Week 5-6

Nicolo Michelusi

I. LAGRANGE DUALITY AND APPLICATIONS

o Duality:
- convert a convex problem (primal problem) with a set of variables (primal variables) to
another convex problem (dual problem) with another set of variables (dual variables)
- Under mild conditions, the two problems are equivalent!

« Benefits of duality:
- Reveal structure of the optimal solution (KKT conditions)
- The dual variables have engineering interpretations; they can be interpreted as the price
of the constraints
- The original problem may be decomposed into sub-problems, when we convert to the dual,
leading to distributed solutions: each user can minimize a sub-problem from the Lagrangian
independently, as long as the correct "prices" are provided.
- The constraint set of the dual problem is often simpler (easy to compute projection)

o Primal problem (for now, let us consider also non-convex problems)

min fo(z)
st fi(x) <0, i=1,...,m

hl(m):O, Z:L,p

» Lagrangian function

L(z, \v) = folz) + Y _Nifi(x) + > vihi(z), X > 0,Vi
=1 =1

- A can be interpreted as a "price" for violating the inequality constraints; similar interpre-
tation for v

» Minimize Lagrangian over primal variables x

g(A\,v) = min L(x, \, v)

xT
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:minfo(x)—i-Z)\ifi —1-21/12 . N > 0,Ve
i=1

- note: the constraints are eliminated!
- if the problem is convex, L(z, A\, v) is convex wrt x and the necessary and sufficient

optimality condition becomes (case when functions differentiable)
V.L(x,\,v) =0
or equivalently (assume equality constraint Ax = b for convex problem)

Vio(z)+ Y AVfix) + ATv =0

- Interpretation (valid also for non-convex problems): assume z* = arg min L(x, A, ) and

let f7 = [, (z*) and h} = h;(x*). Then, z* is the global optimizer of the following problem:
min fo(z)
st filx) < ffi=1,...,m
hi(x) =h;, i=1,...,p

In fact,
fo(z"™) = L(z", A\, v) ZAf th < fo(= Z i(fil@) =)+ vihi(x)=h7) < fol),

for every feasible = such that fl(x) < fF and hz(a:) = hl.
- Roughly speaking, we can then tune the prices A and v to obtain the desired trade-off.
« Properties of dual function g(A, ) (even when the problem is not convex):
- g(\,v) is a concave function of (A, v): L(z, A, v) is linear in (A, v) (hence concave) and
the minimization over concave functions is concave!

-Letz € F,ie. fi(x) <0 and h;(x) =0, Vi. Then
g\ ) < Lz, \v) = +foz < folz), Yz € F

It follows that
< 1 fry *
g\ v) < min folz)=p

and g(\,v) is a lower bound to the optimal value!

- It makes then sense to find the tightest lower bound:

max g\ v) < mm fo(x) (weak duality)
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o Dual problem:

max g(\, v)
s.t. A>0

This is a convex optimization problem since g is concave and constraints are convex.
- We have investigated this problem previously: the optimality conditions are (for simplicity

now, assume ¢ differentiable)
Vag(A,v) <0
A>0
AiVag(d,v) =0
Vog(A\v)=0

This can be simplified by noticing that V,g(\,v) = fi(z,,) (not a rigorous argument, but
it helps to develop intuition), where
Ty, = argmin L(x, \, v)

To see this, let us compute the directional derivative of g(\, v) along the direction (\,v) +

t(d,v), t > 0:

m p
gAF+td,v+tv) < L(zy,, \+td, v+tv) = L(xy,, A, 1/)—l—tzdl-fl-(x,\,l,)—l—thihi(x,\,,,)

=g\ v)+t Z difi(xy,) + tzvihi(m)\,u)
i1 i1

hence
. g A+ td, v+ tv) “ “
i t Z i(230) 2 o (rs)
Similarly,
g\ V) < L(Txitdprtos M V) = g(A + td, v + tv)
—t Z dzfz (x)\+td,1/+tv) —1 Z Uihi(x)\+td,y+tv>
i=1 i=1
hence
i A+td,v+tv) — g\ v) - -
t1_1)0+ 2l ; Z i(Trttdptto) + Z i (Tattdyttv)

