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Valence-band warping in tight-binding models
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The spin-orbit nearest-neighbep’s* model is widely believed able to reproduce accurately the valence
bands of most Ill-V and group-IV semiconductors, essential for modeling the in-plane dispersion of valence-
and inter-band quantum heterostructures. To check this belief, we study valence-band warping in the spin-orbit
sp®s* model including interactions up to second-nearest-neighbor, providing exact, analytic formulas for the
[110] and[111] light- and heavy-hole masses. Surprisingly, we find that the second-nearest-neighbor model
offers significantly more flexibility in fitting these masses independently of those &@01j than does the
nearest-neighbor modg/S0163-182@99)10007-9

Empirical tight-binding techniques are increasingly em-warping is important for valence-band QWs grown[601]-
ployed in calculating the transport and optical properties obriented substrates, since it affects the in-plane dispersion of
quantum semiconductor structures such as resonanthe bound states, a subject of theoretical int€héstore
tunneling diodesRTDs), quantum well{QW'’s), and super- intriguingly, recent experiments employing resonant magne-
lattices. Being relatively more complete than envelopetotunneling spectroscopy*! have directly probed the QW
function ork- p models, they naturally incorporate the entire in-plane dispersion. Correct calculation of valence-band
bandstructure of the constituent bulk materials in a transpaistates, therefore, demands good reproduction of the hole
ent manner; the short-range nature of their interactions alsmasses in all three directions, which requires that the exact
facilitates modeling the heterointerfaces present in suchelationship between the masses be understood. It is particu-
structures. Judiciously employed, the tight-binding methodarly important to determine whether or not fixing the heavy-
can deliver results of high accuracy; all too often, howeverand light-hole masses in one direction determines them in the
this potential goes unrealized, through a poor choice of eithesthers. Also, since the second-near-neighbor model is more
model or parameters. Indeed, while it ought to be selfcomputationally demanding than the nearest-neighbor ver-
evident, or at least easily deduced from the derivatives of theion it is of interest to know whether or not it can more
Hamiltonian matrix; the incompleteness of any practical accurately reproduce the hole masses along each direction.
tight-binding model is effectively ignored by many scien- Finally, in fitting the parameters of a tight-binding model, the
tists. This notwithstanding, the tight-binding technigue re-more is known about the masses, the easier the process. Ad-
mains a powerful and subtle approximation method, requirdressing all of these issues, therefore, requires not only exact
ing care in its application, especially regarding the choiceanalytic expressions for tHd10] and[111] masses but also
and parametrization of models. a thorough understanding of their connection to [061]

In order to help workers choose and optimize tight-masses.
binding models we have recently studied the properties of We consider thesp®s* Hamiltoniarf with interactions up
the spin-orbit sps* modef in both its nearest- and to the second-nearest neighbor. We follow Chdditseat-
second-nearesneighbor manifestations, presenting exactment of the spin-orbit coupling, which retains only same-site
formulas for the effective masses alof@p1]. Formulas for  spin-orbit parameters, since in most materials the shift of the
the effective masses aloh@01] in the no-spin orbit, second- heavy-hole maxima away from the zone center is not signifi-
near-neighborsp® model have been given by Loehr and cant. (Reproducing this shift requires at least nearest-
Talwar® These studies, through their analytic expressiongieighbor spin-orbit coupling® and furthermore, renders ana-
showing the exact parameter dependence of the curvaturdgfic effective mass formulas impractical at the very
have greatly improved the understanding of the relationshipninimum since the valence-band maxima no longer occur at
between the electron- and light-hole masses. Results of theke=0.) We furthermore assume that both the nearest- and
efforts include parametrizations more accurately reproducingecond-nearest neighbsrs* ands*-s* parameters are set
the complex bands of QW and RTD barrier materials, esserto zero. Our nonzero parameters, in the Slater-Kb$tmta-
tial for good conduction-band device calculations, as well agion, along with abbreviations for those appearing in the
a better appreciation for the propriety of a given modeleffective-mass formulas, are given in Table I.

(nearest- vs second-nearest neighlfor a given material. Using the method of Ref. 1 we determine the inverse

As useful as these analytic formulas are, however, thegffective masses. Since the matfixH (k) does not lift the
need to be supplemented for work involving valence- or in-degeneracy, we must diagonalize the curvature matrix in the
terband heterostructures due to the significant warping of théourfold-degenerate subspace {|LH;1),HH;1),|LH;2),
heavy-hole bands along thi&10] and[111] directions. This |HH;2)}; for consistency of notation we continue to employ
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TABLE I. Nonzero tight-binding paramete(sotation of Ref. 1along
with our abbreviations; units are eV.

