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This paper provides a review for absolute phase recovery methods that are applicable for digital fringe projection
(DFP) systems. Specifically, we present two conventional absolute phase unwrapping methods: multi-frequency
or -wavelength phase-shifting methods, and hybrid binary coding and phase-shifting methods; and also introduce
some non-conventional methods that are specific for DFP systems: multiview geometry methods with additional
camera(s) or projector(s), DFP system geometric constraint-based phase unwrapping method, and pre-knowledge

(e.g., computer-aided-design, CAD, model) based phase unwrapping method. This paper also briefly overviews
hybrid methods including phase coding, composite, and pre-defined markers based absolute phase unwrapping
methods. This paper explains the principle behind each individual absolute phase unwrapping method; and finally
offers some practical tips to handle common phase unwrapping artifact issues.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Three-dimensional (3D) optical shape measurement becomes in-
creasing important due to the ever-growing analytic capabilities of per-
sonal computers and nowadays even mobile devices. As a non-contact
and remote sensing means, the real-time 3D optical shape measurement
techniques have the great potential to be an integrated part of intelli-
gent systems (e.g., machines, robots) [1], as well as to be a novel sensing
means for human-machine or human-computer interactions [2].

Digital fringe projection (DFP) based 3D optical shape measurement
techniques draw significant interests in various fields because of the
flexibility of fringe generation nature, relatively inexpensive and easy
setup, and the facilitation by affordable digital-light-processing (DLP)
developmental kits [3]. For all DFP-based 3D shape measurement tech-
niques, phase unwrapping is critical since only wrapped phase ranging
from —z to +z can be obtained through analyzing fringe pattern(s) ei-
ther using a phase-shifting algorithm [4] or a Fourier transform method
[5,6]. To unwrap phase, 2z discontinuous locations have to be identi-
fied and removed by adding or subtracting multiple integer numbers of
2z. The number of 27 to be added to a point (x, y) is often called fringe
order k(x, y). Essentially, phase unwrapping is to determine k(x, y) for
each point such that the wrapped phase can be properly unwrapped.

Although numerous phase unwrapping algorithms have been devel-
oped, conventional phase unwrapping methods can be classified into
two categories: spatial phase unwrapping and temporal phase unwrap-
ping. The former methods unwrap the phase by referring phase values of
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other points on the same phase map through a local or global optimiza-
tion. The book edited by Ghiglia and Pritt [7] summarized a number of
spatial phase unwrapping methods. Due to the existence of noise, sur-
face reflectivity variations, and other factors, spatial phase unwrapping
can be very challenging. Despite recent advancements, robustly unwrap-
ping the entire phase map is still very challenging if the phase data is
very noisy. One of the most popular, robust and efficient spatial phase
unwrapping methods is to use a quality map to guide the unwrapping
path. The basic idea of quality-guided phase unwrapping is that higher
quality phase points are unwrapped before lower quality phase points
such that the error will not propagate to a lot of points. Su and Chen
[8] reviewed a number of robust quality-guided phase unwrapping al-
gorithms, and Zhao et al. [9] compared different strategies of generating
a quality map for robust phase unwrapping. Regardless the robustness
of a spatial phase unwrapping algorithm, it is fundamentally limited by
the surface smooth assumption: the object surface has to be smooth to at
least one unwrapping path such that the object surface geometry will not
introduce more than = phase changes between two successive points. In
general, spatial phase unwrapping only provides a relative phase map
for a smoothly connected patch. In other words, the recovered shape
from a spatially unwrapped phase map is relative to a 3D point on the
surface. The absolute position between different smooth patches cannot
be recovered.

Temporal phase unwrapping, in contrast, determines fringe order
k(x, y) per point based on analyzing additionally acquired information
at a temporally different time. In this method, fringe order is determined
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from additionally acquired information without requiring the knowl-
edge of phase values of other points on the phase map, and thus a tem-
poral phase unwrapping method typically yields the absolute fringe or-
der and the unwrapped phase is absolute. Conventional temporal phase
unwrapping methods (e.g., two and multi-wavelength phase-shifting al-
gorithms [10,11]) originated from laser interferometry can be directly
applied to DFP profilometry. For a noise-free system, a two-wavelength
phase-shifting algorithm theoretically works well, yet a practical mea-
surement system always has noise and thus multi-wavelength phase-
shifting algorithm is typically required for absolute phase recovery.
Creath [12] analyzed the noise impact of two-wavelength phase-shifting
methods; Towers et al. [13] proposed the strategies to select optimal
wavelengths to minimize the noise influence; and recently Zuo et al.
[14] thoroughly studied the problems associated with implementing
such temporal phase unwrapping methods to DFP systems.

Unlike laser interferometry where only sinusoidal fringe patterns can
be generated, DFP system can generate different forms of structured
patterns, enabling a lot more methods for absolute phase unwrapping.
For example, fringe order can be directly encoded into a sequence of
binary [15,16] or ternary [17] coded patterns, a single statistical pattern
[18,19], a single stair image [20], as well as other forms [21-29]. These
enriched temporal phase unwrapping methods offer one to select the
most suitable phase unwrapping approach for a specific application.

The aforementioned temporal phase unwrapping methods can all
work on a single-projector and single-camera DFP system by acquir-
ing additional information (i.e. images). For high-speed applications, it
is not desirable to capture additional images since it slows down the
entire measurement process. Recently, because of the reduced costs of
hardware (e.g., cameras) and the desired high measurement speeds, re-
searchers have developed alternative absolute phase unwrapping meth-
ods [30-37] by integrating more hardware components (e.g., a camera
or a projector) into the measurement system. Different from a stereo-
view system with a single camera and a single projector, these systems
typically construct a multiview system that consists of more than two
different perspectives. Such a system is over-constrained for 3D recon-
struction, providing the opportunity to directly use wrapped phase for
absolute 3D shape measurement. Therefore, the additional hardware-
based phase unwrapping method has emerged as one of the important
absolute phase unwrapping methods. Instead of capturing additional im-
ages, this type of phase unwrapping method determines absolute fringe
order using the additional geometric constraints available to the hard-
ware system, the wrapped phase constraint, and/or the existing stereo-
vision approaches. Since no additional images are required, these abso-
lute phase unwrapping methods do not belong to the conventional tem-
poral phase unwrapping category yet still obtain absolute phase maps.
Furthermore, because no additional image acquisition is required, they
are more suitable for high-speed applications than the conventional tem-
poral phase unwrapping methods.

