Week 7-8

Nicolo Michelusi

I. OPTIMIZATION ALGORITHMS

« Sometimes we can explicitly solve for the optimal solution in closed form, by solving KKT
conditions directly, or solving the Lagrangian and dual problems (see previous examples)
« However, often a closed-form solution is not possible, and we need to resort to numerical
algorithms
— A numerical algorithm starts from some initial estimate x(, and iteratively generate
new estimates by
T = T(zy)
Hopefully, as k£ — oo, xp — z*, the optimal solution
— When does such a sequence converges to the optimal solution?
— If so, how long does it take to converge to a certain accuracy? (sample complexity)

« Example: compute /2 using only +, —, x, /.

=2 @-Dz+1l)=1ler= +1

z+1

This suggests the update
1
T =
(xk) rp+1

which is such that 7'(v/2) = v/2 (i.e., V2 is a fixed point of 2 = T'(z))

+1

To prove convergence, let =,y > 1, and consider |T'(x) — T'(y)|:
ly — 2] 1
T(x) =Ty = —2— T <y o
1) = T0) = 5 e < i
Therefore, choosing y = /2 we get

1 1
|1 — V2] = |T(zx) — V2| < Z|Ik — V2| < < g — V2

4/€+1
and therefore x;, converges linearly to /2, by initializing it with zy > 1.

However, not all algorithms converge:

r=V2s@-Dz+l)=1er= -1

r—1

but the algorithm xy 1, = ﬁ — 1 does not converge
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II. ALGORITHMS FOR UNCONSTRAINED OPTIMIZATION

« Solve min f(x), f convex
Optimality condition is

f(z552—2) >0, Va
When f is differentiable, the optimality condition becomes
Vfiz*)=0
« Assume f differentiable; consider the iteration of the type
Tpp1 = T(xg) = zp — aV f(zx)

Note that z* is a fixed point of the mapping 7'(z): if xx = z*, then T'(x}) = x*.
« Example: f(z) =

Q@)’\\pg}l Sb\}kj(\OV\ < X =0

)
V:f(x,,, Y = Xyn @ (/' ODXM (/""’D Xo

T d & (0/25 =) Xy wVNe\(ye& l\/\eav b
}) A=12 ) Xy, = (‘l)  Xo = Jeopt Obaua}\V}
TF 151 = i, dvage o =200

« Note: the algorlthm does not converge when « is too large; it converges slowly if « is too
small..

« Proof of convergence (for o > 0 sufficiently small). Need to show that

1) f(zx) decreases across iterations

2) ||lxx — z*||2 decreases sufficiently fast across iterations

Typically, we need stronger structural properties of the function, in addition to convexity
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« First approach

Lemma 1. Assume f is inuously differentiable and 3L > 0 such that
/ IVf(z Yl < Lz =yl Yo,y e R K
(gradient is Lipschitz continuous with parameter L) Then

f) < f()+ V@ >T<y—x>+§||x—y||§, Vr,y, € K"

/Y;) See ’\’IA\S et vs V’X
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Theorem 2. Assume the same conditions as before hold; f is bounded below by f*; and

0<a<2/L. Then V f(xy) — 0 for k — oc.
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o Norm approach:

Lemma 3. If f is convex, then
(Vf(2) = V) (z—y) =20, Vz,y, e R"

(this holds also if V is a sub-gradient)

A mapping that satisfies this condition is called "monotone mapping"

{9 7 Jo) 6T ()
I OR OBy OIS
b oo he o

0 7 [HB-v{) )T [y
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Lemma 4. If f is x, differentiable, and its gradient is Lipschitz continuous with
parameter L, i.e.
IVf(z) =Vl < Llz = yll2, Vo,y,€ R

)= 7 HVf FW2, Va,y, € R"

Fiy. Ler W) f/> ﬁ) vm(x-@
o b g)-o , o= 10Ty , Voly=o
o] 9 5 omex =) X PUANGY] 3@
AOfOfi)i\DwaMy ;me Lips b continuonS 7Yaﬂf\ev6\’ -.

