Week 7-8

Nicolo Michelusi

I. OPTIMIZATION ALGORITHMS

« Sometimes we can explicitly solve for the optimal solution in closed form, by solving KKT
conditions directly, or solving the Lagrangian and dual problems (see previous examples)
« However, often a closed-form solution is not possible, and we need to resort to numerical
algorithms
— A numerical algorithm starts from some initial estimate x(, and iteratively generate
new estimates by
T = T(zy)
Hopefully, as k£ — oo, xp — z*, the optimal solution
— When does such a sequence converges to the optimal solution?
— If so, how long does it take to converge to a certain accuracy? (sample complexity)

« Example: compute /2 using only +, —, x, /.

=2 @-Dz+1l)=1ler= +1

z+1

This suggests the update
1
T =
(xk) rp+1

which is such that 7'(v/2) = v/2 (i.e., V2 is a fixed point of 2 = T'(z))

+1

To prove convergence, let =,y > 1, and consider |T'(x) — T'(y)|:
ly — 2| 1
T(x) =Ty = —2— T <y o
1) = T0) = 5 e < i
Therefore, choosing y = /2 we get

1 1
|1 — V2] = |T(xx) — V2| < Z|Ik — V2| < < g — V2

4/€+1
and therefore x;, converges linearly to /2, by initializing it with zy > 1.

However, not all algorithms converge:

r=V2s@-Dz+l)=1er= -1

rx—1

but the algorithm x; 1, = ﬁ — 1 does not converge
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II. ALGORITHMS FOR UNCONSTRAINED OPTIMIZATION
« Solve min f(x), f convex

Optimality condition is

f(z552—2) >0, Vz
When f is differentiable, the optimality condition becomes
Vfix*)=0
o Assume f differentiable; consider the iteration of the type

Tpp1 = T(xg) = zp — aV f(zg)

*

Note that z* is a fixed point of the mapping 7'(z): if xy = z*, then T'(x}) = x*.

o Example: f(z) = 3

« Note: the algorithm does not converge when « is too large; it converges slowly if « is too
small..

« Proof of convergence (for a > 0 sufficiently small). Need to show that

1) f(xx) decreases across iterations

2) ||xx — z*||2 decreases sufficiently fast across iterations

Typically, we need stronger structural properties of the function, in addition to convexity
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« First approach

Lemma 1. Assume [ is continuously differentiable and 3L > 0 such that
IVf(x) =Vl < Lz —yll2, Vo, y, € R
(gradient is Lipschitz continuous with parameter L) Then,

F) < F(@) + VI 2) + oz — gl Vg € R

February 21, 2019 DRAFT



Theorem 2. Assume the same conditions as before hold; f is bounded below by f*; and

0<a<2/L. Then V f(xy) — 0 for k — oc.
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o Norm approach:

Lemma 3. If f is convex, then
(Vf(x) =V (y)'(x—y) >0, Vz,y,e R"

(this holds also if V is a sub-gradient)

A mapping that satisfies this condition is called "monotone mapping"
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Lemma 4. If f is convex, differentiable, and its gradient is Lipschitz continuous with
parameter L, i.e.

then
(Vf(x) = Vi) (z—y) > %Ilvf(w) —VIwl3 Yoy, e R"
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Theorem 5. Assume that
(Vi) = Vfy) ' (z—y) = %va(l“) ~ VW3 Yo,y €RY
0 < a <2/L and 3x* with V f(x*) = 0. Then, the sequence of points generated by
Tp1 = o — aV f(xy)

converges, and the limit v, satisfies V f(rs) = 0.
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« These results prove convergence to (one) optimal point x*. However, they do not provide
guarantees on how much time it takes to converge. To this end, we need stronger conditions

(e.g., strong convexity)

Theorem 6. If f is strongly convex with Lipschitz continuous gradient with parameter L,
Liz =yl > [Vf(z) = V@] (@ —y) > pllz = yl3, Va,y € R

or some > noite al we mus ave ~ , adn (6% T3, en I converges o xr
p > 0 (note that t have p < L), and 0 < o < 25, th ges to r*

with linear rate. In particular,

lzk — 2| < €¥[lwo — 27|

where £ = \/1+ a2L? — 2ap € (0,1).
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o Scaled gradient descent algorithm:

