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Starting from a rate-equation model proposed by Beenakker, we calculate current-voltage characteristics for symmetric and asymmetric vertical quantum dots. We include up to 26 electrons and
show how single-electron charge interaction, inelastic scattering, and nonadiabatic subband mixing
can enhance the valley current signi6cantly by opening new conduction channels. Subband mixing is
the dominant mechanism increasing the valley current in both symmetric and asymmetric quantum
dots. Single-electron charging is important in asymmetric structures but relatively weak in symmetric structures. Effects of inelastic scattering within the quantum dot are dramatic for asymmetric
structures, but negligible in symmetric structures.

I. INTRODUCTION
Large cross section double barrier resonant tunneling
diodes (DBRTD's) have been extensivelyi s studied and
the quantization of the single-electron states in the film
growth direction has been shown to be crucial in the understanding of this quantum device. Charge accumulahave also been shown
tion ' and inelastic scattering6
to modify the device behavior significantly and these interactions have been successfully treated with effective
potentials in a single-electron picture.
In small cross section resonant tunneling diodes elecThis controns are confined in all three dimensions.
finement of a few electrons has two consequences: (1)
the electronic state spectrum will be discrete and (2) the
usual effective potential treatment of electron-electron interactions becomes invalid and it is necessary to go beyond the single-particle picture in order to account for
electronic correlations. Single-electron correlations have
been observed
in very asymmetric structures in a bias
direction where the collector barrier is thicker andior
higher than the emitter barrier. This configuration corresponds to the one in which intrinsic bistability due to
charge accumulation has been observed in large cross section DBRTD's. In the other bias direction, there is no
charge accumulation at all and a very rich resonance
and Averin
Beenakker
spectrum can be observed.
et a/. have put forward similar rate-equation models
that include single-electron charge correlation and zerodimensional (OD)-states in the quantum dot.
Lateral confinement not only alters the single-particle
electronic states of the quantum dot, but also quantizes
the contact states into waveguidelike subbands. The lateral confinement is determined by the charge depletion
width at the lateral boundaries. The charge depletion,
and hence the lateral confinement, and the lateral energy quantization change with the changing doping level
0163-1829/94/50(8)/5484(13)/$06. 00
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The role of
along the growth axis of the structure.
the transverse subbands in the leads on high bias transport has been analyzed theoretically for symmetric quantum dots using the assumption of negligible charge accumulation with a single-particle transmission coeKcient
It has been found by comparison to exapproach.
perimental results ' that effects due to subbands in
the emitter leading to the quantum dot are significant in
high bias I-V characteristics. In particular it was shown
that nonadiabatic transport processes, which couple lead
subbands to quantum dot states of different lateral quantum numbers, cause additional resonance features in the
valley current region.
The treatments including single-electron charging and
do not consider efelastic and inelastic scattering
fects due to subband mixing. The treatments of sub—
band mixingls 1v do not include single-electron charging
and inelastic scattering. In this work we combine the
two treatments to provide a comprehensive model that
includes subband mixing, single-electron charging, and
inelastic scattering for arbitrary bias. This allows us to
address the following questions:
(1) Can Coulomb charge correlation play a role in
symmetric structures'? Symmetric quantum dots (whose
emitter and collector barrier heights are equal in Hatband condition) are expected to have little charge accumulation in either bias direction because the applied bias
effectively lowers the collector barrier height relative to
the emitter barrier height and the rate of out6ow to the
collector is larger than the rate of inBow into the quantum dot kom the emitter. The transport is expected to
be mostly determined by the single-particle states and
indeed a rich spectrum of resonance energies has been
found experimentally.
(2) Is subband mixing as important in very asymmetric structures as it is in symmetric structures? One may
argue that this may not be the case since the thick coBec5484
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tor barrier governs the transport through an asymmetric
structure and modifications due to coupling at the emitter will be negligible.
(3) How important is the inelastic scattering in high
bias transport through quantum dots? Can high bias
I-V characteristics be used to indicate the rate of energy relaxation in the dotT Averin et al. assumed in
their high bias calculation that the inelastic scattering is
I'~+I +) such that the electron distribustrong (I/r

»

tion in the quantum dot is thermalized. Tunneling rates
through single barriers may vary in a wide range &om
10s to 10is 1/s depending on the height and thickness of
the barriers. Inelastic scattering rates in quantum dots
have been estimated
to be in the same range. Direct
measurements of intraband relaxation rates in quantum
dots, for example, by optical methods appear to be very
dificult and we are not aware of any such measurements.
With a thorough analysis of the difFerences between the
limits2o 2i of no inelastic scattering I/~ = 0 and strong inI'~(+), we will try to shed light on
elastic scattering 1/7
the effects of strong and weak electron phonon interaction
Vcharac-teristic.
in the quantum dots on the high bias
In Sec. II A we first illustrate the many-body rate equation approach for the case of two states in the quantum dot. We then describe the model for subband
mixing (Sec. IIB) and explain our numerically efficient
setup of the rate equations in multiple degenerate states
(Sec. II C). In Sec. III we evaluate the transport properties through two different quantum dots, symmetric and
asymmetric, and address the questions stated above. We
have deferred the details of the mathematical formulation
to the Appendix.

»

I

II. MODEL
We are interested in modeling high bias transport
through a central confined system with interacting elec-

6
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in the modeling of
trons. We are following Beenakker
high bias transport using rate equations where the manybody states in the quantum dot are coupled to adjacent
leads via sequential, single-electron tunneling. The states
in a quantum dot (see Fig. 1) may be a complicated suThe assumpperposition of single-electron states.
tion of constant charging energy is used to construct the
many-body states in the quantum dot easily. The limitations of this ansatz are discussed in the Appendix. The
complicated task in this problem is to calculate the coupling to the leads and to solve for the nonequilibrium
occupation probabilities of alt many-body states in the

dot.