[Vg(2)- 19 - [Pt = Ll
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Theorem 5. Assume that

(Vi) = V@) (@~ y) > 71V @) ~ VG, Yoy, € R

0 < a <2/L and 3x* with V f(x*) = 0. Then, the sequence of points generated by
T = ) — OV f(zy)

converges, and the limit v, satisfies V f(rs) = 0.
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L\l > 108 o) |-l > s

o These results prove vergence to (one) optimal point x*. However, they do not provide

guarantees on how much time it takes to converge. To this end, we need stronger conditions

(e.g., strong convexity)

Theorem 6. If f is stroypgly convex with Lipschitz continuous gradient with parameter L,
Llz =yl > [Vf(z) = VW] (@ —y) > pllz = yl3, Va,y € R

for some p > 0 (note that we must have p < L), and ) < o < %, then xy converges to T*

with linear rate. In particular,

lzk — || < €¥[lwo — 27|

where § = /1+a?L? —2ap € (0, 1).
SCLM 6§ %@ﬁwek
(P A PR s

— qu w” *“X‘v ﬁ”‘g N ’L K Yu (X"‘" X)j

_olvj(xu) ?‘if()? ' :
- ()fljvf(xw)fo(@“z ‘ ” vl ’NN’\M

A e
( KL= 240) Prexly < g e,

§
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o Scaled gradient descent algorithm:

Th+1 = Tk — an(:z:k)

converges if the gradient of f is Lipschitz continuous with parameter L and o < 2/L.
The algorithm can be made faster by properly scaling the gradient by a positive definite
matrix P > O:

T = 2 — PV f(xy)

This algorithm converges if the gradient of f is Lipschitz continuous and o < %, where
Amax 18 the maximum eigenvalue of f.

To see this, note that the this is equivalent to a change of variables:

)ﬂﬁf\x as xilfy . Lot g(y)#(@
u;m ‘6(‘1) 5 o es poben. Vgl p vf(@
e bt |19 -] - o) () W(@‘D’Vf@
2 Mo [08lE) WY <, C IFyBL
S Moo U 14
= g Vot Lipsthite e graclioh with para Ao L

> 6D ogs Lih 4L B ad o

Yoo = o LTI o AP T ()

=D Kon= Ku APV (%)

February 19, 2019 DRAFT



10

« Example

xxxxx

where p > 1
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o These algorithms can be generalized as follows:
Tpp1 = Tp + di
where dj, is a descent direction:
V() d < =€l Vf(z)ll3, €>0

Further, assume that

ldillz < MV f(2)l2

Then, we can prove the following:

Theorem 7. Assume dj, is a descent direction and € > 2= Assume f is bounded below.
Then, if € > %, Vf(zg) = 0 for k — oc.

To see this,

LM?

Flonen) = flatd) < o)+ T dt Sl < o= (e~ 550 ) IVF@lR

hence

P o) < Floo) = (e 550 ) S IVl

hence we must have ||V f(z)||2 — 0 for k — oo.

Examples of descent directions:

- dp = —aV f(zy) (standard gradient descent algorithm)

&\/\gase Z’;M:)O{ ‘]3‘78)/ ”V(h“7=(7l“vfxw“1 ' V Xw dk "OZ”V.{[X.,)
Cmerse f Z>”M4 P L o) e 2 L

- di, = —aPV f(zy), P> 0 (scaled gradlent descent algorithm)

Cheose &= Motk X yaf ] € Qe[ 95 (), j of (&)Tdh, = - V) P (%)
M= A A € - d Ao

1 ‘:0["
Cov\\lev;ob 1’£ 1 Z>_l;,"‘, ED Juad > LAZ

(£ de =
L
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— Assume a strongly convex function H(z) > pI, Vx, such that H(z) < Apax!. dp =
—aH(x)™'V f(z;) (Newton algorithm)

Chosse £ 2 H-*;L = }0(14,} ) J\ﬁf(“f”(")vtm = ?‘hﬁ(xvjjz

A’
e T, = - L04(e) W 960) < - 1 10fi)
COb‘VGg@'HQZ>’f’L:9 w».>ib—£:—é:>olé g—‘?\""

Note: Newton direction is the o€1e that minimizes a IS‘eC('S‘ﬁd order Taylor approximation

;

of the objective function

Fly) = Fla) + VH@) (= 22 + 50— )" By - )

minimized at

Y —xp = —H(xy,) "'V f(2x)
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o These proofs require the function to be smooth (Lipschitz continuous gradient)

pon- el

What if this condition is not satisfied? We need to use sub-gradients. In this case, the

standard gradient descent does not converge to the optimal point, but may keep oscillating:

Theorem 8. Assume [ is convex and its subgradients are bounded, ||V f(z)|2 < M.

Consider the subgradient descent algorithm

Tr1 = vp — aV f(zy), 'ZE/MZ
<
where V f(x) is a subgradient of f at x. Then, for any ¢ > 0 and « <W, thevomeivts
= MKkzo, 3 Nxle st f(xw <7{/yj+g

Eiercm —mmlaes Y

i.e. T converges to an e—suboptimal point.

Lk ¢ D)< D) s8h . Cluadg, ¢ €115, %;o

it e o e
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—
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To guarantee convergence to the optimal point, we need to use a diminishing step-size.

Theorem 9. Assume [ is convex and its subgradients are bounded, ||V f(z)|2 < M.