=1 =1
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Combining the two inequalities, and assuming that f;(Zxiiq4ty) and A (Triidp4+40) are

continuous in ¢, it follows that

lim gAN+td, v +tv) — g(A\ v)
t—0 t

= VagA ) d+V,g(\ ) 0 = difi(wan)+ D vihi(w,)
i=1 i=1
or equivalently

VagAv) = fi(za,)
vVig(/\w V) = hi(xk,u)

« By combining together the optimality conditions of the Lagrangian and dual problems, we

obtain a set of Karush-Kuhn-Tucker (KKT) conditions:
m p
2" = arg min fo(x) + Z; Aifi(z) + Z; v;h;(z) (Lagrangian optimality)

fi(z®) <0, Vi (primal feasibility, comes from V,g(\,v) < 0)
hi(z*) =0, Vi (primal feasibility, comes from V, g(\,v) = 0)
A > 0 (dual feasibility)

Aifi(z*) = 0,Vi (complementary slackness conditions, comes from \; V. g(\,v) = 0)
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« In general, for non-convex problems, weak duality holds g(\, v) < min,cr fo(z) = p*, but

not strong duality g(A, v) = minger fo(x) = p*.

Example: minlIn(x) s.t. x > 2; optimal value is In 2, but dual function is

g(A) =minln(z) — Az —2) = —o0, YA >0

>0
However, for convex problems, under mild conditions (more later), strong duality holds. In
the above example, by using the change of variables x = e¢¥ we obtain miny s.t. y > In 2,
and the dual function is
g(A) =miny — Ay —In2) = 2 A=l
—o0 A#1
and the dual problem is maxy>o g(A) = In2, so that strong duality holds.
o In general (convex AND non-convex), KKT conditions are equivalent to global optimality
and strong duality:
- Theorem: (z*, \*, v*) satisfy KKT conditions < z* is globally optimal and strong duality
holds. (valid also for non-convex problems)

= To see this, assume (z*, \*, v*) satisfy all KKT conditions. Then, since h;(z*) = 0,
g\, V") = L(a®, X", 1) )+ Zm
From complementary slackness conditions, we also have that A f;(z*), Vi, yielding
g\, ") = fola7)

Since d* = g(\*,v*) = f(z*) < p* = minger fo(z), and x* is feasible, it must follow that
x* is globally optimal, with optimal value p*, and strong duality holds.

*

< assume that x* is globally optimal and strong duality holds with \* > 0 and v* (dual

feasibility). Then
J(a%) = g\, v") < L X", 1) +ZM‘2 +ZVH ) < fola®)

since z* is feasible (primal feasibility: f;(z*) <0, hi(:zr ) = 0) and A* > 0. Then it follows

that all inequalities are, instead, equalities. As a result, we must have
Aifi(z*) =0, Vi (complementary slackness)
and

g(\",v") = L(z*, \*, V"),
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so that z* minimizes the Lagrangian.
All KKT conditions are thus satisfied.
« If the problem is convex, under mild assumption, a stronger result holds
- Theorem: if the problem is convex, Slater condition is satisfied, and rank(A) = p (# of
equality constraints) then strong duality holds.

- Slater condition: there exists © € D such that

filr) <0, Vi=1,...,m
Az =0

In other words, there exist a feasible z which satisfies all inequality constraint strictly.
- This is a very mild assumption, valid in many applications

- rank(A) = p is not difficult to attain and is not restrictive

LQ%- A Le PN wiTh vonle (A> =Y & um llp’h} oy

\ 0 : : >
S\D dappostion g A= DSVT where 5;:[20}, D s ol wilh D>
=2 P o [0 e|b

L. = — e‘;pﬁb (UHAQW\S"/“vdeMLb) tn‘

b, : ,
{
o Ve |
Y

- Proof via graphical interpretation

&/
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o Weak and strong duality: we have seen that

- g(\,v) is concave

- d* = maxy>o, g(\,v) < p* = min,er fo(r) (weak duality)

- p* — d* is the "duality gap"

- If the problem is convex, under mild assumptions (Slater condition), the duality gap is
zero (strong duality)

« Example: rate control
min Z Us(z)
S.t. ZHs,lxs S Rl, Vi

need R; > 0, VI for Slater condition to hold.
- What if R; = 0 for some [?

