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Diagonal parameter shifts due to nearest-neighbor displacements in empirical tight-binding theory
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Nanoscale heterostructures are generally characterized by local strain variations. Because the atoms in such
systems can be irregularly positioned, theroretical models and parameterizations that are restricted to hydro-
static and uniaxial strain are generally not applicable. To address this shortcoming, a method that enables the
incorporation of general distortions into the empirical tight binding model is presented. The method shifts the
diagonal Hamiltonian matrix elements due to displacements of neighboring atoms from their ideal bulk posi-
tions. The new, efficient, and flexible method is developed for zincblende semiconductors and employed to
calculate gaps for GaAs and InAs under hydrostatic and uniaxial strain. Where experimental and theoretical
data are available our new method compares favorably with other methods, yet it is not restricted to the cases
of uniaxial or hydrostatic strain. Because our method handles arbitrary nearest-neighbor displacements it
permits the incorporation of diagonal parameter shifts in general, three-dimensional nanoscale electronic struc-
ture simulations, such as the nanoelectronic modeling @&MO 3D).
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[. INTRODUCTION ments have been suggested. Priesterl* achieve a good fit
for the spin—orbisp®s* model without adjusting the diago-
Since the pioneering work of Slater and Kostempirical ~ nal p-matrix elements. Others, however, model the effect of

tight-binding models have provided a convenient and accuthe strain by introducing a new fitting parameter which alters
rate method for modeling semiconductors. Later work bythe diagonalp- or d-matrix elements in proportion to the
Vogl, Hjalmarson, and Dofvand Janctet al,® has further strain®® Tserbaket al.® include a diagonap-matrix element
improved tight-binding models by demonstrating that impor-shift in their third-near neighbasp’*s* model, while Jancu
tant gaps and masses can be better fit by models which it al,* shift only the diagonald-matrix elements in their
clude an exicteds-like orbital, s* (Ref. 2, and exictedd  sp°d®s* model. Thus the degree to which such diagonal
orbitals (Ref. 3. Tight-binding models have enjoyed consid- parameter adjustments are needed appears model dependent.
erable success in semiconductor heterostructure calculations In those models requiring diagonal parameter shifts, the
in a wide variety of materials systems, some of which in-effect can be dramatic, as illustrated in Fig. 1. Here we plot
volve strain. In such systems highly accurate modeling rethe conduction- and valence-band edges of GaAs under
quires modifying the Hamiltonian matrix elements to take

into account the displacements of the atoms from their posi- R S L L L
tions in an unstrained material. c

In such strained systems the most obvious modification is 150 [ 7
to adjust the matrix elements involving orbitals centered on i

: : - [ | ——CB-Jancu o CB-no shiff ]
different atoms to take into account the altered environmenti 100 | e gy e o mosttt !
in terms of both bond angle and length. Bond length alter- | —a— LHJancu -4 LH-no shift o
ations are generally included by scaling the Slater-Koster o, p (LT _SOHJamce 7 SOHmoshft] .~

two-center integrals from which the matrix elements are con-2

structed by a factord,/d)”, whered, (d) is the ideal(al- g

tered bond lengthi?~® This modification is a generalized ver- 0.00

sion of Harrison’$ d~2 scaling law? Changes in the bond

angle are automatically incorporated via the direction cosines -0.50

in the Slater-Kostértables of matrix elements in terms of the

two-center integrals. -1.00
Since the atomic-like orbitals of tight-binding models are

not true atomic orbital¢more typically they are the orthogo- 150

nalized Lavdin orbitals), it is clear that in principle, the
diagonal matrix elements, too, might vary in response to dis-
placements of neighboring atoms. In the case of uniaxial
[001] strain, which lifts the degeneracy of the diagopal FIG. 1. Conduction- and valence-band edges of GaAs in the
and d,,~ energies versus theirp(-,p,-) and @y,,d, ) parameterization of Ref. 3 as calculated with and without their spe-
counterparts, differing treatments of the diagonal matrix elecial diagonald-matrix element shift.
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uniaxial strain using the p>d®s* model and parameters and where atomic orbitals on the same atom are assumed or-
scaling exponents of Ref. 3 both with and without their spethogonal. The diagonal parameters of an empirical tight-
cial diagonald-only matrix element adjustment. The differ- binding model are the hedin matrix elementseg; ,
ences are striking, especially for the light-hole band edge= (¢,  |A|¢; ), which differ from their free atom counter-
which is highly inaccurate when the shifts are turned off ’ /