Consider the subgradient descent algorithm
Tpy1 = xp — apV f(xp),
where V f(x) is a subgradient of f at x. Then, if
Zak = 00, Zai < 00,
k k

then xy — x*, where x* has a sub-gradient V f(z*) = 0

Sauue as LB/M/W joith Ao Md’eu&%o(;

Ol € o+ 4% 24 (f@ 75/@
\/N\_/

So vk

— Sk } b gabocdy < ds LLM 25 bt
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ITI. CONSTRAINED OPTIMIZATION ALGORITHMS

« Solve min f(x), s.t. z € F, f convex, F is convex
Optimality condition is

fl(xz552—2*)>0, Ve e F

where z* € F

When f is differentiable, the optimality condition becomes
Vi) (x—2*)=0, Vo e F

« However, the normal gradient descent algorithm does not work any more because the new
Zr+1 might fall outside of F

o Three solutions to this problem:

1) Associate a penalty to constraint violation: choose convex g(z) such that
g(x)=0, z€F
g(x) >0, v ¢ F
and solve the unconstrained problem
min f(z) + Bg(x)

The solution will approach the original constrained problem as  — oo
2) Interior point method: choose g(x) such that g(x) — oo as = approaches the boundary

of F from inside; then, minimize

min f(z) + Bg(x)

as before; due to the barrier, the optimal solution is in the interior of F; as § — 0, the
optimal solution tends to the solution of the unconstrained problem

3) Projection method: after each update, project x;,; back to its feasible set:
+ .
x =argmin ||z —x
(1] & mul | k2

In the first two cases, the problem is converted to an unconstrained problem; we can then
use gradient based algorithms; however, it may be difficult to ensure the Lipschitz continuity

of the gradient.
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IV. PROJECTION AND GRADIENT PROJECTION ALGORITHM

« Define the projection

+ _ : _
[=]" = argmin [y — =2

Example: F = ®;|a;, b;] (projection onto a box)

oin - o= w3 (5-2f
ye’-? et

x o el

XWM b, lf X1 >y
/6Eq"] ‘7 )h A 4 ki 20y
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« Projection theorem (Bertsekas&Tsitsiklis,P.211)

Theorem 10.

1) Yz, 3 a unique z € F that minimizes ||y — x||2 over all y € F, hence, [x]* is unique

defined.
2) == [a]* if and only if (y — 2)7(x — =) <0, Yy € F
3) The mapping p(x) = [z]T is continuous and non-expansive, i.e

Ip(z) = p@)]l2 < |z = yll2, Vz,y € R

D AW/« g e 3 (V\grmgq?a?ng mnim}/@»

U;Tv‘xl“y—xuz s a ConVEx opﬁw‘%cd\a\i po h
yé?z

OP%\MJW/ m,to{,{ﬁohf ave:

ofeflrro ¥ ye7
i VF (e )

24§3xwe P crohihan 1€ \/evi/fd ol oo Pj‘“t/ (f/);'fzv
l,«/‘-’ﬁ" %k/é l73\(/67G
= (yl-x—x)‘/y/%x)kc ¥ l/'é}j/ V;'é}:,zy
= (Y- X)T(y} %’j 70 avd | Iﬁ’lxj [ s 7@ >0

:_—-9 (5\)&& «H@W} (Vlk’ le;) (%y’yfk)k o(=) - n‘fi’lf):’
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« Gradient projection algorithm

Tpp1 = [zx — oV f(2x)] "

Lemma 11. Assume f is convex and differentiable. Then x* = arg min,cr f(x) if and only
if
ot = [z" —aV ()],

e. ©* is a fixed point of the gradient projection algorithm.

agns J() 5 (ophwedly saolfios).

“ Ve (x) Zx X)>O ¥xe)
) Asaare = m;/)‘)r =p (x ozv//»))

= Fowm aé‘l“)‘"‘)f\/ fpo)edw).

(X-P(x"-oz\?ﬁ/x*)»T/ A () - p [X‘—O(Vf/@ co ¥ )(63:
(= /x~x*)f‘(— &Vf{k*))éo T = Vﬁ(y")ﬁ(m* so txd
:—j A% opfluw-/
2> A5S&We )<’f/ [x*—oﬂﬁﬁj] ~——“>j Xéj:—,- ()(~ x‘) [*idv‘fﬁ?—')(}x)
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Theorem 12. If f is convex, with Lipschitz continuous gradient with parameter L, there
exists some x* such that x* = [xv* — oV f(2*)]T, and 0 < o < 2/L, then x), converges and

its limit minimizes f(x) over F.