In addition to the aforementioned absolute phase unwrapping meth-
ods, there are also other absolute fringe order determination methods
that were recently developed based on the available information ob-
tained elsewhere. For example, nowadays, most fabricated parts have
computer-aided design (CAD) models, and the CAD model can also be
used to determine absolute fringe order k(x, y) by sampling the CAD
from the same perspective of the camera of the DFP system [38]. We
call this type of method pre-knowledge-based phase unwrapping. Since the
calibrated DFP system provides the geometric relationship between (x,
y, 2) coordinates and the phase on the projector, An et al. [39] devel-
oped the geometric-constraint based phase unwrapping method for the
single camera and single projector DFP system, and Jiang et al. [40] ex-
tended the depth range of An’s method. These methods do not belong to
the conventional temporal phase unwrapping category since they do not
require temporally acquired information for absolute fringe order deter-
mination. Different from the multiview methods, these methods can be
applied to a standard single-camera and single-projector DFP system,
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making them more valuable to high-speed applications at reduced com-
plexity and cost of the hardware system.

This paper reviews conventional and recently emerged absolute
phase recovery methods that are applicable to DFP systems. We will
thoroughly explain two conventional absolute fringe order determina-
tion methods: different frequency phase shifting and binary coding; and
discuss some newly emerged major absolute phase recovery methods
for DFP systems including multiview geometry-based method by addi-
tional more hardware components (e.g., the second camera), the in-
herent geometric constraint-based method, and pre-knowledge-based
method. We will also introduce other methods including hybrid meth-
ods such as phase coding, random pattern encoding, as well as the use
of pre-defined markers. The principle behind each individual methods
will be explained. Furthermore, due to noise and sampling, all absolute
phase unwrapping methods create artifacts (i.e., points that are incor-
rectly unwrapped), they have to be properly handled for practical ac-
curate measurements. This paper will offer some tips on handling those
artifacts. Finally, we will cast our perspectives on their difficulty level
for implementation.

Section 2 explains principles of each phase unwrapping method.
Section 3 discusses some methods to handle phase unwrapping artifacts,
and Section 4 summarizes this paper.

2. Principles
2.1. Basics of absolute phase unwrapping

The general sinusoidal fringe pattern can be mathematically repre-
sented as

Li(x, ) = I'(x,3) + 1" (x, y) cos(¢(x, y) + 6;), (¢))

where I'(x, y) is the average intensity, I”(x, y) is the intensity modula-
tion, ¢(x, y) is the phase, and §; is the phase shift. To recover phase
¢(x, y), a Fourier transform [5,6] or a phase-shifting method [4] can
be employed. Essentially, these algorithms use an arctangent function
to compute phase value pixel by pixel. Due to the use of an arctangent
function, the resultant phase value ranges from —z to +z, or O to 2z
with 2z modulus; and the phase obtained at this stage is often called
wrapped phase. The wrapped phase has to be unwrapped before being
converted to 3D coordinates pixel by pixel. Phase unwrapping is to de-
termine 2x discontinuous locations, find the integer number of 2z’s that
a point should be added, and then remove 2z discontinuities by adding
the desired number of 27 to the wrapped phase, ¢(x, y). Mathematically,
the relationship between wrapped phase ¢(x, ¥) and unwrapped phase,
®(x, y) can be described as

D(x,y) = k(x,y) X 27 + ¢(x, ). 2)

Here k(x, y) is an integer number that is often regarded as fringe order.
If fringe order k(x, y) can be uniquely determined for each point that is
consistent with a pre-defined value, then the unwrapped phase ®(x, y)
is regarded as absolute phase.

As discussed in Section 1, spatial phase unwrapping determines
fringe order k(x, y) that is typically relative to one point on the phase,
and thus cannot give absolute phase. In contrast, the absolute phase
unwrapping determines absolute fringe order k(x, y) by referring to in-
formation acquired from somewhere else (e.g., additional images) and
thus yields absolute phase.

The remaining sections discuss some of the major absolute fringe
order k(x, y) determination methods that can be applicable to the DFP
systems. We will explain the basic principles of some well-known con-
ventional methods (e.g., temporal phase unwrapping), and some non-
conventional methods.

2.2. Binary coding method

The most straightforward method is to directly encode the fringe or-
der k(x, y) into a sequence of binary structured patterns. And the method
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Fig. 1. Example of using binary coded patterns for fringe order determination. (A) Example of binary patterns using simple binary coding and associated wrapped
phase ¢; (B) example of binary patterns using gray coding and associated wrapped phase ¢; (C) phase unwrapping using fringe order k determined from simple coded
binary patterns and (D) phase unwrapping using fringe order k determined from gray coded binary patterns.

of combining the binary coding method with phase-shifting method is
often regarded as a hybrid method [15]. Theoretically, all binary coding
methods [41] developed for binary structured light 3D shape measure-
ment systems can be adopted. These coding methods could be simple
coding [16], stripe boundary coding [42], gray coding [43], modified
coding [44], or any space-time coding method [45], along with others.
The difference among these coding methods lies in the robustness of
handling high-contrast or highly complex object surfaces, as well as the
reliability to locate the boundary of binary structured patterns.