Since diagonal parameter adjustments are required for tll“féarts’ i;0=(®;,o|Hi|i ), due to the neighboring-atom
spPdSs* model in the case of uniaxidD01] strain, it ex- ontributions in Eq(1). We neglect all other effects such as

. charge transfer. Given our need for computational efficiency
pegted that th_ey will be necessary for t_he more general Ca¥hd the approximations we must make for the generally
of irregular displacements of neighboring atoms. AlthoughIarger (neb overlap effects below, this seems reasonable.

t_he mod[f|cat|on of Ref. 3 is r?ad"y. |mplem.ent.ed anq IS en'(Most tight-binding models in fact omit the effects of charge
tirely saﬂ;factory for ;ystems in whiginly uniaxial strain is transfer on the diagonal matrix elements, even for polar
present, it is not easily extended to the more general case % miconductors: see Sec. 2.3-E of Ref 7’ for an excellent
stralned_ quantum dots, whe_re dlspl_acements are, f_rom thcﬁhcussior}. Likewise, in the spirit of the bulk model, which
electronic structure perspective, arbitrary, and in which ON& . ores same-ators-s* matrix elements. we exclude any
cannot define a global strain tensor. A more general approa mal) Hamiltonian matrix elements betvx’/een same-atom or-

IS tnerefore needed.t thod f diusting the di itals of different symmetry that might arise due to an asym-
ere we present a method for adjusting the diagonal, i~ deformation.

Hamiltonian matrix elements to take into account more gen- We now make three further simplifying restrictior(si;)

eral differences in neighboring atoms. Although our method[he atomic orbitals are redij) there are no common nearest-

IS "?1 no way restncteid to reé;ulzibr (tjtl]sthorgons; ?f the dcrys.tal,_n ighbors for a given nearest-neighbor pair; diid only
such as one encounters under both hydrostatic an un'aX'?Rfo—center integrals are significant. RestrictiGi) yields

[001] strain, we use these commonly modeled cases to te e particularly useful approximation for matrix elements be-

the predictions of our approach. In Sec. Il we discuss th . : : )
. . ween atomic orbitals on differenhfn’) atoms,
model and in Sec. Il the results, comparing thenkpo and tn’)

experimental results. We present our conclusions in Sec. IV.

(0) I () (0)
O ), mw~ 2L 80 T RIS ), ()

Il. MODEL

The modifications to the diagonal- and neighboring-atom +%<<pn,’ﬂ,|\“/n+(/n,|cpnyu>, 3)
Hamiltonian matrix elements due to displacements of the
atoms in a nonideale.g., strained crystal take different . o - )
forms. (In our model we do not alter the spin—orbit matrix WhereH; is the free-atom Hamiltonian and; the potential
elements. For neighboring-atom matrix elements the for the jth  atom, H]-|<I>J-,V>=s](?3|(1)j,,,}, and
changes in bond angle appear through the direction cosinqq)n,’ﬂ,||2|n|q)n’M>%8§10L5(n,1M,)’(n’ﬂ)_ In determining the
in the Slate(—Kostérta.bIes. We adjust the magnitudes of the corresponding Levdin-orbital matrix element using Eq1)
two-center integrals in the Slater-Kostembles using the and assumptioffi) above, observe that under restrictioi
customary generalization of Harrisoh8™? scaling law:U  the only surviving Hamiltonian matrix elements in the sums
=Ug(do/d)”, whereU, is an ideal-crystal two-center inte- are those for orbitals centered on the same atom. Consistent
gral andd, and d are the ideal and actual bond lengths, with our retention of only the two-center integrals we take
respgcuvglﬁ Belc_)w we discuss adjusting the diagonal (D, a||:||‘1>i ﬁ>*““8i(0)5a 5 and obtain
Hamiltonian matrix elements. ' ’ “e

