Week 4

Nicolo Michelusi

I. (CONTINUED)

« Unconstrained convex problem:
min f(x
min f(z)
necessary and sufficient condition for convex problems becomes

Vi) =0

(replace with subgradients if function is not differentiable)
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« Equality constrained convex problems: ( QA SSUme A’ IS Mxh, ™ <\ ,IM -Vﬁlﬂk)

min f(x) s.t. Az =b

zeR?
- null-space of A, N(A), is defined as the set of vectors v such that Av =0

- Assume that Az = b, then we can define any other feasible z as z =z +v, Jv € N(A)
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- In order for Z to be optimal, —V f(z) must belong to the normal cone N¢(Z):
~V/(@) € No@
- The normal cone in this case is defined as

Ne(z) ={d:d"(x —7) <0,Vz s.t. Az = b}
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- We conclude that, in order for Z to be optimal, V f(z) = —ATv, for some v € R™, and

the optimality conditions become

AXsb  (fensibi M’V)
V£/I)+AfV:O , 3 vel

- This is the Lagrange multiplier optimality condition, more on this later
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« Minimization over the non-negative quadrant

min f(z), st. x >0

A\

g\b\)ﬁl l':{ PYoen conex

- T is a local minimizer if —V f(Z) € N¢(Z), defined as
==

Ne(z) = {d : d"(z — z) < 0,Vz > 0}
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- This leads to the optimality conditions

called complementary slackness conditions, more on this later
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o There are many known forms of convex problems:
- Linear programs ( o\gﬁedfve auo/ mv&t‘m{wﬁ arf bm@ab
- Linear fractional programs
- Quadratic program
- Geometric program
- Second order cone program
- Etc.
o Geometric programming (Boyd Ch. 4.3-4.4): useful when there are products/fractions
- Monomial function: f(z) =c[[, 2", ¢ >0, a¢; € R
- Posynomial: f(z) =, cx [[, 27", e > 0

- Geometric program is of the form

Hp fole)
where f; are posynomials and /; are monomials

- Example:
min x/y

z,y>0

st.2<x <3
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- Convert to convex problem by letting x; = ¢¥* and take the log

xcyaé?gey

mn e 8 g pan A=
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 Linear-fractional programming (Boyd p.151)
'z +d
Ty +f

st.elz+f>0
Gx <h
Axr =b
- Can be converted to convex by letting z = - — + 7 and y = zz, hence x = y/z:

min ¢’y + dz

st 2> 0 ( ineav Pr%ra@

Gy—hz<0

Ay —bz=0
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« Projection: let C' be closed and convex; x is the projection of xy on C' if

I — ol =€ {lly — zoll,y € C}

- Later, when we discuss iterative algorithms for solving convex problems, we will need the

projection to the feasible set:
min ||z — 2ol[3
s.t. f(z) <0

Az =0

This is a convex problem.

- Example: projection to a quadrant

winlle —woly = VHH)22(x%)

st. x>0

We hove seen Vel TP e B

Vf[)?) 2o (=) X-K, >0 =
X 2o

andf 77[)" (D)% =o (=7 (%iok) =0 TP XS0 D Kizkze D KiT&

— 7 —
TF %70 =) X =°( X=o

- Example: projection to polyhedra (Boyd p.390)
min ||z — 2ol|3
s.t. Az <b

This is a quadratic program.
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Special cases: projection on a hyperplane a’z = b, solution is

X= 2ot (b— a"zo)a/|al}
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Other special case: projection on a half-space a’x < b, solution is

= 1o (031 coWSe, Sineg X, éf‘)

if a”’zy < b and

e

= w0+ (b—a"zo)a/||all;

otherwise
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- Example: projection to a ball
: 2
min ||z — x5
st lz|la <7

Solution is: if ||zg|| < 7, then z = zy; otherwise, x = rzo/||zo||
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II. FORMULATIONS OF CONVEX OPTIMIZATION PROBLEMS IN APPLICATIONS

o Norm approximation problem

min ||y — Ax||

y: observations

x: parameter to be estimated

ﬁo(ujrvw Ifav g POyt Qe Ais
W\m “y AX" ——ﬁa(’u{ﬁavev\)(m\o\e “Iy AX” IS WO

pwan, MmN qu” yonk

BN I 0 A o= x{iH) Fy

February 3, 2019 DRAFT



« Power control in D2D networks aided by single base stateion
- Wireless transmissions require a certain min SINR to be successful
- many users pairs are communicating with their respective receiver over the same frequency
band; far users need a higher transmission power; interference can reduce the SINR
- Q: how to choose power that achieves the target SINR for all users?
- Let p; be the transmission power for user 7 and g; ; the channel gain between transmitter
¢ and receiver j.