Fig. 1 illustrates two coding methods (simple coding and gray cod-
ing). As indicated in this figure, the codeword changes coincident with
the 2z discontinuous locations of the phase map. If the binary code se-
quence is determined from the binary structured patterns, the fringe or-
der can be uniquely determined, and thus the phase can be unwrapped
pixel by pixel.

Comparing with simple coding, the gray coding is more robust to
sampling related problems since at any given phase discontinuous lo-
cation, only one binary pattern changes its binary state (from 0 to 1 or
from 1 to 0), and the coding error can only be introduced by one image.
In contrast, the simple coding method can have multiple binary patterns
change their states, leading to the coding error introduced by multiple
images.

The binary coding-based fringe order determination methods are ex-
tensively employed, and they can work pretty well for pseudo-static ob-
jects. However, when an object is moving during data acquisition, the
motion could cause phase unwrapping problems even if the gray cod-
ing method is used. In general, a computational framework is required
to properly handle the unwrapping artifacts near the edge of codeword
changes. Section 3 will discuss some of the method we found effective
to alleviate the unwrapping artifacts.

2.3. Multi-frequency phase-shifting method

Absolute fringe order k(x, y) can be determined for each pixel by re-
ferring to phase obtained from fringe patterns with different frequencies,
and such a method is often called multi-wavelength or multi-frequency
phase-shifting method. The multi-frequency phase-shifting method was
originally developed for laser interferometry and is applicable to a DFP
system as well. In laser interferometry where fringe patterns are gen-
erated by laser interference, the multi-wavelength phase-shifting algo-
rithm refers to use different wavelengths of light sources for fringe pat-
tern generations.

However, in a DFP system, the wavelength of light does not correlate
to the fringe patterns used for phase retrieval, it is probably better to use
fringe frequency f or fringe period T = 1/ f for the sinusoidal fringe pat-
terns generated by a computer. As such, we use multi-frequency phase-
shifting algorithm in lien of multi-wavelength phase-shifting algorithm
in a DFP system although they are essentially the same.
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If we treat fringe period T as the wavelength of light, all mathemat-
ical representations of the multi-wavelength algorithm can be directly
imported here. In other words, the equivalent fringe period T% can be
written as
nT,

T = L2
|T1 _T2|

3)
where T; and T, are fringe periods for two higher frequency fringe pat-
terns, and T*? is the resultant equivalent fringe period if both set of
fringe patterns are used to obtain equivalent phase

Q12 =[P — &5l 4

where ¢; and ¢, are the phase maps obtained from fringe patterns with
fringe period of T; and T,, respectively.

By using multiple phase maps with different frequencies, the overall
equivalent fringe period can cover the entire fringe projection range,
making the equivalent phase to be the absolute phase that does not re-
quire any phase unwrapping, i.e.,

mod (2r),

Dy (X,7) = ey(x. 7). ®)

For the two-frequency case explained above, ¢,,(x, y) = ¢;,.

This equivalent unwrapped phase can be then used to determine
fringe order k(x, y) for the higher frequency phase. For example, if this
phase is used to determine fringe order for ¢, (x, y) with fringe period
of T, fringe order k(x, y) can be determined by

D, (x, )X T, /T — ¢y

k(x,y) = o

©

This step is often referred as backward phase unwrapping. Fig. 2 graphi-
cally illustrates the multi-frequency fringe order determination method.

Due to the influence of noise, more than two frequencies of phase-
shifted fringe patterns are typically used. To increase the robustness of
fringe order determination, the backward phase unwrapping step is of-
ten executed recursively: the final equivalent phase is used to determine
the fringe order for the phase with the second longest equivalent fringe
period, and such unwrapped phase is then used to unwrap the phase
with the third longest equivalent fringe period, and so on.

Due to the flexibility of DFP technique, one can freely choose any
fringe period T in pixels as long as it is an integer number (Note: integer
numbers are used to avoid sub-pixel fringe period representation error);
and thus the equivalent phase can be directly obtained by projecting
fringe patterns with the equivalent fringe period. And also due to this
flexility, the DFP technique allows the use of equivalent fringe period
that is difficult to be realized by laser interferometers (for example, the
projector can project fringe patterns with one fringe covering the en-
tire fringe period. Therefore, it allows the use of two-frequency phase-
shifting algorithm for full range absolute phase unwrapping [29,46,47],
albeit the noise could bring challenges [12].
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Fig. 2. Illustration of two-frequency algorithm for fringe order determination. (A) and (B) Two frequency phase maps ¢, and ¢,; (C) equivalent phase map ¢, is
also regarded unwrapped phase, @, since its phase value ranges from 0 to 2z and (D) fringe order k determination with scaled equivalent phase map.
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Fig. 3. Framework of using a single statistically random pattern for fringe order determination [18]. For any point (u°, ) on the camera, a small region is selected
from the camera captured random pattern to find the corresponding region on the projected random pattern whose center will be the matching point on the projector
(wP, v*). This matching point is not precise and thus a refinement stage is used to more precisely locate the matching point using the wrapped phase constraint
¢ = ¢P. After refinement, the fringe order for the wrapped phase at (u, v°) can be determined from projector’s matching point (v?, V).

2.4. Statistical pattern based method

The aforementioned temporal phase unwrapping methods need sev-
eral additional images to determine absolute fringe order. For high-
speed applications, it is desirable to reduce the number of patterns used.
Therefore, instead of using several grayscale patterns to encode fringe
order, k(x, y), one can use a single statistical random pattern. The ba-
sic idea is that the projector projects one additional random pattern,
and employ a stereo matching method to find the coarse disparity map
between the projected image and the camera captured image. Numer-
ous random pattern-based stereo-matching algorithms have been pro-
posed for conventional active stereo-vision systems [48,49], albeit they
have been used for the final disparity calculation rather than as an in-
termediary to matching phase. The Efficient LArge-scale Stereo (ELAS)
algorithm [50] could be used to obtain an initial coarse disparity map.
Once this coarse disparity map is determined, each camera pixel (u¢,
v¢) roughly correlates to one projector point (¢, V). Since the projector
point is well defined, the fringe order can be determined. Because sta-
tistical pattern does not provide precise pixel level matching, the deter-
mined fringe order based on this random image is not precisely aligned
with 2z discontinuous locations on the phase map. Therefore, a refine-
ment procedure is required to adjust the misalignment. The refinement
stage uses the wrapped phase ¢ as a constraint to slightly adjust the po-
sition along the phase changing direction on the projector space (e.g.,
move uP left or right if the projected fringe pattern is along v’ direc-
tion). Once v is determined, fringe order k(x, y) can be determined.
Fig. 3 shows the framework of this random pattern based fringe order
determination method.

