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The simulation of realistically sized devices under the Non-Equilibrium Greens Function
(NEGF) formalism typically requires prohibitive amounts of memory and computation
time. In order to meet the rising computational challenges associated with quantum-scale
device simulation we offer a 2-D domain decomposition technique. This technique is appli-
cable to a large class of atomistic and spatial simulation problems. Considering a decompo-
sition along both the cross section and length of the device, the framework presented in
this work ensures efficient distribution of both memory and computation based upon
the underlying device structure. As an illustration we stably generate the density of states
and transmission, under the NEGF formalism, for the atomistic-based simulation of square
5 nm cross section silicon nanowires consisting of over one million atomic orbitals.

� 2011 Elsevier Inc. All rights reserved.
1. Introduction

The problem of computing density of states and transmission through the NEGF formalism reduces to a mathematical
problem of finding certain entries from the inverse of a typically large and sparse matrix. Although there has been research
into numerically stable and computationally efficient serial computing methods [1] for the NEGF approach, when analyzing
certain device geometries this type of method will result in prohibitive amounts of computation and memory consumption.
In [2] a parallel divide-and-conquer algorithm (PDIV) was shown to be effective for NEGF-based simulation problems. Two
applications were presented, the atomistic level simulation of silicon nanowires and the 2-D simulation of nanotransistors.
However, similar to the single processor approach presented in [1], the PDIV algorithm was biased toward specific device
geometries. Alternative, serial computing, NEGF-based approaches such as [3] rely on specific problem structure (currently
not capable of addressing atomistic models), with computation limitations that again restrict the size of simulation. An ap-
proach that is similar to [3] in theory and computational complexity is demonstrated in [4]. This work shows promising scal-
ing through the use of parallel computing resources, but the performance again is restricted to specific device structures. In
addition to [3,4] that focused on effective mass approximated nano scale device simulation there have been alternate ap-
proaches, in other areas of research, for determining certain entries from a matrix inverse [5,6]. It is important to note that
domain decomposition strategies such as the one presented in this work rely on solving smaller versions of the same under-
lying mathematical problem. Thus, any applicable version of these alternate computational methods could readily be in-
cluded within our parallel framework.
. All rights reserved.
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Nomenclature

Nx cross-sectional size for the device. The number of elements (atomic orbitals or grid points) in each grouping
along the transport direction

Ny length of the device. The number of groupings or layers (consisting of orbitals or grid points) along the transport
direction

K the block tridiagonal coefficient matrix associated with the device. Based on the NEGF formalism, the matrix
K = (EI � H � R1 � R2). The matrix has Ny blocks each of size Nx

E the energy of interest
H the Hamiltonian matrix describing the relationship between each orbital or grid point
R1, R2 the left and right (first and last layer) boundary conditions
{A}, {C} the diagonal and off-diagonal blocks that constitute the matrix K
Gr the retarded Green’s function, where KGr = I
{D}, {R}, {S} the generator or ratio matrices that can be used to construct Gr

py number of domains/processors assigned along the length or transport device dimension
px number of domains/processors assigned along the cross-sectional device dimension
p total number of domains/processors for the 2-D decomposition of the device. This is a product based upon the

number of separations along each dimension p = pxpy

di the ith separator location along the length of the device, where d1 = 0 and dpyþ1 ¼ Ny

f k
l distribution factors for each layer l assigned to cross-sectional domains 1 6 k 6 px. The factors determine how

the domain separators are drawn through neighboring layers
/j

i the coefficient matrix corresponding to the domain for the 1 6 i 6 py separation along the device length and the
1 6 j 6 px separation along the device cross section

Px(�) The permutation operator that re-orders the sub-matrix /i (corresponding to the ith domain along the length)
sequentially by cross-sectional domains /1

i ; . . . ;/px
i

Cj
i the matrix of Hamiltonian connectivity between the elements of /j

i and /jþ1
i , based upon the ordering of Px(/i)

I
j
i;J

j
i the sets of rows and columns for Cj

i that contain non-zero entries
Wr, Wc the upper bound for the cardinality of the sets I

j
i and J

j
i. For a regular 2-D grid the values Wr = Wc = Ny/py

{X} the cross-sectional mapping terms required to update the diagonal for each /j
i

h i�1
, in order to determine the

diagonal for [/i]�1

{Yk} the boundary mapping terms required to transition from reconstruction along the cross section to reconstruction
along the transport direction. There are 1 6 k 6 px sets of boundary maps

{M} the transport direction mapping terms required to update the diagonal for each [/i]�1, in order to determine the
density of states for Gr
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The prohibitive computational properties of NEGF-based simulation has prompted a transition to wave function-based
methods, such as those presented in [7]. Given an assumed basis structure the problem translates from calculating certain
entries from the inverse of a matrix to solving large sparse systems of linear equations. This is an attractive alternative be-
cause solving large sparse systems of equations is one of the most well studied problems in applied mathematics and phys-
ics. In addition, popular algorithms such as UMFPACK [8] and SuperLU [9] have been constructed to algebraically (based
solely on the matrix) exploit problem-specific structure in an attempt to minimize the amount of computation. The perfor-
mance of these algorithms for the wave function-based analysis of several silicon nanowires has been examined in [10].
However, wave-function methods are currently unable to address more sophisticated analyses that involve electron (pho-
non) scattering. Another approach [11] attempts to solve these problems by considering the use of the Pauli equation, as
was demonstrated in the context of a 1-D device. Thus, there remains a strong need to further develop NEGF-based algo-
rithms for the simulation of realistically sized devices considering these general modeling techniques.

In this work, we extend the approach of [2] to consider a 2-D decomposition of the device in order to reduce the com-
putational bias toward specific device geometries. That is, the algorithms presented in [1,2] both scale linearly with respect
to device length, but require a large number of cubic matrix inversion operations based upon the cross-sectional size of the
device (for simplicity we represent dense matrix inversion as cubic order). We demonstrate that as the cross-sectional size of
the device grows, considering a fixed number of processors, it becomes increasingly advantageous to allow for cross-sec-
tional separations. The 2-D decomposition technique (PDIV-2D) sets a foundation for the NEGF-based simulation of realis-
tically sized devices through the use of increasingly available distributed computer resources. The computational efficiency
offered by the method is illustrated as we stably generate the dynamics for square 5 nm cross section silicon nanowires
through the use of an atomistic model consisting of over one million atomic orbitals.
2. Mathematical preliminaries

Computing the density of states using the NEGF formalism for many tight-binding and spatial models translates into the
problem of finding the diagonal entries of Gr [12], where KGr = I and K is a block tridiagonal matrix of the form
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Here, E represents the energy of interest, H is the Hamiltonian matrix, with R1 and R2 being the left and right contact terms,
respectively. The diagonal blocks Ai 2 CNðiÞx �NðiÞx , the off-diagonal blocks Ci 2 CNðiÞx �Nðiþ1Þ

x , and the notation K ¼ triðA1:Ny ; C1:Ny�1Þ
can be used to compactly represent such a matrix. Fig. 1 shows an atomistic representation of a silicon nanowire with a
square cross section of 2 nm. The connectivity seen in the semiconductor lattice exits between atomic orbitals in neighboring
layers. This modeling of the nanowire results in a block tridiagonal Hamiltonian matrix. As can be seen in Fig. 1 the number
of layers in the nanowire corresponds to the number of blocks in the matrix Ny. The number of atomic orbitals within each
layer l corresponds to the block size Nl

x. The sparsity pattern seen in the matrix is determined by the lattice itself. Any atoms
shown to be connected will have corresponding non-zero entries in the Hamiltonian.

The inverse of a block tridiagonal matrix can be computed explicitly, as demonstrated in [13]. Here, the diagonal blocks of
the inverse, Di, can be computed in a numerically stable fashion [14] using two sequences of ‘‘ratio’’ matrices {Ri}, {Si}. If uni-
form block sizes are assumed, the time complexity associated with determining the ratio sequences (Ri and Si) and the diag-
onal blocks (Di) is O N3

x Ny

� �
, with a memory requirement of O N2

x Ny

� �
. An alternative formulation with the same

computational and memory complexities was presented in [1]. Often these sequences are called ‘‘generators’’ for the inverse
matrix because they allow for one to compute any entry through a ‘‘compact’’ representation. Details relating to both deter-
mining and utilizing this compact representation are provided in Appendix A.

