different Si:P device lead simulation
supercells with distinct atomistic phosphorus (P) doping profiles. (b)
Density of States (DOS) profiles of source and drain leads. (c) Charge
Stability Diagrams (Coulomb Diamonds) showing the impact of dif-
ferent atomistic doping profiles.

atomic dopant profiles translate into starkly varying density of states and conductance
streak patterns in the charge stability diagram. The results and theoretical charge
stability diagrams indicate atomic granularity effects in the single atom transistor and

highlight observable effects of individual dopant placement on device characteristics
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in ultra-scaled atomic devices. One can also argue that the single impurity in the

central device acts as a spectral analysis filter that measures the density of states in

the leads [26,27].

2.5 Inelastic scattering

No Inelastiq’ Scattering

! \v, \

; With Inelastic Scattering
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Vgp (MV)
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Fig. 2.4. Modeling of the impact of scattering on spectral features. (a)
Completely coherent transport without incoherent scattering inside
the single impurity state. (b) Schematic conductance streaks in the
presence of a single excited state in the quantum dot. Streaks in the 1
electron occupation regime as indicated by 71”7 are labeled differently
in blue. (c) Schematic conductance streaks in the presence of very
strong inelastic scattering inside the QD. Streaks in the 71”7 electron
regime disappear, due to the immediate filling of the lower state.
(d) Modeled conductance spectrum under the assumption of strong
inelastic scattering.

In Figure 4, the impact of inelastic scattering on the charge stability diagram
characteristics of the single atom transistor is investigated. Inelastic scattering causes
electrons in the excited states to relax into the energetically lower lying ground state,
thus opening additional current transport paths. Due to the immediate filling of the
lower ground state in the strong inelastic scattering case, conductance streaks in the

717 electron regime disappear (see Figure 4c).
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2.6 Asymmetric Coupling
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Fig. 2.5. Modeling of the impact of asymmetric lead to channel donor
coupling. (a) Modeled conductance spectrum with symmetric lead
to channel donor coupling. (b) Schematic conductance streaks in
the presence of symmetric source/drain to channel donor coupling.
Grey lines in the 1 electron occupation regimes indicate lead density
of states fluctuation signatures. (c) Schematic conductance streaks
in the presence of asymmetric lead to channel donor coupling with
Csource << T'Drain- (d) Modeled conductance spectrum with asym-
metric lead to channel donor coupling.

Figure 5a) shows a modeled charge stability diagram assuming both source and
drain lead are equally strongly coupled to the single dopant in the channel. The
resulting DOS fluctuation signatures exhibit a symmetric streak pattern with negative
and positive slope streaks along the Vg axis. Figure 5d), in contrast, depicts a
theoretical charge stability diagram modeled with anti-symmetric source and drain
coupling to the single dopant in the channel. By gradually reducing the coupling
strength of the channel to the source with respect to the drain, we observe that the
atomistic DOS fluctuation streak pattern increasingly resembles the experimentally
observed charge stability diagram. The lead density of states fluctuation signatures
visible in the charge stability diagram thus not only highlight atomic granularity

and specific dopant placement effects, but also further confirm and characterize the
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asymmetric lead device characteristics of the single atom transistor device. The slight
vertical tilt of the asymmetric charge stability diagram can be stem due to asymmetric
control strengths of the source and drain leads on the channel dopant, as well as due

to calibration of the experimental measurement devices.

2.7 Match with Experiments

Theory Experiment

50

600 . 600
Vs (mV) Vs (mV)

Fig. 2.6. Comparison of modeled charge stability diagram with ex-
perimental single atom transistor charge stability diagram.

Figure 6) Comparison with experiments. Detailed discussion to be adapted from

Hoon’s single donor modeling paper

2.8 Conclusions

Using a hybrid modeling approach combining both rate-equations and multi-
million atomistic device calculations, we theoretically investigated the charge stability
diagram of the world’s first deterministic single atom transistor. Inelastic scattering

effects and asymmetric coupling of the source/drain leads to the single channel im-
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purity were theoretically modeled and compared with experimental results. We show
that atomistic phosphorus dopant placement fluctuations in the leads can be probed
via modeling of the experimental charge stability diagrams. Conductance streaks
due to lead density of states fluctuations highlight that the exact position of dopants

affects device behavior characteristics in atomic-scale devices.
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3. A HYBRID ATOMISTIC/EMPIRICAL MODELING
METHOD FOR DONOR-BASED QUANTUM
COMPUTING DEVICES

3.1 Abstract

This chapter presents the development of a hybrid modeling methodology for
multi-donor based quantum computing architectures. Based on atomistic TB sim-
ulations, empirical models and combinatorial algorithms, this new model served in-
strumental in the demonstration of Pauli spin blockade and exchange interaction in
an experimental multi-donor based device - a milestone in the development of donor-
based quantum computing technology. In detail, the hybrid model determined the
exact number of donors in the experimental device by rapid computation of statis-
tically weighted binding energy spectra comprising millions of unique possible donor
configurations. Furthermore, a discussion on the experimental impact of this work,
i.e. the observation of Pauli spin blockade and exchange interaction in a donor-based

device, is presented.

3.2 Motivation

Electron spins confined to phosphorus donors in silicon are promising candidates
as qubitsl due to their extremely long coherence times, exceeding seconds in iso-
topically purified bulk silicon [29]. With the recent demonstrations of initialisation,
read-out, [30] and coherent manipulation [31] of individual donor electron spins, the
next challenge towards the realisation of a Si:P donorbased quantum computer is the
demonstration of exchange coupling [20,32,33] in two tunnel-coupled P donors. Spin-

to-charge conversion [30,34] via Pauli spin-blockade [35,36] an essential ingredient for
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reading out individual spin states, is challenging in donor based systems due to the
inherently large donor charging energies (~ 45 meV), requiring large electric fields
(> 1 MV/m) to transfer both electron spins onto the same donor [37].

This work highlights the results of a double donor-dot device in which we directly
observed spin-blockade of the first few electrons and measured the effective exchange
interaction between electron spins in coupled Coulomb-confined systems. Careful
characterization of the double-donor device using a novel hybrid atomistic/empirical
modeling methodology identified the double donor-dot device as a 2P/3P system
with great accuracy. Practically unfeasible with any existing methods, the hybrid
atomistic/empirical modeling methodology also facilitated, for the first time, com-
prehensive characterization of statistical dopant placement variation effects in donor-
based quantum computing architectures with atomic scale accuracy and unprece-

dented speed.

