Week 13

Nicolo Michelusi

I. APPROXIMATE DYNAMIC PROGRAMMING (BERTSEKAS VOL. II, CH. 6)

o Let us focus on the discounted cost MDP.

« Solving a Markov decision process requires finding a fixed point of
Jr=T(J),

where

T(J)(i):mlnczu +oz PjinJ(j), Vi=1,.

Generally, solving this problem requires pohcy evaluauon, i.e. to evaluate the performance

of a certain stationary policy p by iteratively solving

Jk+1 = TM(‘]k)a

(this converges to J, when k — 00); and a policy improvement step, which aims to find

an improved policy as solution of

(i) = arg min ¢(i,u) —l—a Pjjiud
u€U (i)

The optimal policy p* and optimal cost J* are found by iterating these two steps until
convergence
« However, in many practical systems, the state space is so large that it is not practical to

compute J, in all states, let alone to store the vector .J, in a look-up table.

- In these cases, we are interested to develop techniques to approximate J, by
Ju & Ju(r),

where 7 is a low-dimensional parameter vector (much smaller than the number of states),

which we want to find, for instance, by minimizing

leiﬂ ||JN - ju(r)“?-
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Once a good approximation .J,(7) is found, one can execute the improvement step as

fi(1) = arg min ¢(i,u) —|—a Pjiudy
u€U (i)

- Note that, with this approximation method, there is no need to store the entire n-dimensional
vector J,; instead, we can store the low-dimensional vector r, and compute on the fly

J,.(j;7) based on the approximation architecture employed.

- There are many architectures that define the approximation function .J,,(r), for instance:
— DNN: J,(r) could represent a deep neural network, parameterized by r

— Linear model: .J, (i) = ¢(i)Tr, where ¢(i) is a given feature vector associated to state i,
capturing relevant features of the state.

— etc.

— We will focus on the linear case J, (i) = ¢(7)"r, but many extensions are possible.

« Additionally, it is often even difficult to compute expectations, due to the complexity of
the system dynamics. In these cases, it is convenient to use Monte Carlo methods that
simulate the process {(Xj, Ci), k > 0}. Roughly speaking, if we have a very long sequence
{(Xk, Ck), k > 0}, we can estimate transition probabilities and costs in each states; we can

then use these estimates in the policy evaluation step.
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« Example: Tetris (Bertsekas Vol. II, P.393): we can model the problem of finding an optimal
tetris playing strategy as a stochastic shortest path problem (it can be shown that the game

terminates w.p. 1)

State: the board configuration, a binary vector of size 200 (a standard board is width 10 x
height 20); z; € {0, 1} represents whether pixel i is occupied or not; hence there are 229

states!

Action: choose the position and rotation of each falling block, given the state x and the

shape of the falling block

Reward: when a solid horizontal line with no gaps is formed, it disappears and any blocks
above it fall down to fill the space. The number of disappearing lines is the reward accu-

mulated.

Let J* be the optimal reward vector; this is huge, since J*(z) defines the optimal reward

2200

starting from state = and there are states. Given J* and the current state x and shape

s, one can apply the control u specifying the position p and rotation r of the block; the

optimal control is determined as

p,T

where ¢() is the number of solid lines, and f(z, s, p,r) is the next state.

However, there is no way one can store the optimal reward vector J* & R2*”| let alone

compute it; therefore , we need approximation methods.

J* has been successfully approximated in practice by low-dimensional linear architectures
J = Pr.

For example, the following features have been used: the heights of the columns (10 columns),
the height differentials of adjacent columns (9 of them); the maximum wall height, the

number of holes of the board, and the vector 1, adding to 22 features [Bel96]. These are
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readily recognized by tetris players as capturing important aspects of the board position.

The 2209 x 22 feature matrix ® (J = ®r) cannot be stored in a computer, but for any board
position, the corresponding vector of features can be easily generated and this is sufficient

for implementation of the associated approximate DP algorithms explained next.

II. DIRECT APPROXIMATION

o Consider a stationary policy p. Under such policy, let J be the optimal cost vector. This
satisfies

J=¢+aPl,

where P is the transition probability matrix (under the given policy ) and ¢ is the cost

vector (under the given policy p). Solving we obtain
J=(I-aP) e

« Direct approx aims to directly approximating the value function J

« We wish to approximate J with a linear approximation
J =~ Pr,

where @ is a given feature matrix, and r is a parameter vector, to be designed.

o To this end, we wish to solve
r* = argmin ||.J — ®r||?,

where ||z||, is the weighted norm, defined as

o =

with weight vector o > 0.
o Assume that ¢ is n x s, with s < n, and rank s. Then, 7* can be computed in closed form

as (set gradient to zero and solve):
r* = (¢T2e) 1Ty,

where ¥ = diag(o)
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o There are two problems:

- Computing operations with huge matrices ¢ may be unfeasible;
- J may not be available to start with.