Abbreviation Parameter GaAs GaSh InSh minimum, respectively. The superscripts Ih, hh, and soh respectively,
refer to the conduction, and light-, heavy-, and split-off-hole masses.
Eca EQD) —8.48706 —4.97414 —8.78110
Epa Eé"a"gé 0.387 69 0.591 30 0.508 90 Quantity GaAs GaAs-Ref. 4 GaSb InSb
Eees EQY. . 8.487 69 8.150 00 7.40990  Fo(l) L.424 1.424 0.754 0.169
E 0.482 0.482 0.443 1.493
Eec EQQ -2.86111 —2.60492 —2.49790 xr
000 Eir 0.597 0.313 0.437 0.931
Epc EQD) 3.567 69 3.240 86 3.306 10
Ao 0.366 0.366 0.800 0.857
Egrc Q0 6.617 69 6.666 75 6.740 10
' m{© 0.068 0.068 0.048 0.013
Vs 4E(212Y2) 646053 —4.82000 —5.39530
m{) 1.317 1.317 1.303 1.043
Vsape 4E(21212) 468000 3.808 36 2.33540 ’
mi¢) 0.314 0.314 0.334 0.210
Verape 4E? ;’f 12) 4.650 00 4.757 93 2.498 40 ’
' m{© 1.724 1.392 1.509 1.439
Vpase 4E(U21212) 800000 6.978 62 6.338 90 ’
m{©) 0.194 0.129 0.159 0.111
Vipar 4EU2M2Y2) 6.00000 5.366 84 3.909 70 ’
' Im{gey| 0.071 0.071 0.050 0.013
Viyx 4EQ{RY2YD 226095 1.89376 1.839 80
Im{$g| 0.066 0.065 0.047 0.013
Vyy 4EZ 12 12) 5.170 00 4.61063 4.469 30
Im{3y| 0.065 0.063 0.046 0.013
Veasa 48D —0.01000 -—0.01860 —0.009 00
Im{60y| 0.412 0.412 0.356 0.321
Vsaxa 4E(Y) 0.05000  0.04310  0.04500
Im35y| 0.695 0.882 0.622 0.497
4L 0.058 00 0.050 00 0.052 20
Im35y| 0.877 1.331 0.808 0.606
Veraxa 4EGO) 0.020 00 0.017 24 0.018 00
’ [ misohy 0.144 0.144 0.151 0.120
4D . 004000  0.03448  0.03600
\Y; 4E(LO 0.320 00 0.275 90 0.28800 . )

e xaxa in the nearest- and second-nearest neigtgs* models;
Usaxa 4EGL —0.05000 —0.04310 —0.04500  the[111] masses are considerably simpler. Carrying out this
Viaya 4E0) 0.640 00 0.569 00 021000 Ccalculation, we find for th¢111] masse¥

(o) —-1.00000 —0.86210 —0.900 00 2
4Eaya my 2mq E E (4 I,+)2(V oy
Vecse 4E(19) -0.02000 —0.03224 —0.01800 mm)l] 72 )\a) \3)t" Pa xeye xexe
\Y 4EL0) 0.072 00 0.062 07 0.064 80 I,+y2
sexe sexe - ch,xc) + 4(Pc ) (an,ya_ vaa,xa_ Uxa,xa)
4 0.020 00 0.017 24 0.018 00 .
sexe ~Pa Pc (Vx,y+3Vx,x)(vx,y_vx,x)/vx,x]v 1)
Vsrexe 4EGD) 001000  0.00862  0.00900
4O 0.093 50 0.080 61 0.084 15 Mg Mo Mg Mg
a0 i T 2
Viyexc 43 0.280 00 0.21550 0.252 00 M1y Mooy Mooy Mii1y
(011) _ _ _ . . .
Usewxe ABexe 010000  —0.08621  —0.09000 wherea is the conventional unit-cell cube edge, the free-
Vieye 419 020000 044500 011000 electron mass, anat), andmigl) the effective masses for
light and heavy holes alon@01], given in Egs.(5) and (6
4EQM) -1.30000 -1.12070 —1.17000 g y no Qo] gIve q .( ) : )
~ of Ref. 4, respectively. The coefficientsare likewise the
Na 0.140 00 0.32433 0.32433  same as in Ref. 4:
Ae 0.058 00 0.058 00 0.131 00
pht= A
. . . . a !
the states given in Ref. 13. The algebra is straightforward but VI A EAY
rather tedious; each mass is doubly degenerate. Although the
resulting expressions for thHe.10] masses in terms of the
tight-binding parameters are quite complicated and do not |+ Vix
convey much insight, when recast in terms of the other Pc &)

masses they reveal a great deal about the properties inherent
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TABLE Il. Energy gapseV) and effective massesn) reproduced by
the parameters of Table | and Ref(@aAs only. Ex; andE, - are the gaps
between the conduction-band and L-valley minima and thel-valley
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2 —
AU = \/Egh) +Vx,x21 Egh): %(Ea_ Ee), —pIa’erL'Jr (Vx,y+3vx,x)(vx,y Vyx)
Y

