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Abstract: We propose a hybrid computational framework to reduce motion-induced measurement error by combining the Fourier transform profilometry (FTP) and phase-shifting profilometry (PSP). The proposed method is composed of three major steps: Step 1 is to extract continuous
relative phase maps for each isolated object with single-shot FTP method and spatial phase
unwrapping; Step 2 is to obtain an absolute phase map of the entire scene using PSP method,
albeit motion-induced errors exist on the extracted absolute phase map; and Step 3 is to shift
the continuous relative phase maps from Step 1 to generate final absolute phase maps for each
isolated object by referring to the absolute phase map with error from Step 2. Experiments
demonstrate the success of the proposed computational framework for measuring multiple isolated rapidly moving objects.
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1.

Introduction

The rapidly evolving three-dimensional (3D) shape measurement technologies have enjoyed a
wide applications ranging from industrial inspection to biomedical science. The non-contact
structured light technology has been increasingly appealing to researchers in many different
fields due to its flexibility and accuracy [1]. Yet a crucial challenge for this field of research is to
perform accurate 3D shape measurement of dynamically moving or deformable objects, which
typically introduces measurement errors caused by object motion.
To alleviate the measurement errors induced by object motion, it is desirable to reduce the
number of fringe images required to reconstruct 3D geometry. The approaches that minimize the
number of projection patterns include single-shot Fourier transform profilometry (FTP) [2], 1 + 1
FTP approach [3], π-shift FTP approach [4], 2 + 1 phase-shifting approach [5] and three-step
phase-shifting profilometry (PSP) [6, 7]. The approach that requires least number of projection
patterns is the standard FTP approach which extracts phase information within a single-shot
fringe image. This property of FTP approach is extremely advantageous when rapid motion is
present in the measured scene. Most single-shot FTP approaches adopt spatial phase unwrapping,
which detects 2π discontinuities solely from the wrapped phase map itself and removes them
by adding or subtracting integer k (x, y) multiples of 2π. This integer number k (x, y) is often
called fringe order. However, a fundamental limitation for spatial phase unwrapping is that
the obtained unwrapped phase map is relative. This is simply because the phase value on a
spatially unwrapped phase map is dependent on the phase value of the starting point within
a connected component. As a result, it cannot handle scenes with spatially isolated object.
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Although researchers have come up with approaches that embed markers into the projected
single pattern [8–10], the absolute phase retrieval could be problematic if the embedded markers
are not clear on an isolated object.
Temporal phase unwrapping, which obtains insights for fringe order k (x, y) by acquiring
additional information, has the advantage of robust absolute phase recovery especially for
static scenes. Some widely adopted techniques include multi-frequency (or -wavelength) phase
shifting techniques [11–15], binary [16] or Gray [17] stripe coding strategies and phase coding
strategies [18–20]. These approaches commonly require many additional fringes (e.g. typically
more than three) to determine the fringe order for absolute phase retrieval, which is undesirable
for dynamic scene measurements.
To address this limitation of temporal phase unwrapping, Zuo et al. [21] proposed a four
pattern strategy to further reduce the total number of patterns; Wang et al. [22] combined
spatial and temporal phase unwrapping within phase shifting plus gray coding framework. These
approaches can function well under majority cases especially when the object movement is not
rapid. However, Zuo’s approach [21] still requires the imaged scene to remain stationary within
the four consecutively captured frames, and Wang’s approach [22] requires the measured objects
to remain stationary within the first three phase shifted fringes of the entire fringe sequence,
which are not valid assumptions if the object motion is extremely rapid. Cong et al. [23] proposed
a Fourier-assisted PSP approach which corrects the phase shift error caused by motion assisted
by FTP approach, yet in this particular research, the marker points are used to detect fringe
order, which could encounter similar problems as all marker based approaches mentioned above.
Recently, our research group [24, 25] proposed to obtain absolute phase map with the assist of
geometric constraints. Hyun and Zhang [24] proposed an enhanced two-frequency method to
reduce the noise and improve the robustness of conventional two-frequency phase unwrapping,
yet it still uses six images as required by conventional two-frequency method, where speed is
still a major concern. An et al. [25] introduced an absolute phase recovery framework that solely
uses geometric constraints to perform phase unwrapping. This method does not require capturing
additional images to determine the fringe order, and was lately combined with FTP to perform
single-shot absolute phase recovery [26]. However, this single-shot approach cannot handle
object depth variations that exceed 2π in phase domain [25], meaning that the measurement depth
range could be quite constrained since FTP method typically requires using a high-frequency
pattern.
Apart from reducing motion-induced errors by modifying the phase computational frameworks, researchers are also seeking alternative solutions by adding more hardware. The approaches that use more than one camera have been proven successful by several reported research
works [27–30]. The fundamental mechanism behind this type of approaches lies in the fact that
any motion-induced measurement error will simultaneously appear in different cameras, and
thus the correspondence detection won’t be affected. However, the cost of adding another camera
could be expensive especially when high measurement quality is required. Moreover, only the
sampled area that is viewed by all imaging sensors (i.e. two cameras, one projector) can be
reconstructed.
In this research, we propose a hybrid computational framework for motion-induced error
reduction. Our proposed approach uses a total of 4 patterns to conduct absolute 3D shape
measurement. First of all, we perform single-shot phase extraction using FTP with a high
frequency pattern projection. Then, we identify each isolated object, and obtain continuous
relative phase map for each object through spatial phase unwrapping. To determine the rigid shift
from relative to absolute phase map, we use low-frequency three-step phase shifted patterns to
find extra information: Essentially, we use low-frequency three-step phase shifted patterns plus
geometric constraints to produce absolute phase map, yet phase errors caused by motion between
the three frames are inevitable. However, we can obtain insights by finding the most common
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integer fringe order shift k s from this PSP extracted phase map to FTP continuous relative phase
map. Our proposed method combines spatial and temporal phase unwrapping, in which we use
spatial phase unwrapping to reduce motion-induced errors, and temporal phase unwrapping to
obtain absolute phase map. Our proposed method does not involve any additional hardware for
motion-induced error reduction. Experiments have demonstrated the success of our proposed
computational framework for measuring multiple spatially isolated objects with rapid motion.
Section 2 introduces the relevant theoretical background and the framework of our proposed
research; Section 3 illustrates the experimental validations of our proposed research; Section 4
discusses the strengths and limitations of our proposed computational framework, and Section 5
summaries our proposed research.
2.