Tp1 = T — aV f(zy)

converges if the gradient of f is Lipschitz continuous with parameter L and o < 2/L.
The algorithm can be made faster by properly scaling the gradient by a positive definite
matrix P > 0:

Tpy1 = — PV f(xy)

This algorithm converges if the gradient of f is Lipschitz continuous and o < %, where
Amax 18 the maximum eigenvalue of f.

To see this, note that the this is equivalent to a change of variables:
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« Example

min —(x] + p3)
Z1,T2

where p > 1
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o These algorithms can be generalized as follows:
Tpy1 = Ty +dy
where dj, is a descent direction:
V() d, < =€l Vf(z)ll3, €>0

Further, assume that

ldill2 < MV f(2)]l2

Then, we can prove the following:

Theorem 7. Assume dy. is a descent direction and ¢ > LTW Assume f is bounded below.
Then, if € > LTMQ, Vf(zg) = 0 for k — oc.

To see this,

LM?

Flonen) = flatd) < o)+ Vf e dt Sl < o= (e~ 550 ) IVF@lR

hence

P o) < Floo) = (e~ 550 ) S IVl

hence we must have ||V f(z)||2 — 0 for k — oo.

Examples of descent directions:

- dp = —aV f(xy) (standard gradient descent algorithm)

- dp = —aPV f(xy), P> 0 (scaled gradient descent algorithm)
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— Assume a strongly convex function H(z) > pI, Vx, such that H(z) < Apax!. dp =
—aH(x)™'V f(z;) (Newton algorithm)

Note: Newton direction is the one that minimizes a second order Taylor approximation

of the objective function

Fly) = Fla) + VH@) (=2 + 50— )" By - )

minimized at

Y —xp = —H(xy,) "'V f(2x)
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o These proofs require the function to be smooth (Lipschitz continuous gradient)

What if this condition is not satisfied? We need to use sub-gradients. In this case, the

standard gradient descent does not converge to the optimal point, but may keep oscillating:

Theorem 8. Assume f is convex and its subgradients are bounded,

Vi)l < M.

Consider the subgradient descent algorithm
Tp1 = v — aV f(wy),

where V f(x) is a subgradient of [ at x. Then, for any € > 0 and o < ¢/M?, Vk > 0 there

exists n > k such that
f(xn) < f(z7) +

(i.e. x, is an e—suboptimal point)
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To guarantee convergence to the optimal point, we need to use a diminishing step-size.

Theorem 9. Assume [ is convex and its subgradients are bounded, ||V f(z)|2 < M.

Consider the subgradient descent algorithm

Tp+1 = T — Oéka([Ek),

where V f(x) is a subgradient of [ at x. Then, if

E ap = 00, E a; < 00,
k k

then x; — x*, where x* has a sub-gradient V f(z*) =0
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ITI. CONSTRAINED OPTIMIZATION ALGORITHMS

« Solve min f(x), s.t. z € F, f convex, F is convex
Optimality condition is

fl(x552—2*)>0, Ve e F

where z* € F

When f is differentiable, the optimality condition becomes
Vi) (x—2*)=0, Vo e F

« However, the normal gradient descent algorithm does not work any more because the new
Zr+1 might fall outside of F

o Three solutions to this problem:

1) Associate a penalty to constraint violation: choose convex g(z) such that
g(x)=0, z€F
g(x) >0, v ¢ F
and solve the unconstrained problem
min f(z) + Bg(x)

The solution will approach the original constrained problem as  — oo
2) Interior point method: choose g(x) such that g(x) — oo as z approaches the boundary

of F from inside; then, minimize

min f(z) + Bg(x)

as before; due to the barrier, the optimal solution is in the interior of F; as § — 0, the
optimal solution tends to the solution of the unconstrained problem

3) Projection method: after each update, project x;,; back to its feasible set:
+ .
x = argmin ||z —x
[@r1] & mul | k2

In the first two cases, the problem is converted to an unconstrained problem; we can then
use gradient based algorithms; however, it may be difficult to ensure the Lipschitz continuity

of the gradient.
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IV. PROJECTION AND GRADIENT PROJECTION ALGORITHM

« Define the projection

+ _ - _
(2] —argryrg;llly (|2

Example: F = ®;|a;, b;] (projection onto a box)
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« Projection theorem (Bertsekas&Tsitsiklis,P.211)

Theorem 10.