quantum

A. Rate equations
To illustrate the rate-equation setup in the configuration space notation we consider a limited system of only
two single-particle states (Fig. 2). There are four possible
configurations (ni, n2j of electrons in the quantum dot:
(0, 0j, (1, 0j, (0, 1j, and (I, 1j. The respective eigenenergies E~„, ~ of these four states are 0, Eq, E2, and
Eq+E2+U, where U indicates the modification of the
eigenenergy due to electron-electron charge interaction.
Figure 2(a) depicts the eigenenergy spectrum of this simple many-body system and its associated transition energies.
The transitions between these many-body states are
due to the tunneling to the adjacent leads as indicated in
Fig. 2(b). The excited state (0, lj, for example, is coupled to three other states via five different processes. The
configuration (0, 1j can be destroyed by (1) tunneling of
a second electron into state ni to create the (I, lj state
at a rate of I's fs, (2) tunneling of the nq electron into the
leads to create the (0, 0j state at a rate I'2(1 —f2), and
(3) relaxation to the (1, 0} configuration at a rate 1/7.
The configuration (0, 1j can be created by (1) tunneling
of an electron into state n2 from the (0, Oj configuration
at a rate I'2 f2 and (2) tunneling of an electron out of
the ni state from the (1, lj configuration at a rate of
(1 —fs). For legibility we have abbreviated, for exam-
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FIG. 1. Conduction band pro61e of a

single quantum dot.
Subband energy spacing in the leads is 10 meV and single-particle state energy spacing in the quantum dot is 15
meV. The Fermi energy in the leads is 38 meV (three subbands are occupied). The conduction band in the quantum
dot and barriers is raised by Rg q ——50 meV due to charge
depletion. The quantum dot is assumed to be In„Ga& „As
with a conduction band ofFset of E g ——
50 meV. The thicknesses of the spacer layers and the quantum well are 50 and
60 A, respectively. The longitudinal energy quantization E,
is 60 meV. The temperature is T = 0.9 K, corresponding to
k&T =0.08 meV. Barrier thicknesses and Al fractions vary for
the simulated symmetric and asymmetric structures.
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FIG. 2. Interacting taro-particle system. (a) Eigenenergy
spectrum and transition energies. (b) Configurations (nqi nz}
ordered vertically by their corresponding eigenenergy in (a).
Coupling between con6gurations depends on transition rates
I', availability of initial (f), final (1 —f) states, and the necessary transition energy (subscripts 1—4). 1/a indicates the
intradot relaxation between con6gurations of constant number of particles.
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R where I'2L (R) is the energy and
pie, I'2 f2 —I'2L f2L +I'2R f2,
mode dependent single barrier tunneling rate through the
left (right) barrier. f2
is the probability of finding
an electron in the left (right) lead, which provides the
correct transition energy. Similarly we have abbreviated
I 3(1—fs) =I's (1—fs )+I's (1—fs ), where (1—fs ) is the
probability of finding an available state in the left (right)
lead. All other transitions with changing numbers of electrons are similar, where we have indexed I"s and f's by
their appropriate transition energies E~, E2, E3 —E$+U
and E4 —E2+U. Each configuration (ni, n2) has an associated steady state occupation probability P((ni, n2 j),
which is a function of the coupling to the leads and the
quantum dot relaxation time. This picture described here
is identical to the one used by Beenakker
to model linear response, except for the finite relaxation rate2 1/r.
We reformulate the rate equations to make the treatment
of a significant number of states numerically feasible and
solve it for high bias.
The equations we actually solve provide no additional
physical insight to Fig. 2 and their discussion has been
deferred to the Appendix. Effects due to non-adiabatic
transport enter our treatment via the tunneling rates I',
which will be discussed in the next subsection.
~

B. Subband

mixing:

The model

We use the theory of multichannel quantum dot tunneling which we developed and employed previously
to study resonant tunneling through single dots with
abrupt connections,
through dots with tapered
connections,
and through coupled quantum dots. We
assume that the quantum dot nanostructure is a cylinder which is divided into separate regions for the emitter,
the barrier between the emitter and the dot, the dot, the
other barrier, and the collector. We assume that the
lateral con6nement potential in each region is parabolic.
In each region the electron effective mass, lateral confinement potential, and the conduction band edge are locally
constant. However, these parameters can change &om region to region. To calculate the transmission coefBcient
for single barrier tunneling into (out of) the quantum dot,
we propagate an electron incident from the emitter (collector) through the connection, across the barrier, and
into the dot. Wave function boundary conditions are satis6ed at each interface between adjacent regions. Details
are given in Refs. 15 and 17.
Mode mixing is determined by how the lateral con6nement potential changes where the leads connect to the
we have found that mode
dot. In previous work
mixing is qualitatively the same for abrupt or tapered
connections and we assume here that the connections are
abrupt to simplify the calculations. The overlaps

(I m~rq)

=

J dz dy

0&'

between lateral states Pz ~ (x, y) on adjacent sides of an
= / (left) or = r (right), with a set of latinterface,
eral quantum numbers q, determine which lateral modes

j

j

50

mix at an interface and how strong the mixing will be.

If confinement is the same on both sides of the interface,

then (t, m~r, q) = b' ~ and tunneling is a single-channel
process. When the confinement is different in two adjacent regions, then lateral mode mixing at the interface is
possible.
When the quantum structure is cylindrically symmetric, as in a vertical quantum dot structure with parabolic
confining potentials, the lateral modes in different regions can mix only if the modes have the same lateral
(x-y) parity. There are four independent sets of coupled channels [Fig. 3(a)j with even-even, odd eve-n, evenodd, and odd-odd parity. We include the ground states
(0, 0), (1, 0), (0, 1), and (1, 1) and the first three excited
states for the first three parity groups. We have to leave
out the (3, 1), (1, 3), and (3, 3) states due to numerical
limitations (see Sec. II C). The resulting single-particle
spectrum is depicted in Fig. 3(b). Note that each of these
indicated states is spin degenerate.
For our simple model the overlap matrix for z(y) motion is 2 x 2. To conserve probability, the matrix must
A real, unitary 2 x 2 matrix has the form
be unitary.

where ~p~ = (1 —P2) ~ . If we specify P and P& for the
x and y overlaps, the total overlap matrix for the four
coupled modes can be determined. For cylindrical structures P =
P. Thus a single parameter determines
the overlap matrix for a particular interface.
The strength P for the lateral mode coupling is determined by the overlap between lateral states in adja-

P„=

cent regions. If the con6ning potentials are parabolic,
then the overlaps can be determined analytically. Even
if the con6ning potential is not exactly parabolic, the
parabolic approximation should give a good qualitative
estimate for the overlaps if the correct effective masses
and lateral level spacings are used to model the parabolic
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F1G. 3. (a) Subset of 16 lateral single-particle states
n„)composed of four allowed quantum numbers in each
dimension.
Only states with the same x and y parity can
couple to each other, as indicated by horizontal odering and
connections with dashes. States (3,1), (1,3), and (3,3) sre excluded in our calculation for reasons of numerical complexity.
(b) Lateral single-particle eigenenergy spectrum. Each quantum state (n, n„)is doubly spin degenerate. Grouping in
(n~,

},indicates

curly brackets (
pling to the leads;

occupied.

degeneracy

and equivalent

cou-

i.e. , states in one group i are equally likely
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potentials. Estimates of P have been made for abrupt
constrictions. ~s For parameters appropriate for the quanta~ dot nanostructures, P 0.6. In these calculations,
we use P as a parameter which we adjust in this range to
test the eKects of xnode mixing.
The tunneling rates F~~+~ are calculated for the barrier
under bias. They depend on the xnodes and their mixing
as described above, and they depend on the longitudinal
energy through the barrier transxnission coeKcient and
the attempt frequency in the well. 2s's The longitudinal
where E is the
energy dependence goes as (E
total energy and e is the transverse energy of mode
m. Averin et a/. included only the energy dependence
of the tunneling rate through the emitter. The energy
dependence of the tunneling rate through the collector
is equally important when subband mixing is included
and is especially important for asymmetric structures
where the current is largely determined by the escape
rate through the collector barrier.