In [2] a parallel divide-and-conquer framework was developed to determine the diagonal entries of Gr. In that work the
block tridiagonal matrix referred to in (1) was separated along the device length, producing py sub-matrices. Fig. 2 shows
py + 1 separators d1 < d2 < � � � < dpyþ1, where d1 = 0 and dpyþ1 ¼ Ny. The separators are used to assign a portion of the Ny total
blocks to each of the py available processors. Each processor i was responsible for a block tridiagonal sub-
matrix /i ¼ triðAdiþ1:diþ1

;Cdiþ1:diþ1�1Þ. Fig. 3 shows a 1-D decomposition illustration for a block tridiagonal matrix into four
sub-matrices. It is important to note that the 1-D decomposition scheme does not directly account for connectivity between
the sub-matrices /i. That is, there are off-diagonal blocks that are not covered by this decomposition, namely
fCd2 ;Cd3 ; . . . ;Cdpy

g, which we call bridge matrices. These bridge matrices are shown as the shaded blocks in the decomposi-
tion stage of Fig. 3. It was demonstrated in [2] that the bridge matrices, along with the compact representation for each sub-
matrix inverse, allow for the accumulation of information needed to reconstruct the device characteristics. Through the
introduction of mapping terms this accumulation can be performed efficiently by employing a standard radix-2 combining
process. Following induction-based logic, the set of mapping terms takes information from [/i]�1 as an input and recon-
structs relevant information from an accumulation of domains (based upon the position in the combining process). Specif-
ically, the recursively updated matrix maps presented in [2] allow for each processor to collect any information needed to
produce the diagonal and boundary elements from K�1. Fig. 3 illustrates the efficiency of the matrix mapping process for four
sub-matrices of the block tridiagonal matrix K.

The time complexity of the algorithm presented in [2] is O N3
x Ny

py
þ N3

x log2py

� �
, with memory consumption O N2

x Ny

py
þ N2

x

� �
.

The first term N3
x Ny

py

� �
in the computational complexity arises from the embarrassingly parallel nature of both determining

the generators and applying the matrix maps to update the diagonal entries of K�1. The second term N3
x log2py

� �
is dependent

on the number of hierarchical levels (log2py) needed to collect combining information from the py sub-matrices. Similarly,
the first term in the memory complexity is due to the generators, and the second represents the memory required for the
matrix maps associated with the sub-matrix. By limiting the decomposition to only separations along the length of the de-
vice, the parallel algorithm presented in [2] is still heavily dependent on OðN3

x Þmatrix inversion operations. This can be seen
Silicon nanowire with square cross section size of 2 nm. The dimension of the associated block tridiagonal Hamiltonian matrix is determined by the
r of layers Ny and the number of atomic orbitals Nl

x for each layer l.
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simply by observing that each sub-matrix /j ¼ triðAdjþ1:djþ1
;Cdjþ1:djþ1�1Þ has the same block sizes as the original matrix K. In

order to facilitate the simulation of large cross-sectional devices (i.e. large Nx values), such is the case with the atomistic sim-
ulation of silicon nanowires using the sp3d5 s⁄ tight-binding model [15,16], we offer a generalized 2-D domain decomposi-
tion technique. The method presented in this work allows for the calculation of the density of states and transmission
considering a decomposition along both the cross section and length of the device. Specifically, an additional dimension

of flexibility is introduced by separating each of the domains /i described above into px cross-sectional domains /j
i, where

1 6 j 6 px. This allows for a total of p = pxpy processors to be assigned for the simulation task. Both the time and memory com-
plexities are substantially reduced when compared to the algorithm of [2]. For simplicity of illustration, if we assume that
matrix inversion and dense matrix–matrix multiplication are both of cubic order, then the time complexity of the proposed
approach is:
O
Ny

py

 !3
Nx

px

� �
þ log2px

� �
þ Ny

py

 !2
N2

x

px

 !
þ N3

x
Ny

p

� �
þ log2py

� �0@ 1A;

with memory consumption O N2

x Ny

p þ N2
x

� �
. For large cross-sectional devices of interest, the number of layers Ny can be much

smaller than the cross-sectional size of the device Nx. Assuming a 1-D decomposition we are limited to p = pxpy = (1)py = py

processors to distribute memory across, where each machine will often have only 2 GB per core. With our 2-D approach we
can meet these stringent memory requirements by allowing for px > 1 and assigning more processors to the task. We com-
pare the computational trade-off for both NEGF and wave function-based approaches. The efficiency of our algorithm is illus-
trated as we consider large (up to 5 nm) cross section nanowires with over one million atomic orbitals. Although the parallel
decomposition framework presented here is applicable to many device geometries and materials, for ease of illustration we
limit the focus of this work to silicon nanowires. We will consider a [100] orientation for the semiconductor lattice as defined
through the standard Miller indices.
3. Two-dimensional decomposition and reconstruction

In order to motivate the 2-D decomposition and reconstruction technique we begin with a small Si [100] nanowire consist-
ing of 8 layers with a square cross section size of 2 nm. The Si [100] nanowire is periodic every four layers along the transport
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horizontal lines. The bridge matrix bd2

is the off-diagonal block not included in the sub-matrices /1 and /2.
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direction, and for ease of illustration we will only consider separations that do not break apart unit cells of the lattice. Unit cells
are small building blocks that can be used to construct semiconductor lattices. Any connectivity within the lattice can be deter-
mined solely by examining a unit cell of the material. If we assume py = 2 domains along the length, each will correspond to a
smaller nanowire consisting of four layers. Fig. 4 shows the decomposition of the Hamiltonian matrix for the example, i.e. the
assignment of separator locations d1 = 0, d2 = 4, and d3 = Ny = 8. Assuming no spin–orbit coupling for the sp3d5s⁄ tight-binding
model, the number of atomic orbitals in each layer will be: Nð1Þx ¼ 320; Nð2Þx ¼ 240; Nð3Þx ¼ 320; and Nð4Þx ¼ 250. In Fig. 4 the
bridge matrix Cd2 is the off-diagonal block outside of the drawn vertical/horizontal separator. The non-zero locations are shown
within the dotted lines corresponding to the block sizes.

If we wish to further decompose the Hamiltonian matrix to reduce both the memory and computational complexities, the
effect of splitting each section of the nanowire along its cross section must be examined. However, the dense boundary con-
dition blocks R1 and R2, as seen in (1), prevent an efficient decomposition of the matrix K. Therefore, we initially consider the
problem of finding the diagonal entries of the matrix K = (EI � H) and in Section 3.4 describe how the diagonal entries are
modified by the inclusion of the boundary condition terms. In order to simplify notation we will refer to solving a sub-
problem as finding the diagonal entries for the inverse of a block tridiagonal sub-matrix.
3.1. Cross-sectional decomposition

In order to illustrate the cross-sectional decomposition process we continue with the example from Fig. 4. The sub-matrix
/1 corresponds to the first four layers of the nanowire (the blocks above the drawn separator line). Fig. 5 shows a cross-
sectional decomposition of this lattice into px = 4 smaller domains. Each sub-matrix of /1 is related to an area encompassed
by dotted lines. As can be seen in Fig. 5, the sub-matrices /1

1; . . . ;/4
1 will have smaller block sizes (fewer atoms per layer), but

the same number of layers as /1. The bonds that bridge two neighboring domains represents the connectivity that is lost
through the decomposition. We now introduce notation which will formalize the cross-sectional decomposition process.

Assigning distribution factors f k
l ; k ¼ 1; . . . ; px, to each layer of size, NðlÞx , allows for further decomposition. The elements

(atomic orbitals or grid points) that make up the sub-matrices /i can be divided to form px smaller sub-matrices. This sep-
aration produces coefficient matrices /1

i ;/
2
i ; . . . ;/px

i

� 	
, considering the Hamiltonian interactions for each subset of elements.

The following conditions are put in place to ease the illustration for the domain reconstruction of the device characteristics:

1. Defining f j
l to be the size of block l for a sub-matrix 1 6 j 6 px, the distribution factors must satisfy the property:

f j
l P f k

l ; 8j 6 k 6 px. This results in a non-increasing allotment across all of the sub-matrices, i.e., the size of /j
i is at least

as large as /k
i ; 8j 6 k 6 px.

2. The connectivity lost by decomposing along the cross section of the device must result in a ‘‘consistent’’ sparsity pattern.
Specifically, the number of bonds cut and the spatial locations of the cut bonds must be the same.

