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. f =i= 0
14. Q j=ax""+a,_x"""+... +ax
; il Sl & o .

QO): jy=a,x" " +a,_x"" +... +a,x true since j = a, and 1 = n before
loop is entered, so equation becomes
anp=apx™N ora,=a,

) 5 = .

Assume Q(k): j, =a,x"™ +a,_x" "7 +...+a; X

Show Q(k +1): ji,, =a,x" ™ +a,_x""*"+...+a, X

0

. . -} ~fv=] 0
Jea=Je*x+a,  =(a,x"™ +a, x" M+ 4a X )x+a,

n=iy +1

=% +8,X" " 4. +a, x4

iy =1
.. n-ig, N=igy =l 1
=a,x" *'4a  x" toota X t+a;
At loop termination,

i=ax" +a _x""" 4. +ax" and i=0 so

R n n=| 0
J—anx +an_,x +...+a0x

15.Q: j = max of (a[1], ..., a[i])
Q(0): jo = max(a[1], ..., a[io]) true since ip = 1, so the right side
becomes max(a[1]) and jo = a[1]
Assume Q(k): jx = max(a[1], ..., a[ix])
Show Q(k + 1): jis1 = max (a[1], ..., a[ixs])

Jket = max(jk, afix+1]) = max(max(a[1], ..., a[i]), afix + 1])
=max(a[l1], ..., afik+ 1]) = max(a[1], ..., a[ix+])

At loop termination, j = max(a[1], ..., a[i]) and i = n, so j = max(a[1], ..., a[n])

16.(a) makes one too many passes through the loop and adds a[n + 1] to the sum.
(b) is correct:

Q: j=a[l]+.. +afi-1]

Q(0): jo=a[l]+ ... +afip—1] true since j = 0, i = 1 before loop is
entered, so equation becomes
0=a[l] + ... + a[0]; the right side has
no terms, so has the value 0

Assume Q(k): jk=a[l]+... +aix- 1)

Show Q(k + 1): jkar =a[1]+ ... + a[ixe; - 1]

Note that jk+1 = jk + a[ik] and ixsg =iy + 1
it = jx + afi] = a[11+ ... +afig= 1]+ a[iy]
=a[l]+... +a[ik-1]+ a[iks1-1]
At loop termination, j=a[1]+ ... +a[i— 1] and i = n + 1,s0j=a[l]+... +a[n]
(c) begins the sum with a[0]
(d) adds a[n + 1] to the sum
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EXERCISES 2.4

*|. 10, 20, 30, 40, 50

2. 2,153 W 2
3. 1,5, 14,30,55

*4, l,l+-;-,l+—1-+—l—,1+—l-+l+l,l+-l-+l+l+l

273 203 4N E s
5. 1,2,6,24, 120

6. 1,5, 47,755, 18879
%7.2,2,6,14,34
8. 3,5,13,49,235

9. 2,3,6,18,108

10. 1,2, 3, 10 20 SRR M
2 $rad ; S 3%y o s i \]
*I1.F@n+ 1) +F(n-2)=F(n- 1)+ F(n) + F(n-2)
. F(n - 1)] +F(n)
: ] =2F(n)




Page 80 Mathematical Structures for Computer Science Gersting

1S. F(n+6) =F(n+5) + F(n + 4)
=F(n+4)+F(n+3)+F(n+4)
=[F(n +3) + F(n +2)] + F(n + 3) + [F(n + 3) + F(n + 2)]
=3F(n+3)+F(n+2)+F(n+2)
=3F(n+3)+ [F(n +3)- F(n + 1)] + F(n + 2)
=4F(n+3)-F(n+ 1)+ [F(n + 1) + F(n)]
= 4F(n + 3) + F(n)

*16.n=1: F(1)=F@3)-1or1=2-1- true
Assume true for n=k: F(1) + ... + F(k)=F(k +2)-1
Showtrueforn=k+l:F(l)+...+F(k+l)=F(k+3)-l

F(1) + ..+ F(k + 1)
F(1) + ...+ F(k) + F(k + 1)