)

),

e—

C. Implementation

of rate equations

The rate equations as they were put forward by
Beenakker
use a notation that indicates the occupation
and vacancy in a Slater determinant state by a 1 and a
0, respectively. The solution of the rate equations becomes exponentially complex with an increasing nn~ber
of basis states, since 2z~ difFerent configurations exist for
the maximum number of p spin-degenerate single-particle
states in the quantum dot, resulting in a set of 2 coupled equations (22j'x2z~ matrix). The problem simplifies
dramatically if certain assumptions about the occupation of states can be made. Beenakker
has solved these
coupled equations in the limit of linear response for the
analysis of periodic conductance oscillations, where the
states are assumed to be in local equilibrium.
In high bias, however, the electron distribution is
driven far away from its equilibrium value. Averin et
al. ~ have considered, in their high bias calculation, the
case of rapid thermalization (i.e. , strong inelastic scattering) in the quantum dot where the total number of
electrons in the dot at high bias can be far away from
its equilibrium value; however, the electron distribution
in the subset of constant number of electrons N is given
by its equilibrium value. This assumption of rapid thermalization in the quantum dot simplifies the necessary
calculations significantly since only the nonequilibrium
number of electrons in the dot needs to be calculated.
The problem reduces f'rom 2 to 2p unknowns. %e xnake
this assumption of rapid thermalization in our numerical
work when we include inelastic scattering. However, in
the elastic case we solve for the probability of relaxation
of all coxdi. gurations which is numerically a formidable

"

"

task.
Figure 3(b) indicates the structure of the singleelectron quantum states that we are simulating. Altogether we are considering 13 spin-degenerate states. The
n»mber of all possible configurations of these 26 quantum numbers in terms of an occupation number notation in a limited single-particle basis set of 13 states is

..
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2
6.7x10 . The setup for a solution for all of the occupation probabilities would therefore result in a matrix of
dimension 2 x 2z . However, many of the lateral states
are degenerate in energy and have equivalent coupling to
the leads. This degeneracy can be used to reduce the
number of equations that need to be solved.
To illustrate this degeneracy of states let us consider
Single-particle lateral states characterized by two lateral
quantum numbers (n, ,
Figure 3(b) shows the singleparticle spectrum grouped by degenerate states and complementary parity. Each element in one group of states,
e.g. , {(1,0);(0, 1)}z is coupled to other single-particle
states, e.g. , (odd, even) —(1, 0) —(3, 0) —(1, 2) —(3, 2) and
(even, odd) —(0, 1) —(2, 1) —(0, 3) —(2, 3), as indicated
in Fig. 3(a). These coupled single-particle states form
again distinct groups ((2, 1); (1, 2)}s, ((3, 0); (0, 3)}s,and
((3, 2); (2, 3)}s. Since the elements in the groups are degenerate and the coupling of elements in different groups
is determined by the group label, each of the singleparticle states in one group have the saxne probability to
be occupied. Instead of calculating 26 occupation probabilities (13 states x 2 spins) we only need to calculate 8
probabilities.
This grouping of states can also be utilized for the
many-body state notation as explained in the Appendix.
We can assume our system to have five four-fold degenerate and three two-fold degenerate states with a configuration space of 5s x 3s = 84375. We can solve a system of equations of this dimensions~'s
using iterative
methods, ss if we can provide a "good" guess for the solution. We defer the report of the rate equations, which
utilize the degeneracies discussed above, and how we obtain an initial guess for the solution to the Appendix.

n„).

III. NUMERICAL RESULTS
In this section we present our results obtained for a
multielectron quantum dot system under high bias. We
consider two example systems here: an asymmetric and
a symmetric structure in which we analyze the effects of
nonadiabatic transport, electron-electron charging, and
inelastic scattering.

A. Example device
The device we consider here is an undoped Al Gaq As
double barrier resonant tunneling structure (Fig. 1),
which is sandwiched between lightly doped spacer layers
and heavily doped contact layers. The transverse confinexnent changes in the longitudinal dimension due to
the change of doping and the associated charge depletion
along the growth ass of the diode. The single-particle
energy spacing in the quantuxn dot, barriers, and leads is
assumed to be 15, 16, and 10 meV, respectively. A Fermi
energy of 38 meV populates the three lowest subbands in
the leads. The conduction band Boats up in the central
region of the device due to the lack of doping Vg g —50
meV. The we11 region is assuxned to be In Gaq As with
a conduction band oHset of E ~ ——
50 meV and thick-
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ness of 60 A similar to the Reedio structure. We have
estimated the energy quantization in the longitudinal direction to be 60 meV and 245 meV for the first two states
with our Green's function simulator QUEST. s4 Since the
energy separation of these two longitudinal states is much
larger than the assumed lateral state quantization, we
will neglect the second longitudinal state completely.
We assume that the single-particle state separations,
AE =15 meV are larger than the charging energy, U = 1.5
meV. This allows us to use the simple charge interaction
model (see Appendix A3). Barrier thicknesses and Al
&actionsss are chosen such that the single-particle levels can be assumed to be sharp compared to the temperature, charging energy, and single-particle spectrum
(b, E, U&k~T&&AI') in order to use rate equations in the
sequential tunneling picture.

B. Inelastic scattering, charging,
and subband mixing treated independently
Let us first look at the consequences of the three phenomena (inelastic scattering, charging, and subband mixing) independently in this complicated electronic system.
For these examples we consider an asymmetric structure
with left/right barrier thicknesses of 105 A/80 A. and
an Al fraction of 0.35/0. 30 correspondingss to a barrier
height of 262/224 meV.
We use the calculation for elastic, adiabatic, no chargeinteraction transport as baseline (thin line in Figs. 4 —6)
for comparison against the independent inclusions of inelastic scattering (Fig. 4), charge interaction (Fig. 5),
and subband mixing (Fig. 6). The arrows marked z-y
in Fig 4 indicate the voltage ranges over which subband
z in the emitter can conduct adiabatically into quantum
state y in the quantum dot. z and y correspond to subscripts indicating the groups of single electron states in