The starting point for our treatment of diagonal parameter 1
shifts is the Lovdin orthogonalization procedufewhich, for Oy =5 Pt [Vt Ve [ (4)
a true atomic orbital of typer on theith atom,|®; ,), gen- 2
erates an orthonormal atomic-like orbital of the same type on
the same atom|; ,). Because our aim is a treatment suit-  To proceed any further we must make some approxima-
able for strained quantum dot systems, in which diagonaliztion concerning the overla: 1y (.4, OF €quivalently the
ing the Hamiltonian is quite costly, it is essential to expendrelationship between V(' u) (e and 0522 W) (M).
minimum effort on Hamiltonian construction, and a reason-Harrisorf observes that in the extended ¢kel theory®
able tradeoff between accuracy and speed is desirable. VQ’]-ZZCVL]/(SN-SJ), wherec is a universal constant; the
therefore drop all overlaps and Hamiltonian matrix elementsesults of Wills and Harrisd show that this is not an un-
beyond nearest-neighbor and retain only the linear correctiopegsonable approximation. We therefore adopt a modified

in the Lowdin proceduré, version of this approximation, taking
01005 S Spal®ie @ Vo0
Pi,a i,a 2 £ (j,8),(i,a) = ],B/ S(n’,,tL’),(n,/.L):K(n',,u’),(n,/.t)(o)—(o)’ n#n (5)
B € +e
n’,u n,u
Si.).6.0)={Pj gl Pi.a) = 6 [0 (2)  or, equivalently, substituting E4) into Eq. (3),
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0 2+ K ) () TABLE |. Lattice constants, diagonal, and spin—orbit param-
vgnzvﬂ,)‘(n’ﬂ)~ %v(n,#,)'(nm, (6) eters, and two-center integrals for our parameterizations of GaAs
and InAs in thesp®d®s* model.Eg is the downward atomic shift

where the constants, 1 .,y depend upon the orbitals applied to the diagonal parameters prior to determining alterations
involved in the matrix element, in order to provide greaterdue to displacements of nearest-neighbors. The same upward shift
flexibility in fitting the properties of strained materials. The is th_en applied to the altered qllagonal parameters. Lattice constants
constants K are of course symmetric,Ki iy mp oo A; all other values are in eV.
=Kn,u).(n",u7y» @nd the subscriptsandn’ onKyr 1) (n.)

. . . M Parameter GaAs InAs
imply only a dependence on atomic speciast on position.
The orbital typesw, ' in Egs.(5) and(6) are the custom- g 5.6532 6.0583
ary atomic-like orbitals ¢a, sc, p,a, dycC, etc), with the g_, —5.500 420 —5.500 420
matrix elementsv 1y ) Calculated from the Slater- Epa 4.151 070 4.151 070
Koster tables. In an attempt to limit the number of addi- E.. —0.241 190 —0.581 930
tional parameters we restrict tieto depend only upon spe- Epe 6.707 760 6.971 630
cies and total angular momentunKd{, ., Kgq4, €tc), Ee, 19.710 590 19.710 590
ignoring any dependence on bond typgd{r, ppo, etc). Ee.. 22 663 520 19.941 380
The atomic energiesj(f’y) are vacuum-referenced and henceEda 13.031 690 13.031 690
the overlaps will have the proper sign fiir>0. Eqe 12.748 460 13.307 090
Using Egs.(5) and(6) with Eq. (1) we find that the diag- Eqin 27.000 000 27.000 000
onal Hamiltonian maitrix elements are related to their free —1.645080 —1.694 350
atom counterparts via s*sto ~3.704550 ~4.210 450
2 sks.o —2.207 770 —2.426 740
ia~e@— > > C(j,ﬂ),(i,a)% L7 sSio —-1.314910 —1.159 870
jeNN-i "B el pteta SaPco 2.664 930 2.598 230
SePac 2.960 320 2.809 360
1 Sk PO 1.976 500 2.067 660
Ci.p).01.00= 5L 2K 1,806+ K ). (.- ® o E:a 1.027 550 0.937 340
s,dco —2.609 400 —2.268370
Equation(7) leads directly to our real objective, a rela- s.d,o —2.320590 —2.293090
tionship between the diagonal tight-binding matrix elements* g o —0.628 200 —0.899 370
in the ideal(unprimed and alteredprimed nominally-zinc- ¢+, —0.133 240 —0.488 990
blende systems, ppo 4.150 800 4.310 640
;o ppm —1.427 440 —1.288 950
e Bia Padco —1.874 280 —1.731 410
02 (! )2 pdaor —1.889 640 —1.978420
+ > 2 Chpia (“B)’(":’ J(rs(f’ﬁ)’("“))  pader 2.529 260 2.188 860
JeNN-T 5 BT e Pedam 2.549 130 2.456 020
9 ddo —1.269 960 —1.584 610
. . Q) ddm 2.505 360 2.717930
where in Eq.(9) we have replaced the atomic energig) dds o851 740 5505 090