E,=Eput2Viuxut UsunutNpomefach (4 o ,
In contrast, we find that thEL10] masses can be expressed =3, bty 4 Vxy ) ViyVix @)
without explicit reference to the tight-binding parameters: Pa Pc Vxx W _glv ~ = g _ g

2
Mo _ E( Mo n Mo ) +[i( Mo _ Mo ) We see thatagain accounting for the global factdrthe first
hh Ih hh Ih) hh i i
mtig 2\ Mooy Mooy 16\ migoy,  miboy two terms of Eq(7) are the same as their counterparts in the

[001] expression. The last term of E(f) is, like the heavy-

3 2] 12 - hole split-off electron term of thE)01] expression, negative,

J’__
4

Mo

(hh)
M1y

but in the limit of small spin-orbit coupling it is smaller in
magnitude by approximatel, ,/V, ,, therefore increasing
Mo 1( Mo Mo ) [ 1 ( Mo Mo )2 the curvature rather less than in fl@®1] case.(The remain-

5| mh (hh)
2\ Moy Mooy

1( mo mo

ing term of the[001] case is the typically quite small heavy-
hole split-off hole coupling. Altogether, then, these trends

(hy — _(hh)

an_
2 Mooy Mooy

(Ih) (hh)
M 110

Mooy Mooy 16

tend to make th¢111] heavy holes heavier than th801]

2) 1/2
311 mo Mo | Mo heavy holes, regardless of the parameters.
+—|= 7 : .
412\ mi_ mhh mchb Because the heavy-hole mass is in most materials consid-
[001] [001] [111] . .
erably larger than the light-hole mass, Taylor expansions of
Mg My My Egs. (5) and (6) can give further insight into the interrela-
_ _ _ g er insig
T T (6) tionships among the masses intrinsic to the models. To the

Mooy mfom] M 110
Note that the hole masses in Ed$), (2), (5), and(6) are

first order inmfg‘gl]/ mfgg)l] and mfggl]/ mm)l]

negativg. o mg mq 3( mg mg
The implications of Egs(l), (2), (5), and(6) for both the o +— ) | (8)
choice and parametrization of a tight-binding model are pro- Mg Mooy 4 fooy M1y
found indeed. In the first place, we see from EL).that the
o ; h
only pammetermot appearing in the expressions fmfogl] m 1 mg 3 m
and m{M are the second-nearest-neighbor interactions =T T e C)
[001] ' X mthh_ 4 g4 phh
Vyaya and V,c,c. Indeed, in the nearest-neighbor model (110 1oo] (111
(hh) (hh) . H
both Mooy andmyyyy are determined by only six parameters prom these we see that'!), is usually close tani),; and
Epa, Epc, Vixs Yy, Mas andho) of which two, kg andhe -y ) jiag closer tom(hh} thanm(" - these trends are
are, for all practical purposes fixed, while each of the remain- [110] (111 (001 »

ing four affects at least one of these features: the gajis at generally reflective of experimental results to the extent that
: hh)

andX, the light-hole masses, the conduction-band ma$s at the model employed accurately fitg 1) -
and theX-valley longitudinal mass. Thus, although it is cer- ~We have used the above effective-mass formulas to opti-
tainly true that a nearest-neighbor model can reproduce bothiize our previously published parametrizations of GaAs and
m{be; andm(if), , it is also obvious that doing so may entail GaSb(Ref. 4 for valence- or interband heterostructure cal-
signi%icant compromises in one or more of these other bandculations. The parameters are listed in Table I, and the gaps
structure features, so that for valence- and interband heter@énd masses they reproduce are given in Table II; included
structures the second-nearest-neighbor model may be tl@so is a new parametrization for InSb. For reference, Table
better choice. Furthermore, since E@®), (5), and(6) are 1l also lists the masses and gaps reproduced by our previous
expressedsolely in terms ofm{gy,, migoy, andm(iy); we  parameterization of GaAs. Because the second-nearest-
see that, in spite of the entry of two new parameters into Egneighbor parameters/,,,, and V,.,. affect both the
(1), these three masses specifpmpletelythe remaining L-valley position and curvature some compromise in the fit
three (not just twg. Indeed, the fact that only the second- of the conduction band is generally necessdihe less
nearest-neighbor model offers additional freed@nd only  complete experimental picture for InAs and AlSb with re-
via the parameter¥,, ,, andV,. ) in fitting the[110] and  spect to both the valley and[110] and [111] heavy-hole
[111] masses is a bit surprising in view of the widely held masses, coupled with the fact that their parametrizations in
perception that even the nearest-neighbpt model can ac- Ref. 4 already reproduce heavy-hole masses similar to those
curately fit thevalencebands. of other IllI-IV materials suggests leaving these parameter
The above formulas give us further insight into propertiessets unchanged; the AlAs parameter set there reproduces rea-
of the model; from Eq(1) we can see that thed11] heavy- sonable hole masses given experimental uncertaintiese
hole mass will usually be greater in magnitude than@@]  the fitting procedure was much simpler than in the case of
heavy-hole mass. The first two terms of Ef)), the second- Ref. 4, since only the second-nearest-neighbor parameters
order corrections due to second-near-neighbor interactiond/y, v, andV, . were altered. These parameters did not af-
are(with the global factos) more positive/less negative gen- fect the positions or masses of the conduction-bxn@nd
erally than those of th€001] expression due to the newly I'-valleys, and because we are interested here in the valence
appearing parameteXg, y, andV,. ., tending to make the bands we accepted less accuratealleys.
[111] holes heavier than tH801] holes. The last term of Eq. The importance of properly fitting thgl10] and [111]
(1) likewise tends toward heavier holes; rewriting'3t, hole masses is best appreciated by graphing the valence-band
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FIG. 2. In-plane dispersion of a symmetric GaAs/AlAs QW with a
20-ML well, calculated with the AlAs parameters of Ref. 4 and the GaAs