60.
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VXZ

~30t
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2-2

1-1

~
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Fig. 3(b). Without subband inixing three
occupied
subbands in the emitter couple to their corresponding
lateral states in the quantum dot and three distinct current steps are observable in the I-V characteristic. Note
that the 3-3 transition is turning on when the 1-1 transition is already turned ofF due to (1) the different energy
separations of the subbands in the leads (10 meV) and
the single-electron states in the quantum dot (15 meV)
and (2) the finite Fermi energy in the leads. We define
the valley current region as the voltage region extending
past the turnoff of the first transition (see Fig. 4).
The introduction of inelastic scattering in the limit of
I') (thick line
complete thermalization
(IcriT
5/r
in Fig. 4) shows an increased current due to coupling of
lower lying, elastically decoupled channels. The turnofF
of the 1-1 transition, for example, introduces a decrease
in the current in the elastic calculation (arrow a); however, electrons tunneling into the quantum dot in a 2-2
transition can relax down to level 1 in the quantum dot
(see inset in Fig. 4). Level 1 is therefore filled "&om the
top" via an inelastic channel. The current is increased
due to this additional channel '
and the turnoff feature of the 1-1 transition is wiped out. The effect of
filling of a lower lying level depends strongly on ratio of
the rate of outfiow to the collector versus infiow from the
emitter 2&, 29, 30 It can be shown analytically2~ for a twoI'+ (with the
state system that a large asymmetry I'
bias such that the electron How is from right to left), the
current effectively doubles to a two-channel result. For
I'R = I'~ the current enhancement due to inelastic scatI'+, the current enhancement
tering is 60%. For I'
is small and the current remains basically carried by one
channel.
Figure 5 shows the effects of single-electron charging in
the elastic limit (1/r = 0). Steps refiecting the charging
energy scale U are introduced. The spin degeneracy of
the first level [lou in Fig. 3(b)] is broken (arrow 1). The
step &om the single-particle turnon (arrow 2) consisting
of four degenerate states
in Fig. 3(b)] is broken into
four steps starting at arrow 3. A factor of 2 enhancernent of the total current at a bias where six electrons
are in the quantum dot ((N) & 6) at arrow 4 compared
to the current level at arrow 2 where we also have six
electrons in the quantum dot ((N) & 6) is due to an increased transparency of the collector barrier in the presence of charging. Since total energy is conserved in the
tunneling process, an increased energy due to charging allows coupling to higher energy states in the collector and
therefore increases the collector barrier transparency.
Notice that there is a hint of a step at about 120 meV
which is due to the addition of a single-particle channel
[see Fig. 3(b)] into the quantum dot. In the asymmetric
structure the amplitude of the current is mostly determined by the (almost) quantized number of particles in
the quantum dot and the tunneling rate out of the quantum dot as long as one single-particle channel into the
dot is available. The addition of an entry channel given
the presence of some other entry channels does therefore
not increase the current strongly.
By the same argument we do not find a characteristic turnon due to the
third single-particle level [3k' in Fig. 3(b)] in the case of

»

100

120

140

160

Applied Voltage (mV)

FIG. 4. I-V characteristic for an asymmetric structure. Effects due to thermalization (thick line) compared to the elastic, adiabatic, single-particle result. Arrows labeled 1-1, 2-2,
3-3, and 4-4 indicate the regions of allowed adiabatic, elastic
subband-to-quantum-state
transitions (thin line). Electron
relaxation wipes out features and increases the current in the
"valley current" region where channel 1 has shut oK already.
The inset shows a two-state model indicating vertical fiow
into elastically decoupled level 1.
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charge correlation compared to the single-particle result
(arrow 5).s
The current calculated including charge correlation
does not turn ofF sharply as single-particle state 1 is
turned ofF. On the contrary, the valley current is increased strongly by charge correlation.
The origin of
such current increase can be understood in a simple twostate model indicated in the inset of Fig. 5. Given a bias
where state 1 is pulled under the conduction band edge
of the emitter, only state 2 appears to be available to be
tunneled into in a single-electron picture. However, an
electron "residing" in state 2 changes the single-particle
excitation spectrum significantly and may "lift" unfilled
level 1 into an energy range in which tunneling is allowed. If state 2 is occupied long enough, state 1 will fill
and two electrons are "waiting" to tunnel to the collector, corresponding to two transmission channels. We can
show analytically2i that the current enhancement for the
inclusion of single-electron charging in the two-state ex-

«

I'~ (collector barrier larger and/or
an asymmetry I'z,
thicker than emitter barrier), we have an enhancement
1—
2

2

~a) -+1=100%%uc corresponding to two channels.
Even for I'~ = I'L„we have an enhancement b = s —
6
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FIG. 6. I-V characteristic for an asymmetric structure. Effects due to subband mixing (thick line) are compared to the
elastic, adiabatic, single-particle result (thin line). Subband
mixing increases the voltage-region of the current Sow. Features due to turnons and turno8s of quantum states in the
dot and subbands in the leads are exposed. The notation of
new channels x-y is the same as in Fig. 4. The unitarity condition on the scattering matrix causes reduced current Sow
through direct channels (arrow a) due to the opening of other
scattering channels.
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60'%%uo

over the noninteracting result. The current enhancement
I'~ is
given very leaky conditions I'I,
ra -+0.
Figure 6 depicts the simulation result incfuding weak
subband mixing of strength P=0.95. The labels z-y indicate the additional channels due to tunneling from subband z in the emitter to state y in the quantum dot as
with the corresponding labels (1 —8) in Fig. 3(b). The
inclusion of subband mixing extends the voltage region of
conductance significantly and the
Vcharacteristic -exhibits an additional structure
due to the modes in the
leads and quantum dot. Current conservation demands
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that the scattering matrix which couples subbands and
quantum states in the dot to be unitary (see Sec. IIB).
Opening new scattering channels reduces the strength of
the direct channels, resulting in a smaller current contribution from the direct channels (arrow a). These calculations were performed for an asymmetric structure and
they show clearly that, although the current through an
asymmetric structure may be dominated by the collector
barrier transmission rate, the addition of entry channels
on the emitter side can increase the valley current dramatically, when the direct channels start to turn ofF.
In the following two subsections we will now put
the three transport phenomena
(1) elastic vs thermalized transport, (2) noninteracting vs interacting transport, and (3) adiabatic vs nonadiabatic transport—
together piece by piece and explain their general efFects
on asymmetric and symmetric structures. For the asymmetric structure we start from Averin, Korotkov, and
Likharev'si4 analysis of adiabatic, thermalized transport
through a charge interacting quantum dot and show how
the inclusion of nonadiabatic transport phenomena and
the exclusion of inelastic scattering in the quantum dot
will alter the high bias I-V characteristic dramatically.
For the symmetric structure we start from Bryant's
analysis of nonadiabatic transport in symmetric structures and add charge correlation and inelastic scattering.