These conditions are in place to simplify both the presentation of our method and the implementation. The criteria allow
for a consistent indexing to be used throughout any stage of the cross-sectional reconstruction. The decomposition for each
of the py = 2 domains from Fig. 4 into px = 4 smaller domains is illustrated in Fig. 6. Here, the cross-sectional lattice decom-
position from Fig. 5 (corresponding to /1) is repeated with respect to /2. We can conclude that the cross-sectional distribu-
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tion factors, f j
1 ¼ 80; f j

2 ¼ 70; f j
3 ¼ 80; and f j

4 ¼ 70; 1 6 j 6 3, with f 4
1 ¼ 80; f 4

2 ¼ 30; f 4
3 ¼ 80; and f 4

4 ¼ 40, satisfy the crite-
ria provided above.

The illustrations from Figs. 5 and 6 are useful to motivate our approach, but it is necessary to examine the effect of the
cross-sectional decomposition on the Hamiltonian matrix. Fig. 7 shows the reordering of the sub-matrix /1 into a sequential
arrangement of the sub-matrices: /1

1;/
2
1; . . . ;/px

1

� 	
. That is, all atomic orbitals in /1

1 are listed first and correspond to the first
diagonal block in Fig. 7. Similarly, the second diagonal block corresponds to /2

1 and the connectivity between these two sub-
matrices is the first off-diagonal block. Thus, the general form of the /i sub-matrix under this cross-sectional domain per-
mutation would be of the form:
Pxð/iÞ ¼

/1
i C1

i

ðC1
i Þ

T /2
i C2

i

. .
.

Cpx�1
i

� �T
/px

i

0BBBBBB@

1CCCCCCA: ð2Þ
In order to describe the method by which the density of states for sub-matrix /i can be constructed from each of the smal-
ler sub-matrices /1

i ;/
2
i ; . . . ;/px

i

� 	
, we begin by examining the connectivity matrices Cj

i. From the second decomposition cri-
teria posed above we know that each Cj

i; j < px, will have a sparsity pattern that is consistent, i.e. for any non-zero entry in Cj
i

there should be a corresponding non-zero entry in Ck
i ; j; k < px. Therefore, if Ij

i and Jj
i are defined to be the ordered sets of

non-zero rows and columns respectively for each matrix Cj
i, we can conclude that the sparsity patterns of Cj

i Ij
i;J

j
i

� �
and

Ck
i Ik

i ;J
k
i

� �
match "j, k < px. In order to construct the diagonal entries of [/1]�1 we use a radix-2 combining process (similar

to the procedure shown in Fig. 3), the first stage of which involves joining the inverses of /1
1 and /2

1. The next stage involves
joining the inverses of /3

1 and /4
1, and the final stage joining the combined inverses of /1�2

1 and /3�4
1 .
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By examining how to combine the inverses of /1
1 and /2

1 through the use of the Sherman–Morrison–Woodbury formula
[17], we motivate the general recursive combining process:
/1
1 C1

1

C1
1

� �T
/2

1

0@ 1A ¼ /1
1

/2
1

 !
þ

C1
1 :;J1

1


 �
0

0 C1
1 I1

1; :

 �h iT

0@ 1A 0 I J1
1


 �
I I1

1


 �
0

 !
;

� � � �

where I(�) is a matrix with ones such that Cj

i ¼ Cj
i :;Jj

i I Jj
i . The inverse of this combined matrix can now be written as:0 1
/1
1 C1

1

C1
1

� �T
/2

1

0@ 1A�1

¼
/1

1

/2
1

 !�1

�
/1

1

� 
�1
:;I1

1


 �eC1
1 0

0 /2
1

� 
�1
:;J1

1


 � eC 1
1

h iT
B@ CA

�
I /2

1

� 
�1
J1

1;J
1
1


 � eC 1
1

h iT

/1
1

� 
�1
I1

1;I
1
1


 �eC1
1 I

0B@
1CA
�1

�
0 /2

1

� 
�1
J1

1; :

 �

/1
1

� 
�1
I1

1; :

 �

0

0@ 1A; ð3Þ


 �

where eC1

1 ¼ C1
1 I1

1;J
1
1 is the subset of rows and columns from the connectivity matrix that contain non-zero entries. That is,

the matrix eC1
1 will be Wr �Wc, where the values Wr ¼ jI1

1j and Wc ¼ jJ1
1j are used to represent the total amount of Ham-

iltonian connectivity between entries from neighboring sub-matrices /1
1 and /2

1. We will refer to the matrix:
J ¼
J11 J12

J21 J22

� �
¼

I /2
1

� 
�1
J1

1;J
1
1


 � eC 1
1

h iT

/1
1

� 
�1
I1

1;I
1
1


 �eC1
1 I

0B@
1CA
�1
as the adjustment matrix associated with the combining stage. It is important to note that the adjustments to the diagonal
entries from each sub-matrix inverse, as seen in (3), are completely determined by the connectivity matrix C1

1 and certain
rows and columns, I1

1 and J1
1, from each sub-matrix inverse. These properties allow for the formulation of a general recur-

sive framework that can be used to map the sub-problem solutions for /1
1;/

2
1; . . . ;/px

1

� 	
to form the solution for /1. The prob-

lem of determining certain columns from the inverse of the sub-matrices is addressed in Appendix A.2. Determining the

representation for each /j
i

h i�1
and utilizing the representation to find the necessary columns from the inverse requires

O Nx
px

� �3 Ny

py

� �
þ Ny

py

� �2
Nx
px

� �2
� �

.

3.2. Cross-sectional reconstruction

Given that the sparsity patterns for all connectivity-based matrices eCj
i; j < px are assumed to be consistent for a given

nanowire domain i (i.e. property (2) from Section 3.1), we only need to consider one row index set and one column index
set for all sub-matrices /j

i. Specifically, the sets:
I ¼ I1
1 and J ¼ J1

1 ð4Þ



1300 S. Cauley et al. / Journal of Computational Physics 231 (2012) 1293–1313
can be used to formulate all cross-sectional combining steps associated with any /i. The values Wr ¼ jIj and Wc ¼ jJj are

used to represent the total amount of Hamiltonian connectivity between elements from neighboring sub-matrices /j
i and

/jþ1
i . It should be clear from (3) that the updates to the diagonal entries based upon any combining step are dependent

on /j
i

h i�1
ðI; :Þ and /j

i

h i�1
ðJ; :Þ. Thus, associated with each domain we can define eight matrix mapping terms

{X1,X2, . . . ,X8} that allow for the cross-sectional reconstruction of the diagonal entries for [/i]�1. The first four matrix maps
ensure we can produce the necessary columns from any combined sub-matrices:
/j
i

h i�1
ðI; :Þ  X1 /j

i

h i�1
ðI; :Þ þ X2 /j

i

h i�1
ðJ; :Þ; ð5Þ

/j
i

h i�1
ðJ; :Þ  X3 /j

i

h i�1
ðI; :Þ þ X4 /j

i

h i�1
ðJ; :Þ;
where initially
Xk ¼
0 k ¼ 2;3;
I k ¼ 1;4:

�

Note, the columns from each sub-matrix inverse are initialized correctly before any combining has taken place. The remain-
ing four matrix maps can be used to produce the diagonal entries after any combining step:
/j
i

h i�1
 /j

i

h i�1
� /j

i

h i�1
ð:;IÞX5 /j

i

h i�1
ðI; :Þ þ /j

i

h i�1
ð:;IÞX6 /j

i

h i�1
ðJ; :Þ þ /j

i

h i�1
ð:;JÞX7 /j

i

h i�1
ðI; :Þ

þ /j
i

h i�1
ð:;JÞX8 /j

i

h i�1
ðJ; :Þ; ð6Þ
where initially Xk = 0, k = 5, 6, 7, 8. As this is a recursive combining process, the matrix maps associated with a domain must
be modified in such a way as to allow expression (6) to remain valid after any combining step. Each of the combing steps
involves both a range of sub-matrices and a separator location (with a corresponding connectivity or bridge matrix). We de-
fine the start, bridge point, and stop positions (st,bp, and sp respectively) to describe the relevant domain indices. Using
this notation, the updates to the matrix maps for each combining step can be described through a series of recursions.