Tov such ¢, we wart how SS— Nso ¥s =0 = %5>0 JVL-gi use>\0
_47’-\70/(! X430, VS d \’\5(,7'7/ V'Q,:Kt’-'v CWD{ QF\TMAH{’

9,\\; ey e yewui«\viy X
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« Graphical interpretation (Boyd p.234):
- Let

G = {(fl(m)’ s 7fm(x)ahl<x)> - ’hp<x)7f0(x))|$ S D}

A={(u,v,t)|Fz € D : fi(x) < w, Vi, hi(x) =v;,Vi, fo(x) <t}

(like an epigraph, but without the variable z)

- Let p* denote the optimal value of the primal problem:
p* = inf{t|(u,v,t) € G,u <0,v =0} = inf{t|(u,v,t) € A,;u <0,v =0}
- Let the dual for A > 0
g\, v) = inf{t + \u+ vTv|(u,v,t) € G} = inf{t + \u+ v v|(u,v,t) € A}

- g(\,v) is the intersection with the vertical axis at the highest line below A. Clearly,

p* > g(A\, v) (weak duality)

Ry
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Example: one inequality constraint

Co Wex

l

{
?()\)-_-;{:)\u JAS A

A

wwﬂfew\a\@

o)-u, e

A\

February 5, 2019

AR
g},—
\
QF/
ol
7

?K
\Q} é‘%}

A

PIRG

-_—

DRAFT



Example: one equality constraint
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- If problem is convex, then A is convex:

Let (unlvnlil)éA =3 xe) sh ﬁ»(x’)-‘%{’"jﬁ/)c”‘)g ‘1.}’\/' \/\; (X")s\/;‘"
(,Q\' (‘*/Vﬁ):’ &(u‘,\l‘,’r‘)+5(u",v1',1’”> o XK= ox's BA -
L (o)) 08 B a9 P IBE)
:(%) S Of(x) B (x) S O 1600 5 e .

- In this case, if further A satisfies Slater’s condition: there exists an = € relintD such that
fz(‘r> < 07 Vi

Az =0

Equivalently:

AN {(u,v,t) :u<0,0=0} £

\ @NS
se\f’oY“J}\/\)\A/W\QOY

n
- Then it follows that there exists a hyperplane that supports A at the point (0,0, p*).

- Equivalently, convexity and Slater condition together guarantee strong duality p* = g(\*, v*)
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Theorem (Boyd p.227): if the problem is convex, Slater condition holds and rank(A) = p,
where p is the number of equality constraints, then strong duality holds

- Slater condition: there exists an = € relintD such that

Ax =b

In other words, there exists a feasible x which satisfies the inequality constraints strictly.
This is a mild assumption, satisfied in many applications.

- Proof:

In light of the weak duality, we only need to show that there exists \* > 0 and v* such
that g(\*, v*) = p*. We will use the separation theorem (handout provided)

Let

W (u,v) = min fo(x) (1)
s.t. fi(w) <wg, Vi (2)
hi(z) = v; Vi 3)

Clearly, p* = (0, 0).
- Consider the case p* < +oo (the case p* = 400 occurs when the problem is unfeasible)
- Equivalently,

W(u,v) = inf{t|(a,v,t) € A,u <u,v =v}

Claim 1: W(u,v) is a convex function of (u,v)