120

140

160

Applied Voltage (mV)

FIG. 5. I-V characteristic for an asymmetric structure. Effects due electron charge correlation (thick line) compared to
the elastic, adiabatic, single-particle result (thin line). State
degeneracy is broken (arrows 1 and 3) and the turnon of the
second single-particle level is impeded (arrow' 2). The current
is increased in the valley current region (arrow 4). The inset
shows a physical picture of the enhanced valley current due
to electron-electron correlation. There is no explicit turnon
of level 3 (arrow 5). The underlying single-particle spectrum
cannot be identi5ed.

C. Asymmetric structure
Averin et a/.
have assumed adiabatic coupling from
1D subbands in the leads to OD states in the quantum dot
for the lowest longitudinal energy level in their high bias
transport analysis. They assumed that the electrons are
in the quantum dot long enough to su6er inelastic scattering processes and calculated the canonical ensemble
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average. We start our analysis for asymmetric structures
from this picture. However, note that in our case we
assume that the Fermi energy E~ is the same order of
magnitude as the subband separation AE such that only
few subbands are occupied in the leads (Fig. 1). This
assumption allows us to analyze the efFects of subband
mixing and corresponds to doping levels similar to the
structure by Reed et a/. in which subband mixing is in'
deed important.
Another difFerence in our analysis is
that we keep the energy dependence of the collector barrier transmission rates, which makes the collector barrier
more leaky at higher biases and reduces the charge accumulation. Also we do not include efFects due to bistability
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here as discussed in the Appendix.
The asymmetric double barrier structure analyzed here
is the same one as considered in the previous examples.
The thin line in Fig. 7(a) is the thick line in Fig. 4 given
strong inelastic scattering, no charging, and no subband
mixing. Now we add charging to the simulation to obtain
the thick line of Fig. 7(a). This thick line of Fig. 7(a) is
almost identical to the thick line of Fig. 5. Single-electron
state degeneracies are broken (arrows 1 and 2) by the
charge correlation and no explicit turnon of the third
quantum level is visible (arrow 3) as discussed above.
The fact that the two current amplitudes to the right of
arrow 3 are nearly equal is coincidental.
Is subband mixing important in asymmetric structures? In Fig. 7(b) we add weak subband mixing (P =
0.95) to the result shown in Fig. 7(a) and we electively
combine the results of Figs. 4—6. Figure 6 has shown
that subband mixing increases the voltage range of conductance and Fig. 5 has shown that charging increases
the current in the valley current region. Both of these
elfects are strikingly evident in Fig. 7(b).
Does inelastic scattering play a role in asymmetric
Vcharac-teristic
structures?
Fig. 7(c) compares the
without inelastic scattering (I/r = 0, thick line) to the
one shown in Fig. 7(b) with complete thermalization
I', thin line). Inelastic scattering (thin line) ef(1/7
fectively couples lower lying quantum levels, which are
not coupled elastically to the emitter lead in the valley
current region. ' The I-V characteristic appears as an
almost monotonic staircase. The exclusion of inelastic
scattering (thick line) exhibits structure due to the singleelectron spectrum in the valley current region (arrows
labeled AF) and the current is significantly reduced as
levels fall under the conduction band edge of the emitter.
The two limits of thermalized and elastic (I/v=0) transport give dramatically difFerent results in forward biased
asymmetric structures. A reverse bias measurement [see
the inset of Fig. 7(c)] of an asymmetric structure will
exhibit the single-particle spectrum only since there is
no charge accumulation. s If single-particle features can
still be found in the forward bias direction we have an
indication that the relaxation in the quantum dot is not
very fast compared to the collector barrier escape rate.
If all the single-particle features disappear, we have an
indication that the relaxation rate is large.
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FIG. 7. I-V characteristic for an asymmetric structure. We
start with Averin, Korotkov, and Likharev's (Ref. 14) "picture" of inelastic, adiabatic transport with and without single-electron charging and show efFects due to the inclusion of
subband mixing and the exclusion of inelastic scattering. (a)
Single-electron charging: Single-electron charging (thick line)
introduces fine structure in the I-V characteristic and breaks
single-particle state degeneracy (arrows 1 and 2). (b) Include
nonadiabatic transport: Thick line in (a) is now thin. Subband mixing (thick line) increases the region of current flow.
Features due to single-electron charging (=2xU=3 meV are
dominant. Single-electron particle spectrum (see Fig. 6) cannot be identified. (c) Exclude inelastic scattering: Thick line
in (b) is now thin. Fine structure due to the single-particle
spectrum is exposed (see Fig. 6). Inset: The I Vcharacteris-tic for a reverse bias measurement where the thick barrier is
now the emitter barrier. The I-V characteristic is determined
by the single-particle spectrum (AE).

D. Symmetric structure
Is there single-electron charging? While single-particle
quantum states in resonant tunneling diodes have been
observed
in symmetric structures, there is no evidence
for single-electron charging efFects in such structures.
The supporting argument for the missing efFects due to
single electron charging is that the collector barrier is effectively lowered due to the applied bias and that there is
no charge accumulation to introduce efFects due electronelectron interaction. However, the efFect of the efFective
collector barrier lowering can be decreased if the barrier
heights are raised. If then collector and emitter barrier
transmission rates are of the same order of magnitude,
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an average filling of a quantum state is & 1/2. This will
modify the transition energy spectrum of the quantum
dot and will leave an observable efFect in the high bias I-V
characteristic. Another requirementis'i4 (U&k~T&&hl')
that is necessary for the observation of single-electron
charging efFects has also not been satisfied in the symxnetric Reed
structure. We have estimated the energetic spread of the quantum states due to the coupling
to the leads to be of the order of several meV, which
is about the same order of magnitude of possible charging energies involved with single-electron charging. We
therefore cannot expect to observe single-electron charging efFects. By the choice of thick barriers we can ensure
that we can satisfy the condition U&k~T&&51' for all
possible transitions into and out of the quantuxn dot.
We analyze here the double barrier structure depicted
in Fig. 1 with equal barrier thicknesses of 80 A. and Al
to a barrier height of
&actions of 0.35 corresponding
262 meV. Figure 8(a) depicts an Vchara-cteristic that
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FIG. 8. I-V characteristic for a symmetric structure. We
start with Bryant's (Refs. 15—17 "picture" of coherent transport with and without subband mixing and extend the model
to include single-electron charging and inelastic scattering.
(a) Adiabatic vs nonadiabatic transport. The voltage region
of current Sow is extended due to subbaud mixing P=0.95
(thick line). (b) Include charging: Thick line from (a) is uow
thin. Electron-electron charging introduces features in the
Vcharacteristic even -for symmetric structures. (c) Include
strong inelastic scattering: Thick line from (b) is now thin.
Electron relaxation in the quantum dot has only small efFects
on the I-V characteristic. The current is increased on the
turnoK side of the peaks (arrow 1) and reduced on the turnon
side (arrow

2).