3.3 Modeling Methodology Examined
3.3.1 Overview of Modules

The hybrid modeling methodology was developed using a modular approach. Ev-
ery module in the presented version serves as an integral part towards the goal of
rapid computation of multi-million donor configuration binding energy spectra. Us-
ing a segmented framework structure allows easier debugging and faster development
of additional modules and features in future versions. Figure 3.1 shows a graphical
representation of the atomistic/empirical modeling framework. Currently, the hybrid
modeling methodology consists of four modules, which combined together enable
rapid computation of statistically weighted binding energy confidence bands. In the
following sections, the different modules’ functionality and objectives are explained

in detail.
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Empirical Modeling of P Impurity Devices

Confidence Bands

* Rapid generation of confidence band plots via statistical analysis
* Probabilistic matching of experimental binding energies

1e Binding Energies Higher Binding Energies
* Predict via statistical analysis of inter- * Predict via strongly correlated relative %
donor distance weight function drop of binding energies for e>1
e Explicit computation impractical for e Explicit self-consistent computation not
larger donor numbers feasible for many configurations

Config-Finder Tool

* Find and filter unique configurations of arbitrary 3D dimers/donor numbers
* Map inter-donor distance distribution function to configurations
e Identify worst case configurations through statistical analysis of distribution function

Fig. 3.1. Framework structure of hybrid atomistic/empirical modeling
methodology for rapid computation of multi-million donor configura-
tion binding energy confidence bands.

3.3.2 Configuration Finder Tool

An important question in multi-donor based quantum dot modeling is determining
the number of possible donor configurations within the spatial confinement region of
the quantum dot. The exact location of each donor in the quantum dot can have pro-
found influence on the device characteristics. For example, donor placement variations
of even a few angstroms have shown to alter binding energies of multi-donor quantum
dots considerably. Here, we determine the number of possible donor configurations in
an experimental double donor-dot device. Figure 3.2 shows the experimental double
donor-dot device and STM images of the two donor-based quantum dots D1 and D2.

The configuration finder module computes the number of possible donor config-

urations for arbitrary 3D dimers/quantum dot dimensions and donor numbers. The
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Fig. 3.2. Potential profile schematic of experimental double donor-dot
device. b)-e), STM images of D1 and D2. Both dots extend across
two adjacent dimer rows of the silicon surface with lengths of 2.5 - 4
contiguous dimers.

configuration finder module is based on combinatorial and custom-built algorithms
and builds the foundation of the subsequent modeling modules.

In detail, the code first matches each possible donor location in the silicon crystal
a unique identification or tile number. The geometric structure information of the
dimer is translated into the code through boundary conditions between tiles. 3D
spatial diffusion regions surrounding the core dimer region can also be dynamically
added to match realistic device conditions. After the geometric structure has been
translated into the model successfully a combinatory algorithm then determines all
possible permutations of tile numbers depending on the number of donors in the
system.

Physically unrealistic configurations (e.g. two donors one Si bond length apart)

are filtered out via predefined tile occupation rules. After all valid donor configura-
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Fig. 3.3. Translation of quantum dots D2 and D1 into input deck tile
structure. 3-D spatial diffusion beyond core dimer region increases
quantum dot dimensions significantly. (not all tile planes shown) Each
tile corresponds to a unique lattice point location in the silicon crystal
structure. Core dimer and spatial diffusion tiles are shown in white
and yellow, respectively.

tions have been identified, the configuration finder tool then proceeds to computing
the inter-donor distance distribution function of the entire set of valid donor con-
figurations. We define the inter-donor distance distribution function by summing
the distances between donors for each configuration. Specifically, small inter-donor
distance distribution function values correspond to close configurations with high
binding energies, whereas large inter-donor distance distribution function values de-
scribe spread out donor configurations with lower binding energies. The inter-donor
distance distribution function is of central importance throughout the entire modeling
process. The function breaks down the complexity and information load of a donor
configuration in 3D space into a single number, thus reducing computational memory

requirements significantly. At the same time the inter-donor distance distribution
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Fig. 3.4. Input deck tile structure of the experimental dimer quantum
dot D1. (a) Silicon crystal lattice positions matched with tile num-
bers. Tile combination 17-18 (red) shows minimum allowed donor
separation between 2 phosphorus donors. (b) 3-D input deck struc-
ture of experimental 2P dimer quantum dot with a total of 99 unique
tile positions (not all planes shown here). Tile combination 5-94 shows
maximum possible donor separation within the spatial quantum dot
dimensions.

function is able to retain sufficient information of the underlying real space donor
configurations to allow accurate large-scale empirical modeling.

Depending on the size of the dimer and number of donors, the number of possi-
ble configurations can be in the range of hundreds of millions. Handling of such a
large data set can be challenging. To reduce the amount required data storage, the
configuration finder module executes symmetry comparison algorithms to segment
configurations into sets of unique translationally invariant configurations.

The symmetry comparison algorithm is one of the most time intensive parts of
the modeling process. To improve performance of the algorithm several techniques
have been employed or are currently under development. For example, the model
first arranges the entire configuration space as a function of the inter-donor distance

distribution function. As translationally invariant configurations must have the same
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Fig. 3.5. Inter-donor distance distribution function. Definition and
example of inter-donor distance distribution function for a sample
donor configuration. (1) Locate exact grid positions of donors in sil-
icon crystal lattice. (2) Compute inter-donor distances from each
donor location and save in inter-donor distance matrix. (3) Sum all
elements of inter-donor distance matrix to obtain inter-donor distance
distribution function value for specific donor configuration.

distribution function value, this allows for dramatically reducing the required com-
putational search scope for each array iteration. Furthermore, the code assigns each
set of translationally invariant donor configurations a unique identifier or flag. Donor
configurations, which have been flagged are excluded from the search scope in subse-
quent search iterations. Besides improving code execution performance significantly,
the completed flagging process results to a powerful filter for mapping out the distri-

bution of unique donor configurations across the entire configuration space.

3.3.3 1le Binding Energies

If the number of unique configurations is small enough (e.g. 10-100), we can use
atomistic tight-binding simulations to calculate the unique le binding energies and
then extrapolate these results into the entire configuration space. More often though,

the number of unique configurations is beyond the practically feasible scope for ex-



Table 3.1
Number of possible and unique D1(2P) and D2(3P/4P) donor clus-
ter configurations. The number of configurations grows quickly for
increasing number of donors, rendering explicit atomistic calculation
of binding energies practically infeasible.

Donor # All Configurations Unique Configurations
2P 30,983 89

3P 2,507,483 15,469
4P 149,664,630 3,562,341

22
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plicit atomistic calculation. For larger dimers and donor numbers such as 3P/4P
dimers and with consideration of 3D spatial donor diffusion effects, the number of
unique configurations can still be in the range of millions and too large for an atom-
istic tight binding approach. We thus developed an empirical models for predicting
le binding energies of millions of configurations based on an extensive dataset of
atomistically calculated le binding energies. In particular, the inter-donor distance
distribution function is strongly correlated to atomistically calculated le binding en-
ergies, which can be empirically quantified by inverse power law or multi-polynomial
formulas. Using the configuration finder tool and empirical functions deduced from
a limited set of atomistic tight-binding calculations, the code is thus able to calcu-
late le binding energies for millions of configurations. Furthermore, analysis of the
distribution function allows quick identification of worst case configurations. Small
distribution function values correspond to close configurations with high binding ener-
gies, whereas large values describe spread out donor configurations with lower binding

energies.