Fig. 4(a) shows an example statistically random pattern that we used
for our research. This random pattern, I, is generated with an intensity
value 0 < I, (x, y) < 255. Here Ip(x, y) and the random pattern follows the
band-limited 1/f noise

1 1
20 pixels 5 pixels’

(7
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This pipeline works well in theory. However, to fully take advan-
tage of all software tools developed in computer vision community, it is
desirable to make sure images acquired from two different perspectives
should be as close as possible (e.g., pixel size is the same, distortion looks
similar). Unfortunately, a standard DFP system usually does not satisfy
the standard stereo assumptions: (1) it is difficult to match the projec-
tor pixel size with the camera pixel size because of different optics and
different manufacturers; and (2) the projector image is ideal without
being impacted by the object surface texture. To address these problem,
An and Zhang [18] have developed a computational framework that
essentially involves camera random pattern binarization, projector im-
age rectification and scaling and down or up sampling if necessary. The
method can work well, albeit requires very sophisticated algorithms to
be able to generate reasonable quality data.

Alternatively, to alleviate the different pixel size problem of the pro-
jector and the camera, the second camera can be introduced, as many
structured light systems do. The next section will discuss the method
using two cameras to determine fringe order for absolute phase unwrap-

ping.

2.5. Stereo vision based method

By adding a second camera, the DFP system becomes an over-
constrained system that can be leveraged for fringe order determina-
tion. Since two cameras are used, the passive stereo (camera—camera
pair) subsystem can be used to unwrap phase for the entire active DFP
system if a standard stereo-vision approach can successfully reconstruct
the 3D shape. However, it is well known that the passive stereo does
not work well for object with low surface texture. Therefore, to in-
crease the robustness of the stereo-vision, the projector is used to project
structured patterns (e.g., random dots [51,52], band-limited random
patterns [53], binary-coded patterns [45,54], color structured patterns
[55,56], or phase-shifted sinusoidal fringe patterns [57,58]). For such
methods, the projected patterns allow unique correspondence for the
camera pairs; and thus 3D shape can be recovered. However, to improve
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(c)

Fig. 4. Example of 1/f noise used for statistically random pattern and the associated encoded fringe pattern. (A) Statistically random pattern, I,(x, y); (B) one of the

ideal sinusoidal fringe patterns and (C) modified fringe pattern with encoded random pattern.
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Fig. 5. Framework of the stereo-vision method for fringe order determination. Using the random pattern, the coarse disparity map between the left camera image
and the right camera image can be determined. The rough disparity map is further used to reconstruct 3D coordinates for each point. The coarse 3D reconstruction
for each point is then projected to the projector sensor space to find the rough location. The rough location can be refined by matching the wrapped phase from
the left camera ¢{(x, y) and the right camera ¢(x, y), and the projector, ¢”(x, y). The refined corresponding point on the projector provides fringe order k(x, y) for

absolute phase unwrapping.

measurement speeds, it is desirable to reduce the number of patterns re-
quired for fringe order determination.

One can use a single statistical pattern for active stereo matching,
here, such a projected pattern is used to establish correspondence be-
tween two cameras. The correspondence based on the random pattern
only provides coarse disparity. The coarse disparity map can be used
to reconstruct 3D geometry with low resolution. To improve measure-
ment resolution, the phase information can be used to determine fringe
order k for each camera pixel, or refine the coarse disparity map, if pro-
jector is not calibrated. The former approach projects the reconstructed
rough 3D geometry onto projector’s sensor plane. This projection pro-
vides a rough location of the corresponding point (17, W) for camera
point (u, v¢). In order to more precisely locate the corresponding point
on the projector, the wrapped phase can be used as a constraint (i.e.,
¢ = ¢; = ¢7), which is the same as discussed in Section 2.4. Once v’
is determined, fringe order k can be determined. Fig. 5 illustrates the
pipeline of this stereo-vision based fringe order determination method
for a calibrated projector.

For the dual-camera, single-projector DFP system, the projector is not
required to be calibrated for 3D reconstruction since the projected fringe
pattern can be solely used to provide constraints for precise matching
between two cameras. For such a case, the corresponding point can be
determined by finding the characteristics of local regions of the statisti-
cal pattern to search for a similar region on the projected pattern, similar
to the method discussed in Section 2.4. And the precise fringe order can
be determined again by using the wrapped phase constraint. Alterna-
tively, we do not directly determine the fringe order, but rather refine
the coarse disparity map based on the wrapped phase map from the left
camera and the right camera, as the method discussed by Lohry et al.
[37]. Such a method is more complicated because it could involve with

32

local phase fitting whose accuracy may not be ensured if the surface
geometry changes rapidly.

This method combines the advantages of the stereo approach and the
phase-based approach: using a stereo matching algorithm to obtain the
coarse disparity map that can be used to reconstruct rough 3D geometry
and that can be used to find the rough location on the projector (if the
projector is calibrated); and using wrapped phase of the camera and
the defined phase on the projector to precisely determine fringe order
k(x, y). Since this method does not require any geometric constraint
imposed by the projector, no projector calibration is required. However,
if the projector is not calibrated, precise fringe order determination is
often difficult and complex, which may reduce measurement accuracy.
Furthermore, since this technique requires three different perspectives
projections (two cameras and one projector), the possible measurement
areas are smaller than the standard DFP system where only one projector
and one camera are used. This is because now, three devices instead
of two devices have to “see” a point for such a point to be properly
measured.