Principle

In this section, we will introduce the relevant theoretical foundations of this proposed framework,
which include the principles of FTP, PSP, phase unwrapping with geometric constraints, the
motion-induced error in PSP method to be addressed in this research, as well as our proposed
hybrid absolute phase computational framework.
2.1.

Fourier transform profilometry (FTP)

The basic principles of FTP approach can be expressed as follows: In theory, a typical fringe
image can be represented as
I (x, y) = I 0 (x, y) + I 00 (x, y) cos[φ(x, y)],

(1)

where I 0 (x, y) denotes the average intensity, I 00 (x, y) stands for the intensity modulation, and
φ(x, y) is the phase information to be extracted. According to the well-known Euler’s formula,
Eq. (2) can be re-formulated as
I (x, y) = I 0 (x, y) +

i
I 00 (x, y) h jφ (x,y )
e
+ e − jφ(x ,y ) .
2

(2)

A band-pass filter that preserves only one of the conjugate frequency components can be applied
to produce the final image, which can be expressed as
I f (x, y) =

I 00 (x, y) jφ(x ,y )
e
.
2

After band-pass filtering, the phase can be extracted by
h
i


Im I f (x, y) 




h
i,
φ(x, y) = tan −1 

 Re I f (x, y) 


(3)

(4)

h
i
h
i
where Re I f (x, y) and Im I f (x, y) respectively represent the real and the imaginary part
of the final image I f (x, y). Consequently, Eq. (4) produces a wrapped phase map with 2π
discontinuities. To obtain a continuous phase map without 2π jumps, a spatial or temporal phase
unwrapping approach can be applied. In general, the key for phase unwrapping is to determine
the integer fringe order k (x, y) for each pixel which removes 2π discontinuities. The relationship
between a wrapped phase map and an unwrapped phase map can be expressed as
Φ(x, y) = φ(x, y) + 2π × k (x, y).

(5)
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2.2.