3.3.4 Higher Binding Energies

A key challenge towards modeling of multi-million configuration confidence bands
is reducing the computational costs of calculating higher electron binding energies.
We thus developed empirical models, which allow rapid iterative calculation of higher
electron binding energies for large numbers of configurations. Detailed statistical
analysis of our atomistically calculated dataset of higher electron number binding en-
ergies confirmed that the relative percentage drop of binding energies with increasing
number of electrons is strongly correlated. Specifically, if Eg(N) is the binding en-
ergy of the Nth electron for a donor cluster, the percentage change in binding energy
between the N+1 and the Nth electron was found to vary linearly with Ep(N) for
all N. This enables us to extrapolate the higher electron binding energies for a large

number of cluster configurations by using linear fitting functions.
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Fig. 3.6. Inter-donor distance distribution functions and correspond-
ing le binding energy distributions for 2P, 3P and 4P dimers.

3.3.5 Binding Energy Confidence Bands

By combining the results from all the modules we can compute statistically weighted

binding energy confidence bands encompassing millions of donor configurations. Here,
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Fig. 3.7. Empirical formulas for 3P donor cluster enable rapid genera-
tion of binding energy confidence bands from a limited set of atomistic
simulations.

an extensive and still growing database of atomistically calculated donor configu-
rations for various dimers and donor numbers provides the backbone for accurate
empirical models.

Figure 3.9 shows the final binding energy confidence bands as obtained from the
confidence band generator module. The combined confidence bands of the experimen-
tal quantum dots D2 and D1 comprise together more than 150 million possible donor
configurations. The shading of the bands indicates the relative probabilistic distribu-
tion of donor configurations within the confidence bands. We see that the spread of
the confidence bands reduces quickly with increasing electron numbers. Furthermore,
dimers with larger donor numbers (3P/4P) show greater spread and cross-overlap
with other confidence bands. Worst case donor configurations corresponding to very
close or widespread donor configurations spread the confidence bands significantly,

but are found to typically account for less than 10% of possible donor configurations.
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Analytical Binding Energy Formulas
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Fig. 3.8. Analytical binding energy formulas for calculation of binding
energies for 2P, 3P and 4P donor clusters with varying number of
electron numbers. The formulas have been empirically deduced from a
dataset of atomistically calculated binding energies. The formulas are
generally valid independent of the donor cluster geometry and spatial
diffusion effects and can be used for first order approximations of
donor numbers, binding energies and electron numbers in phosphorus
donor-based clusters. The first formula estimates le binding energies
using the average inter-donor distance of a cluster configuration. The
second formula iteratively calculates higher electron number binding
energies. The fitting parameters and in both formulas are based on
our calculated dataset of atomistic binding energies. Currently, our
list of fitting parameters comprises clusters with up to 4 donors and
4 electrons.

3.4 Experimental Impact

In this section, we summarize the experimental impact of the double donor-dot
device project in conjunction with the contributions of the hybrid modeling method-

ology. The following parts until section 3.5 are adapted from [1], ”Spin Blockade and
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Fig. 3.9. Statistically weighted binding energy confidence bands com-
puted using a hybrid atomistic/empirical modeling approach. The
combined confidence bands show the statistical binding energy distri-
bution of more than 150 million possible donor configurations. The
spread of confidence bands reduces quickly with increasing electron
numbers. Dimers with larger donor numbers (3P/4P) show signifi-
cant confidence band overlaps, thus reinforcing need for statistically
weighted binding energy distributions.

Exchange in Coulomb-Confined Silicon Double Quantum Dots”, B. Weber, Y. H. M.
Tan, et.al., Nature Nanotechnology, DOI:10.1038 (2014)

A major goal of donor-based quantum computing architectures is the development
of donor spin-qubit arrays with individual qubit control using magnetic and electric
fields. Here an understanding of the complex interplay between the electron’s spin
and charge degrees of freedom, such as spin to charge conversion or exchange coupling
between qubits, is essential.

Whereas spin-to-charge conversion via Pauli spin-blockade has been achieved in
few electron double quantum dots in silicon and GaAs architectures [34-36] [44] [45]
it is yet to be observed in tunnel-coupled pairs of donors, [46,47] the fundamen-
tal building-block of a scalable donor-based quantum computing architecture. Re-
cent experiments in donor defined double quantum dots have demonstrated electron

transport [46] and coherent manipulation of the charge degree of freedom [47] but to
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date no signature of the spin degree of freedom has been reported. Here we demon-
strate the depletion of a Coulomb-confined few-donor double quantum dot down to
the last electron allowing the first demonstration of Pauli spin blockade in donor-
based systems allowing us to measure the effective exchange interaction, providing an
important step towards donor-based quantum computing architectures. The double
donor-dot device was carefully characterised using atomic-precision STM fabrication
techniques. The two dots are comprised of two (2P) and three (3) phosphorus donor

atoms, placed within an all-epitaxial silicon device architecture.

3.4.1 A 2P/3P Quantum Dot System

The experimental silicon phosphorus device consists of a planar STM-patterned
double quantum dot architecture. Charge confinement in the device is provided solely
by the presence of the ionised donors, causing a lowering of local conduction band
edge Fcp. Based on the STM images the upper bound for the number of donors
incorporated into each dot template is estimated. Consistent with the 0.25 ML doping
density previously observed, one can assume that a single P atom incorporates into
every two consecutive dimers, and hence determine that < 2 donors are incorporated
in D1 and < 3 donors in D2. The binding energies extracted from two different
directional cuts through the 2D stability diagram (Vg1=1.3Vge and Vg1=Vi) are
then compared theoretically modeled binding energy confidence bands for varying
electron numbers on the dots and with different number of donors. The binding
energies are calculated by considering all possible donor configurations in each dot
for every donor number, taking into account lateral diffusion and vertical segregation
of up to Inm. The resulting range of binding energies obntained for different donor
configurations is given by the shaded bands, representing the percentile likelihood of
binding energies, based on inter-donor distance distribution functions. As can be seen
the modeling binding energy confidence bands confirm that we have a 2P donor dot

in D1 and a 3P donor dot in D2 in agreement with the high-resolution STM-images.
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The Si:P donor-based quantum dots were modelled by constructing clusters of
2P, 3P and 4P donor atoms distributed at substitutional lattice sites within the
lithographically defined quantum dot (Fig. 3.10cf) and were embedded within a
30 x 30 x 30 nm3 simulation domain of atomistic representation. Donor diffusion
was also included into the modelling by taking into account diffusion of donors by
~ 1 nm in all directions. Each individual donor was represented by a screened and
truncated Coulomb potential at a substitutional lattice site, which was parameterized
to give the experimental ground-state energy of 45.6 meV for Si:P [14]. The method
applied to the calculation of the two-electron D- energy provided ~ 2 meV binding
energy, in close agreement with the experiments. The n-electron groundstate energies
for different donor dots were subsequently obtained through self-consistent charge-
potential SchroedingerPoisson calculations, with electronelectron interaction effects
taken into account through a local density approximation (LDA) ansatz. Binding

energies are expressed with respect to the silicon bulk conduction band edge F¢p.