o1 008 006

k. [21/a] 04 e parameters presented hédéamond$ and in Ref. 4(crosses The valence-
- & [2/a] 0! band maximum for GaAs is at 0.0 eV.

FIG. 1. E(ky.ky,0) for one of the heavy-hole bands of GaAs calculated heavy-hole masses reproduced by the two &ete Table ||
with the parameters ofa) Ref. 4, andb) Table I. In both the valence-band disagree significantly, and this is manifested in the subbands.
maximum is at=0.10278 eV. For very smallk, the subbands agree since these GaAs pa-
rameter sets havidentical[001] masses and the same band-

warping. In Fig. 1 we ploE(ky,ky,0) for one of the heavy- gap, however, for rather modelst (essentially above 0.04
hole bands of GaAs calculated witfa) the parameter set of they differ significantly. This disagreement underscores the
Ref. 4; and(b) the present parameter set. In both cases thémportance of properly fitting theL10] and[111] masses for
¥algln0ﬁ-band m?ﬁ(i[[nu& is rﬁo-t%]OZ 7'[8 ev, gxam_igingt_ vlalence-band quantum heterostructures.

able 1l we see that aithough both Sets reproduce iaentical |5 conclusion, we have examined the spin-orbj’s*
[001] masses theif110] and [111] masses differ signifi- model including interactions up to the second-nearest neigh-

. ly illustrate this, since they agree well L . .
cantly. The plots amply y ag bor, deriving exact analytic expressions for e 0] and

near thek, andk, intercepts, but disagree markedly along X )
the[110] direction. Notice in particular that the larggr10] [111] heavy- and light-hole masses. We find that, rather sur-

heavy-hole mass of the earlier parameter@etesults in too ~ Prisingly, the second-nearest-neighbor model affords much
much warping of the heavy-hole bands as compared to th&ore flexibility in fitting the[110] and[111] masses inde-
present setb). pendently of th¢001] masses than does the nearest-neighbor
Having seen the effects of tH&10] and[111] masses on model, and that in either model, once bffi®1] masses and
the bulk bands, we now briefly examine their impact on theone of the[111] masses are fixebdoth[110] masses, as well
in-plane dispersion of a GaAs/AlAs QW, the symmetricas the remainind111] mass, arecompletely determined
structure has 10-ML AlAs barriers and a 20-ML GaAs well. there is no additional freedom in fitting them. We have used
At each value of the in-plane wave veclgr=k,e, the sub-  these results to alter our earlier conduction-band optimized
bands are given by the real parts of the poles of the Greeparameter sets, presenting sets tailored for valence-band
function[E—H(k;)]~* (Ref. 16, E,, under flatband con- structures. Finally, we have seen how {He.0] and [111]
ditions (zero bias and zero-space-charghe dispersion is masses can affect the in-plane dispersion of a QW.
obtained by plotting thek, ,E,.9 pairs. In Fig. 2 we show T.B.B. thanks NSF-EPSCoR for support through Ala-
the subbands of this QW as calculated using the AlAs pabama EPSCoR Cooperative Agreement No. NSF 9720653.
rameters of Ref. 4 along with the GaAs parameters givei..J.G. thanks the NSF for support for Students in Optical
here(diamond$ and in Ref. 4(crosses The[110] and[111]  Sciences and Engineering, Award No. 9553475.
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