S (T eI
e_:?i( W): (u,v,@ :\'>\A/(u/\/) = (u,\//y(u,\/,\je/l/ugm/

v I
Sthee (GN//{,)'QA"-—_} CU/V/'O‘é A fw [,(éb\/\/’v
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Claim 2: under the assumptions, W (u,v) is well defined (i.e., not equal to +oo) at a
neighborhood of the origine (0, 0), i.e., Je > 0 s.t. W (u,v) < oo, V(u,v) : ||ul*+||v|* < €.
- if u is changed from zero a little bit, we can still find x such that f;(z) < u;, Vi

- if v is changed from zero a little bit, we can still find  such that h;(z) = v;, Vi

- Similarly, if both v and v change from zero a little bit, we can still find = such that
fi(z) < wuy, Viand h;(z) =v;, Vi

Claim 3: Two cases:

1) W(0,0) = —o0, in that case g(\,v) = —oo (by weak duality)

2) Now consider the case W (0,0) > —oo. Then, W (u,v) must also take real values in a
neighborhood of (0,0) (similar to previous claim)

- From the separation theorem, there exists a subgradient (—\, —v) of W (u,v) at (0,0).

Claim 4: (), v) is the Lagrange multiplier such that g(\,v) = W (0,0) = p*

- By definition of subgradients:
W (u,v) > W(0,0) + (=) u+ (—v)"v, Yu,v
- Note that W (u,0) < W (0,0) for u > 0 (by definition of W), hence
W(0,0) > W(u,0) > W(0,0) + (=\)u, Yu>0

i.e.

Mu>0, Yu>0

or equivalently A > 0.
- Let z € D, u;(z) = fi(x) and v;(x) = h;(x). Then, by definition of W,

fo(z) > W(u(z),v(x)), Vo
and by definition of subgradient and using the fact that W (0,0) = p*,
folz) = W (u(@), v(z)) = W(0,0)+(=A)"u(@)+(—v)" v(z) = p*+(=A) u(@)+(-v) v(2).
Rearranging the terms,
folz) + )\Tu(a:) + VTv(x) > p*, YV

Now, note that

g\ v) = min fo(@) + AN u(z) + vv(x)
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hence

fol@) + Xu(@) +v'v(z) = g(A,v) > p*

However, we must also have that g(\,v) < p* (weak duality).

Together, these conditions imply
gAv)=p"

- Note also that complementary slackness conditions immediately follow.

In fact,
W(0,0) =g\ v) = mgn fo(@) A u(z)+v v(z) < fola*) XN u(z) v v(z*) = W(0,0)+ " u(z*)

where 2* is the minimizer of p* = W (0,0), which satisfies u(z*) < 0 and v(z*) = 0. In

other words, we need to simultaneously obey the conditions
u(z*) <0, A >0, Mu(z*) >0

yielding
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« Example: separable problems (see also Boyd p.228)

Find the discrete probability distribution with max entropy under power constraint

maxH Z p; In(p.

g

s.t. i (iA)?*p; < o? VJ\/&"V‘/\/

p; > 0, Vi (implicit constraints)

Solution: b-
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- Note that the Lagrangian is separable in each !

- This type of convex problems is said to have separable objective functions: although
the constraint in the primal problem is coupled, duality helps us to decouple them in the
Lagrangian. Hence, the minimization of the Lagrangian can be carried out independently
for each variable.

- This property is useful for developing distributed solutions

o Example:

min 2’z
X

warms (s B pou pn -
(k) */T(Ak% i o L=

S o xt Af=0 & X:%%

Sy
wa< ot 9 =o LA Fpbee = /u"s—z(AA“]'\b

7T b JEK
K= R = pre s b (A7)

),
S
>
Al
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 Linear-program:

min ¢’z
X

st. Av =0 A 1§ pxn, pe V) uﬁ\ rGV\h(A)’p
DxéQ  wimh = A=US\] (S\ID

LQ%' WS ﬁ\\ff’l’ e)}l'u,uv\a}é 67\ const ya\ﬁ\ Axsh ‘F::Imx" v:/:"'\Z:I V= (}’""‘1
Ndle that Ax=b & xs AT[AAT)j\_lTD ¥ f_rr AT(MT)U%))/ ;3 ye R