3.4.2 Observation of Spin Blockade

Figure 3.12 shows two sets of bias triangles, highlighted by white and red circles [1].
Close-ups of these transitions are shown in Fig. 3.13a,b, recorded at Vp=+5 mV and
+3mV, respectively. As seen in the data, the first set of triangles at the (1,2) —
(0,3) transition (white circle, Fig. 3.13a) is symmetric upon bias reversal, showing a
well-pronounced ground state resonance at the triangle base, as expected as a single,
unpaired valence spin tunnels freely through both dots at either S/D bias polarity.
In contrast, at the (1,3) — (0,4) transition (red circle, Fig. 3.13b) we find rectifying
behavior with a strong suppression of current at negative bias polarity. This provides
a clear signature of spin blockade where at this transition only a single electron spin
resides on D1 with an unpaired valence spin on D2 (Fig. 3.13b). Electron transport
at this transition can therefore only proceed in the sequence (0,3) — (1,3) — (0,4)

— (0,3) if both spins are antiparallel (that is, are in a singlet state). Current is
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Fig. 3.10. Experimental double quantum dot device [1]. a) STM im-
ages of a donor based double quantum dot device template after STM
lithography, showing source (S), drain (D) and gate (G1,2) electrodes.
b) The central part of the device hosts two atomic-scale quantum dots
(D1, 2), symmetrically placed at a distance of 11.5 nm between the
S/D leads. ¢)-f), Atomic resolution STM images of D1 and D2. Both
quantum dots extend across two adjacent dimer rows of the silicon
surface with lengths of 2.5 - 4 contiguous dimers (green ellipses). g)
Schematic of the potential profile of the device defined by local vari-
ations of the silicon conduction band edge along a cut following the
dashed red line in b. Charge confinement is given by a combination
of individual donor Coulomb potentials tightly distributed within the
dots.

blocked if the spins are aligned (that is, in a triplet state), with spin-selection rules
prohibiting the occupancy of the (0,4) charge state. As a result, the double quantum
dot becomes stuck in a metastable spin triplet state, not allowing current from S to
D. Clear lines of finite ~ 300 pA current at the edges of the bias triangles in Fig.
3.13b arise when the (1,3) spin states are within the thermal window of the source

electrochemical potential, allowing spins to be exchanged with the S/D leads, lifting
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the blockade [36]. This behavior demonstrates Pauli spin blockade and even-odd
filling as previously observed in few-electron GaAs/AlGaAs [36] and silicon double
quantum dots with lifted valley degeneracy [44,45].

3.5 Conclusions

We have observed Pauli spin blockade and exchange coupling in transport through
a few-electron, donor double quantum dot. The two dots are composed of two
(2P) and three (3P) donor atoms, placed with atomic-precision control within an
all-epitaxial silicon device architecture. The precise donor and electron numbers were
confirmed by finite bias spectroscopy, STM imaging and atomistic TB calculations.
We have demonstrated that we can apply large enough electric fields to overcome the
inherently large charging energies in donor dots to transfer both electron spins onto
the same dot. Consequently, we observe spin blockade at the (1,3) — (0,4) charge
transition, involving a single electron spin on the 2P dot that forms effective two-spin
singlet and triplet states with an unpaired valence spin (n=3) on the 3P dot. These
results allow us to estimate the effective exchange interaction at the hybridization
point between Coulomb-confined electron spins, providing an important step on the

road to two-spin logic gates in donor-based quantum-computing architectures.
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Fig. 3.11. Comparison of measured binding energy spectra of few-
donor double quantum dots with self-consistent atomistic/empirical
tight-binding calculations [1]. The measured spectra of D1 (blue dia-
mond, Vg1 = Vigo); blue square, Vg1 = 1.3V59) and D2 (black diamond
Va1 = Vige; black square, Vg1 = 1.3 Vigo), as well as a previously pub-
lished single atom transistor [9] show good agreement with atomistic
calculations of binding energy spectra. This allows identification of
D1 and D2 as 2 and 3 P-donor dots (shaded bands), showing clear
differences to the known binding energy of a single P donor. The
widths of the shaded bands in the modelling reflect the respective
variations in binding energies due to different spatial distributions of
donors within each dot, taking a diffusion length of 1 nm into ac-
count. Variations from these two directional cuts are less than the
experimental error bars (£3 meV to £34 meV), arising due to the
uncertainty in the absolute position of ECB and the lever arm, a.
The lever arm for each cut was extracted from the diamond edges [28]
at each charge transition and found to decrease slightly with increas-
ing gate-voltage from a = 0.22 for the first electron on D2 to a =
0.18 for the second (fourth) electron on D1(D2). For each measured
binding energy Ep pi(2)(n) we have therefore taken an average over
the range of gate voltages up to the respective transition.
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Fig. 3.12. Spectroscopy of a donor-based few-electron double quan-
tum dot [1]. a) The charge stability diagram (VD = 3 mV) showing
the drain current of the device as a function of both plunger gates
G1(2), demonstrating independent electrostatic control over the indi-
vidual dots. b) The total electron numbers (n,m) as well as n-electron
binding energies, Eg p1(2)(n), have been determined in finite bias spec-
troscopy measurements from a diagonal cut through (a) along the
dashed red line. The accompanying schematics show the alignment
of the respective dot electrochemical potentials as well as electron oc-
cupations at the three positions highlighted by A, ¢, and @. The
dashed white (black) lines bounding the Coulomb diamonds indicate
the alignment of the D1(2) electrochemical potentials with the S(D)
Fermi levels, respectively. The horizontal red dashed line in b indi-
cates the approximate position of the silicon conduction band edge.
¢) Measured binding energy spectrum of D1 and D2.
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Fig. 3.13. Observation of spin blockade [1]. a-b), Close-ups of the
(1,2) (0,3) and (1,3) (0,4) transitions as highlighted by white and
red circles respectively in Fig. 3.12. Spin-blockade is observed at
the transition with an even electron number (b), involving a single
spin, on the D1 and an unpaired spin in D2. No blockade is observed
at the odd electron numbers, supporting the conventional picture of
spin blockade due to effective two-spin singlet and triplet states. Clear
lines of current along the outer edges of the triangles result from spin-
exchange with the S/D electrodes. c¢) Measurement of the singlet-
triplet splitting Agr (8+1) meV
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4. LARGE-SCALE ATOMISTIC MODELING OF SILICON
PHOSPHORUS NANOWIRES

4.1 Abstract

This work highlights the results of large-scale atomistic modeling of highly doped
silicon phosphorus (Si:P) nanowires. Si:P nanowires of up to 10nm length are mod-
eled, for the first time, with consideration of long-range atomistic dopant placement
disorder effects. Our theoretical results corroborate experimentally observed break-
downs of metallic conduction in highly doped Si:P nanowires due to dopant placement

disorder induced charge carrier localization.