Phase shifting profilometry (PSP)

PSP method, different from single-shot FTP method, uses a set of phase shifted fringe images
for phase computation. For a three-step phase-shifting approach that requires least number of
phase shifting steps, the fringe images used can be described as
I1 (x, y)
I2 (x, y)
I3 (x, y)

=
=
=

I 0 (x, y) + I 00 (x, y) cos[φ(x, y) − 2π/3],
I 0 (x, y) + I 00 (x, y) cos[φ(x, y)],
I 0 (x, y) + I 00 (x, y) cos[φ(x, y) + 2π/3].

(6)
(7)
(8)

With the three phase shifted fringe images, the phase φ(x, y) can be extracted by simultaneously
solving Eqs. (6)–(8):
√
3(I1 − I3 )
−1
φ(x, y) = tan
.
(9)
2I2 − I1 − I3
Again, the phase φ(x, y) obtained here has 2π discontinuities. Similarly, we can adopt a spatial
or temporal phase unwrapping framework to obtain the unwrapped phase map.
2.3.

Phase unwrapping using geometric constraint

As recently proposed by An et al. [25], one of the methods that removes 2π discontinuities on
a wrapped phase map is by using geometric constraints. Figure 1 illustrates the fundamental
principle of this type of methods. Suppose the region that the camera captures on the CCD
censor is a flat plane located at z w = zmin , which is the closet measurement depth plane of
interest, the same region can be mapped to the projector DMD sensor which creates a pixelate
artificial absolute phase map Φmin . This generated phase map Φmin can be used to locate 2π
discontinuities on a wrapped phase map. The detailed procedures of zmin determination and
Φmin generation can be found in [25].
zw = zmin

Virtual plane

I
zw
ow

xw
yw

ǻ

Lens
Lens

CCD

T

)

Mapped region
of virtual plane

DMD

Fig. 1. Illustration of the geometric mapping between the camera image region and the
corresponding region on the projector sensor if a virtual plane is positioned as z min [25].

Figure 2 shows the conceptual idea of phase unwrapping using artificial absolute phase map
Φmin . Suppose when z w = zmin , a camera captures the region shown inside the red dashed
window on the projector [see Fig. 2(a)], in which the wrapped phase φ1 has 2π discontinuities.
The corresponding unwrapped phase Φmin is shown in the red dashed box in Fig. 2(b). Figure 2(c)
shows the cross sections of both phase maps, from which it depicts that 2π should be added

I
ǻ

Vol. 24, No. 20 | 3 Oct 2016 | OPTICS EXPRESS 23294

)

)

I

I

I

)

to the wrapped phase when the phase φ1 is below Φmin . The same idea also applies when) the
I the
S is added to
phase φ is captured at z > zmin as illustrated in the solid blue window, where 2π
wrapped phase φ if below Φmin .
I

)

)

) I

) I

x

I

I

I

)

I)

I)min


S

S

)

I

)

S

)

)

I

)
S

)
S
S

S

I

(a) I

I

)

I

(b)

)
)

S

(c)
)

I

)

6S
S

I I
x

I

I

)min

I 2S
I

I

I

)
I

S

2S

x

I)
)

)
)min

I I
A

B

(d)

C

x

)
)

)of removing 2π discontinuities using the S
Fig. 2. Concept
minimum phase map determined
S
)
from geometric S
constraints [25].
S (a) Regions acquired by the camera at different depth z
plane: S
red dashed windowed region where z = z min andS
solid blue windowed region where
z > z min ; (b) ΦImin and Φ defined
on the projector; (c) cross sections of the wrapped phase
S
S
SIΦ min and Φ; (d) case for using
maps, φS
phase map
I
1 and φ, and their correctly unwrapped
I
I
fringe patterns with four periods.

Now we consider a more general case, as shown in Fig. 2(d), where the captured camera image
contains more fringe periods, different fringe order k (x, y) should be added to the wrapped phase
φ depending on its difference with Φmin . The fringe order k (x, y) can be determined as follows:
2π × (k − 1) < Φmin − φ < 2π × k ,
or equivalently:
"
k = ceil

#
Φmin − φ
,
2π

(10)

(11)

where ceil[] operator returns the closest upper integer value.
2.4.