- The goal is to minimize sum-power under minimum SINR constraint for each user.

BH\JQ, oj/ Ml' /{); ?i\' MYT 5Wh5£|7 >\(‘
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- Reading: G. J. Foschini and Z. Miljanic, "A simple distributed autonomous power control

algorithm and its convergence," in IEEE Transactions on Vehicular Technology, vol. 42, no.

4, pp. 641-646, Nov. 1993.
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« Water-filling for fading channel(s. hannel gain varies over time i.i.d. with distribution P(g);
the transmitter with CSI information may adapt the power p(g) based on the current channel
condition
- What is the optimal power control strategy to maximize the average rate, under power

constraint?
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- Solution (more on this later): there exists a number A > 0 such that

)\ is chosen such that
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« Opportunistic scheduling with fading and multi-user (60 i\S\‘deY 2 ujeA;)
- the channel can be in one of M states; when user ¢ is in state s, it receives the payoff
Ui s if served; the payoff is zero for the unserved user.
- Q: how to choose which user to transmit?

- Choose uniformly at random:

A |
?—WS) 2 Uu + z" ULS
DY%)OMM ; p&_fawa i peov {Ld‘\\ﬂg)

- Choose user with best payoft:

2, W@ bsa> U/(,S/ Uz,r
S

Drawback: fairness

- Need to consider trade-off between performance and fairness

e, £
- Let pys = ]P’(ugﬂ is in state s); @); s be the scheduling policy : Q ast st"i

Expected payoff of user ¢ Q. )@Mahd,‘ % 'hu,c ,;,, «
el S{Zﬁ S
S P& Uis schesldd 1
S

System payoff

i;. );_ F(S) A Uss
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Different types of fairness:
- Temporal fairness (fraction of time user ¢ is scheduled)
W ax LZ'— F/.Sj 62,5 UI‘S
0 PS5
-5'/"; i &1‘5 Ps Z Y %, P
- L
Jassl ¥
, Q'\s é [OI ,7 _bz,‘/g

Solution for two users case (more when we study duality): there exists v such that
Qis=1 Us+tv>U,
Qo =1 Ups+v<Usy,
any otherwise
- Other types of fairness constraints: utility constraint, fraction of utility constraint, etc.
- Reading: Xin Liu, E. K. P. Chong and N. B. Shroff, "Transmission scheduling for efficient
wireless utilization," Proceedings IEEE INFOCOM 2001.

a

« Routing: network flow problem .
: P C\\) —7 )

o A
AS X/ @S

@

- commodity s need to be routed from f; to d; with rate A
- capacity of link (¢, j) is C;;

- Q: how to route the flows?
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- Node-balance equations: let 7“53) be the amount of traffic of flow s routed through (i, )

Tf vole is M 4 s o destinedu 4 Lo s,
51 ) & Ynd Poods ] e s e o
5f h (15 med o)
= Ynf?’ g all Foffic & ek
T nsde (W8 ceshuad)
I Ml Faflic s veod

- Capacity constraints

(s) .
Ss_ Yii € C.‘,} Y )

- Objectives:
- Feasibility
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- Maximize throughput - 6\\/‘6’“ /\ 20) ‘VIS
WA X 4 ”—:> L/P
sT )\ = d )\5
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- Min congestion: define congestion measure for each link as 3; ;(D r(s))
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- Reading: Bertsekas&Tsitsiklis, "Parallel and Distributed computation: numerical methods",

Chapter 5
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o Rate control and resource allocation
- R: the amount of resource (e.g., bandwidth)

- N users

- x;: amount of resource scheduled to user ¢ /_.j 2_ )<’. < Q
/

- Q: how to allocate resources among users?

Utility maximization problem: let U;(x;) be the utility to user @
i % UO() Convex WQ
sX ks Uy conceve i
)
X 20 Vi

Solution (more later): there exists A such that each user maximizes individually
max U;(x;) — A,
1

A is chosen such that either A =0or ) . 2; = R and A > 0.