1) Yz, 3 a unique z € F that minimizes ||y — x||2 over all y € F; hence, [x]
defined.

2) z=[z|* ifand only if (y — 2)T(z — 2) <0, Vy € F

3) The mapping p(x) = [z|T is continuous and non-expansive, i.e.

lp(2) = p)ll2 < llz = yll2, Yo,y € R"
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« Gradient projection algorithm

Tpp1 = [T) — Oévf(xk)]+

Lemma 11. Assume f is convex and differentiable. Then x* = arg minger f(x) if and only
if
v = [z" —aV ()],

i.e. x* is a fixed point of the gradient projection algorithm.
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Theorem 12. If f is convex, with Lipschitz continuous gradient with parameter L, there
exists some x* such that x* = [xv* — oV f(2*)]T, and 0 < o < 2/L, then x), converges and

its limit minimizes f(x) over F.
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If further f is strongly convex, we have the following linear convergence result

Theorem 13. If f is strongly convex with Lipschitz continuous gradient with parameter L,
Lllz =yl = [Vf(z) = V)" (z —y) = pllz = y]3, Yo,y € R"

for some p > 0 (note that we must have p < L), x* = arg min,cr f(x) (unique since f is

strongly convex), and 0 < o < %, then xj, converges to x* with linear rate. In particular,

lzk — 2| < €F[lwo — 27|

where £ = \/1+ a2L% — 2ap € (0,1).
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o Scaled gradient projection algorithm: similar to the unconstrained case, we can define the

scaled version of the algorithm
Tp1 = |1 — aPV f(x)]"

However, in this case, we need to take special case at the projection operation. To see this,

treat the scaled algorithm as a change of variables:
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« Projection in the dual

- In general, the projection operation can be difficult to carry out if the constraints set is in
a complex form.

- However, projection is easy in the dual domain, since the constraint set is always a
quadrant. In addition, the subgradient has a simple form.

o Primal problem:

min fo(z)
S.t. fl(flf) < 07 A4

Ax

I
=

Lagrangian:

L(z, \,v) = fo(x) + Z)\ifi(x) + v (Az —b), A>0

Dual function

g(\,v) =min L(x, \,v)

x
the minimization of the Lagrangian is unconstrained, hence it can be accomplished using a
standard unconstrained gradient descent algorithm.

Dual problem

max g(A\, V)
st.A>0

This can be solved using the gradient projection algorithm.

The subgradient of g at (A*), (®)) is given by
Vg v®) = [f(@W),..., fn(x™), Az — 1]

where

2" = argmin L(z, \®, 1))
To show that this is indeed a subgradient, need to show that

g\ v) < g(A® W) 4 wg(AE LENT([x; 0] — AR 0B]), WA > 0, v
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(note that g is concave)

In fact we have
g()\(k)’ y(k)) + Vg()\(k), ,/(k’))T([)\; ,/] _ [)\(k); y(k)D

= L™ A® 0®) £ 3 f@®)( = AP + (v — )T (4B — )
= L(z™ A\, v) > mminL(:U,)\, v) =g\ v).
As a result, the gradient projection algorithm for the dual is of the following simple form:
N = N+ anfila )]
D = ) gy (A2 — b)

(possibly, diminishing step-size if not differentiable)
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o Example: waterfilling in fading channels

max Z P(g) In(1 + gp(g))

p
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« Example: utility maximization of a single resource

maXZUZ<ZL’Z)
s.t. x>0
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« Example: distributed optimization over a network

min Z filx)
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