Lecture Outline for Mathematical Structures

* Main topics

» Groups: Definition

» Semi-group & Monoid: Definition
|dentification of different structures
Polynomials
Operations modulo n
Results about groups

» Section 8.1 of text (only portions covered
in class)

Properties on Binary Relations

» Consider a set S and a binary relation o
onS

e The relation has to be closed under S

* The relation o can have various
properties

S
« Associative: xo(yoz) = XOy oZ Lr%é‘/g \
« Commutative: xoy = yox j/ j/
- ldentity element: xoi = iox = x < ~O _\(_Z’

« |Inverse element: xox ! = xlox =i

24(2)=0 :




Properties on Binary Relations

* Note

* Identity element is common to all elements
insetS

* Inverse is specific to the element

* Identity and inverse must also lie in the
same set

+ Identity and inverse definitions use
commutativity

« Example: [Z, +]

Definitions: Group, Semigroup, Monoid

» Each of these structures pertain to the set and
the binary operation

* Group: Associative, Identity element, Inverse
element

« Commutative Group: Add commutative
property

* Monoid: All group properties except inverse
element

« Semi-group: All group properties except
inverse element and identity element




Identifications

» Say which of the following are what
mathematical structure

* [Z,+]
* [R*, 7]
* [R, 7]

» Consider 2 x 2 matrices on Z (M,(Z2))
* What is the identity element for [M,(Z), *]?

* \What mathematical structure is
[My(2), *1?

More Identifications

 Given that the following are semi-groups.
What additional property can you tell?
* [N, +]
* [N, 7]
* [R7, +]
* [Q 7]
* [R, #]




Polynomials

» Consider polynomial in x with real
number coefficients
agx’+ax'+ax? + ... +ax", where a, # 0,
aiER

» The set of polynomials is called R[x]

* Note:
* [R[x], +]isa ?
* [R[x], *]lisa ?

Operations modulo n

» Consider addition modulo 5
X +5 Yy = (x+y) mod 5
3+,4=2

» Consider multiplication modulo 5
X *5 ¥y = (X*y) mod 5
3*4=2

» Consider set Z; = {0,1,2,3,4}

* What structures are the following
* [Zs, 5]
* [Zs 7]




Basic Results about Groups

1. Theorem 1: Identity element is unique in a group or
a monoid

2. Theorem 2: The inverse of an element is unique in a
group

3. Theorem 3: If x and y are members of a group [G,0],
then (xoy)'=y-Tox

4. Theorem 4: If x and y are members of a group [G,0],
then
Xxo0z=yoz = x =y (Right cancellation law)
zox=zoy = x =y (Left cancellation law)

5. Theorem 5: If a and b are members of a group
[G,0], then aox=b and xoa=b have unique solutions
for xin G.

Examples

* In [Zs, +5], compute the following
* (1+53)"

- If x, y are members of a group [Z, +]
e X+t5=y+5 =7
« 54X =5+y = ?

* In [Z5, +5], solve for x
* X+5;3=2

10