« Rate allocation of the internet: multiple resources

- R; the capacity of link [ ( |v'\01€ pe,w))eﬂ- 6!4)(9

- x4 rate allocated to user s, with utility Us(xy)

- H,,: routing matrix ( ‘7 /\}eVD

- Q: how to allocate the rates to maximize utility?

cones
max ‘5205/%9 L (< Lo cov?
>t LH &<k W
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- Example: Us(z,) = wy

For any optimal solution,

and

\J]

Zws%go V_ Xé]\:

- Solution: there is a price ); for each link such that each user maximizes:

ans also

and

max Uy () — Z NHg,
° 1
> Hywe=Riif A >0

> Hyx < Riif A =0

- Reading: J. Mo and J. Walrand, "Fair end-to-end window-based congestion control," in

IEEE/ACM Transactions on Networking, vol. 8, no. 5, pp. 556-567, Oct. 2000.
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« Multipath congestion control: joint routing and congestion control; we optimize both /1 and

x; this is an example of cross-layer control. Formulate into a convex problem:

M >/53= Xs Hse M;"ﬂ ?”Y&f/!"c ﬂmlgl« roce (, o/ wer s
= 5= L\
N (X %Us(%)/s@

ok i; yse s EQ

ysezo -\VL.S/(

« Cross-layer control: in wireless networks, often protocols are classified into layers to provide
modularity
- the higher layer uses the services provided by the lower layers, but it does not need to

know the workings of those inner layers:

CArucges | <—— —> [ Avuicgned
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| \Eworr |
DR UNC | = - = = [ pmr UK
PRY e PHY §

- Modularity is easy to understand and to change, but does no/provide optimal performance,

especially in wireless networks
- For example, in routing we tend to minimize the number of links, but this may not be
optimal in wireless networks since longer links suffer from lower SNR. In this case, we

would prefer to capture physical layer characteristics into the design of routing algorithms
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- Convex optimization provides a tool to make this design considerations. In an optimiza-
tion approach, it is not difficult to incorporate controls at multiple layers into a unified
optimization problem.

— physical layer: power control, water-filling, rate-power function

— MAC: scheduling

— Network layer: multipath routing, node-balance equations

— Transport layer: utility maximization

- We thus obtain various combinations. Key considerations are: convexity, distibuted/parallel
solutions

- One way of putting all together

[t ‘5£ Uk /@ wh l\)ry /m}eﬂ\a\vm’ﬂv‘l’,
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- Reading: Xiaojun Lin, N. B. Shroff and R. Srikant, "A tutorial on cross-layer optimization
in wireless networks," in IEEE Journal on Selected Areas in Communications, vol. 24, no.

8, pp. 1452-1463, Aug. 2006.

e oy moknds othev oSNt suck ar 108 b fonce
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« Special cases: ¢;(p) = log, (1 + m) log, (m) (high SINR approxima-

tion)

- becomes convex with the change of variables p; = e

Y s 9, ()~ i ()%eeejw = o oSt

- Reading: Mung Chiang, "Balancing transport and physical Layers in wireless multihop net-
works: jointly optimal congestion control and power control," in IEEE Journal on Selected
Areas in Communications, vol. 23, no. 1, pp. 104-116, Jan. 2005.

- Drawback: solution might not lead to high SINR; no scheduling or time-interleaving:

if noise is small, might be better the use time-interleaving:

Egdwp\e; +wo(,uﬂ’5 Foosual @t o’ 2 sl‘uAuH'av\enIly
oV et 2oy, (M
23\

onthe oM hawd] Ly Wiy TDHA ¢
7 vl Lo, [ M) >7 2y, (w2 >a;°r high sNe.]

o Other example: Aloha random access; each link attempts transmission with probability p;

- Let N(I) be the set of links that interfere with link /, then the probability of success is

Pe g{l( 85 -p))

- Let r; be the peak capacity of link /, then the problem can be cast as:

e 21 )
57"-‘ iHseXS ‘P TT- |Q>
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- Use a transformation of constraints and the change of variables =, = e¥s to get

wer £l &)
ﬂ?’n% Hf’ e% < Yo J((WP“;Z lw["‘ﬁ)

- Can be made convex by a proper choice of utility function

- Reading: Xin Wang and Koushik Kar. 2005. Cross-layer rate control for end-to-end
proportional fairness in wireless networks with random access. In Proceedings of the 6th
ACM international symposium on Mobile ad hoc networking and computing (MobiHoc *05).

ACM, New York, NY, USA, 157-168. DOI=http://dx.doi.org/10.1145/1062689.1062710

February 3, 2019 DRAFT