2.6. Multiview geometric constraint-based method

All aforementioned absolute phase retrieval methods require at least
one additional image for absolute phase recovery, which could bring
challenges for high-speed applications since the object is assumed to be
quasi-static during the acquisition of the desired number of images for
3D reconstruction. Because of the reduced hardware cost and flexibility
of accurate system calibration, researchers recently explored methods
of purely using additional hardware components for absolute phase un-
wrapping without the need of acquiring any additional images. Because
one more view introduces one more set of constraints, these methods
use the additional geometric constraints enforced by additional hard-
ware for absolute fringe order determination.
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Fig. 6. Multiview geometry for fringe order determination. A point on the left camera with known phase corresponds to a finite discrete number of lines on the
projector which can be further used to reconstruct the 3D points (one point per line). These points are regarded as possible candidates, some of which can be rejected
if they violate the volume of interest (VOI) condition. The remaining candidate points are projected to the right camera and each point (u¢, v°) is associated with one
phase value, the smallest difference from the right camera phase is regarded as the best candidate point, and is regarded as the true point if the phase difference is
smaller than a threshold value. The true point can then be back tracked to find fringe order for phase unwrapping.

The multiview geometry based-absolute phase unwrapping method
has been long and extensively studied [30-36]. Such a method uses the
wrapped phase, the epipolar geometry, the measurement volume, the
phase monotonicity, etc. as constraints to determine the fringe order k(x,
y) for each camera pixel and then unwrap the phase without requiring
additional images.

Fig. 6 illustrates one possible framework of the trio-geometric
constraint-based approach for fringe order determination. Any point on
the left camera with a wrapped phase value ¢, corresponds to multiple
discrete lines on the projected fringe patterns (e.g., u? , ug , ... if the fringe
pattern varies along u direction) with exactly the same phase value. If
the left camera and the projector are calibrated under the same coordi-
nate system, 3D coordinates (x, y, 2) for each candidate can be recon-
structed using the line constraint [59]. These 3D points form all possi-
ble candidates, and only those candidate points within the volume of
interest are considered further. If the right camera and the projector are
calibrated under the same coordinate system, these reconstructed 3D
points can be projected onto the right camera image plane to determine
the corresponding point (u¢, v). We then extract the phase value ¢¢,
for each corresponding point and evaluate difference from the phase on
the left camera, A¢; = |¢¢; — ¢ |. The smallest Ag is then treated as the
best candidate. The best candidate will be regarded as the true point if
A¢; is smaller than a pre-defined threshold value. The true point can
then be back tracked to find the fringe order for phase unwrapping.

This method can work well if more global constraints (e.g., phase
monotonicity, geometric local smoothness) are checked backward and
forward. It is understandable that the more constraints imposed, the
more accurate fringe order can be determined, but the more processing
time is required. Due to high calibration accuracy requirements for three
separate devices (i.e., two cameras and one projector) under exactly the
same coordinate system, it is usually not trivial to properly implement
this method. Furthermore, again, due to the use of three different per-
spectives, the possible measurement areas could be reduced since three
devices have to “see” a point to perform 3D shape measurement.

2.7. Stereo-view geometric constraint-based method

Instead of using an additional camera, the inherent geometric con-
straints of a standard DFP system (i.e., a single camera and a single pro-
jector) could also be used to determine fringe order for each pixel, and
such a method is called minimum phase method [39]. In this method,
assume both camera and projector follow the linear pinhole mode and
are precisely calibrated under the same world coordinate system. The
projections from 3D world coordinate system to 2D sensor plane can be
represented as,

v ®

5¢ [uc 1]7 = Pt [xw yw 7w

Sl w1 = PP e e 1]

®

Here P denoted 3 x 4 projection matrix from world coordinates (x*, y",
2") to sensor 2D image coordinates (u, v), superscript P represents pro-
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jector, superscript © presents camera, and ¢ denotes the transpose oper-
ation of a matrix.

The projection matrices, P¢ and PP can be estimated through cali-
bration. Therefore, Egs. (8) and (9) have 6 equations with 7 unknowns
(¢, sP, x¥, y¥, 2%, uP, V) for each camera pixel (u°, v¢), and one addi-
tional constraint equation is needed to solve all unknowns uniquely. For
example, for a DFP system, the absolute phase ®(x, y) is often used as a
constraint to recover (x*, y*, zV) coordinates [59]. The absolute phase
®(x, y) essentially maps one point on the camera image plane (u, v¢)
to a line, u? or V7, on the projector image plane with exactly the same
phase value.

In contrast, if a virtual plane at z = z" is defined, the camera sensor
image can be uniquely mapped to a projector sensor region with de-
fined phase value. If z = z,,,,, we call the virtually created phase map as
minimum phase or @, that is a function of z,,;,, fringe period T, and
projection matrices, i.e.,

D,in W, ) = f(zin; T, P, PP). (10)

Fig. 7 illustrates the basic concept of using the minimum phase to
determine fringe order. Assume the red dashed window shows the cor-
responding projector region that the camera captures an ideal plane at
Z = Z,,,,.- The corresponding ®,,;, is defined on the projector space and
thus is continuous without requiring any phase unwrapping, as shown
in Fig. 7(b). For a plane at unknown depth z > z,;,, the camera captured
wrapped phase is ¢, and the corresponding region on the projector is
marked as the solid blue window. Fig. 7(c) shows the cross section of
these phase maps. Clearly, if ¢ < ®,,;,, fringe order k can be determined
as 1, or 2z should also be added to unwrap the phase ¢.

Fig. 7(d) and (e), respectively, illustrates two and three discontinu-
ous locations. An et al. [39] has proven that, in general, the fringe order
k(x, y) can be determined by

k(x,y) = ceil [w] (11)
2r

Here, ceil[] is the ceiling operator that gives the nearest upper integer
number.