4.2 Introduction

Highly doped silicon phosphorus nanowires have emerged as promising candidates
for future ultra-scaled interconnects. Recent advances in the fabrication of atomic-
scale devices using STM lithography, have demonstrated that highly doped silicon
phosphorus nanowires can exhibit metallic like conduction [15]. In specific, Weber
et.al. [15] found these highly doped Si:P wires to maintain a diameter-indepepdent
bulklike resistivity as low as rho3D=(0.3 plus minus 0.2) mOhmm at T=4.2K.

Atomistic self-consistent tight-binding calculations have confirmed metallic con-
duction in highly doped Si:P nanowires [25]. However, these simulations described
the wire as a system of periodic repetitions of short doped supercells. Although the
supercells addressed dopant disorder, the limited length of the supercells was not

sufficient to resolve long-range dopant disorder effects.
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Realistic modeling and understanding of dopant disorder is crucial since it can lead
to spatial charge carrier localization [53] and eventually imposes a limit to metallic
conduction observed in low-dimensional nanostructures [52].

In this chapter, we present a detailed study of long-range dopant disorder effects in
highly doped silicon phosphorus (Si:P) nanowires. Using extensive atomistic modeling
and experimental data [52], we are able to simulate Si:P nanowires of up to 10nm
length with 26 donor impurities with atomic-scale resolution.

Our theoretical results corroborate experimentally observed breakdowns of metal-
lic conduction in highly doped Si:P nanowires due to dopant placement disorder
induced charge carrier localization [52].

The first section of this chapter introduces the experimental Si:P nanowire and
observed dopant disorder induced conduction fluctuations.

The subsequent sections focus on the modeling methodology and modeling results.

4.3 Experimental Si:P nanowire

This experimental section has been adapted from [52]. Limits to Metallic Con-
duction in Atomic-Scale Quasi-One-Dimensional Silicon Wires, B. Weber, H. Ryu,
Y.H.M. Tan, et. al., PRL 113, 246802 (201})

In figure 4.1, STM images of the two Si:P wires (W;) and (W5) are shown, with
high-resolution closeups in Figures 1(c) and 1(d). The lithographic widths of the
wires Wy and Wy are w = 4.6 nm and w = 1.5 nm, respectively. The wires are almost
identical in length (L(W;) = 47 nm and L(W;) = 49 nm between the contacts). The
subsequent modeling work will focus on the thinner wire W,.

Figures 4.1(e,f) show four-terminal IV measurements of the two wires at T =
4.2K. In the thicker wire (W1), wee see linear IV curves and a weak dependence on
gate voltage. This indicates metallic conduction with large carrier density screening

the gate-induced electric fields.
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Four-terminal IV characteristics at T = 4.2 K are shown in Figs. 4.1(e) and 1(f).
In the 4.6 nm wide wire (W1), linear IVs and a weak dependence on gate voltage
indicate metallic conduction with the large carrier density effectively screening the
gate-induced electric fields. In comparison, the 1.5 nm wide wire (W2) shows a strong
dependence on gate voltage and tunability of the device from Ohmic to non-Ohmic.
The wire thus W2 indicates incomplete screening of the disorder potential and carrier
localization.

In figure 4.2, we plot the conductance Gy, corrected for series resistances arising
within the contact triangles at either end of the wires. The lower panel in each figure
shows conductance at V47 = 0 V, with respect to Gog ~ e€?/h (black dashed lines).

In the 4.6 nm wide wire (W1) the absence of conductance features resembles the
characteristics of an Ohmic resistor with Gy > e?/h at all gate voltages. Metallic
conduction is confirmed by the approximately linear slope.

In the 1.5 nm wide wire (W2) in figure 4.2(b), we observe regions of reduced
differential conductance around zero bias and at negative gate voltage. These result
in regular oscillations in the linear conductance Gy, and arise from Coulomb blockade

of strongly localized carriers.

4.4 Modeling Methodology

In this section, we introduce the theoretical methodology for the atomistic mod-
eling of highly doped silicon phosphorus nanowires.

The theoretical study’s aim is to corroborate indications of charge carrier local-
ization observed in the experimental nanowire W2. The following modeling work will
focus exclusively on wire W2.

Since we want to investigate the influence of dopant disorder on charge carrier
localization, an explicit atomistic representation of the dopants in the wire is necessary

[25].
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Fig. 4.1. Experimental Si:P nanowires [52]. (a) and (b) Overview
STM images of two atomic-scale wires (W1) and (W2) with two con-
tacts (S, V1) and (D, V) on either end, allowing four-terminal (4T)
resistance measurements. In-plane gates, G; and Go, allow us to tune
the electron density. (c),(d) Atomic resolution images show the align-
ment. The lithographic widths, w = 4.6 nm (W1) and w = 1.5 nm
(W2). (e),(f) 4T IV characteristics at T = 4.2 K and for varying gate
bias, V.

We use atomistic self-consistent tight-binding calculations to model the bandstruc-
ture, density of states and charge profiles of silicon phosphorus doped nanowires [25].
Figure 4.3(a) shows the simulation domain in NEMO for W2. The nanowire (red)

is surrounded by a buffer region with dimensions x,y and z. The size of the buffer
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Fig. 4.2. 4T differential conductance GW of two atomic-scale wires
W1 (a) and W2 (b) [52]. Upper panel: Gy as a function of gate
voltage Vg, and 4T voltage drop,Vy4r. Lower panel: Conductance,
Gw (4T = 0V) with respect to Gy e*/h (black dashed lines). The
dashed blue line in (a) shows a linear fit to extract electron mobility.
Coulomb blockade oscillations (b) are observed in the 1.5 nm wide

wire (W2).

region has to be chosen sufficiently large to prevent boundary effects from altering
physics in the central wire region.

Figure 4.3(b) shows an atomistic representation of wire W2 in NEMO with a
sample uniform doping profile. As in the experiment, W2 in NEMO has dimensions
of width w=1.5nm, a variable length y and a thickness of 1 atomic monolayer (ML).

To study the effect of long-range dopant disorder, we simulate a series of wires
with different doping profiles and varying lengths y.

An overview of the different simulated wire configurations is summarized in figure
4.4. We analyze a total of 5 wires with lengths in transport direction and number
of donors of up to 10 nm and 26, respectively. All nanowires have width w = 1.5nm
corresponding to the experimental wire length of W2. In the atomistic calculation,
periodic boundary conditions are assumed in the y transport direction. We investigate
both ordered/uniform and disordered doping profiles. Furthermore, different buffer
size dimensions are analyzed to identify and prevent boundary effects from impacting

the central wire region simulation domain.
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Fig. 4.3. a) General modeling domain for nanowire simulations in
NEMO. The nanowire (red) is surrounded by a buffer region with
dimensions x,y and z. b) Atomistic representation of nanowire in
NEMO with sample uniform doping profile. The wire has dimensions
of width w=1.5nm, a variable length y and a thickness of 1 atomic
monolayer (ML).