I

feasible.
Conclusion for symmetric structures.
Our analysis
shows that single-electron charging will have efFects on
the high bias Vcharacte-ristic of symmetric double barrier structures, provided the barriers are thick and/or
high enough. In the limit of strong confinement where
AE & U we expect the I-V characteristic to be dominated by the single-particle spectrum.
Superimposed
on this spectrum we expect fine structure due to singleelectron charge correlations. Devices built in this parameter range would allow the clear separation of charging
and quantum effects. EfFects due to inelastic scattering
within the quantuxn dot appear to be weak. Since the assumption of thermalization in the quantum dot simplifies
the problem dramatically numerically (speedup of a factor of about 10 000) and since it does include the relevant
effects of charging and subband mixing now, it appears
to be the solution of choice for simulations of synUnetric
quantum dots with large and/or thick barriers.

I

Q

I

Bryanti
could have obtained in his analysis of coherent, elastic transport through double barrier structures.
Even weak subband mixing (P=0.95) modifies the overall
I-V characteristic significantly by extending the voltage
region of transport. Calculated modifications of this high
bias characteristic due single-electron charge interactions
are depicted in Fig. 8(b) using a charging energy of U=1.5
meV. There are clearly additional steps of the energy
scale of 2U introduced due to single-electron charging.
Does inelastic scattering play a role in symmetric structures? Figure 8(c) compares the simulations for perfectly
elastic (1/v=0) and thermalized transport in the presence
of electron charge interaction and subband mixing. The
thick line from Fig. 8(b) is now thin. The relative amplitudes (arrow 1) of some current peaks have changed
due to the opening of new channels in the valley current. Current is slightly reduced
due to inelastic scattering on the rise part of the Vchara-cteristic (arrow 2).
However, effects due to inelastic scattering in the quanturn. dot in the case of symmetric structures appear to
be small. The two calculations for the extreme cases of
elastic and thermalized transport do give slightly difFerent results, but an experimental determination whether
transport at high bias is elastic or thermalized seems in-
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IV. CONCLUSIONS
We have presented nuxnerical results which explain the
roles of inelastic scattering, single-electron charge interaction and nonadiabatic coupling to the leads in the
transport through a quant»m dot. All three of these
efFects increase the valley current of the I-V characteristic compared to the noninteractiag, adiabatic, singleparticle analysis. We have tied two approaches together
in our analysis: (1) nonadiabatic transport analysis in the
elastic, no charge interaction limit
and (2) inelastic,
charge interaction analysis in the adiabatic lixnit. ' We
have analyzed numerically devices where the Fermi energy is comparable to the lateral state spacing. Nonadiabatic transport increases the voltage range of transport
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through symmetric and asymmetric structures and appears to be very significant if the lateral confinement is
strong and only few subbands are occupied. In symmetric structures efFects due to single-electron chargHowever,
ing have not been observed experimentally.
we show that additional steps in the I-V characteristic
should be observable even in the case of weak charge accumulation, provided the barriers are thick and/or high
enough. The inclusion of inelastic scattering within the
symmetric quantum dot does not introduce significant
changes in the predicted I-V characteristic. Transport
through asymmetric structures is shown to be dominated
by charge accumulation in one bias direction. Also the
treatment of inelastic scattering in the forward biased
asymmetric quantum dot modifies the predictions of high
bias transport dramatically. Weak inelastic scattering exposes the underlying single-particle spectrum in the valley current region and the I-V characteristics may give
insight into the strength of the inelastic scattering in the
quantum dot by comparison of forward and reverse bias
measurements.
Note added in proof. A. N. Korotkov brought Ref. 43
to the attention of G.K. in which the authors had compared effects due to small and large relaxation rates as
discussed in this paper. The results presented in Ref.
43, however, are in a difFerent limit of metallic granules
in which the charging energy is large compared to the
single-electron spectrum (U
bE) In this . limit certain assumptions about the occupation of the states in
the granule are possible, which simplify the numerical
task to calculate the occupation of the states significantly.
Reference 43 concentrates on the turn-on region of the
V characteristic, whereas we concentrate on the effects
of elastic and inelastic scattering in the valley current
region.
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it to multiple degeneracy and include a finite intradot
relaxation time.
We are using a constant charging model with a singleof
electron charging energy
U (N)

=

2

2C

x N (N

= U x N (N
1)—

1)—,

(Al)

where N is the total number of electrons in the quantum dot and C is the electrostatic charge coupling of
the quantum dot to the reservoirs. Beenakker assumed
a charging energy of the form U(N) = N2z&, which
We asis a good approximation for the case large
sume here that the first electron does not have a chargThe coupling to the
ing energy against the reservoirs.
leads is assumed to be weak enough such that the singleelectron states in the quantum dot are considered to
be sharp compared to the temperature k~T, the singleelectron energy spectrum AE, and charging energies U

¹

[b.E, U&kbT»hl'=h(I'&+I'L, +1/ )].
The transport through the quantum dot is assumed
to be based on sequential single-electron hopping into
and out of the quantum dot via the connected reservoirs. The energy of each electron before and after the
transition must be conserved. The conserved energy includes the single-particle state energy, the charging energy against the other electrons in the quantum dot, and
the electrostatic potential energy due to the applied bias
across the structure. Beenakkeris has denoted four energy balance equations for the following four tunneling
processes: (1) into the quantum dot that is initially on
the left (index i, L), (2) out of the quantum dot to be
finally on the left (index f, L), (3) into the quantum dot
that is initially on the right (index i, R), and (4) out of
the quantum dot to be finally on the right (index f, R).
The energy balance equations corresponding to these processes are
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APPENDIX: RATE EQUATIONS
In this appendix we will present the rate equations
used in the numerical simulations and discuss the origin
and the limitation of the constant charging model.