The geometric constraint-based fringe order determination method
has the following advantages [60]: (1) unlike traditional temporal phase
unwrapping method, this absolute phase unwrapping method does not
require any additional image acquisition, and thus it is more suitable for
high-speed applications; and (2) this method is robust to noise because
it determines fringe order by referring to an artificially generated ideal
absolute phase map ®,,;,, without any noise. In contrast, the conven-
tional temporal phase unwrapping method determines fringe order by
referring to camera captured information that contains noise. However,
this fringe order determination method has one major limitation: the
maximum measurement depth range is within 2z changes in phase do-
main from the object plane to the minimum phase generation plane. In
other words, any point on the object surface should not be too far away
from z,,;, such that it will cause more than 2z changes. Assuming the
angle between projection direction and camera capture direction is 6,
and the spatial span of one projected fringe period is AT, the maximum
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4 A

(a) (c)

(d) (e)

Fig.7. Conceptual idea of determining fringe order k(x, y) by using minimum phase ®,,;, obtained from geometric constraints of the DFP system [39]. (a) Red dashed
window shows camera captured area when the virtual plane is at z = z,,;,, and the solid blue window shows when the virtual plane is at 2> 2,,,,; (b) corresponding
®,.;, and @ defined on the projector; (c) cross sections of ®,,;, and ® and the wrapped phase maps for the case of only one single 2z discontinuous location; (d)
unwrap phase for two discontinuous locations and (e) unwrap phase for three discontinuous locations. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)

depth range that this method can handle is

Az, =2 = AT,/ tané. (12)

Jiang et al. [40] subsequently developed a method to extend the
depth sensing range by combining pre known rough topology of the
object. This phase unwrapping method can be used to enhance two-
frequency phase-shifting method for fringe order determination [61],
and can be used to determine fringe order for the phase determined
from Fourier method [62] and further to reduce motion induced artifacts
[63]. If a pre-known sized object is always within the field of view, this
method substantially extends the depth range for dynamic 3D shape
measurement [64].

max max ~ Zmin

2.8. CAD-model based method

Instead of using a conventional black-box fringe order determination
approach, we can also utilize our pre-knowledge of the object to deter-
mine fringe order. Modern manufacturing starts with the a compute-
aided-design (CAD) model before making the part, and thus the CAD
model is available and can be leveraged to simplify measurements. Once
CAD model is known, the coordinates on each critical feature points
(e.g., corners, edges, etc.) are precisely known, albeit it is defined in its
own coordinate system. For example, if one knows the part has a few
blocks with known dimensions relative to the base, such information
can be taken into consideration for fringe order determination.

Assume a set of feature points with known coordinates in the object
coordinate system are (x2,37,29), and their corresponding coordinates
on the camera image are (u{,v{); and also assume the DFP system is
calibrated such that its world coordinates is aligned with the camera
lens. We will have the following projection relationship between the 3D
point and the 2D image point.

sl o A =Pl e )

13)

=P-T[x¢ oz 1] (14)
Here P€¢ - T° can be obtained by solving the set of linear equations such as
through the singular value decomposition (SVD) algorithm. Once P€¢ - T°
is known, the transformation from the object coordinate system to the

camera lens coordinate system can be determined by
1.

Since T is fixed to the entire object, a set of feature points can be used
to determine this matrix that can be applied to all measurement points.
Once the transformation matrix is determined, the CAD model coordi-
nate system can be transformed to the world coordinate system of the
DFP system. The transformed CAD model is then projected onto camera
(u®, v¢) coordinates for each camera pixel, but the depth information z*
can be preserved, if necessary. Similarly, the CAD can also be projected
to the projector’s (1P, V) coordinate system for each camera pixel by

[xe e ozv 1) =T 20 (15)

i i i
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taking advantage of the available depth 2" information. The mapping at
this point may not be precise for real measurement due to measurement
error and fabrication error. To precisely establish the correspondence,
the real captured phase ¢°(x, y) from phase-shifted fringe patterns can
be used as a constraint to refine the corresponding point on the projec-
tor. Once the corresponding point is precisely located, the fringe order
can be determined for each camera pixel to unwrap the phase map.
Li et al. [38] combined this method with the minimum phase-based
method [39] to relax the precise pixel matching requirement.

2.9. Hybrid methods

2.9.1. Phase coding method

As aforementioned, the binary coding + phase-shifting technique is
one of the major methods by designing a unique codeword assigned to
each 2z phase-change period to determine fringe order k(x, y). How-
ever, the maximum number of available unique codeword is limited to
2M (M is the number of binary patterns used). For example, three bi-
nary coded patterns can generate up to 8 unique codewords [21]. In
contrast, multi-frequency phase-shifting method has the potential of us-
ing three additional fringe patterns for absolute phase recovery pixel by
pixel without such a limitation.

If the codewords are embedded into phase domain and carried along
with three phase-shifted fringe patterns, more codewords could be gen-
erated. Wang and Zhang [21] developed such a method that is called
phase coding method. Instead of encoding the codeword into binary in-
tensity images, the codeword is embedded into the phase ranging [,
+x) of phase-shifted fringe patterns. Since the codeword is a finite num-
ber that can quantify the phase into discrete levels, this technique has
the following merits: (1) less sensitive to surface contrast, ambient light,
and camera noises because of the use of phase-shifting method; (2) fast
measuring speed since it only requires three additional images to deter-
mine fringe order larger than 8 (better than a gray coding method).