by their ideal, vacuum-referenced Wwdin orbital counter-

parts(i.e., we apply an identical downward shift to all diag- Na 0.172:340 0.172:340
onal bulk tight-binding parameters so that they are neg)ative)‘C 0.021790 0.131200
Note that the resulting difference i , will be roughly of

1 P . . 2
magnitude[v; ;/(ei+&;)]°. Il RESULTS

In spite of the simplifications made in order to obtain a
computationally efficient formula, we see that E8). has the In Table | we list the two-center integrals in our param-
highly desirable property that it automatically incorporateseterization for GaAs and InAs in the Slater-Kostaotation
changes in geometry due to displacements of the atoms singgr the sp®d®s* model® As a convenience we choose the
thev j g),(i,a) @V g (i) INVOIVe direction cosines for the same diagonal parameter for elorbitals of a given species
ideal and altered crystals, respectively. Hence arbitrary disin bulk, although in principle we could have chosen different
placements of neighboring atoms are implicitly included inenergies for @,y .d,,,d;,) and ds,2_,2,dy2_,2) due to the
the diagonal parameter shift and there is no need to separystal-field splitting. The lowest twent{20) bulk bands of
rately model cases of hydrostatic or uniaxial strain, for ex-GaAs and InAs are shown in Figs. 2 and 3, respectively. In
ample. Note as well that the diagonal parameter shifts are niable Il we list the energies and effective masses reproduced
longer linear in the strain, since the; 5 (.. @ndv(j g i by the parameters of Table I. These parameters are deter-
are not necessarily linear and they furthermore appeamined using our genetic algorithfand it is evident that
squared. they provide a good fit to technologically important energies
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150 r—— T T T T TABLE 1. Selected energiesin eV), k-minima (in units of
100 _ GaAs —/\ _ mr/a) and effective masse@n units of the free-electron masfor
Tk —\_ % i ] GaAs and InAs as reproduced by the parameters of Table I, along
s0 b 4/ 3 with target values given our fitting algorith(Ref. 12; see Ref. 16.
E e D s I In both materials the_-valley minimum occurs at the symmetry
g 0.0 :_,7§ / point. All masses are computed at the respective extrema.
& ; 1
> b | ] Quantity GaAs GaAs-target InAs InAs-target
-100 E -
— i EL 1.41 280 142400 059421  0.59570
L ) ~0.00306  0.00000  0.22430  0.22570
| Ag 0.32 647 0.34 000 0.39316 0.38 000
FIG. 2. The lowest 20 bands of GaAs as reproduced by thqzt min 1.69811 1.70 800 1.75 315 1.75570
parameters of Table I. EX min 1.89 846 1.90000 250732  2.50570
kloou 1.81358 1.80000  2.00000  1.80000

and masses of both bulk materials. Note that our parameter-
izations are chosen to reproduce the room-temperature gapectrons

and that the valence-band maximum of GaAs is chosen as, 0.06 574 0.06 700 0.02353  0.02390
the reference energy. The InAs valence-band maximum ig,, 1.88076 1.30000 1.12583  1.30000
offset relative to that of GaAs since the parameters are ultim, , 0.17525 0.23000  0.17514  0.23000
mately employed in modeling InAs/GaAs heterostructuresm,_, 1.72 750 1.90 000 153946  1.90000
such as quantum dots. me 0.09671 0.07540  0.09414  0.07540