« To approach the above problems, we may use Monte Carlo methods: we can simulate a very
long sequence {(Xj,Cy),0 < k < N — 1} of states and costs according to the dynamics

determined by state transitions and policy ;

Using this sequence, we note that

N-1
J(Xy) =~ a*C,, Vk=0,...,N —1
t=k

(indeed, the expectation of the left hand side is equal to J(X}) when N — o0)
Then, we can define r* by minimizing

| N1 N-1 2
t—k
mln Ty — o "Cy ).

t=k

N-1 I y_1Nn-1
ry = ( Gb(Xk)ﬁb(Xk;)T) o' (X
k—0 k=0 t=Fk

| N1
— NZ

The solution is

._\

o

t N—-1
2 = Zat "¢(Xy), By = % Z O(Xk)P(Xr)
k=0 k=0

Note that, when N — oo, letting & = P(X; = i) at steady-state (steady-state probability
of being in state X), and ¢(i) = E[C)|Xk], then (Take the expectation and then N — 00)

By — Y &o(i)o(i)" = "Ed

N—o0

N-1
1 1 .
sztct — lim szgipifg. k) o' Fe(i)e(j) = TE[L — aP] e = OTEJ
0 0sJ
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where Pl(g) is the probability of going from state ¢ to state j in ¢ steps, also computed

as Pf;” = [Pq]i’j, and P is the one-step transition probability; above, we have defined the

column vector ¢, and noticed that

J=[1-aP] e

Therefore, when N — oo,

ry — (PTZ0)'®T=J = argmin ||®r — J ..

- Note that r}; can be computed online as new samples are collected, starting from rj,

20 = ¢(Xo), Bo =0, So =0 as, for N > 0:

N+1 N+1

1
SN+1— <1_N——|—1) SN+

Byos — (1 _ L) By + ——(Xu)o(X)"

ZNCN

1
N+1
vyt = azn + (X nq1).

* _ np-1
Ny = BN+1SN+1
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III. PROJECTED EQUATION METHODS FOR POLICY EVALUATION

o This method aims at solving a projected form of Bellman’s equation
» Again, let
J=(1-aP) e

« Note that J satisfies Bellman’s equation under policy g,
J =Tu(J)

o We want to approximate J ~ ®r in such a way that the approximation solves a projected

form of Bellman’s equation, i.e.
or* = I1[T},(Pr")],

, 1.e.

where II[x] is the projection onto the subspace spanned by ® under a given norm || -

[I[x] = ®r*, where r* = arg min ||Pr — z||.

The significance of this equation is as follows: ®r* (approximation of .J) is first applied to
the operator 7),; this operation might bring 7, (®r*) outside of the subspace spanned by @;
we bring it back to that subspace via projection; this whole operation must define a fixed
point, the same as J is a fixed point of J = T,(J).
o Assumptions: we make some simplifying assumptions:
- & (steady-state probability of visiting state 7) satisfies & > 0, Vi (i.e., all states are visited
infinitely often)
- ® is n x s with s < n, and has rank s
- We use the weighted norm || - ||¢ with weight vector £ to define the projection operation
I
- Note that the vector ¢ satisfies £TP = £7, i.e.
&= &P( X =il Xy, =)
j=1

o Under these assumptions we obtain:
r* = argmin ||®r — T,(®r*)|| = (®T2®) 'O =[e + aPPr*],

or equivalently

r* = B 14,
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where we have defined

B=0"Z(I1-aP)®, d=®"Zc

« Monte Carlo method: We consider Monte Carlo methods to estimate B, d: consider a very

long sequence {(Xj,Ck),0 < k < N — 1} of states and costs according to the dynamics

determined by state transitions and policy p. Then,

o
—_

d =~ o(X:)Cy £ dy

| =

t

Il
=)

N
—_

Ba =Y 6(X) [6(X:) — ap(Xe)]" 2 By

| =

I
=)

t

(to see this, compute the expectation of the left-hand side with respect to X;, X; . at steady-

state).