Motion-induced error in PSP

PSP works really well under the assumption that the object is quasi-static during the process
of capturing multiple phase-shifted fringe images. However, the object movement can cause
measurement error if the fundamental assumption of a phase-shifting method is violated. If the
sampling speed of the system is fast enough, this type of error is not obvious. However, when
the sampling speed cannot keep up with object movement, this type of error is pronounced and
can be dominant.
We simulated this motion-introduced error by moving a unit sphere by 2% of the overall span
(e.g., diameter of the sphere) along y direction for each additional fringe pattern capture (i.e., the
sphere moves 10% for six fringe patterns). In this simulation, we adopted a two-frequency phaseshifting algorithm. Figures 3(a)–3(f) show six fringe patterns. Figure 3(g) shows the reconstructed
3D geometry. Apparently, the sphere surface is not smooth because of its movement.
To better visualize difference between the reconstructed 3D result and the ideal sphere, we
took one cross section of the sphere and overlaid it with the ideal circle, as shown in Fig. 3(h).
And Fig. 3(i) shows the difference between these two. Clearly, there are periodical structural
error on the object surface, which is very similar to the nonlinearity error, or phase shift error.
However, for this simulation, the sole source of error is caused by object movement, which is
defined as motion-induced error.

Vol. 24, No. 20 | 3 Oct 2016 | OPTICS EXPRESS 23295

(a)

(b)

(c)

(d)

(e)

(f)

×10-3
5

Z

Error

0.4

0.2

-5

Reconstructed
Ideal

0
-0.5

0

0

0.5

-0.5

0

(g)

(h)

0.5

X

X

(i)

Fig. 3. Simulation of motion-induced measurement error. (a) - (c) high frequency phase
shifted patterns; (d) - (f) low frequency phase shifted patterns; (g) reconstructed 3D shape;
(h) a cross section of (g) and the ideal sphere; (i) difference between the reconstructed sphere
and the ideal sphere.

2.5.

Proposed hybrid absolute phase computational framework

The major type of error that this paper aims at addressing is the measurement error caused by
object motion. As discussed in the previous subsection, the motion-introduced error of PSP
method is caused by the violations of the fundamental assumption of phase-shifting method:
object remain static during the capture of required number of phase shifted fringe patterns. It is
well known that the FTP method can extract phase information within one single-shot fringe
image, which is extremely advantageous when measuring scenes with high speed motion, yet the
pixel-by-pixel absolute phase retrieval problem remains nontrivial for FTP approaches without
capturing any additional fringe patterns. We recently proposed to use geometric constraints of
the structured light system to perform pixel-wise absolute phase unwrapping [26], yet is depth
range is confined to a small range [25].
To address enhance the capability of our previously proposed method [26] by extending its
depth range to a substantially large range, we propose a hybrid computational framework that
combines FTP with PSP to address this limitation. We first perform single-shot FTP and spatial
phase unwrapping to produce continuous relative phase map Φr for each spatially isolated object.
Suppose we have an additional set of low frequency three-step phase shifted patterns, the phase
extracted from this set of three patterns can be unwrapped by artificial phase map Φmin to
produce a rough absolute phase map Φe , yet measurement errors are present owing to the object
motion within the three frames. However, if under the assumption that the motion-induced errors
is not predominant on the entire phase map, we can still take advantage of this phase map to find
the rigid fringe order shift k s from relative phase map to the final absolute phase map.
By using three additional phase-shifted fringe patterns with a lower frequency, the proposed
method increases the depth range of our previous method [26]. For example, if the angle between
camera and projector optical axes is around θ = 13◦ and the overall projection range is 400
mm, the proposed method can handle approximately 348 mm depth range for a noise-free
system [25]. In contrast, the method proposed in [26] is confined to approximately 27 mm, which
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is approximately 13 times smaller than our proposed method.
Phase-shifted
low frequency
fringe image

Unwrapped phase
map with error
Φe

Three-step phase shifting
Phase unwrapping with
geometric constraints

Motion
compensation Find fringe
order shift ks

Object
High-frequency segmentation
fringe image

Isolated objects

Absolute phase
Φa

Unwrapped phase
maps for each object
Spatial phase
Φr
unwrapping
FTP

Fig. 4. The pipeline of proposed hybrid absolute phase computational framework. The first
step is to generate continuous relative phase map Φr using single shot FTP and spatial phase
unwrapping; the second step is to generate absolute phase map with error Φe through PSP
and geometric constraint; the final step is to retrieve absolute phase map by finding rigid
fringe order shift k s .