4.5 Modeling Results

Previous tight-binding calculations of highly doped silicon phosphorus nanowires
were limited to supercells with ~2 nm length in transport direction [25]. In these
calculations, the supercells were not long enough to resolve charge carrier localization
due to long-range dopant disorder effects.

In this section, we present simulation results of an extensive atomistic study of
highly doped silicon phosphorus nanowires. We are able, for the first time, to iden-
tify indications of long-range dopant disorder effects in these Si:P nanowires using
atomistic modeling.

Furthermore, our theoretical findings support experimental observations of charge
carrier localization and limits of metallic conduction in highly doped Si:P nanowires

due to long-range dopant disorder effects [52].
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wirslengt

Wire ID I(_;nngr::‘)l (‘)’Zi:::) (I-zI?Ir?r:; I:::gf':;g # of dopants
A 5.4 8.9 7.7 Ordered 14
B 10.0 8.9 7.7 Ordered 26
C 10.0 16.6 16.3 Ordered 26
D 5.4 16.6 16.3 Disordered 14
E 10.0 16.6 16.3 Disordered 26

Fig. 4.4. Overview of simulated nanowires. We model atomistically
a total of 5 wires with lengths and number of donors of up to 10 nm
and 26, respectively. Both ordered/uniform and disordered doping
profiles are investigated. Width x and height z describe the buffer
region, which encloses the nanowire. All nanowires have width w =
1.5nm.

Considering the substantial computational resource requirements of atomistic cal-
culations, the buffer region around the central wire region has to be minimized as
much as possible to enable simulation of longer supercells.

In figure 4.5 we benchmark the bandstructure and density of states (DOS) results
of uniformly doped Si:P wires with varying buffer size dimensions and lengths. The
goal here is to find optimal minimum buffer dimensions for the 10 nm long nanowire,
which do not cause buffer boundary effects on the central wire region.

Figure 4.5 (a) shows wire A, a 5 nm long wire with uniform doping and buffer
dimensions of x = 8.9 nm and z = 7.7 nm. Wires B and C in figure 4.5 (b) represent
10 nm long wires, also with uniform doping profiles. Wire B exhibits identical buffer
dimensions as wire A, whereas wire C has larger buffer dimensions of x = 16.3 nm
and z = 16.6 nm. The bandstructure and DOS results of wire A (figure 4.5 ¢) are
free of boundary effects from the buffer. We can thus conclude that for the shorter

wire A, the buffer is sufficiently large.
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In contrast, if we increase the length of the wire to 10 nm while maintaining the
same buffer dimensions as we go from wire A to wire B, wee observe artifacts in the
DOS (figure 4.5 d). Here, the now extended central wire region interacts with the
buffer boundaries, which leads to lifting of degeneracies in the lower bands of the
bandstructure at k=1.

To ensure results accuracy, it is necessary to scale up buffer dimensions for longer
wires. For wire C, we thus increase the buffer dimensions while keeping the wire length
constant at 10 nm. In figure 4.5 (e) depicts the bandstructure and DOS calculations
of wire C, which are now absent of buffer boundary induced artifacts.

In the following, we shift focus to disordered dopant profiles. Figure 4.6 shows
the disordered doping profiles of wires D and E. Wire D is 5.4nm long and has 14
dopants. Wire E is 10nm long and has 26 dopants. The buffer dimensions of wires D
and E correspond to wires A and C, respectively.

Plots of the atomistically calculated bandstructure and density of states (DOS)
of wires D and E are shown in figures 4.6 (c, d). For the 10 nm long disordered wire
E, we observe a gap in the DOS. Even though the DOS gap is below the Fermi level,
the emergence of this DOS gap corroborates experimental findings of onsets of charge
carrier localization in longer nanowires. Importantly, we did not observe DOS gaps
for the 10nm long and uniformly doped wire C (see figure 4.5), which indicates that
dopant disorder is responsible for the DOS gap.

Comparing the DOS profiles of both disordered wires D and E, which differ only
in length y, we also see that wire supercells have to be sufficiently long to resolve
long-range dopant disorder effects in the DOS.

Figure 4.7 shows the charge profiles of both wires D and E. Although both wire
D and E have disordered doping profiles, only in the longer wire E do we observe
noticeable charge carrier localization. In summary, our results conclude, in line with
experiments, that charge carrier localization and the resulting limits in metallic con-
duction in highly doped Si:P nanowires is a function of doping randomness and wire

length.
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Fig. 4.5. a,b) Schematics of uniform doping profiles of wires A, B
and C. Wire A has a length of y=5.4nm, wires B and C have lengths
y=10nm. c,d,e) Bandstructure and density of states (DOS) plots
for wires A, B and C. d) Results for wire B show artifacts due to
insufficiently large buffer region. e) Artifacts disappear with choosing
larger buffer dimensions.
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Fig. 4.6. a, b) Disordered doping profiles of wires D and E. Wire D
is 5.4nm long and has 14 dopants. Wire E is 10nm long and has 26
dopants.c,d) Bandstructure and density of states (DOS) plots of wires
D and E. d) At wire lengths of y=10nm, we see the appearance of a
gap in the DOS. Even though the DOS gap is below the Fermi level,
the observance of this DOS gap corroborates experimental findings of
onsets of charge carrier localization in longer nanowires.
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5. FUTURE WORK

5.1 Abstract

This chapter presents proposed future work projects which build upon and expand
the scope of empirical modeling for donor-based quantum computing architectures.
The overarching goal is the development of a comprehensive and expandable set of
hybrid empirical /atomistic models which allow high speed statistical device charac-
terization of donor-cluster based quantum computing architectures. For achieving
this goal, a three stages project plan is proposed.

Stage One: Diffusion Effects and 3-D Spatial Analysis of Donor-Clusters

Here, the motivation is to develop a deeper understanding of donor diffusion ef-
fects and the statistical distribution of worst case binding energy configurations as
a function of donor cluster geometry. This work will provide design guidelines for
optimal donor cluster geometries, and enable quantitative analysis of the impact of
donor diffusion and fast statistical prediction of donor numbers.

Stage Two: Empirical Model Development for Hyperfine Coupling and Spin De-
coherence

Hyperfine coupling and spin decoherence are important key metrics in quantum
computing architectures and highly sensitive to atomic-scale doping fluctuations. The
goal here is to develop empirical /atomistic models which will allow large-scale mod-
eling of hyperfine coupling and spin decoherence times in multi-million configuration
donor clusters.

Stage Three: A Modular Empirical/Atomistic High-Speed Modeling Tool

In the third stage, we plan to consolidate all empirical /atomistic models into one
comprehensive model. By cross referencing the models, we vision rapid characteriza-

tion of donor-clusters with unprecedented speed and comprehensiveness. This unified
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empirical /atomistic model will enable highly accurate determination of donor num-
bers and atomic-scale triangulation of statistical binding energy, hyperfine coupling

and spin decoherence confidence bands.