In Table Il we list the parameters for strained systems,
which were fit to reproduce the conduction-band, and light-4gjes

heavy-, and split-off-hole valence-band edgeF amnder hy- {00) 0.08 249 0.08 710 0.02811  0.02730
drostatic pressure and uniaxial strain. Because the split-off (110 0.07 546 0.08040 002729  0.02640
hole is not of great interest to us in quantum dot modeling,m'[?n] 0.07 362 0.07 860 0.02 703 0.02 610

we assigned it only small weights in the fitting procedure. As '['1001
mentioned above the two-center integrals are scaled with thef,
generalized version of HarrisoA’sd ™2 scaling law, U mFlhn]
=Uy(dp/d)”, whereUy is a bulk two-center integral) its Mhn
counterpart in the strained materiaj,is the exponent, and Mso
do and d are the ideal(bulk) and actual(strained bond
length, respectively. The constan@, are listed as well; the
overlap constantK are given by the positive root of E¢B).
Since the cases of hydrostatic pressure and uniaxial stral
have been treated theoreticalfyand for GaAs under hydro-
static pressure, experimentalRye next discuss the behav-
ior of our model under these conditions.

We first consider the positions of the valence an
conduction-band edges &t under hydrostatic deformation,
exx= Eyy= €,,~ €. Negatives corresponds to a conventional
hydrostatic pressure experiment, positivéo a uniform dia-

0.37 686 0.40 300 0.35158 0.34 480
0.65 660 0.66 000 0.56 349 0.63910
0.83905 0.81300 0.69813 0.87 640
0.16 243 0.15000 0.09 959 0.15000

calculated with our model andp theory** in Fig. 4; the
E?sults for InAs are similar. The parameters appearing in the
p formulas are taken from Van de WalléFor both GaAs
and InAs (not shown the trends are similar in both ap-
proaches. In Fig. 5 we plot the direct and indirect gaps of
dGaAs under hydrostatic pressure as calculated with our
model versus the measurements of Getral *® In our model
both gaps are somewhat less pressure-sensitive than the mea-
sured values, and in our parameterization the direct-indirect

lation, which is of interest for quantum dots in which such crossover occurs afe|~0.02, whereas the experimental

atomic displacements can occur. We plot these for GaAs a alue IS about_0.016. The agreement with the indirect gap
result is especially encouraging with regards to the physical

content of the model, since the model wast explicitly

150 prr—— e T parameterized to fit indirect-gap data. In view of the signifi-
100 E Infs /k 3 cant experimental uncertainties and the generality of our ap-
: E / & proach, which is not limited to only hydrostatic pressure or
= 30 = ’L = uniaxial strain, the agreement is good. Finally we mention
?\D 0.0 ;7\\ /\ that although at zero pressure elbrbitals of the same spe-
g / \<7 cies have the same energy, under hydrostatic pressure the
S0 I E crystal-field splitting appears in our model. It is largest for
-100 E E GaAs, about 0.165 eV #t|=0.05, but even so is stitk 2%
\ ] of the zero-pressurd-energy.
150 L' S . ' " 'U " I . We next study the case of uniaxigd01] strain. Here to
’ facilitate comparison with th&p results we calculate,, as
FIG. 3. The lowest 20 bands of InAs as reproduced by thea function ofs,,=e,,= ¢, using Van de Walle¥ values for
parameters of Table I. D In Fig. 6, we plot the shifts for GaAs d, and E,,
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TABLE Ill. Dimensionless scaling exponentg, and diagonal 250 T T e T
parameter shift constant§, defined in Eq(8) for GaAs and InAs. S GaAs ]
Parameter GaAs InAs
Ns.so 2.060010 1.924 940
Ns.st o 0.000 000 0.060 800
Ner s*or 0.212 660 0.000 810 z
s po 1.384 980 1.570030 B
Nsx po 1.399 300 1.949 370 =
s do 1.898 890 1.765 660
Ner do 1.785 400 2.023870
Np,por 2.684970 2.061510
Np.pr 1.314 050 1.602470
Np.do 1.812350 2.383820
Np,dm 2.379640 2.455 600
7d,do 1.724430 2.322910 004 003 002 001 000 001 002 003 0.04
Na.dn 1.972530 1.615890 Stain (&)