If we define ½bridge pointþ 1�x ¼ /bpþ1
i

� 
�1ðJ;JÞ; ½bridge point�x ¼ /bp

i

� 
�1ðI;IÞ, and eC ¼ Cbp

i , the adjustment ma-
trix for each combining step is defined as follows:
J ¼
J11 J12

J21 J22

� �
¼

I ½bridge pointþ 1�x eCbp

i

h iT

½bridge point�xeCbp

i I

0@ 1A�1

:

Next, if we define ½start�x ¼ /st

i

� 
�1ðI;JÞ and ½stop�x ¼ /sp

i

� 
�1ðJ;IÞ, the updates to the matrix maps for the upper sub-
problems (st 6 j 6 bp) are summarized below:
X5 þ ½X1�TðeCJ12ÞX1 ! X5;

X6 þ ½X1�TðeCJ12ÞX2 ! X6;

X7 þ ½X2�TðeCJ12ÞX1 ! X7;

X8 þ ½X2�TðeCJ12ÞX2 ! X8;

X3 � ðeCJ12½start�
xÞT X1 ! X3;

X4 � ðeCJ12½start�
xÞT X2 ! X4;

� ðeCJ11½stop�
xÞT X1 ! X1;

� ðeCJ11½stop�
xÞT X2 ! X2:

ð7Þ
Those associated with the lower sub-problems (bp + 1 6 j 6 sp) are exactly a reflection of the updates to upper sub-
problems:
X5 þ ½X3�TðeCT J21ÞX3 ! X5;

X6 þ ½X3�TðeCT J21ÞX4 ! X6;

X7 þ ½X4�TðeCT J21ÞX3 ! X7;

X8 þ ½X4�TðeCT J21ÞX4 ! X8;

X1 � ðeCT J21½stop�
xÞT X3 ! X1;

X2 � ðeCT J21½stop�
xÞT X4 ! X2;

� ðeCT J22½start�
xÞT X3 ! X3;

� ðeCT J22½start�
xÞT X4 ! X4:

ð8Þ

� �

Determining the adjustment matrix J and updating the matrices {X1, . . . ,X8} requires O Ny

py

� �3
log2px .
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3.3. Mapping into transport direction

The recursions in (7) and (8) are used to compute the density of states for the domains associated with f/1;/2; . . . ;/py
g.

The cross-sectional reconstructions are performed independently, i.e., without taking into consideration the related bridge
matrices fCd2 ;Cd3 ; . . . ;Cdpy

g. As was seen in [2], accounting for separations along the length of the device requires the com-
putation of the first block row and last block column (the boundary) from each [/i]�1. This is due to the fact that the con-
nectivity between /i and /i+1, as demonstrated in Fig. 4, only exits between the boundary layers. Generating a distributed
representation for the boundary of [/i]�1 can be accomplished by adding additional mapping terms into the cross-sectional
combining process described in Section 3.2.

In order to motivate the type of mapping scheme required to produce the boundary of each [/i]�1, consider the example
shown in Fig. 8. Here, we have removed everything from [/1]�1 except the (1,1) block and transformed the matrix based
upon the cross-sectional permutation described in Section 3.1. As can be seen from this figure, entries from the first block
row of [/1]�1 are not limited to the first block row of each sub-matrix inverse /j

1

h i�1
in the permuted space, i.e. areas en-

closed by dotted lines. In fact, the entries become distributed across every combination of the domain extent for the sub-
matrices /j

1. Therefore, we must associate with each sub-matrix /j
i boundary mapping terms: Yk

1;Y
k
2;Y

k
3;Y

k
4

n o
, where

1 6 k 6 px. It is important to note that only the mapping terms associated with a given combining step need to be updated.
That is, if the domain associated with /j

1 falls within the combining step st 6 j 6 sp, then all the maps
Yk

1; . . . ;Yk
4

n o
;st 6 k 6 sp must be updated. This process is illustrated by further analyzing the example from Section 3.1.

For each domain (sub-matrices /j
1 shown in Fig. 7) the update to the kth set of boundary mapping terms will be depen-

dent on the position of both j and k with respect to the bridge point bp. Initially, the mapping terms Yj
1 ¼ Yj

4 ¼ I and the

remaining are set to 0. If we define ½top row�Tk ¼ /k
i

h i�1
1 : f k

1 ;I

 �

; ½bottom row�Tk ¼ /k
i

h i�1
ððend� f k

end þ 1Þ : end;IÞ, andeC ¼ Cbp

i , for domains/boundary maps satisfying st 6 j,k 6 bp, we have the following update scheme:
Fig. 8.
Similar
Yk
1 � ð½top row�Tk eCJ12ÞX1 ! Yk

1;

Yk
2 � ð½top row�Tk eCJ12ÞX2 ! Yk

2;

Yk
3 � ð½bottom row�Tk eCJ12ÞX1 ! Yk

3;

Yk
4 � ð½bottom row�Tk eCJ12ÞX2 ! Yk

4:

ð9Þ

h i h i

If we define ½top col�Tk ¼ /k

i

�1
1 : f k

1 ; J

 �

; ½bottom col�Tk ¼ /k
i

�1
ðend� f k

end þ 1Þ : end;J

 �

, for domains/boundary maps
satisfying st 6 j 6 bp and bp + 1 6 k 6 sp, we have the following update scheme:
Yk
1 � ½top col�Tk eCT J22

� �
X1 ! Yk

1;

Yk
2 � ½top col�Tk eCT J22

� �
X2 ! Yk

2;

Yk
3 � ½bottom col�Tk eC T J22

� �
X1 ! Yk

3;

Yk
4 � ½bottom col�Tk eC T J22

� �
X2 ! Yk

4:

ð10Þ
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The (1,1) block of [/1]�1 under the permutation Px(�). The permutation has redistributed the 320 � 320 block into 16 smaller blocks of size 80 � 80.
to Fig. 7, the dotted lines show the domain extent for each /j

1

h i�1
, where 1 6 j 6 4.
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Similar recursions are used for the lower sub-problems j > bp. Note that the adjustment matrix for the combing step is the
same as that seen in (7) and (8). When considering the log2px combining levels, each processor will be responsible for updat-

ing boundary maps dependent on the range of the combining steps. Cumulatively there will be
Plog2px

k¼1 2k boundary maps up-

dates. Therefore, when mapping into the transport direction the computational complexity required is O Ny

py

� �2
Nx

� �
.

After the cross-sectional combining process has been completed, the boundary mapping terms can be used to generate

the boundary of [/i]�1. Specifically, the maps are used to generate two matrices Row
j
i

h i
and Col

j
i

h i
that contain entries from

the first block row and last block column of [/i]�1, respectively. The mapping operation used to produce information for the
first block row:
Fig. 9.
The ori
Row
j
i

h i
¼

Y1
1 /j

i

h i�1
ðI; :Þ þ Y1

2 /j
i

h i�1
ðJ; :Þ

..

.

Ypx
1 /j

i

h i�1
ðI; :Þ þ Ypx

2 /j
i

h i�1
ðJ; :Þ

0BBBBB@

1CCCCCA ð11Þ
and last block column:
Col
j
i

h i
¼

Y1
3 /j

i

h i�1
ðI; :Þ þ Y1

4 /j
i

h i�1
ðJ; :Þ

..

.

Ypx
3 /j

i

h i�1
ðI; :Þ þ Ypx

4 /j
i

h i�1
ðJ; :Þ

0BBBBB@

1CCCCCA
T

: ð12Þ
Each of the matrices in (11) and (12) have sizes in the order of Nx � NxNy

pxpy

� �
. Forming an entry in either of the matrices requires

2(Ny/py) multiplications, resulting in a total computational complexity O Ny

py

� �2
N2

x
px

� �� �
. Fig. 9 shows the distribution of the

entries from Row 1
i

� 

across the first block row of [/i]�1. Since in this case we are examining the first cross-sectional sub-ma-

trix (j = 1), the columns of Row 1
i

� 

correspond to the first several columns from each block entry of [Rowi], which is the

unpermuted first block row [/i]�1 (see Figs. 9 and 10).
Therefore, when we consider the combining process detailed in [2] all information that is necessary to combine along the

length of the device has been generated and is stored in a distributed fashion. For example, if we consider the transport direc-
tion matrix maps needed to update the boundary of [/i]�1 based upon the transport direction bridge matrices
fCd2 ;Cd3 ; . . . ;Cdpy

g we have:
½/i�
�1 1 : Nðdiþ1Þ

x ; :
� �

 M1½Row i� þM2½Col i�T ;

½/i�
�1 end� Nðdiþ1Þ

x þ 1 : end; :
� �

 M3½Row i� þM4½Col i�T ;
ð13Þ
where initially
Mk ¼
0 k ¼ 2;3;
I k ¼ 1;4:

�

Similarly, the updates to the matrix maps for the diagonal entries due to combining in the transport direction are:
½/i�
�1  ½/i�

�1 � ½Row i�T M5½Row i� � ½Row i�T M6½Col i�T � ½Col i�M7½Row i� � ½Col i�M8½Col i�T ð14Þ
where initially Mk = 0, k = 5, 6, 7, 8. Thus, by following the combining procedure described in [2] we can modify the diagonal
entries to account for the separators along the length of the device. During each of the log2py combining stages forming the
Distribution of first block row for [/i]�1 based upon the cross-sectional permutation Px(�). The entries for Row 1
i

� 

are represented by the dark region.

ginal ordering for /i is shown on the left and the permuted space on the right. The domain extent for each /j
i

h i�1
are enclosed in dotted lines.