5.2 Diffusion Effects and 3-D Spatial Analysis of Donor-Clusters
5.2.1 Motivation

Despite the development of high precision fabrication techniques, inherent atomic-
scale statistical variations of dopant placement can influence device behavior in donor-
based devices considerably. Understanding statistical dopant placement variations is
thus necessary for accurate device characterization on an atomic scale. Sub-nanometer
diffusion of donors increases the effective dimensions of donor-clusters. In atomic-scale
donor-based quantum computing devices, these donor diffusion effects can change
predicted device behavior considerably. Addressing the innovation imperative for
atomic-scale methods capable of modeling realistic dopant placement variations and
donor diffusion effects using millions of donor configurations will close a major gap
in current device characterization capabilities and provide important design guideline

implications for future quantum computing devices.

5.2.2 Background

The double-donor device work resulted in the development of a novel hybrid atom-
istic/empirical modeling methodology [1]. The hybrid model currently consists of four
modules, which combined together enable rapid computation of statistically weighted
binding energy confidence bands. A modular coding approach was chosen intention-
ally to allow easy integration of future modeling features. For example, the configu-
ration finder tool, which determines the number of possible donor configurations can
accept any donor-cluster geometry, different weight functions and empirical models

as input parameters. The confidence band generator can be fed with any distribution
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proxy function (e.g. inter-donor distance weight function for binding energies) and
empirical models. Currently, the hybrid model is customized towards the experimen-
tal double donor-dot device [1]. Due to the code’s modular architecture, it will be
possible to rapidly analyze donor diffusion and worst case configurations for a large
number of different donor cluster geometries. This allows for interesting studies on
donor diffusion effects and the statistical distribution of worst case binding energy

configurations as a function of donor cluster geometries.

5.2.3 Anticipated Results

This research will enable large-scale statistical analysis of binding energy confi-
dence maps for arbitrary donor cluster geometries, and varying number of donors
and electrons. Upon completion, this research will yield the most comprehensive
statistical characterization tool for identifying donor numbers in donor clusters with
atomic-scale resolution and realistic donor diffusion effects. Further development
of our hybrid atomistic/empirical methodology will expand modeling capabilities to
allow rapid statistical comparison of different donor cluster geometries and donor

diffusion effects.

5.3 Hyperfine Coupling in Multi-Million Configuration Donor-Clusters
5.3.1 Motivation

Scalable donor-based quantum-computing architectures envision arrays of donor
spin qubits, in which both single- and two-qubit operations are achieved by inde-
pendently controlling each qubit using local magnetic [38] and electric fields [39] [1].
High-fidelity selection of individual qubits in qubit arrays, such as through excitation
of electron spin resonance (ESR) transitions, is a major challenge. Qubit selectivity

can be achieved by tuning a specific qubit’s ESR frequencies into resonance with a



49

globally applied microwave field and by electrical control of the hyperfine coupling

between the electron and donor-nuclear spins [38] [40].

5.3.2 Background

Hyperfine coupling describes the interaction of unpaired electrons with nuclear
spins. Hyperfine coupling leads to further energy splitting of the electron spin states
[14]. The magnitude of the hyperfine coupling induced energy splitting can be tuned
with electric fields, and experimentally probed by, for example, energy spin resonance
spectroscopy. For quantum computing applications, control and manipulation of hy-
perfine coupling is seen as a promising path towards accurate accessing of individual
qubits in qubit arrays. By applying global microwave fields in conjunction with elec-
trically controlled hyperfine coupling, selective access of qubits through unique ESR
frequencies, is envisioned. Selectivity of ESR frequencies can be achieved naturally
in donor-based quantum computing, as hyperfine coupling in donor-clusters is very
sensitive to the atomic positions and number of donors [38]. The built in selectivity
of ESR frequencies in donor-clusters is promising but also challenging to comprehen-
sively predict from a device characterization perspective due to large-scale dopant
placement fluctuations and diffusion effects. These inherent statistical donor place-
ment fluctuations in donor-clusters can alter key device metrics and characteristics of

future atomic-scale quantum computers considerably [1] [38].

5.3.3 Anticipated Results

We envision modeling of hyperfine coupling in donor-clusters with consideration of
large-scale dopant placement fluctuations and donor diffusion effects. Atomistic anal-
ysis and empirical model development will enable calculation of hyperfine coupling
and ESR frequency confidence bands of multi-million configuration donor clusters

with atomic-scale resolution. This research will be provide experimentalists with im-
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portant design guidelines towards the goal of high-fidelity qubit selection in large-scale

qubit arrays.

5.4 Spin Relaxation in Multi-Million Configuration Donor-Clusters
5.4.1 Motivation

Spin decoherence is an important quality measure for qubits. Long spin relaxation
times are important for achieving low-error rates in spin-based quantum computing
[41]. The T1 spin-lattice relaxation time is strongly dependent upon the number
of donors and donor location. Atomic-scale diffusion of donors further decreases
prediction accuracy. Comprehensive device characterization of donor clusters thus

necessitates multi-million donor configuration modeling of spin relaxation times.

5.4.2 Background

In order to execute quantum computation algorithms using spin-based qubits,
it is necessary to preserve the coherence of the electron spin states for as long as
possible [43]. Silicon is a promising material to host spin qubits due to its natural
abundance of zero nuclear spin isotopes, leading to long spin decoherence (T2) and
spin relaxation (T1) times [38]. For example, in bulk P-doped silicon, T1 spin relax-
ation times close to one hour (T=1.3K, B=0.35T) have been measured [42]. The T2
spin decoherence time is usually much lower due to additional mechanisms which only
affect the spin coherence, but has been reported to exceed seconds in highly purified
silicon [29]. In donor-clusters, the spin relaxation time is sensitive to the number and
precise atomic locations of the donors. Due to inherent random dopant placement
fluctuations, accurate prediction of spin relaxation times is thus difficult using only
a small number of possible donor configurations. In addition, donor diffusion effects,
which increase the effective spatial dimensions of the donor-clusters, further reduce

prediction accuracy.
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5.4.3 Anticipated Results

We envision modeling of T1 spin relaxation times in multi-million configuration
donor-clusters with consideration of large-scale dopant placement fluctuations and
donor diffusion effects. Atomistic analysis and empirical model development will
enable large-scale calculation of statistical T'1 spin relaxation times confidence bands
for varying magnetic fields with atomic-scale resolution. This research will be provide
experimentalists with comprehensive design guidelines towards engineering donor-

clusters with long spin relaxation times.

5.5 A Modular Empirical/Atomistic High-speed Modeling Tool
5.5.1 Motivation

Key performance indicators of donor-based quantum computing devices such as
charge stability diagrams, spin relaxation times and hyperfine coupling strengths are
sensitive to the number and exact location of donors. Statistical variations of dopant
placement can thus influence device behavior considerably in donor-based quantum
computing architectures. The absence of modeling methods capable of simulating
dopant placement variations comprehensively with atomic resolution thus poses a

significant challenge towards the goal of large-scale donor-based qubit arrays.