Then, since r* = B~'d, one can estimate it as
r, = B 'd
k k ks
where, starting from By = 0, dy = 0,

B = (1 7 ) B 0060 [0060) = ao(Xea )

1 1
A1 = (1 - k—+1) di+ 77 2 XR)Ci

When £ — oo, By — B, d — d and r; — r* (provided that the respective empiri-
cal frequences of occurrence of states and transitions asymptotically converge to &; and

Pi,ju VZ)])
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« Projected Value Iteration (PVI): we consider an iterative method to find the fixed point r*

of or* = Il [T, (®r*)]; similarly, to value iteration, we consider updates of the type
Orypy = He[T,(Pry)]
starting from any initialization ry. Given ry, we obtain

4 = (PTED) ' OTE[ + aPOry] = 1), — (TZP) ! [Bry — d]

Does this converge to r* when k — oo? Yes, based on the following theorem:

Theorem 1. Let I1¢ be the projection with respect to the weighted norm with weight vector
€. Then, under the above assumptions, 11¢[T,,(-)] is a contraction with modulus o, with

respect to the weighted norm || - ||¢, i.e.,
I [T, (J1)] = [T ()]s < all i = Jole.
Proof. First, note that Projection reduces distance:
M [T, ()] = Te [T (J2)]lle < NTu(J1) = Tul(2)lle = alP(J1 = Jo) e

Hence, it is sufficient to prove that

[Pzle < 2.
Indeed,
n n 2 n n n
2 2
Pz = & | D Pijr| <D &> Pijla) = &) = |l
i=1 j=1 =1 j=1 i=1

Then, we obtain
|@rs 1 —@r*||¢ = [[T[T,,(Pry)] = [T(Dr*)][|e < af| Prp—Drle < --- < o F[Dro—r*c.
Then, taking the limit £ — oo, we obtain

||(I)I‘k — CI)I'*Hg — 0.
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o« Monte Carlo methods: Note that PVI is of the form

ey =T, — (q)TE(I))_l [BI'k - d]

We consider Monte Carlo methods to estimate these updates: consider a very long sequence
{(Xk,C%),0 < k < N — 1} of states and costs according to the dynamics determined by

state transitions and policy u. Then,

E

-1

220~ 13 (X)X £ Gy
t=0
=
t=0
1 k—1
B~ 7 O(X1) [3(Xe) — ad(Xpy1)]" £ By

t

Il
=)

(to see this, compute the expectation of the left-hand side with respect to X;, X;,; at steady-

state).

Then, we can approximate ry,; as
-1
rey1 =T — Gk [Bkrk - dk]

where, starting from By = 0, dy = 0,
1

B = (1= 1) Bt 0000 00%) — a0

1 1

This method is called Least squares policy evaluation (LSPE).

Clearly, G}, — ®T=®, B, — B, d, — d as k — oo, hence r;, — r*, provided that
the respective empirical frequences of occurrence of states and transitions asymptotically

converge to &; and P; ;, Vi, j.
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o Temporal Difference method TD(0)

Note that r* is a fixed point of
r=r—~y(Br—d), v>0.

It can be shown that, for v small enough, (I —B) has eigenvalues strictly within the unit

circle, hence Q[z] £ (I — yB)x + ~d is a contraction. As a result, the iterative algorithm
ryp =T — y(Bry —d)

converges to the fixed point r* = B~!d. Again, we want to develop a simulation based

method to do this. We can use this algorithm (TD(0)):

Trt1 = e — Y%P(Xk) e,

where we have defined the temporal difference

ar = d(Xp) 1y — Cp — ap(Xpr1) Ty,

and 7, is now a diminishing step-size, to combat randomness. To see this, note that
Elqr|rr, X = 1] = ¢(i) vy, — (i) — aZPuqb Ty, = J(i) — (i) — aZP”J

hence at steady-state

n

E[p(Xk)qxlri] = Z G(1)&p(i) Ti — Z p(i)&ie(i) — a Z P()&P; ;0(j) Th

i=1 ij=1

= "= (I - oP) dr, — ®'Z¢ = Br, — d

TD(0) is typically slower to converge (needs a diminishing step-size), but has very low
complexity and require minimal memory requirements: the update requires only to compute

the temporal difference g, and update

Tit1 = g — YP(Xk)
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IV. MULTISTEP SIMULATION BASED METHODS

« We are now going to generalized the above techniques. Again, we consider the policy
evaluation problem under a fixed policy .

« Note that the cost-to-go J under policy p is the fixed point of J = T),(.J); hence, we also
have J =1T,,(J) =1,[T,(J)], and by induction,

__mk
J=THJT), Yk > 1,

where T:f is the operator obtained by applying k times the operator 7, to J.