Fig. 10. Usage of boundary matrix maps to generate first block row and last block column of [/i]�1 based upon the cross-sectional permutation Px(�). The
original ordering for /i is shown on the left and the permuted space on the right. The domain extent for each /j

i

h i�1
are enclosed in dotted lines.
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adjustment matrix requires O N3
x

� �
and the distributed dense matrix–matrix multiplications require O N3

x=px

� �
The complex-

ity needed to update the mapping terms {M1, . . . ,M8} is O N3
x log2py

� �
. The remaining task is to account for the presence of

boundary conditions when determining the diagonal entries of Gr.

3.4. Accounting for boundary conditions

In order to efficiently decompose the matrix, the dense boundary condition terms R1 and R2, which correspond to the left
and right contacts, respectively, were initially excluded from the analysis. Specifically, in Sections 3.2 and 3.3 a framework
was constructed to allow for the calculation of the diagonal entries for a block tridiagonal matrix K = (EI � H) through the use
of cross-sectional and transport direction mapping terms. We illustrate how the effect of the boundary conditions can be
incorporated into the transport direction mapping terms {M1,M2, . . . ,M8}. The inverse of the matrix K = (EI � H) and Gr are
related by the following relationship:
Gr ¼ K�1 � K�1 :;1 : Nð1Þx

� �
R1

h i
K�1 :; end� NðNyÞ

x þ 1 : end
� �

R2

h i� �
�

I þ ½UL�R1 ½UR�R2

½LL�R1 I þ ½LR�R2

� ��1

�
K�1 1 : Nð1Þx ; :

� �h i
K�1 end� NðNyÞ

x þ 1 : end; :
� �h i

0B@
1CA; ð15Þ
where:
½UL� ¼ K�1 1 : Nð1Þx ;1 : Nð1Þx

� �
;

½LL� ¼ K�1 end� NðNyÞ
x þ 1 : end;1 : Nð1Þx

� �
;

½UR� ¼ K�1 1 : Nð1Þx ; end� NðNyÞ
x þ 1 : end

� �
;

and

½LR� ¼ K�1 end� NðNyÞ
x þ 1 : end; end� NðNyÞ

x þ 1 : end
� �

:

It is important to note that the modifications to K�1 due to the inclusion of the boundary condition terms are only a function
of the first block row and last block column of K�1. The generation of this information has been described in Section 3.3
through the use of the transport direction mapping terms {M1,M2, . . . ,M8}. If we consider the adjustment matrix for (15)
to be J we can describe the effect of the boundary conditions on the first block row of K�1:
Gr 1 : Nð1Þx ; :
� �

¼ K�1 1 : Nð1Þx ; :
� �

� ð½UL�R1½UR�R2Þ
J11 J12

J21 J22

� � K�1 1 : Nð1Þx ; :
� �h i

K�1 end� NðNyÞ
x þ 1 : end; :

� �h i
0B@

1CA
¼ K�1 1 : Nð1Þx ; :

� �
� ð½UL�R1J11 þ ½UR�R2J21ÞK

�1 1 : Nð1Þx ; :
� �

� ð½UL�R1J12 þ ½UR�R2J22ÞK
�1 end� NðNyÞ

x þ 1 : end; :
� �

:

Therefore, updates to the maps {M1,M2} for each domain would be:
M1 � ð½UL�R1J11 þ ½UR�R2J21ÞM1 � ð½UL�R1J12 þ ½UR�R2J22ÞM3 ! M1;

M2 � ð½UL�R1J11 þ ½UR�R2J21ÞM2 � ð½UL�R1J12 þ ½UR�R2J22ÞM4 ! M2:
In a similar fashion the update schemes for the transport direction maps {M3, . . . ,M8} can be generated from (15). Accounting

for the boundary conditions in the transport direction maps requires O N3
x

� �
operations. After these updates have been
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performed the diagonal entries of Gr can be generated using expression (14). Correcting each of the NxNy

pxpy

� �
diagonal entries

associated with /j
i requires matrix multiplications with complexity O N2

x

� �
.

The information needed to compute the transmission:
T ¼ Trace½C1GrC2Gry�; C1;2 ¼ i½R1;2 � Ry1;2� ð16Þ
can be generated using the expressions from (13). Determining the transmission will require dense matrix–matrix multipli-
cations with complexity O N3

x

� �
. The complete procedure for determining both the diagonal entries of Gr and the transmis-

sion is summarized in the pseudo-code. A detailed analysis of the computational complexity can be found in Appendix B.1.

Pseudo-Code

1. Start algorithm on p = pxpy processors, where each processor is assigned a unique identifier (i, j) for the domain of the

device to be governed, 1 6 j 6 px and 1 6 i 6 py

2. Decompose the device along its length, separating the matrix K = (EI � H) into py domains:

� Define separator locations d1 < d2 < � � � < dpyþ1 with d1 = 0 and dpyþ1 ¼ Ny

� Assign an appropriate domain of device to each processor: /i ¼ triðAdiþ1:diþ1
;Cdiþ1:diþ1�1Þ

� Retain all off-diagonal blocks that are not covered by the decomposition: fCd2 ;Cd3 ; . . . ;Cdpy
g

3. Decompose the device along both its length and cross section, thus, separating each /i into px sub-matrices:

� Assign distribution factors f j

l which define the size of block l for a sub-matrix j 6 px, according to the criteria in
Section 3.1

� Apply the corresponding cross-sectional permutation matrix Px for the given domain i
� Assign sub-matrix /j

i to the appropriate to processor (i, j)
� Retain each connectivity matrix Cj

i for the appropriate domain i

4. Determine compact representation for /j

i : h i�1

� Use ratio formulation (17) to construct compact representation for /j

i

� Assign appropriate row and column connectivity sets I and J based upon (4)
� Determine /j

i

h i�1
ð:;IÞ and /j

i

h i�1
ð:;JÞ using procedure from Section A.2
5. Define a series of combining steps across all sub-matrices 1 6 j 6 px; for a given domain i, each combining stage is
defined by locations [st,bp,sp], where for every st 6 j 6 sp:

� Each processor responsible will generate the matrices: [start]x, [bridge point]

x, [bridge point + 1]
x,

and [stop]
x

� Calculate [top row]j, [bottom row]j, [top col]j and [bottom col]j as described in Section 3.3
� All generated matrices will be transferred between domains st 6 k 6 sp

� Update boundary maps Yk
1; . . . ; Yk

4

n o
;st 6 k 6 sp using the approach outlined in Section 3.3

� Update cross-sectional matrix maps {X1, . . . ,X8} according to (7) and (8)

6. Prepare for transport direction reconstruction:

� Each processor will use cross-sectional maps {X5, . . . ,X8} to modify diagonal entries according to (6)
� Calculate Row½ �ji and Col½ �ji as described in Section 3.3
7. Update transport direction maps {M1, . . . ,M8} using the procedure described in [2], given distribution scheme of
[Row]i and [Col]i outlined in Section 3.3. Requires transferring [start]

y, [bridge point]
y, [bridge

point + 1]
y, and [stop]

y

8. Account for boundary conditions by modifying transport direction maps, as outlined in Section 3.4
9. Use modified transport direction maps to adjust diagonal entries, according to (14)

10. Use modified transport direction maps to calculate transmission, according to (13) and (16).
4. Results and discussion

The 2-D decomposition algorithm along with the RGF method have been implemented, in C, on clusters consisting of
either 2.33 GHz Quad-Core Intel E5410 nodes with 2 GB of memory per core or 2.5 GHz Quad-Core AMD 2380 nodes with
4 GB of memory per core. All nodes were connected through 1GigE connections. The sp3d5s⁄ tight-binding model was used
in conjunction with the simulation procedure detailed in [18]. Due to the fact that the computation time for both methods is
independent of energy level, only the time for single energy point computations of the density of states and transmission
were analyzed.