Other researchers [22-26] have developed variations of the phase
coding based method for fringe order determination and some increased
the robustness or reduced the number of patterns required. For exam-
ple, Hyun and Zhang [26] have developed a high speed and large depth
range 3D shape measurement that achieved kHz 3D shape measure-
ment with only five fringe patterns. Hyun and Zhang’s method com-
bined the phase coding method with the geometric-constraint-based
phase unwrapping method to achieve both speed improvement and
robustness boost. This is a rather powerful method comparing with
intensity-domain binary-coding method for fringe order determination.
However, comparing with multi-frequency phase-shifting method, the
phase-coding method is more sensitive to defocusing, and it requires a
complex computational framework to reduce unwrapping artifacts if the
projector is substantially defocused.

2.9.2. Encode random statistical pattern into fringe pattern
The stereo-vision method discussed in Section 2.5 uses one addi-
tional statistical pattern for stereo-matching. However, for a DFP system
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with dual cameras, the phase quality is not as critical as a standard DFP
system (i.e., a single camera and a single projector) since the phase is
not directly used for 3D reconstruction, but rather used for stereo con-
straints. Therefore, to speed up measurement, the statistical pattern can
be encoded into the phase-shifted fringe patterns. For example, Lohry
et al. [37] modified the intensity modulation I”(x, y) by a statistical
weight pattern I,. Here I, is randomly generated with an intensity value
0.5 <Ip(x, y)<1. Here Ip(x, y) follows the band-limited 1/f noise shown
in Eq. (7). As a result, the ith phase-shifted fringe pattern in Eq. (1) can
be written as

Lx,y)=1"+ 1,0, »)I" cos (¢ — 5;). (16)
The rationale of encoding the statistical pattern into intensity modula-
tion is the preserved average intensity I'(x, y), which is often used as
texture. Fig. 4 illustrates the encoded pattern I,(x, y) and one of the
modified fringe patterns. Fringe order determination is almost identical
to the one discussed in Section 2.5, except the random pattern is ob-
tained by extracting I, from phase-shifted fringe patterns instead of the
directly captured image. Lohry and Zhang subsequently demonstrated
that such a method can be further developed to substantially improve
measurement speeds by binarizing phase-shifted fringe patterns (e.g.,
through dithering) [65].

2.9.3. Composite frequency based method

To speed up measurement, researchers [27-29] attempted to com-
bine different frequencies into carrier fringe patterns. The phase for each
frequency component can be separated by applying band-pass filters
[27,28], or via direct computation using signal demodulation theory
[29]. The former could work if these frequency components are dis-
tinctly separate. The latter does not have to use band-pass filters for
frequency recovery, which is more robust. In either case, these methods
sacrifice the contrast to improve speed, which might not be desirable
for high accuracy measurement applications.

2.10. Some other methods

2.10.1. Finite gray value encoding

Li et al. [66] proposed a method using a single pattern that only has
three grayscale values, 0, 128 and 255, to determine fringe order. The
encoded pattern is locally unique and pseudo random for each fringe
order. In their implementation, they used three unique slits to represent
one grayscale values (0, 128 or 255), and three unique slits to represent
two grayscale values (0 and 128, 0 and 255, and 128 and 255). These six
unique slits are used to generate a pseudo random sequence by searching
a Hamilton Circuit over a direct graph [19] such that it simultaneously
satisfies: (1) any subsequence with a given length (window size) should
appear only once in the whole sequence; and (2) there are no repeated
unique slits in every sequence. This method could work well if the object
surface is rather smooth (e.g., a human face). However, the decoding
process is quite complex and time consuming: involving complicated
additional image processing to reduce the impact of surface contrast
variations, also voting to address missing/incorrect coded information
due to object occlusions or image noise.

Zhang [20] used a stair image (more grayscale values) to directly
encode fringe order into different grayscale values. If the surface re-
flectivity is quite uniform, this approach is very simple to be realized
and works really well. The method has been demonstrated its success
for relatively complex 3D shape measurements by developing a quite
sophisticated computational framework. However, this approach is sen-
sitive to noise of the hardware, surface reflectivity variations, and lens
defocusing etc. For example, we have found that this method does not
work well for high-contrast surfaces since the low reflective points have
very high noise or low signal to noise ratio (SNR) that fail the entire
algorithm.
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2.10.2. Marker based methods

Single or multiple marker points or stripe(s) [67-74] have also been
used to determine absolute fringe order by combining with spatial phase
unwrapping methods for absolute phase recovery. The basic assumption
is that the spatial phase unwrapping can properly unwrap the phase for
each region. It is well known that conventional spatial phase unwrap-
ping cannot determine absolute fringe order. However, if a marker with
a known fringe order is determined for that region or the starting point is
strategically encoded with a marker [67], the relative unwrapped phase
can be adjusted by shifting the entire region phase to ensure the marker
point has correct fringe order information. This method can work well
if two conditions are simultaneously satisfied: (1) the surface can be
segmented into smooth regions, and for each region, a spatial phase un-
wrapping can successfully unwrap the entire phase; and (2) the encoded
marker is clearly visible and accurately determined for each labelled re-
gion. The limitations of these approaches are obvious: (1) the method
fails if one of the conditions violates; (2) the spatial phase unwrapping
is typically slow; and (3) no high quality measurement can be achieved
for those marked points.

3. Unwrapping artifacts reduction

The absolute fringe order determination methods discussed in this
paper could lead to five following major artifacts: (1) points with in-
correct fringe orders are sparsely distributed; (2) points with incorrect
fringe orders are on object boundary; (3) points with incorrect fringe
orders are densely distributed within the phase map; (4) points with
incorrect fringe orders are clutched and those clutches are sparsely dis-
tributed; and (5) missing points or regions. There are numerous algo-
rithms to identify the incorrectly determined fringe order points and
some attempted to fix them [14,75-84]. They can all work well under
certain situations, and reduce unwrapping artifacts to a certain degree
for most cases. However, these algorithms were mainly developed to
handle the artifacts created from multi-frequency phase-shifting algo-
rithms. And if the fringe order is determined from a different method,
such as stereovision, the effectiveness of these algorithms could be dras-
tically reduced due to different characteristics of the artifacts. To our
knowledge, none of the existing algorithms works very well for all dif-
ferent types of artifacts, albeit they can all alleviate the problems to a
certain level. This section discusses some practices that we found effec-
tive and efficient to reduce unwrapping artifacts.