« Hence, consider the operator, for A € [0, 1),

A) krpk+1
T = (1=X) Y M7,
k=0

Then, it follows that
TV = (L= X)) N () = (1=X) ) AT =1
k=0 k=0

i.e., J is also a fixed point of J = T,S’\)(J).

o We can express T\ () explicitly as

T,(x) = ¢+ aPuz,

T:(z) = ¢+ aPT,(z) = ¢+ aPc + o’P’r,

hence (as can be easily seen by induction)
k—1
Tlf(x) = ZatPté+ o Pry, VE > 1.

t=0

Hence, we can express TF([\) (x) explicitly as

o) 00 k 00
TV () = (1-X) ) NTi (@) = (1-X) ) A " a'Plet(1-X) ) N PH e = i +anPax
k=0 k=0 t=0 k=0
where we have defined .
& =Y [Ma]'P'e=[I-\aP|'c
t=0

P,=(1-)\a) Z Ao prtt

k=0
and
(1 Na
MW=z Y
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Therefore, we can interpret T,EA) as a MDP with cost-per-stage vector ¢, one-step transition
probability P, (indeed, it is easy to verify that P is a transition probability with steady-

state distribution &), and discount factor ay.
Note that we recover the previous section by letting A = 0.

Note also that o)y < «, VA > 0, so that this operation corresponds to a stronger discounting.
o We can now apply the same algorithms as we used before for projected equation methods:

we want to find a fixed point r* of
or' = [T (@r")]

This is given by
I‘* = B;ld,\,

where we have defined
By, = ®'Z(I - aPy) @, d) = ' =¢,.
It will be useful to express B) and d) as

By =9"2) MNa'P'[I - aP|®

t=0
dy = "2 [\a|'Pe
t=0

« Monte Carlo method: We consider Monte Carlo methods to estimate B, dy: consider a very

long sequence {(X,C%),0 < k < N — 1} of states and costs according to the dynamics

determined by state transitions and policy p. Then,

1 k—1
~ _ A
dy ~ 2 ; 2.Cr = d/\,k

1 k-1

By~ > 2[0(X,) — ad(Xesn)]” 2 By

7=0
where we have defined the eligibility vector

T

z & Z[)\a]T’%(Xt)

t=0
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To see this, note that

t=0
hence
1 k-1 7 1 k-1 7
Eldas] = ¢ Pl Y o(@&(Pise = - Aa]'®7=P'e
7=0 t=0 Z?] =0 t=0
— Z[Aa]tiff P'c = d, for k — oo
t=0
Similarly,
k-1 7 T
! L
E [Bai] = Zﬁb(z)f% Mo Z "9i00) — ozz [P no(m
i =0 t=0 j
1 k—1 1
=< A ®T=ZP![I — aP]®
=0 t=0

— Z Ma]!®TEPYI — aP]® = B, for k — cc.

t=

It is then clear that E[d) ;] — d) and E[B) ;] — B, as k — 0.

Then, since r* = B ld , one can estimate it as
A YA
r. = B ld
k A kYA k)

where, starting from B, o =0, dyo = 0, 20 = ¢(Xo),

1
A1 = (1 — —) dyr + 2,Cy,

kE+1 E+1

1 1
B = (1= 7 ) By lo%0) = a0

Zpr1 = Az + ¢<Xk+1).
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« Projected Value Iteration PVI()\): Similarly, we consider a generalization of PVI for A > 0.

We consider an iterative method to find the fixed point r* of &r* = Il [T,S’\)(q)r*)] of the
form

A
Oryyy = T[TV (Pry)]
starting from any initialization ry. Given ry, we obtain

eyl = ((I)TEq))ilq)TE[(_Z)\ + Ck)\P)\(I)I‘k] =TIy — (q)TEq)>71 [B,\I‘k - d)\}

Does this converge to r* when k£ — oo? Yes, based on the following theorem:

Theorem 2. Let 11¢ be the projection with respect to the weighted norm with weight vector
€. Then, under the above assumptions, 11¢[T, ;E’\)()] is a contraction with modulus oy, with

respect to the weighted norm || - ||¢, i.e.,

T[T, J1)] — T[T (J)]lle < all i — Jalle-

Then, we obtain

@1y — Préle < ay™|Pro — Or*|le.
Then, taking the limit £ — oo, we obtain

||(I)I‘k — (I)I'*Hg — 0.
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o Monte Carlo methods: Note that PVI()) is of the form