Given the desire to perform simulations of realistically sized devices, the 2-D decomposition method offers an effec-
tive way to divide memory and computation across large numbers of distributed computers for NEGF-based simulation.
In order to compare against the current state of the art for realistically sized device simulation we must perform com-
parisons with wave function-based methods. This is necessary as both the methods of [1,3] are not able to distribute
memory on cost effective distributed computing resources. In this work, we compare against the MUMPS [19] algorithm
which was shown to be the best performing of the linear solvers for the atomistic simulation of nanowires in [10]. We
begin with two scaling analyses for short 10 nm Si [100] nanowires performed on Intel E5410 nodes with 2 GB of mem-



Table 1
Single energy time Si [100] nanowire simulation 4 � 4 � 10 nm3, in a (py,px) processor configuration.

p 4 8 16 16 32

Configuration (py,px) (4,1) (8,1) (16,1) (8,2) (8,4)
PDIV-2D (min) 9.82 7.28 6.48 4.92 3.87
MUMPS (min) 0.78 0.89 0.89 – –

Table 2
Single energy time Si [100] nanowire simulation 5.2 � 5.2 � 10 nm3, in a (py, px) processor configuration.

p 8 16 16 32

Configuration (py,px) (8,1) (16,1) (8,2) (8,4)
PDIV-2D (min) 36.35 31.36 21.76 16.61
MUMPS (min) 2.45 1.89 – –

Table 3
Si [100] nanowire simulation for length of 80 nm.

4 � 4 � 80 nm3 5 � 5 � 80 nm3

p (py,px) Time (min) p (py,px) Time (min)

PDIV-2D 64 (32,2) 8.65 64 (32,2) 36.41
MUMPS 32 3.81 64 10.16
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ory per core. We consider both 4 nm and 5.2 nm cross sections, shown in Tables 1 and 2, respectively. The reduced com-
plexity of solving for only a few RHS (in this case less than 20) of a linear system is demonstrated by the superior per-
formance of the MUMPS algorithm. The number of RHS is associated with the number of wave functions needed for the
analysis. This is dependent on the model (i.e. scattering) and intrinsic properties of the device, see [18]. However, if the
length of the device is extended to a more realistic size of 80 nm we have the results shown in Table 3. In this case, we
see that the MUMPS algorithm was less than a factor of 4 � faster than the 2-D decomposition approach for the 5.2 nm
cross section nanowire. Thus, for large-scale simulation problems we have demonstrated that NEGF-based algorithms
can offer comparable computational performance when compared to wave function-based methods. In addition, the
NEGF-based approach presented in this work is directly applicable for more sophisticated analyses that involve electron
(phonon) scattering.

It is important to recall that the MUMPS algorithm is only a linear solver and not a NEGF-based approach. The distinction
can be clearly seen if we stipulate on the efficiency of using a linear solver such as MUMPS to find the density of states
through the diagonal entries of the inverse. That is, we consider the use of the MUMPS algorithm to compute the entire ma-
trix Gr. Given the current state of applicable wave function-based algorithms, the inclusion of scattering would require all
wave functions (size of matrix) to be determined. For the 5.2 nm cross section nanowire, this translates into solving for over
1 million RHS. By recording the time necessary to solve for a single RHS, over one second for this example, the time necessary
would be over two orders of magnitude slower than the PDIV-2D approach for NEGF-based applications. Thus, we have in-
cluded Tables 1–3 solely as a benchmark for simulation algorithms in the absence of scattering. There should be a clear dis-
tinction between the mathematical problems of finding the diagonal entries from the inverse and solving a linear system of
equations.

In order to demonstrate the versatility of the proposed approach we offer two other types of computational analyses (per-
formed on 2.5 GHz Quad-Core AMD 2380 nodes with 4 GB of memory per core). The first is a study of the performance for the
algorithm when the length of a 3 � 3 nm2 square cross section silicon nanowire is increased from 10 nm to 20 nm and
40 nm. Table 4 shows the times needed to compute the density of states and transmission using p processors with px

cross-sectional separations and py = p/px separations along the length of the nanowire. The PDIV-1D approach from [2] is rep-
resented by configurations with px = 1. There is no additional algorithmic overhead by considering px = 1 as a subset of the
PDIV-2D approach. All results for the proposed approach were found to be within 10�6 relative error when compared to the
RGF algorithm. When considering the modest 3 nm cross section nanowire, having at most 72 atoms (720 atomic orbitals
assuming no spin–orbital coupling) in each layer, the benefits of cross-sectional separation can already be observed. For
example, when considering the 10 nm length nanowire using p = 32 processors the px = 2 configuration required 3.6 min,
while the px = 4 configuration required under 3.1 min. As the second study will demonstrate, these computational improve-
ments are significantly more pronounced for devices with more realistic cross-sectional size. Although similar trends can be
observed for the cases of 20 nm and 40 nm length, it is important to note that the amount of coupling lost through a cross-
sectional separation is directly proportional to the length of the nanowire domain considered. Thus, it is important to



Table 4
Single energy run time (min) across 2-D separation configurations, for fixed total number of processors. PDIV-1D is represented under configurations with
px = 1. ‘‘Cross’’ is used for decomposition schemes that cannot utilize the desired number of processors directly.

p px py 3 � 3 � 10 nm3 3 � 3 � 20 nm3 3 � 3 � 40 nm3 4 � 4 � 10 nm3 5.2 � 5.2 � 10 nm3

Nx 	 720 Nx 	 720 Nx 	 720 Nx 	 1130 Nx 	 2000
Ny = 76 Ny = 152 Ny = 304 Ny = 76 Ny = 76

1 RGF 6.87 13.52 27.64 40.20 236.42

2 1 2 9.81 17.16 32.93 53.13 260.96

4 1 4 7.63 12.52 21.81 37.61 185.46

8 1 8 6.32 8.28 13.36 32.29 149.72
2 4 4.16 14.12 66.72 22.03 101.66

16 1 16 5.95 6.89 8.96 29.16 151.23
2 8 3.32 4.70 14.73 17.52 85.19
4 4 4.46 18.64 102.95 16.70 81.10

32 2 16 3.60 3.86 5.35 17.33 87.31
4 8 3.07 4.83 18.32 13.32 69.83
8 4 Cross Cross Cross 14.29 68.71

64 4 16 3.15 3.53 5.31 14.96 77.96
8 8 Cross Cross Cross 11.77 60.85

128 8 16 Cross Cross Cross 14.93 76.17
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Fig. 11. Speedup comparison for single energy computation time of 3 nm cross section nanowire.
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consider the ‘‘aspect’’ ratio between the size of the cross section and the nanowire length assigned to each processor in order
to determine the most efficient separation scheme.

The second computational study considers a fixed length of 10 nm and varying the cross-sectional size from 3 nm to
4 nm and 5.2 nm. The cases have at most 720, 1130 and 2000 atomic orbitals respectively in each layer. It can be seen
from Table 4 that as the cross-sectional size increases, it becomes increasingly advantageous to use more cross-sectional
separations. When examining the minimum computation time for all p = 32 configurations, the best separation scheme
was px = 4 for the 4 nm cross section device, and px = 8 for the 5.2 nm. The 10 nm-length examples described above also
demonstrate another important contribution of the method. Given that the 10 nm nanowires have a total of 76 layers,
they cannot be divided into more than 16 domains along the length, i.e., the PDIV-1D method cannot be used on 32 pro-
cessors to simulate this device (4-layer periodic silicon [100] nanowire). However, with the use of cross-sectional separa-
tions, several times more computing resources can be allocated toward the simulation. The resulting benefits to memory
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requirements can be seen in Table 6. Here, the 5.2 nm cross section nanowire requires 3.7 GB per core for the PDIV-1D
approach with p = py = 16. This amount is reduced to 1.5 GB per core using PDIV-2D decomposition approaches with px > 1.