Fyo m PYO\)'@%@"‘ LA \/\0\)@
(\f" XM,I—\)/\ /Xu’wf/'x“) ’KWQ =0 Vlyégj

" Mw\w ﬁw \/5)4\4, ]
Y (mrxw) Vf/@ < - [| - x“””:

—) f(x!w)é f éé«) 4 Qf (X@T /x.,k,,r )@ 4 1[//— ”mm@)ﬁ
= {l)-[f ) ol

= =9 - [ Yl }/> Wi\l ok ” = L ol =0

>0
Z Wso

L
P R o= =)
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If further f is strongly convex, we have the following linear convergence result

Theorem 13. If f is strongly convex with Lipschitz continuous gradient with parameter L,

Llz =yl > [Vf(z) = V)] (@ —y) = plle = y]3, Yo,y €R"

for some p > 0 (note that we must have p < L), x* = arg min,cr f(x) (unique since f is

strongly convex), and 0 < v < %, then xj, converges to x* with linear rate. In particular,

|| Y- A - | p e 42fl09)- Pl /
- 2 () 9|
{ )>”1é Lj\\ X X “z

o, o o 0],
_24 (< ¢ (e W)
\/_\//?—/
z f((xﬂ%\z o
(M(,u 2dp\4 (4 &L’Zol€>

lz — 2| < €¥[lwo — 27|

where £ = \/1+ a2L? — 2ap € (0,1).

=

——

X~

‘xo

1

February 19, 2019 DRAFT



o Scaled gradient projection algorithm: similar to the unconstrained case, we can define the
scaled version of the algorithm

Tp1 = [z, —aPVf(z ?>O
However, in this , we need to take special ¢ tthp] ection operation. To see this,
treat the scaled algorithm as a change of variables:

- o 5. L g 1) \qm,xefs

3‘/) o omos optuisdor problak.

> i

Vyly) = & W (W)
= 47l - N A 2734l
= Quyuin

; )V X~ o (¢ VJD fi) VH
¢

= q,ﬁww\ (X &PVf(X») V)q) X - &PVJ){/@ \f)
= av?ww\ ” X, o(PVf/X) \G,]“

> 6‘0\\'? b&\cl// /-6 aY\ﬁU/\D/{ ﬂ[OMQM X> (7

X \’(Vw(\) a'ﬁm“
XEX
(ley fobbs %A okd-% ’hug}’ %0 BefEchJ)
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« Projection in the dual

- In general, the projection operation can be difficult to carry out if the constraints set is in
a complex form.

- However, projection is easy in the dual domain, since the constraint set is always a
quadrant. In addition, the subgradient has a simple form.

o Primal problem:

min fo(z)
S.t. fl(flf) < 07 A4

Ax

I
=

Lagrangian:

L(z,\,v) = fo(x) + Z)\ifi(x) + v (Az—b), A>0

Dual function

g(\,v) =min L(x, \,v)

x
the minimization of the Lagrangian is unconstrained, hence it can be accomplished using a
standard unconstrained gradient descent algorithm.

Dual problem

max g(A\, V)
s.t.A>0

This can be solved using the gradient projection algorithm.

The subgradient of g at (A*), (®)) is given by
Vg v®) = [f(@W),.., fm(a™), Az —1]

where

2" = argmin L(z, \®), 1))
To show that this is indeed a subgradient, need to show that

g\ v) < g(A® W) 4 wg(AE YT ([X; 0] — A 0B)]), WA > 0, v
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(note that g is concave)

In fact we have
g()\(k)’ y(k)) + Vg()\(k), ,/(k’))T([)\; ,/] _ [)\(k); y(k)D

= L™ A® p®) £ 3 F@®) (0 = AP + (v — 8T (4B — )
= L(z™ A\, v) > mminL(:U,)\, v) =g\ v).
As a result, the gradient projection algorithm for the dual is of the following simple form:
N = N+ anfila )]
D = ) gy (A2 — b)

(possibly, diminishing step-size if not differentiable)
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o Example: waterfilling in fading channels
max > P(g) In(1 + gp(g))
g

s.t. 0 <p < Phax

> " Plg)plg) < P
’ o tekon WG
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o \%Ax:)

l + ,
W j@una{ pvc’vfo Uo“]\ﬁ 'HAJ— F/ﬁ): [y - é—) L
(et /\@ >0 ( mf)ﬁa/ﬁ%w\\o/)

=, 29V _ ,L..liﬁ
= 0l iﬂj@()s y) P o
+ﬂ(n% {o,“'

= ™ [A@% {%W)/%yy_@j}
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« Example: utility maximization of a single resource

max Z Ui(x;)

J,; )lX (/\M >K=D wmae® /\ decvem X\‘
T} ,LX (/\ )dij decvesse ) inibre 3o
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« Example: distributed optimization over a network
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