Figure 4 illustrates the procedures of our proposed hybrid absolute phase retrieval framework,
in which a set of four patterns are used to retrieve absolute phase map. The first step is to use a
single-shot high frequency fringe pattern to perform FTP, in which image segmentation is used
to separate each isolated object, and spatial phase unwrapping [31] is used to unwrap the phase
extracted FTP for each object to create a continuous relative phase map Φr . To obtain absolute
phase map Φa , we need to determine the constant rigid shift k s in fringe order between absolute
phase map Φa and the relative phase map Φr .
k s = round {[Φa (u, v) − Φr (u, v)] /(2π)} .

(12)

where the round() operator selects the closest integer number. To detect this constant rigid fringe
order shift k s , we use another set of single-period three-step phase shifted low frequency patterns
to obtain some insight. We extract a rough absolute phase map Φe with motion error through
three-step phase-shifting plus geometric constraints from this set of three patterns, then we can
use the area without significant phase errors (e.g. big phase jumps) to detect the constant rigid
shift k s .
We compute the difference map k e in fringe order between Φr and Φe as
("
#
)
Tl
k e (u, v) = round Φe (u + ∆u, v + ∆v) ×
− Φr (u, v) /(2π) ,
(13)
T
where ∆u and ∆v is to compensate for the object motion between adjacent fringe images, which
can be roughly estimated by detecting the center pixel movement of the bounding boxes for each
isolated object between different frames.
Assuming that the motion-induced error is not predominant on k e map, we then determine the
actual constant shift k s by finding the most common integer number on k e map.
k s = mode [k e (u, v)] ,

(14)

where mode[] operator selects the most common value. Finally, the absolute phase map Φa can
be extracted by
Φa (u, v) = Φr (u, v) + 2π × k s .
(15)
Once the absolute phase map is obtained, the 3D reconstruction can be performed using the
system model and calibration method as described in [32].
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3.

Experiments

We set up a structured light system, shown in Fig. 5, to test the effectiveness of our computational
framework. The system includes a digital-light-processing (DLP) projector (model: LightCrafter
4500) and a high-speed CMOS camera (model: Phantom V9.1). The projector resolution is
912 × 1140 pixels. In all our experiments, we adopted the binary defocusing technique [33] to
generate quasi-sinusoidal profile by projecting 1-bit binary pattern with projector defocusing. The
projector image refreshing rate was set at 1500 Hz. We set the camera resolution at 1024 × 768
pixels with an image acquisition speed of 1500 Hz which is synchronized with pattern projection.
The lens attached to the camera has a focal length of 24 mm with an aperture of f/1.8. The system
is calibrated using the method described in [32].
Sync circuit

Camera

Projector

Fig. 5. Photograph of our experimental system setup.

To demonstrate the effectiveness of our proposed framework regarding motion-induced error
reduction, we compare our proposed method with a PSP based method. In this research, we use
enhanced two-frequency PSP method [24] since it only requires 6 fringe patterns. The enhanced
two-frequency PSP method essentially uses two-frequency phase shifted patterns: the wrapped
phase obtained from low frequency patterns is unwrapped using geometric constraints (see
Section 2.3), and then this obtained phase map sequentially unwraps high frequency wrapped
phase to obtain final absolute phase map. We projected a sequence of six patterns: three phaseshifted high frequency square binary patterns with a fringe period of T = 18 pixels (denoted
as I1h , I2h and I3h ), and three phase-shifted low frequency binary dithered patterns with a fringe
period of T l = 228 pixels [34] (denoted as I1l , I2l and I3l ). Enhanced two-frequency PSP method
uses all six patterns for 3D reconstruction, and our proposed method only uses the last four
patterns (i.e. I3h and I1l - I3l ) for 3D reconstruction.
We first measured two free-falling ping-pong balls using the enhanced two-frequency PSP
method [24]. Figures 6(a)–6(f) show a sequence of 6 continuously captured fringe images. For
better visualization of object movement during the capture of six fringe patterns, we cropped
the left ball in the six fringe images, and then drew a reference line (red) and a circle around
the contour of the ball correspondingly, as shown in Figs. 6(g)-6(l). It is very obvious that
the object moves a lot even for such high-speed capture. Since phase-shifting method requires
the movement to be small, it is difficult for phase-shifting method to perform high quality 3D
shape measurement. Figure 7(a) shows the retrieved absolute phase map, from which one can
visually observe some motion artifacts around the boundaries of the spheres. The reconstructed
3D geometries, shown in Fig. 7(b), clearly depicts significant errors (e.g. large jumps, spikes)
especially around the edges the spheres. Besides spikes, one can also observe that the object
motion produces apparent artifacts along the direction of phase shifting (e.g. some vertical stripes
on surface), which is very similar to the motion-induced errors introduced in Section 2.4.
We then implemented our proposed computational framework using the last four fringe images
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Fig. 6. A cycle of 6 continuously captured fringe images. (a) I1h ; (b) I2h ; (c) I3h ; (d) I1l ; (e)
I2l ; (f) I3l ; (g) - (l) close-up views of the left ball in (a) - (f).