A summary of the minimum run time processor configurations are provided in Figs. 11 and 13, respectively. The overall
memory reduction for these configurations (when compared to the single processor RGF algorithm) are shown in Figs. 12 and
14, respectively. In addition to the single energy run times provided in Table 4, the average communication time and mem-
ory requirements (per core) are summarized in Tables 5 and 6, respectively. In Appendix B.1 we have provided details
regarding the computational complexity of our approach. This information can be used to predict an ideal processor config-
uration given the nature of the problem being solved. It is important to note that for a given device hundreds to thousands of
similar problems must be solved during simulation. In a practical implementation it would be beneficial to attempt several
processor configurations that are similar to the estimate shown in Appendix B.1. As communication costs will vary with the
distributed computing resources used, this strategy will ensure an ideal configuration without incurring significant compu-
tational overhead.
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Table 5
Single energy per-core communication time (min) across 2-D separation configurations, for fixed total number of processors. PDIV-1D is represented under
configurations with px = 1. ‘‘Cross’’ is used for decomposition schemes that cannot utilize the desired number of processors directly.

p px py 3 � 3 � 10 nm3 3 � 3 � 20 nm3 3 � 3 � 40 nm3 4 � 4 � 10 nm3 5.2 � 5.2 � 10 nm3

Nx 	 720 Nx 	 720 Nx 	 720 Nx 	 1130 Nx 	 2000
Ny = 76 Ny = 152 Ny = 304 Ny = 76 Ny = 76

1 RGF 0.0 0.0 0.0 0.0 0.0

2 1 2 0.42 0.08 0.08 2.19 10.70

4 1 4 0.18 0.36 0.22 0.75 4.22

8 1 8 0.54 0.21 0.21 0.99 4.15
2 4 0.11 0.07 0.33 0.45 2.42

16 1 16 0.41 0.24 0.27 1.64 8.28
2 8 0.13 0.16 0.14 0.47 2.36
4 4 0.26 0.41 1.49 0.83 4.61

32 2 16 0.21 0.23 0.26 0.59 3.18
4 8 0.24 0.32 0.43 0.61 4.22
8 4 Cross Cross Cross 1.03 5.69

64 4 16 0.30 0.33 0.40 0.90 5.52
8 8 Cross Cross Cross 0.67 4.93

128 8 16 Cross Cross Cross 1.16 7.11
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5. Conclusion

In this work we offer a framework that facilitates the simulation of large cross-sectional devices. The number of atomic
orbitals in each layer of the nanowire contributes the dominant factor in both the computational and memory complexities
for state of the art NEGF-based algorithms. In order for the NEGF-based approaches to be applicable for realistically sized
devices, new techniques must be introduced that can support analyses involving hundreds of atoms (thousands of atomic
orbitals) in each layer. The 2-D decomposition technique ameliorates this computational challenge by allowing for additional
computing resources to be allocated toward the simulation of these devices. We use these computational resources to stably
generate the density of states and transmission, under the NEGF formalism, for the atomistic-based simulation of square
5 nm cross section silicon nanowires consisting of over one million atomic orbitals.



Table 6
Single energy per-core memory requirement (GB) across 2-D separation configurations, for fixed total number of processors. PDIV-1D is represented under
configurations with px = 1. ‘‘Cross’’ is used for decomposition schemes that cannot utilize the desired number of processors directly.

p px py 3 � 3 � 10 nm3 3 � 3 � 20 nm3 3 � 3 � 40 nm3 4 � 4 � 10 nm3 5.2 � 5.2 � 10 nm3

Nx 	 720 Nx 	 720 Nx 	 720 Nx 	 1130 Nx 	 2000
Ny = 76 Ny = 152 Ny = 304 Ny = 76 Ny = 76

1 RGF 1.6 3.2 6.3 4.6 12.0

2 1 2 1.3 2.3 4.3 3.6 10.0

4 1 4 0.8 1.4 2.4 2.2 6.1

8 1 8 0.6 0.9 1.5 1.6 4.4
2 4 0.7 1.4 3.7 1.6 3.5

16 1 16 0.5 0.7 1.0 1.0 3.7
2 8 0.4 0.8 1.5 1.0 2.3
4 4 0.5 1.1 3.2 1.0 2.3

32 2 16 0.4 0.5 0.9 0.9 2.1
4 8 0.4 0.5 1.5 0.9 2.0
8 4 Cross Cross Cross 0.9 2.1

64 4 16 0.4 0.5 0.7 0.8 1.7
8 8 Cross Cross Cross 0.8 1.6

128 8 16 Cross Cross Cross 0.7 1.5
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In addition, the ability to map from the cross-sectional space to the transport space is applicable for determining the en-
tire compact representation of Gr, not just limited to the diagonal entries. Therefore, the procedures seen in [1] would facil-
itate the computation of all information necessary for construction of the less-than and greater-than Green’s functions, G<

and G>, respectively.
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Appendix A. Block tridiagonal matrices

The inverse of a block tridiagonal matrix (1) can be completely captured through the diagonal blocks of the inverse along
with sequences of ratio matrices. In this work, we introduce a decomposition method that separates the device (and the re-
lated matrix) along two dimensions. We then show how desired information from the inverse can be efficiently computed
through a parallel reconstruction method. The derivation of our reconstruction scheme relies on detailed knowledge of
mathematical operations related to block tridiagonal matrices.

A.1. Compact representation

As discussed in Section 2 the Hamiltonian of the device contains all interaction information for an atomistic represented

nanowire. The Hamiltonian matrix and any sub-matrix /j
i created through the 2-D decomposition of the device (presented in

Section 3.1) are of block tridiagonal structure. For simplicity of illustration, we will assume the block size Nx and number of
blocks Ny for K can be evenly divided by px and py, respectively. Based upon the permutation Px(/i) we can write

/j
i ¼ triðbA1:ðNy=pyÞ;

bC1:ðNy=pyÞ�1Þwhere each diagonal and off-diagonal block is (Nx/px) � (Nx/px). The inverse of each /j
i can be de-

scribed compactly through the use of sequences fR1:ðNy=pyÞ�1g; fS1:ðNy=pyÞ�1g; and fD1:ðNy=pyÞg:
/j
i

h i�1
¼

D1 D1S1 D1S1S2 � � � D1
QðNy=pyÞ�1

k¼1
Sk

R1D1 D2 D2S2 � � � D2
QðNy=pyÞ�1

k¼2
Sk

R2R1D1 R2D2 D3 � � � D3
QðNy=pyÞ�1

k¼3
Sk

..

. ..
. ..

. . .
. ..

.

Q1
k¼ðNy=pyÞ�1

Rk

 !
D1

Q2
k¼ðNy=pyÞ�1

Rk

 !
D2

Q3
k¼ðNy=pyÞ�1

Rk

 !
D3 � � � DðNy=pyÞ

0BBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCA

;
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where (Ny/py) = di+1 � di is the number of blocks in the ith domain of the device along its length. The sequences {R}, {S}, and
{D} can be determined as follows:
R1 ¼ bA�1
1
bC1;

Ri ¼ bAi � bCT
i�1Ri�1

� ��1bCi; i ¼ 2; . . . ; ðNy=pyÞ � 1;

SðNy=pyÞ�1 ¼ bC ðNy=pyÞ�1
bA�1
ðNy=pyÞ;

Si ¼ bCi
bAiþ1 � Siþ1

bCT
iþ1

� ��1
; i ¼ ðNy=pyÞ � 2; . . . ;1;

D1 ¼ bA1 � S1
bC T

1

� ��1
;

Diþ1 ¼ bAiþ1 � Siþ1
bCT

iþ1

� ��1
I þ bCT

i DiSi

� �
; i ¼ 1; . . . ; ðNy=pyÞ � 2;

DðNy=pyÞ ¼ bA�1
ðNy=pyÞ I þ bCT

ðNy=pyÞ�1DðNy=pyÞ�1SðNy=pyÞ�1

� �
:

ð17Þ
Reconstructing the diagonal entries for the inverse of the Hamiltonian involves operations with /j
i

h i�1
. Specifically, the diag-

onal entries are needed as well as certain columns (based upon the connectivity cut through the decomposition of the device,
i.e. the sets of indices I and J from Section 3.1). The diagonal entries are merely a subset of the diagonal blocks themselves,
so we will turn our attention to efficiently calculating columns from the inverse using the compact representation.

A.2. Calculation of columns from block tridiagonal inverse using compact representation

For each unique index n in the sets I and J we have to determine the corresponding column from the inverse of the sub-
matrix /j

i. The index n can be written in terms of the block number (layer number) l and the orbital (grid point) number o
within the layer. For simplicity of illustration, we will assume the block size Nx and number of blocks Ny for K can be evenly
divided by px and py respectively. Thus, the expression n = (l � 1)(Nx/px) + o describes the relationship between the variables
n, l, and o. The explicit expression for a column from the inverse can be written as follows:
/j
i

h i�1
ð:;nÞ ¼

D1
Ql�2

k¼1
Sk

� �
Sl�1ð:; oÞ

D2
Ql�2

k¼2
Sk

� �
Sl�1ð:; oÞ

..

.

Dlð:; oÞ
ðDlðo; :ÞSlÞT

..

.

Dlðo; :Þ
QðNy=pyÞ�1

k¼l
Sk

 !T

0BBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCA

: ð18Þ
Therefore, we can construct two matrices /j
i

h i�1
ð:;IÞ and /j

i

h i�1
ð:;JÞ for use in the 2-D reconstruction process.