Ty =T, — ((I)TE(I))_l [B)\I'k - d)\]

We consider Monte Carlo methods to estimate these updates: consider a very long sequence
{(Xk,C%),0 < k < N — 1} of states and costs according to the dynamics determined by

state transitions and policy p. Then,

k-1

D o(X)o(X)" £ Gy

t=

PT=P ~

=

k-1

Then, we can approximate rj; as
—1
ri =1y — G Bty — dy g

where, starting from B, o =0, dyo = 0, 20 = ¢(Xo),

1 1
d =|1—-——]d C
k1 ( k:—i—l) A,k+k+1zk k

1 1
By js1 = (1 - k——l—l) By + i 1Zk[¢(Xk) —ap( X",

Zpr1 = Az + ¢<Xk+1).

This method is called Least squares policy evaluation LSPE(\).

Clearly, G, — ®T=®, B, — B, dj, — d as k — oo, hence rj, — r*.
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« Temporal Difference method TD()\)

Note that r* is a fixed point of
r=r—y(B\xr—dy), v>0.

It can be shown that, for v small enough, (I —~B,) has eigenvalues strictly within the unit

circle, hence Q[z] = (I — yBy)x + vd is a contraction. As a result, the iterative algorithm
i1 =T — Y(Bary — dy)

converges to the fixed point r* = B;ldA. Again, we want to develop a simulation based

method to do this. We can use this algorithm (TD()\)):

Tp+1 = T — Ye2k4k,

where we have defined the temporal difference

@ = 0(Xp) 1y — O — ad(Xps1) 1

and 7, is now a diminishing step-size, to combat randomness (note that g, is very noisy

across time). To see this, note that

E[zxqp|r] ZZ Mal* o (i) E{[PH i (7)) T — [PF i ¢ — a[PM1], 50 (j)r}

i,j t=0
k
=> P "OTEPM (I - aP)® T — 7] .
t=0
hence taking the limit £ — oo
lim E[zqx[r] = OTE[I— AaP] ' [(I— aP)®"r — ¢]

:BAI‘—d)\
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TD(\) is typically slower to converge (needs a diminishing step-size), but has very low
complexity and require minimal memory requirements: the update requires only to compute

the update

Tpr1 = Tr — VeRkqk,

where ¢ is the temporal difference

ar = (Xp) vy — Cp — ap(Xpi1) i,

and zj is the eligibility vector with 2y = ¢(X),

Zk+1 = )\OéZk + ¢<Xk+1).

- Note that TD(0) is recovered by letting A = 0

- It has been shown that there is a bias-variance trade-off as )\ is varied. When A is small,
PVI()\) converges to a solution with larger error (bias), but is overall less noisy; on the other
hand, when A approaches one, PVI()\) converges to a solution with smaller error (bias), but
is overall more noisy. To see the bias of the solution, consider the following theorem:

Theorem 3. Let 11¢(.J,) be the projection of J,, into the subspace spanned by ®, based on
the weighted norm with weights § (this is the smallest approximation error on J,). Let 1

be the fixed point of PVI. Then
1

I =Tl < 1 = 3 < sl = el
-y
where
(I=XNa
= 1— )l

Proof. Clearly,
15 = e (S)lle < ([T = Prile

by definition of projection.

Now, consider the second inequality:
1 = @r3llg = llJu — He( ) + Te(J) — Prillg = T, — Te(J)llg + ITe( ) — rifle

= {17 = Te(L)lE + e (TN () = Me(TD(@r))E < [l — U () 1§ + 31, — g
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and therefore

. 1
| J, — <I>r,\||§ < WHJ“ - H&Uu)”?
)
O

Clearly, in the limit A — 1, we obtain ay — 0, hence ®rj — Ilc(.J,) (i.e., the solution

becomes unbiased with respect to the best approximation as A — 1).

o Other important aspects we are not going to consider in this class (but you might be

interested to investigate further):

- Policy iteration: when embedding these schemes into a policy iteration framework, we
encounter some difficulties related to the fact that some states/actions pairs may not be
visited sufficiently often; this leads to poor quality of the estimate of .J,, hence poor

convergence properties; we thus need to enhance exploration by appropriate design of

exploration strategies
- Aggregation methods for approximate DP: the idea is to simplify the MDP by considering a

smaller MDP obtained by aggregating similar states together. If you are interested to further
develop this topic, please refer to Bertsekas Vol. II, Ch. 6.
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