5.5.2 Background

As different quantum computing architectures vie for attention from industry,
any prospective new technology will have to be upheld to rigorous industry standards
and large-scale feasibility studies. Inherent atomic-scale statistical dopant placement
variations in the fabrication process can influence device behavior in donor-based de-
vices considerably. For example, key performance indicators of donor-based quantum
computing devices such as charge stability diagrams, spin relaxation times and hy-

perfine coupling strengths are sensitive to the number and exact location of donors.
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Understanding statistical dopant placement variations is thus necessary for accurate
large-scale device characterization on an atomic scale. Addressing the innovation
imperative for novel atomic-scale methods capable of modeling realistic statistical
dopant placement variations will close a major gap in large-scale device characteriza-
tion capabilities for donor-based quantum computing devices. We propose a hybrid
empirical /atomistic modeling methodology, which will allow rapid computation of
key performance indicators with atomic-scale accuracy. Using a modular develop-
ment approach, this comprehensive set of hybrid models will be easily expandable.
Furthermore, statistical cross-analysis between different modules will provide valu-
able insight into the inter-relationship of key performance indicators in donor-based

quantum computing devices.

Empirical Modeling

of Donor-Based Quantum Computing
Devices

Configuration Tool Finder
* Find and filter unique configurations of arbitrary 3D dimers/donor numbers
* Map empirical proxy weight functions to configurations
» Identify worst case configurations through statistical analysis of weight function

Core Module

Binding Energy Spin Relaxation Time Hyperfine Coupling
* Binding energy * T1 spin relaxation e Hyperfine coupling

confidence bands time confidence confidence bands
* Statistical analysis bands * Statistical analysis

between modules * Statistical analysis between modules
between modules

Module 1 Module 2 Module 3

Fig. 5.1. Framework structure of extended hybrid atomistic/empirical
modeling methodology for rapid large-scale device characterization of
donor-based quantum computing devices.
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5.5.3 Anticipated Results

We envision a comprehensive and expandable set of novel hybrid models, which
allow high-speed and large-scale statistical device characterization of key performance
indicators in donor-based quantum computing architectures. Statistical dopant place-
ment variations and realistic dopant diffusion effects inherent in modern donor-based
quantum computing devices will be modeled with atomic-scale accuracy and unprece-
dented speed using a hybrid empirical/atomistic modeling approach. This research
will provide important design guideline implications, and build the modeling capa-
bilities required for future large-scale industry fabrication of donor-based quantum

computing devices.
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A. NATURE NANOTECHNOLOGY SUPPLEMENTARY
INFORMATION

Spin Blockade and Exchange in Coulomb-confined Silicon Double Quantum Dots [1]

S1: Determination of the possible donor configurations withing STM patterned
dots

First principles based DFT simulations of phosphorus dopant incorporation in
silicon using phosphine gas as a dopant precursor [48,49] have shown that P atoms
incorporate at substitutional sites of the silicon lattice. As such within a patch of
certain size there are only a limited number of configurations that exist in which the
P atoms can occupy substitutional sites relative to each other. To determine the
number of all possible configurations that these dopants could occupy after silicon
encapsulation (during which time we know there is Inm diffusion of the donors in
the lateral and vertical directions [50]) we have developed a code which calculates the
total number of possible donor configurations within the 3D Si crystal. Specifically,
the code first matches each possible donor location in the Si crystal, see Figure S1
(a) to a unique identification or tile number, see Figure S1 (b).

For the 0.25ML doping densities used in our devices, P-P dimers are not formed
[51] and the nearest position of P donors would be tiles 12-18. As such we can deter-
mine all possible permutations of tile numbers depending on the number of donors
in the system. The geometric structure information of the dimer is translated into
the code through boundary conditions between tiles. Once P-P bonds are filtered out
via defined tile occupation rules we determine that there are 30,983 allowed config-
urations for the 2P case; 2,507,483 for the 3P case and 149,664,630 for the 4P case.
Depending on the size of the dot and the number of electrons, the number of possible
configurations to calculate binding energies for can exceed many tens of thousands.

We thus implement symmetry matching algorithms to segment configurations into
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Figure S1: (a) Locations of potential
donor sites within a silicon crystal,
where ay represents the silicon lattice
constant.  (b) A 3D  layer
representation of the unir cell sites,
where we can determine the minimum
distance between P donors (12-18)
and the maximum distance assuming
~Inm diffusion in all directions (5-
94).

Fig. A.1.

a smaller number of unique configurations with respect to binding energy. If the
number of unique configurations is small enough (e.g. 10-100), we can use atomistic
tight-binding simulations to firstly calculate the unique le binding energies and then
extrapolate these results into the entire configuration space.

S2: Empirical Modeling of 1e Binding Energies For large donor numbers (e.g.
3P /4P incl. 3D diffusion), the number of unique configurations is too large for an
atomistic tight binding approach. We thus developed an empirical model for predict-
ing le binding energies of millions of configurations based on an extensive dataset of
atomistically calculated 1le binding energies. We define an inter-donor distance dis-
tribution function by summing the distances between donors for each configuration.
Specifically, small inter-donor distance distribution function values correspond to close
configurations with high binding energies, whereas large inter-donor distance distri-
bution function values describe spread out donor configurations with lower binding
energies. This distribution function is strongly correlated to our calculated le bind-
ing energies, which can be empirically quantified by an inverse power law. Using the
configuration finder tool and empirical distribution functions deduced from a limited

set of atomistic tight-binding calculations, we are thus able to calculate le binding
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energies for millions of configurations. Furthermore, analysis of the distribution func-

tion allows quick identification of closest and furthest configurations, and helps to

classify the configurations into confidence bands.
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Fig. A.2.

S3: Empirical Modeling of Higher FElectron Binding Energies When modelling
higher electron binding energies, self-consistent tight-binding calculations take even
longer with empirical modelling permitting rapid iterative calculation of binding en-
ergiesfor large numbers of configurations. Detailed statistical analysis of our atom-
istically calculated dataset of higher electron number binding energies confirmed that
the relative percentage drop of binding energies with increasing number of electrons
is strongly correlated. Specifically, if E5(N) is the binding energy of the Nth electron
for a donor cluster, the percentage change in binding energy between the N+1 and

the N-th electron was found to vary linearly with E(N) for all N. This enables us to
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extrapolate the higher electron binding energies for a large number of cluster configu-
rations by using linear fitting functions. Benchmarking of these empirically deduced
fit functions against atomistically calculated binding energies yields high accuracies of
~ 95 percent, confirming the validity of our hybrid modeling approach. By combining
the results from steps S1, S2 and S3, we can then calculate and statistically analyze

confidence bands composed of millions of configurations, as shown in Figure 3.11
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