Appendix B. Computational complexity

A detailed list of the computational and memory requirements along with the information that needs to be transferred
through inter-processor communication is provided in Appendix B.1. The relationship between the computational require-
ments and the asymptotic computational scaling is summarized in Appendix B.2.

B.1. Computation, memory, and communication complexities

In order to simplify the analysis of the computational complexity we will make certain assumptions:

� The block size is uniform for each layer and equal to Nx.
� The number of cross-sectional domains px evenly divides the block size Nx.
� The number of domains along the length py evenly divides the number of blocks Ny.
� The connectivity pattern cut from each domain due to cross-sectional separations can be reduced to a Wr �Wc matrix

(described in Section 3.1). If we examine Fig. 7, this would be the information contained in Cj
i if we were to eliminate col-

umns and rows that are entirely zero. The size of Wr and Wc for a regular 2-D grid would be exactly (Ny/py).
� The distribution factors (described in Section 3.1) for processor k and layer l are equal f k

l ¼ Nx=px.
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� The order of matrix inversion is assumed to be cubic and for simplicity of illustration we will assume that dense matrix–
matrix multiplication is of the same order. We will ignore the smaller computational cost of sparse matrix multiplication.

We will directly follow the flow of the pseudo-code to provide detail into the dominate computational operations. The
numbering relates to steps from the pseudo-code:

4. Inversion of the sub-matrix associated with each domain of the device:
The generator sequences are found through dense matrix–matrix multiplications along with dense matrix inversions, see

(17). As the Hamiltonian is symmetric the computation required to form the 2 Ny

py
� 1

� �
Nx
px

� �2
entries is:
3
Ny

py
� 1

 !
Nx

px

� �3

:

The matrices needed for cross-sectional reconstruction, i.e. /j
i

h i�1
ð:;IÞ and /j

i

h i�1
ð:;JÞ, are of sizes NxNy

pxpy

� �
�Wr and

NxNy

pxpy

� �
�Wc , respectively. As demonstrated in Appendix A.2 there are Ny

py
� 1

� �
dense matrix–vector multiplications needed

for each column from the sets I and J. Therefore, the computational cost to form the matrices is:
ðWr þWcÞ
Ny

py
� 1

 !
Nx

px

� �2

:

5. Collect combining information based upon separators along the cross-sectional dimension of the device:
There are a total of log2px combining levels needed based upon the cross-sectional decomposition of the device. The com-
putation and communication costs required for each stage are provided below.
Use the cross-sectional matrix maps to generate the following cross-sectional combining terms: [start]x,[bridge
point]

x,[bridge point + 1]
x, and [stop]

x

3W2
r Wc þ 3WrW

2
c þW3

r þW3
c :
The dense matrices listed above are of sizes Wr �Wc, Wr �Wr, Wc �Wc, and Wc �Wr, respectively. Communication is re-
quired to transfer these (Wr + Wc)2 values across at most px processors.
Use the cross-sectional matrix maps to generate the terms associated with reconstructing along the length of the device
(transport direction):
[top row]j, [bottom row]j, [top col]j and [bottom col]j
W2
r þW2

c

� � 2Nx

px

� �
:

The dense matrices listed above are of sizes Nx
px

� �
�Wr;

Nx
px

� �
�Wr;

Nx
px

� �
�Wc , and Nx

px

� �
�Wc , respectively. Communication is

required to transfer these Wr þWcð Þ 2Nx
px

� �
values across at most px processors.

Calculating the (Wr + Wc) � (Wr + Wc) adjustment matrix requires:
ðWr þWcÞ3 þW2
r Wc þWrW

2
c :
The associated matrix inversion can be performed in parallel for a potential complexity reduction.
The px versions of the boundary maps Yk

1; . . . ;Yk
4

n o
each consist of ðWr þWcÞ 2Nx

px

� �
entries. The updates for the boundary

maps are separated into two categories based upon the location with respect to the bridge point:
If k 6 bp then:
2W2
r þWrWc

� � 2Nx

px

� �
:

If k > bp then:
2W2
c þWrWc

� � 2Nx

px

� �
:

It is clear that during the log2px combining levels, each processor will be responsible for updating maps Yk
1; . . . ; Yk

4

n o
, based

upon the range of the combining step: st 6 k 6 sp. Cumulatively there will be
Plog2px

k¼1 2k or O(px) map updates of this type.
The updates to the cross-sectional matrix maps {X1, . . . ,X8} requires the following computation cost:
4W2
r Wc þ 9WrW

2
c þ 3W3

c :
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Each processor updates only their own version of these mapping terms, consisting of 2(Wr + Wc)2 entries. There will be
O(log2px) map updates of this type.
6. Use the cross-sectional and boundary matrix maps to prepare for reconstruction along the length of the device:

Each of the NxNy

pxpy

� �
diagonal entries for /j

i

h i�1
must be updated based upon cross-sectional separations, using the relation-

ship from (6) the computation required is:
W2
r þ 2Wr þ 2WrWc þ 2Wc þW2

c :

The first block row and last block column of each [/i]�1 must be reconstructed using Yk
1; . . . ;Yk

4

n o
and the relationships

shown in (11) and (12). There are 2(Wr + Wc) multiplications needed to form each entry in Row
j
i

h i
and Col

j
i

h i
. The total

computational complexity will be:

NxNy

pxpy

 !
ð2NxÞðWr þWcÞ:

As the first block row and last block column have been evenly divided among the p = pxpy processors, the memory require-
ments are for 2N2

x Ny=p entries.
7. Collect combining information based upon separators along the length of the device:

There are a total of log2py combining levels needed based upon the decomposition along the length of the device. Details
pertaining to this stage of algorithm can be found in [2]. The computation required for each stage is provided below.
Use the transport direction matrix maps to generate the following combining terms:
[start]

y, [bridge point]y, [bridge point + 1]y, and [stop]
y all of which require 2N3

x=px multiplications. Commu-
nication is required to transfer each of the four Nx � Nx matrices across at most p = pxpy processors.
The 2Nx � 2Nx adjustment matrix needs to be computed for updates to the matrix maps associated with the transport
direction. The associated matrix inversion can be performed in parallel or in serial with complexity:
5ðNxÞ3:
Modifying the eight Nx � Nx matrix maps {M1, . . . ,M8} in order to update the boundary (13) and diagonal entries (14)
requires:

16
N3

x

px
:

8. Modify the matrix maps {M1, . . . ,M8} to account for the boundary conditions based upon the relationship shown in (15):
14
N3

x

px
þ 20N3

x þ 8N3
x :
9. Each of the NxNy

pxpy

� �
diagonal entries associated with /j

i

h i�1
must be updated based upon separations along transport direc-

tion. As can be seen from (14), each diagonal entry will require:
4 N2
x þ Nx

� �
:

10. The matrix maps {M1, . . . ,M8} can be used to calculate the transmission through the relationship shown in (13):
6
N3

x

px
þ 15N3

x :
B.2. Asymptotic computational scaling

The 2-D domain decomposition strategy presented in this work involves a cross-sectional combining/density of states
reconstruction, a directional transition, and a transport direction combining/density of states reconstruction. The computa-
tion related to these five operations constitutes the overall asymptotic scaling for our approach. The numbering matches the
algorithm flow from Appendix B.1.

5. log2px combining steps required to account for cross-sectional separations:
O
Ny

py

 !3

log2px

0@ 1A log2px �
3W2

r Wc þ 3WrW
2
c þW3

r þW3
c ;

ðWr þWcÞ3 þW2
r Wc þWrW

2
c ;

4W2
r Wc þ 9WrW

2
c þ 3W3

c :

8><>:

6. Updates to the density of states for cross-sectional separations:
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O
Ny

py

 !3
Nx

px

� �0@ 1A NxNy

pxpy

 !
� W2

r þ 2Wr þ 2WrWc þ 2Wc þW2
c :

�

Transitioning from cross-sectional to transport direction reconstruction:
O
Ny

py

 !2
N2

x

px

 !0@ 1A NxNy

pxpy

 !
ðNxÞ � 2ðWr þWcÞ:f
7. log2py combining steps required to account for transport direction separations:
O N3
x log2py

� �
 log2py � 5ðNxÞ3:

�

9. Updates to the density of states for transport direction separations:
O N3
x

Ny

p

� �� �
 NxNy

pxpy

 !
� 4 N2

x þ Nx

� �
:

n
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