Na.ds 1.896 720 2.329600
Ces 0.586 960 1.258 286 FIG. 4. GaAs band edges under hydrostatic deformation as cal-
Co o 0.486 090 2.481 447 cu!ated with our model and tHe model of Van Qe WalléRef. 14,
Canst 0770950 AT 1T entional hychostatc presscre expermens, posiiie &
Corasc 0.889 210 1.086 223 O i, y P P ' P
Csapc 0.759 790 4.367 575
Csopa 1.458 910 7.029 660 veloped a general treatment which adjusts diagonal tight-
Csrapc 0.810 790 3.298 598 binding parameters for zinc blende crystals due to arbitrary
Cerepa 1.212 020 7.029 496 near_est-neighbor displacements. Our method is in no way
Csade 1.070150 0.000 000 restricted to regular distortions. We have shown that this
Coca 0.580 530 0.187 036 method correctly reproduces the altered geometry of the re-
Coraue 1.032 560 1.195 042 arranggad atoms. In order to test the method we have com-
co 1323850 1,760 483 pare_d its results for hydrostatl_c pressure and unig<ial]
CS c.da 5 000 000 4,624 438 strain to thqse okp and oth_er tight-binding approaches. We
p.p ' ' find that this method provides good agreement with other
Cpadc 1.613500 0.000 000 calculations and, unlike special diagonal shift formulas for
Cpcda 1.500000 0.000 000 uniaxial strain only, treats arbitrary cases naturally and auto-
Ca.d 1.262620 0.246 999 matically. Our method is efficient to implement for nearest-

neighbor models, making it well-suited to use for modeling
quantum heterostructures where a minimum of effort can be

relative to their zero-strain values as functions(egf. Note expended on Hamiltonian construction in multimillion atom
that the vast majority of the change is reflected in the P

p-orbitals (E,)—the d-orbitals (E,,) are relatively unef- quantum dot simulation’
fected. In Fig. 7 we plot the band edges of GaAs veksus
for both our model and thkep model, with parameters from
Van de Walle'* Both models display the same trends, with  T.B.B. thanks Professor Walter A. Harrison for several

the exception of the split-off hole ban@\ote, however, that valuable discussions. Part of this work was carried out at the
GaAs, has a relatively small lattice constant and will gener-

ACKNOWLEDGMENTS

ally be stretched, not compressed, in InGaAs/GaAs quantun 300 PAARRERRRE
dot simulation$’) Finally we mention that the nonlinear 2.80 o Direcrapds : =
strain behavior of the tight-binding conduction-band edge 2.60 —=— Direct-expt »
(Fig. 7) appears to be at least partly related to the total 2.40 e {:g;:::_':f:gf k-

s*-contribution to the zero-strain state. In a tight-binding CR -
model withs—s* coupling, each of the two degenerate zero- =*
strain conduction-band states &t belongs to a four-
dimensional subspac§|sa),|sc),|s*a),|s*c)}, and those
states with larger tota* -contribution tend to be more non- i

linear in the strain. 0.00 0.01 T Io,oz 0.03 0.04
Strain (je])

180 [
1.60

IV. CONCLUSIONS ) o
FIG. 5. Direct and indirect band gaps of GaAs band edges under

Because thesp®d®s* model requires diagonal parameter hydrostatic pressure as calculated with our model and as measured
shifts to correctly model uniaxidl001] strain, we have de- (Ref. 15.
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030 g
L —— AE(p a) GaAs 1
1 o :

020 - —O—AE(dxya) i
I e AE(dxyc) i

Energy [eV]
Energy [eV]

& 1l g

-0.06 -0.04 -0.02 0.00

-0.20

0.02 0.04 0.06

Stnin &)
FIG. 6. Diagonalp- [AE(p,u)] andd- [AE(dyyu)] parameter

shifts relative to their respective zero-strain valugs,(,Eq,) for
GaAs under uniaxial strain as calculated with our model.
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0.04 0.06

0.02

-0.06 -0.04 -0.02 0.00

Strain (e”)

FIG. 7. GaAs band edges under uniaxial strain as calculated

with our model and thé&kp model of Ref. 14, adjusted to reflect
room-temperature gaps.
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