= F(k+2)-1+Fk+1) inductive hypothesis
= Fk+3)-1 recurrence relation
17. n=1: F2)=F(3)-1or 1=2-1 true

Assume true forn=k: F(2)+ .. + F(2k)=F(2k +1) - 1

Show true forn=k + I: F(2)+ .. +F2(k + 1)) = F(2(k + D+1)-1
F(2) + ..+ FQ2(k +1))

F(2) + ... + F(2k) + F2(k + 1))

= F@2k+1)-1+FQ2(k+1)) inductive hypothesis
= F(2k+1)+F(2k+2)-1
= F(2k+3)-1 recurrence relation

FQk+1)+1)-1

18. n=1: F(1)=F22) or 1=1 true
Assume true for n=k: F(1) + F(3)+... +F(2k - 1) =F(2k)
Show true forn=k + 1: F(1)+FQ3) +... +FQ(k+ 1) - 1) =F(2(k + 1))

F(1) +F(3) +... + FQ2(k+ D-1)

F(1) +F3)+... + F(2k - 1) + F(2(k+ D-1)
F(2k) +F(2(k + 1) - 1)

F(2k) +F(2k + 1)

F(2k +2) recurrence relation
F(2(k + 1))

inductive hypothesis

19. n=1: [F(D]* =F(1)F(2) or 1= (1)(1 true
Assume true for n=k: [F()] + [FQ)P + 4 [F(k))* = F(k)F(k + 1)
Show true for n =k + 1. [F(1)]* + [FQP+ .+ [F(k + 1))* = F(k + 1)F(k + 2)

[F(DI +[FQ)P + ... + [F(k + 1)

[FO)P+[FQ)P+ ... + [ZF(k)]z +[F(k + 1)
F(k)F(k + 1)+ [F(k + 1) ; ; ;
ng)+(l)[F(lZ) +[F2k N 1)} Inductive hypothesis
F(k + 1)F(k + 2)

recurrence relation
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*36.

S(1)=a
S(n)=1S(n-1) forn>2

37.5(1)=a

S(n)=S(n-1)+d forn>2

*38.a. A(l) =50,000

39.

40.
41.

A(n)=3A(n-1)forn>2
b. 4

a. P(l)=500
P(n)=(L.1)P(n- 1) forn>2
b. 4

bandc
a,bcfandg

*42 a, b, and e

43.

a,b,andd

*44.1. Any unary predicate in x is a wff.

45.

46.

47.

2. IfP and Q are unary predicate wffs in x, so are (P A Q), (P v Q), (P — Q), (P"),

(P © Q), (Vx)P, and (3Ix)P.
Note that this allows expressions such as (Vx)(3x)P(x) to be wifs, meaning that such
expressions are syntactically correct. Within any interpretation, the truth value is
unaffected by the outermost quantifiers. For example, if the domain is the integers and

P(x) is the predicate x = 0, then (Vx)(3x)P(x) is true because (Ix)P(x) is true.

1. Any integer is a well-formed formula.
2. If P and Q are well-formed formulas, so are (P + Q), (P- Q), (P*Q), and (P/Q).

A is well-balanced.
2. If A and B are strings of well-balanced parentheses, so are (A) and AB.

—

. The string 0 belongs to the set.
If x belongs to the set, so do 1x, x1, and 0x0.

_[\.)-—-

You can add additional rules such as 00x and x00 - they still allow you to grow only
legitimate strings, and may give you more flexibility in the choice of starting point, but
To see that the three rules of part (2) are sufficient, consider

Take any binary string: if it has a 1 on either end, knock it off
or x1). Ifit has a 0 on both ends, knock them off
(because you got there using 0x0). These are th'e only possibi!ities. Keep going until
you get down to simple cases - if you get to single 1, the string was not legitimate, if
you get down to 2 0's, the string was not legitimate (note that if you continue to apply
the rules, both of these cases reduce to the empty string, which is not legitimate). If
you get down to a single 0, you are OK and that was the starting point.

they are redundant.
working backwards.
(because you got there using 1x
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*14,

15.