= \)/\)L\‘;\ GTAT(AAT>~J)3 ¥ Wy
st D (K {AAT)‘;A}y e -DA(MT b
T~ T
‘D’ ©
7 Dy<e
</\> vy C)/ ¥ /\ (T)\/ /> )\T 4D Nso
M50 7 - 0o 2NN
T o caseS: /_L> Z+5T/\750 ¥ 20 = MV;MDJ’OO = ?m\ij;uwbwd)
=0, 3 Ao e
2>C+D/\ ) 3 AP0 = M;; Z% . (MV\D%\W LP>
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« Example:

min 27 + 973 4)
S.t. 201 + a9 > 1 (5)
Ty + 3xy > 1 (6)

/'/7\\/1 Xy T v_\-X,PZXZD)
\\
\2)(,1*)(7:\
xl;,\lf&
L (X,,A;: LEx 9K =\ (2 xr xz-\> —)\7,( X\+5)<1~\>:_,5W\ qi/g . J{i
8 4

(\j(/\l/)\b - - ()\I‘l‘;\//b—)’g(%—\—% 4')‘("' )\7 ixzk;%—'
A A
w A‘“:j ‘(Aﬂ*%dﬂ/)e—‘* ﬁg)* Ak

&30 _d.; A_ Nekf\‘wl /\<o AZ>'O‘
kas e DTy o= 7o 2 PR
o.p)(\/\\;w&\)fy M\'{iﬂf 7 [ = 370 /iol A{/ eﬁ“
/\(/ 1 2 9©
YIS
;(0)(‘/\ <0 ;a;go 2) secondl ﬁ':@\f- )\l;o/jj; ]
/\ .,d—aso @/\IBO/ /\13‘4 99%{(}.&0! SD‘J&\\"’\’\\
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- Alternative solution: check directly KKT conditions
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 Partial Lagrangian: it is also possible to relax some constraints (by Lagrange multipliers)

but not others:

Hgﬂ fo(@)
S.t. f1<17> S 0

Ja(x) <0

- Lagrangian
L(z,A) = fol(z) + AMfi(2)

- Dual function:

g(A) = min fo(x) + Afi(x), s.t. fo(x) <0
- Optimality condition of the Lagrangian becomes:
(Vfola®) + AV fi(2")) (z — 27) 2 0, Vo : fo(z) <0

along with

fa(2™) <0

- Dual problem:
max g(A), s.t. A >0

- This property is useful when some constraints are easy or not coupled.
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wV\Cc’w avdl ﬁ{TMeVe “-k‘ﬂ,!? \e ,

" /'7 h’\cvewm& u\w‘ w«bowdd;fg« X 0o
gg%(ZUi(xi) ﬁ.y, Vs ()4): Iw ('M)(D (7)

=1

S.t. sz <R (8)

Xi>0 bLl ©)

« Utility Maximization of a single resource:

Solution:

[ (% A)-2Ui) CA[DR) vt 0
g(A)z b L (%A

S x>0

i(,/,-; ,U,.\ (x) +&=O.L€Jf % () st U.‘@:X
J X

Thow oldd [x; (A)Tl

3
Sladtnes onolihon WrBosg eher h=0 owol )2. [Xf@] S
or xzo &the soluhon ? i[,\f, (/DT: 0

- A can be interpreted as the price of the resource: each user chooses x;(\) that maximizes
the local utility.

-if A=0and >, z;(\) < R, it means that the overall demand for the resource is low =
price is set to zero

- if A > 0, then we must have ZZ z;(A) = R, i.e., the entire resource pool is being used;

the price is strictly positive to enforce that
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o Example: Water-filling for fading channels
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« Subgradient: the vector h is a subgradient of f at z if
f(z) > f(zo) + ' (x — 20), Va

- The set of all subgradients of f at x, is called the subdifferential of f at x(, denoted as

A f (o).
- A convex function f has non-empty subdifferentials 0f(xy) at any x € int(domjf)

- In particular, if f is differentiable, then

df (zo) ={V f(z0)}
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