3.1. Sparse artifact points

Sparse point artifact is characterized as incorrect points with 1- or
2-pixel width and distributed sparsely on the measurement surface. This
type of artifacts occur in almost all temporal phase unwrapping meth-
ods, especially for multi-frequency phase unwrapping methods when
the phase quality is rather high. This type of artifact is similar to “salt
and pepper” noise on 2D images, and is thus quite easy to handle: we
found that one of the most effective methods was to apply median filter
to locate those incorrectly unwrapped points, and then determine the
fringe order differences by comparing the filtered phase ®,,(x, y) and
the raw phase ®(x, y),

®D,,(x,y) — D(x,y)

Ak(x,y) = Round
2

17
Here Round() is an operator that determines the closest integer numbers
for a value. Ak(x, y) # 0 indicates point (x, y) has incorrect fringe order
which can be corrected by

ke(x,y) = k(x,y) + Ak(x, y). 18)

Due to its simplicity, such a method can be easily implemented onto the
graphics processing unit (GPU) for efficient artifacts reduction [47]. It
should be noted that this approach only corrects those artifact points
but does not smooth the phase as standard median filtering does.
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3.2. Boundary artifacts

This type of artifacts is characterized as those incorrect points ap-
pear between the object and the background or on the edge of abruptly
changing edges of the object. It is a very common type of artifacts due to
the nature of optics. This type of artifacts are typically not very difficult
to handle. One of the common approach is to compute phase gradient

Vd(x,y) = [M’M]’ (19)
ox dy
and a point is regarded as an artifact point if
2 2
[M’(x, y)] + [6‘1>(x, y)] o 20)
ox dy

Here, € is a predefined threshold. Alternatively, one can compute the
Laplacian of the unwrapped phase as

P P(x,y) 9D(x,)*

ox2 T 9y? ’ @D

V2D(x, y) = AD(x, y) = [
similarly, identify the a point as an artifact point by satisfying the fol-
lowing condition:

212 212
[0fl>(x, ) ] N [0<l>(x,y) ] o

0x? 0y? @2)

Typically, this method can only locate one or two pixel wide artifacts on
the boundary, and simply removing these points should not bring too
much concerns. If one would like to remove more than a few pixels from
the boundary, the image erosion technique developed in machine vision
can be adapted for this purpose. However, it should be noted that, this
approach can also effectively identify the sparse artifact points. Once
these artifact points are located, they can be replaced by approximat-
ing the value with neighboring pixel phase information. These approx-
imated value can then be regarded as the filtered phase value ®,,, and
then adjusted using the method discussed in the previous section. There-
fore, this method cannot only identify but also has the potential to fix
those incorrect fringe orders.

3.3. Dense point artifact

This type of artifacts is characterized as a lot of incorrectly un-
wrapped points distributed densely on the object surface. It again typ-
ically appears on the conventional temporal phase unwrapping meth-
ods, especially a small number of frequencies are used for the multi-
frequency phase-shifting methods discussed in Section 2.3. Our study
found that one of the most effective methods to reduce this type of
noise influence is applying Gaussian filter for each wrapped phase com-
putation (i.e., filtering equivalent sine and cosine terms before applying
the inverse tangent for phase calculation), and then determining fringe
order from the filtered wrapped phase maps. The original phase map
without filtering can then be unwrapped. This step typically greatly re-
duces the number of artifact points on the unwrapped phase map, and
most probably leads to the sparsely distributed artifact points that can
be handled by the approach discussed in Section 3.1. If the artifacts still
cannot be properly handled, the data quality might be too low (e.g., SNR
is too low) for high-quality measurements.

3.4. Sparse clutched artifact

This type of artifacts is characterized as a lot of incorrectly un-
wrapped points connected together, that is, the entire subregion is
wrong. This type of artifacts appears on a multiview or even stereo-
view system when a stereovision algorithm is applied, especially when
dense fringe patterns are used; and it sometimes occurs on temporally
unwrapped phase as well if the object moves during data acquisition.
Apparently, this type of artifacts is very difficult to handle. Typically,
one has to apply an adaptive computational framework for each case.
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For example, to reduce motion introduced artifacts, combining spatial
phase unwrapping with temporal phase unwrapping can work reason-
ably well assuming that each object is smooth and can be segmented
through analyzing the captured fringe patterns [43,63]. To increase the
robustness of the computational framework, one can also use the inher-
ent constraints of the DFP system (e.g., the phase is monotonic [75]),
use statistical clustering approach [79], or develop advanced machine
learning techniques.

3.5. Missing area

The missing points do not occur often for a conventional temporal
phase unwrapping, although they do appear after applying a computa-
tional framework for artifact reduction. In contrast, if a conventional
stereovision algorithm is used at any stage to find rough fringe order,
there are a lot missing points on the stereo algorithm that fails to find
corresponding points. To recover those missing points, one can use the
already correctly unwrapped phase to fit a smooth curve or surface lo-
cally or smoothly, estimate the rough phase value ®(x, y), map the rough
phase value to the projector space to locate the phase line, and then com-
bine with phase refinement approach discussed in Section 2 to precisely
determine fringe order for that point and thus the absolute phase value
D(x, y) [18].

4. Summary

This paper summarized absolute phase recovery methods that are
applicable for digital fringe projection (DFP) systems. We have dis-
cussed the conventional absolute phase unwrapping methods, some non-
conventional methods that are specific for DFP systems, as well as hybrid
methods. This paper explained the basic principle behind each individ-
ual method. This paper also presented some practical methods that we
found effective to reduce unwrapping artifacts. We hope that this paper
will be a good reference paper for students, scientists, and researchers
who are interested in employing DFP techniques for absolute 3D shape
measurement.
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