16.

17.

b. This is a linear first order recurren

Oer-tinq

The recurrence relation is A(n) = (1.01)A(n - 1) — 80 with a base case of A(1) = 5000,
This is a linear, first-order recurrence relation with constant coefficients, so Equation
(8) applies and gives the solution A(n) = (1.01)"1(5000) -80[1.011-2 + | 0n-3 4.
+1.01 + 1]=(1.01)"1(5000) - 80[ 1 - (1.01)"-1}/[1 - 1.01] frorn the formula f?hrthe
sum of a geometric sequence. At the end of 18 months (the beginning of the 19
month), the loan balance remaining is A(19) = (1.01)18(5000) - 80[1 - (1.01)18y(; -
1.01) which equals $4411.56. ;

The recurrence relation is S(n) = 0.985(n - 1) - 10,000 with a base case of S(1) =
1,000,000. This is a linear, first-order recurrence relation with constant coefficients, so
Equation (8) applies and gives the solution S(n) = (0.98)"(1 ,000,000) - 10,000[(0.98)™
24 (0.98)" + . +(0.98) + 1] = (0.98)'(1,000,000) - 10,000[1- (0.98)™'}/(1 - 0.98)
from the formula for the sum of a geometric sequence. At the end of 9 years (the
beginning of the 10" year), the population is A(10) =

(0.98)9(1,000,000) - 10000[1-(0.98)’1/(1-0.98) which equals 750622,

The recurrence relation for the total number of infected machifies each day is T(n) =
T(n-1)+5T(n-1)-6"2= 6T(n - 1) - 6™ with a base case of T(1)=3 . Thisisa
linear, first-order recurrence relation with constant coefficients, so Equation (8)
applies; ¢ = 6 and g(n) = -6"2. By Equation (8), the solution is

T(n) = 6™ (3)+ 26 (-672)

=6™(3)- i6n-z

=6"'(3)-(n-1)6">
=6"2[6%3~(n-1)]
Now setting 6*3 — (n -

1) equal to 0 and solving for n, the result isn=19. The virus
disappears after 19 days

a. M(1)=1 (one move for one disk)
M(n)=2M(-1)+ 1 (restack the.top n — 1 disks on the third peg, requiring
M(n - 1) disk moves, move the bottom disk to the target

peg, restack the n - 1 disks on the target peg, which also
requires M(n - 1) disk moves)

ce relation with constant coefficients, so
Equation (8) applies and gives the solution ’

M) =2""M(1) + 'Z'z"-'(l)

=27 42" 4 2m p g0
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28. The ChafﬁCtefiStjg equation is t* - 10t + 25 = 0 with repeated root r = -5. The solution is
E(n) =p(-5)™" + q(n - 1)(-5)""!
where
p =-10
p(-5) +q(-5) = 40

so p=-10, q = 2, and the solution is
F(n) = -10(-5)"" + 2(n — 1)(-5)™"

*29. The characteristic equation is t* - 2t + 2 = 0 with roots r; = 1 + i, ;=1-1i. The solution
is

A(n) =p(1 +)™" +q(1 - )™!
where

ptq=8

p(l1+i)+q(l-i)=8
so p =4, q =4, and the solution is

A(n) =401 +i)™ +4(1 - )™

30. The characteristic equation is t* + 4t + 5 = 0 with roots r; =-2 +1i, r, =-2 - i. The

solution is

S(n) =p(-2+ )™ +q(-21- )™
where

ptq=4

p(-2+i)+q(-2-i)=-8

so p =2, q =2, and the solution is

S(n) = 2(-2 + i)™ +2(-2- )"

. 1445 -5
*31. The characteristic equation is t>-t- 1 =0 with roots 1, = =Tk P 5 - The
solution is :
n-1 n-
14/5 =5
= + T
F(n) p( - J q[ -
where
ptq=1

1+ Jg = w/g
+q —|=1
Solve for p = 1 — q, then substitute that into the second equation and solve for q, giving

1-5 1+/5

=l-g= . The solution is
o and therefore p q 205

q:
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