1. Rate

equations for degenerate states

In Sec. IIA we have explained, using Fig. 2, the general idea of the configuration space and the coupling beThis approach has been put
tween the configurations.
for the treatment of Coulomb
forward by Beenakker
blockade problems. In Sec. IIB we discussed the singleparticle spectrum that we are considering in this work
and argued in Sec. IIC how the multiple degeneracy of
the quantum states should be exploited to reduce the
We use
number of possible many-body configurations.
Beenakker's model for nondegenerate states and extend

E„"N—E~ + U(N+1) —U(N) + ileV, (A2a)
—(A2b)
E„'~—Ez + U(N) —U(N 1) + ice

V,

E„"N Ez + U(N+1) —U (N) —(1 —il) eV,
E '~ —E~ + U(N) —U(N 1) —(1 —q) eV— ,
——

(A2c)
(A2d)

where N is the number of electrons in the dot before
the tunneling event and g is the fraction of the applied
voltage that drops over the left barrier (compare to Fig.
is the single-particle eigenenergy of the
1 of Ref. 13).
quantum level p.
The usual ' notation for many-electron Slater determinants is formulated in terms of Fermi particle annihilation and creation operators. Given, for example, two
spin-degenerate quantum states the Slater determinants
are usually denoted as ~nip, nig, n2t, n2~) where the n,
can take on only values 0 and 1. For this particular example with a maximum of four fermions in a limited basis
set of four states we have 2 = 16 possible Slater determinants. Here we are interested in the average population
of these Slater determinant states, given that they are
weakly coupled to two leads. The system of equations to
be solved for is of dimension 16x 16. Several of these 16
states are equally occupied if the coupling to the leads is
spin independent (for example, 1, 0, 0, 0) and ~0, 1, 0, 0) ) .

E„

~
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FIG. 9. Example of a compression of nondegenerate to degenerate state notation. Orbitals (nest, nag) and (nest, nzz) are
each assumed to be spin degenerate with spin-independent
The configuration (mI, msj has
coupling to the leads.
mq —ny~+n~~ and mq —nqt+nq~ with the con6guration
degeneracy C as indicated above the arrows. Sixteen con6gurations are converted to nine. We use this scheme to convert
the 2 = 6.7 x 10 nondegenerate configurations for 26 electrons (Fig. 3) to 8.4 x 10 configurations in the degenerate
notation.

„=

Figure 9 depicts all 16 states and groups them according
to equal occupation probability. Instead of the 16 unknowns, only nine unknowns have to be calculated. We
introduce notation for these nine groups, in which we
simply count the number of electrons in the degenerate
subgroup, as indicated in the example in Fig. 9. The nine
possible configurations are now described by two numbers
(mq, m2), where m1 —n1t+nr~ and m2 ——n2t+n2~. Each
"state" m~ and m2 is twofold degenerate and its index
can take on values 0, 1, and 2.
Ngroup

)

1)({ms)) P((ms))

(mg

}

f(Q

),

Ngroup

1)((ms)) =

I = —e )

5493

While the reduction from 16 to 9 configurations does
not appear significant, larger systems show a dramatic
reduction.
Including lateral state degeneracies [see
Fig. 3(b)] as well as the spin degeneracies (see Fig. 9)
we can compress our system to five fourfold and three
twofold degenerate groups. We denote the degeneracy of
each state as dp and the index mp can take on values
We reduce our system from 22 =67, 108,864
(0, . . . ,
"P(d„+1)= 5 x3 = 84375 (Ns, „p—8 in our
to
case; see Fig. 3), which is a reduction by a factor of about
800. To keep track of the multiple degeneracies we have
introduced the configuration degeneracy 1), as indicated
in Fig. 9. In the example in Fig. 9 the configuration
degeneracy takes on values 1, 2, and 4, depending on
the configuration (m1, m2). The configuration degeneracy 17(m1, m2, . . . , m1v, ) can be formally defined as a
(g I
.
product of binomial coefBcients "&C

la„o„n,
p„)) cd = (mI~&
loooo)

..

dP
~

N N

(A3)

N

p=l

„,

where we use the short form (ms) = (m1, m2, . . . , m„,
. . . , m1V„. ) and m~ E (0, , d~) .
Given the probability of occupation of each configuration P((ms)) and a Fermi-Dirac distribution in the

reservoirs of

f(E)=

I+exp~

&

~,

&P

the steady state

current through the left barrier (which equals the current
through the right barrier) is given by

(dz —
m„)1 "& f„"&—m&I'„'& 1 —f„'&

(A4)

l

~

p=1

„~

is the number of quant»m levels considered. The tunneling
where m„is the number of electrons in group p and Ns,
rate I' and lead state occupation probability
carry four indices indicating the energy dependence of the transition as
indicated in Eq. (A2). The index p on I' is also used to keep track of the lateral mode dependent, i.e. , state dependent,
coupling to the subbands in the leads.
The rate equations for the nonequilibrium occupation probability P ((m;)) including the degeneracy read

f

O

=—
P((mP)) = —& PHmP))
—

)

P((mp))

+)

P(. . . , m

)

( ' '

g((

))

mp

~

P ~'

(I', '»
+I

m

I

(4™P)(Pp'Nfp'
f, 'N

1

—m

m~~, . . .) (d

1'™PP~' ' )

P

+I;»

P

)

i, L

p, N

N+P'p'Nfp

fI'„}—
I' f,'NL
i, L

s))-

'

g, R

yI' f, R
'

i, R

1fp» 1+Pp, »—1fp»

1

1)—

f f, R
—

o((ms))

)—
—

(A5)

7

We have argued in Sec. II A that each state (mg) with
n electrons is connected to other states by five basic processes and we repeat them here for the more general case:
(1) destruction of (ms) by infiow of electrons, (2) destruction of {ms) by outfiow of electrons, (3) creation of
(ms by destruction of a state with (n+1) electrons, (4)

j

—

I —f f, L

p

((

N)''

creation of (mg, ) by destruction of a state with (n —])
electrons, and (5) destruction of (mf, due to relaxation.
These five processes are re8ected in that order in the five
contributions in Eq. (A5). The set of equations (A5) contains
(d„+1)equations for the same number of
unknowns. However, one of the equations is a linear comI

j

g„"~"
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bination of the others and the. system is underdetermined
by one equation. The normalization of the probabilities
to 1 closes the system:

) }17({ms}) P({mi, })= 1.

(A6)

(mg,

Pp({ml, })=

) }17({os})

( oo

)

exp

(oa

The probability P(N) represents the probability to have
a total number N electrons in the quantum dot regardless
of electron configuration. It is the sum of all configurations with the total number of N electrons:

P(N) =

):}

&({msj) P({ms}) bN, Q

Equation (A5) is equivalent to Eq. (2.12) in Ref. 13 except for the phenomenological intra quantum dot relaxation and the degenerate state notation. The canonical
probability distribution Po({mi, }) depends on the free
energy of the internal degrees of &eedom with a fixed
number of electrons in the quantum dot and the probability to have that particular number:

) Epm„k~T)

17({ml,}) exp

2. Strong inelastic scattering
Beenakker
has given equations for the nonequilibrium number of electrons in the quantum dot similar to

P-~(&~IN)

Oj

P(N)

=1

p

"'(N+1) =

&group

)

f, L

f, R

(Alo)

&gr oup

r"(N) =

)

(4 —+.q(E~IN)j
(A11)

where F,q(E&~N), the equilibrium probability of finding
state p occupied, given that N electrons are in the quantum dot, is defined as

17({mi,}) exp

(A13)

f,f, L

f, R

r
I

)— E mk+T'

N'group

1

&group

is

„„f„„„

r„„„1
+r„„„1x

z

.

(AS)

P., (E„~N+1)

ml

(mg,

The set of N equations (AS) for N+1 unknowns
closed by the normalization condition:

)

r

17({mi,}) exp

(mg,

Ntotal

b'av

P(N) .

with

The introduction of the relaxation rate couples all configurations with the same total number of electrons N with
each other, since Po({ms j) depends now on all configurations with N electrons.
In order to solve this large system of equations iterativelyss we need to find a "good" guess for a fast solution.
We obtain our guess for the most likely configuration by
looking at the diagonal elements of the matrix. The diagonal elements indicate the leakage of the corresponding
configuration to other configurations. The configuration
with the smallest leakage rate to other configurations is
the most stable one and will be the most likely one to occur. We use this physical arginnent to justify our initial
guess of the probability distribution and achieve satisfactory convergence in the iterative procedure.

) }biv~
=
) )biv~

l

P(N+1) I""'(N+1) = P(N) I""(N)

/m),

(I —b

klsT

E~o~

~

Averin et al. We continue to use the same notation and
extend Beenakker'sis Eq. (5.1) to multiple degeneracy.
The modified equation of detailed balance reads now

(A8)

.
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~

)

E,i m;

kggT,

(A12)

,

i=1

After solving for P(N) with Eqs. (AS) and (A13) we use
Eq. (A7) to determine P({mi, j) with the assumption of
thermalization tP({mi, j) =Ps({mi, }) ] and evaluate the
current through the structure using Eq. (A4).
Equation (AS) can be interpreted as a recursive relation 4 determining the filling of a (N + 1)-electron
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state based on the realization
and all

of an N-electron state:

If I" (N=0) =0 then P(N=1) =0
subsequent P(N
1) = 0. The in-tunneling rate

P(N+1) =

rl. „l&~+~,&l.

I" (N = 0)

)

is indeed zero if all single-particle states are
pulled under the emitter conduction band (see the inset in Fig. 4 or 5). Consequently the current transport
through the quantum dot shuts ofF at the same bias as if
there were no charging [see Figs. 5 and 7(a)] and the average number of electrons in the quantum dot (N) changes
abruptly from a 6nite value to zero.
If each bias point in a I-V characteristic is considered to be a perturbation of an in6nitesimal smaller bias
point, then the average number of electrons in the quantum dot could be expected to change only infinitesimally.
If another boundary condition for the average number of
electrons (N) g 0 is introduced into the system of equations, then the system becomes overdetermined in the
case of I""(N) = 0 and I" (N+1) g 0 for any N. The
recursive Eq. (A9) could be thought of as being solved
from large values of N down to smaller values of N:

+ l. Equations involving I""(N) =0
cause the recursive chain to end and the associated prob-

P(N) =

+&l„~&l

abilities P(N) are ill defined. If these probabilities P(N)
are set to zero, a second bistable solution with (N) g 0
can be found.
Effects of bistability have been discussed by Averin et
al. i4 We have included possible bistability into our model
in the scheme discussed in the preceding paragraph and
found that the inclusion of subband mixing washes out
effects due to bistability in the voltage range discussed in
this paper. This is due to the effect that I" (N =1) $0
even for high biases, since the single-particle levels are
not decoupled until the highest single-particle state is
pulled under the emitter conduction band edge. This bias
range would be even increased further if optical phonon
scattering would be included as discussed in Refs. 29 and
30. We do not include our results on bistability here
since they have been discussed by Averin et al. i4 in detail
already.

3. Constant

charging interaction

Several calculations of the many-body eigenenergies of
quantuni dots have been performed. zz z~ ss'4i The critical ingredient in these calculations is the form of the
electron-electron interaction potential and the cited references diR'er in their choices of this potential. Manybody spectra using the nnscreened
Coulomb potential
were analyzed first and strong spatial electronelectron correlations were found in the case of comparable interaction energy and single-electron quantum state
spacing. The many-body ground state has significant
contributions of excited single-particle states indicating
how electrons arrange themselves spatially to reduce the
charging energy in this limit. Hiusler and Kramer2s have
used an interaction potential of the form
~, +&, &, &,
(I~.
g~ )i+ps)i/s
&I
in their quasi-one-dimensional
calculation and pointed
out limitations of the state independent charging model
Johnson and Payne
introduced a modified interac~

..

5495

tion potential of parabolic form which mimics the saturation of the interation potential for small distances. The
problem becomes exactly solvable and its results have
been shown to be comparable2s to the Coulomb potential interaction in the limit of strong confinement.
The purpose of this section is to relate the state
independent charging energy to a microscopic calculations.
Starting Rom there we argue
similar to a
discussion in Ref. 22 that the simple charging model
may give reasonable results for structures in which the
single-particle quantization energy is the dominant energy scale. Figure 10 depictss9 the forms of the three
investigated electron-electron potentials: Coulomb, modified Coulomb, and parabolic potential. If the region of
confinement is small and screening by spatially closely
located ground planes is reasonable to assume, then a
constant interaction potential as indicated by a horizontal line in Fig. 10 may be a reasonable assumption.
Starting with the definitions of one- and two-electron
integrals over spin and spatial orbitals in Ref. 38 on p. 68,
we substitute the two-electron operator r, by a spatially
constant U and calculate the N-particle
independent
Hamiltonian matrix on the basis set of N-particle Slater
determinants. The choice of orthonormal single-particle
basis set for the generation of the N-particle Slater determinants and the spatially independent electron-electron
interaction potential allows an easy analytic calculation
of the Hamiltonian matrix elements. The Hamiltonian
matrix turns out to be diagonal and with an expression
for a N-particle Slater determinant denoted in configuration space as (n;)= (ni, n2, . . . , n~) we obtain, for the
diagonal elements,
U
E(„,) = ) E;h„,, i + N(N
.

—1),—

(A14)

E; is the single-particle eigenenergy of the ith spin
orbital and N=g i n;. This approach allows a natural
derivation of the charging energy expression [Eq. (Al)]
which we are using in this work. The charging energy
of single electrons against image charges in surrounding
ground planes is not considered here. 4
For our numerical simulations we chose the device pawhere

——-Coulomb
Modified Coulomb

------- HannonIc

—

- - - -Constant

~

FIG. 10. Electron-electron charge interaction potentials
V(i) Coulomb, mo.dified Coulomb, harmonic, and constant
potential.

KLIMECK, LAKE, DATTA, AND BRYANT
rameters such that the single-particle energy separation
AE is larger than the charging energy U. This is the
parameter region in which the constant charging interaction model is still valid. 22 In general we could implement a given many-body spectrum with all its ground
states and excitations into the rate equation approach
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