(a)

(b)

Fig. 7. A sample frame of result using enhanced two-frequency PSP method [24]. (a)
Retrieved absolute phase map; (b) reconstructed 3D geometries (Visualization 1).

of a entire sequence (i.e. I3h and I1l - I3l ). The first step is to perform single-shot FTP to extract a
wrapped phase map. Figure 8(b) shows the obtained wrapped phase map from the a single-shot
fringe image I3h [Fig. 8(a)] with high-frequency pattern (T = 18 pixels) projection. We then
identified the two segmented balls and separately performed spatial phase unwrapping [31] for
each ball. Figure 8(c) shows unwrapped phase map Φr for the entire scene.
The next step is to obtain an absolute phase map Φe with motion-induced error using PSP
method. Figure 9 shows an example of Φe map extraction. Figure 9(a) shows one of the three-step
phase shifted fringe images (I1l ) with low frequency patterns (T l = 228 pixels) projection. By
applying three-step phase shifting (see Section 2.2), we obtain a wrapped phase map as shown in
Fig. 9(b). As one can see, the motion between three phase shifted fringes causes apparent errors
on the extracted phase map especially around the boundaries of the balls. By applying phase
unwrapping method based on geometric constraints (see Section 2.3), we can obtain an absolute
phase map with motion-induced error as shown in Fig. 9(c). Albeit motion-induced measurement
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(a)

(b)

(c)

Fig. 8. Continuous relative phase map Φr extraction from single-shot FTP. (a) Captured
fringe image I3h ; (b) wrapped phase map obtained from (a) using FTP; (c) separately
unwrapped phase map of each ball in (b) with spatial phase unwrapping.

errors are present, this phase map can still be used to obtain insight of the rigid fringe order shift
ks .

(a)

(b)

(c)

(d)

Fig. 9. Extraction of absolute phase map with motion-induced error Φe from PSP. (a) One
of the three phase shifted fringe pattern; (b) extracted wrapped phase map from I1l - I3l with
motion-induced error before applying geometric constraints; (c) unwrapped phase map Φe
using geometric constraints; (d) difference fringe order map k e obtained from using low
frequency phase map shown in Fig. 8(c) and phase map shown in (c) using Eq. (13).

The final step is to find the rigid fringe order shift k s from relative phase map Φr to absolute
phase map Φa . With the continuous relative phase map Φr [shown in Fig. 8(c)] and the absolute
phase map with error Φe [shown in Fig. 9(c)], Eq. (13) yields a difference map in fringe order
k e , shown in Fig. 9(d). We then plot the histograms of the difference map k e for each ball as
shown in Fig. 10. We use Eq. (14) to find the bins of peak values on each histogram and pick
the corresponding integer number to be the actual rigid shift k s for each ball. Then, we shift the
relative phase Φr using Eq. (15) to obtain the final absolute phase map. Figure 11(a) shows the
final absolute phase map obtained using our proposed method. Figure 11(b) shows 3D geometry
reconstructed from the absolute phase map. Clearly, our proposed method works well for spatially
isolated objects with the existence of rapid motion, and no significant motion-induced errors
appear on the reconstructed 3D geometries. The associated Visualization 1 shows comparing
result of the entire captured sequence. The video clearly shows that PSP method produces
significant motion-induced errors, yet our proposed method consistently works well.
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Fig. 10. Histogram method for fringe order determination. (a) Histogram of Fig. 9(d) for the
left ball; (b) histogram of Fig. 9(d) for the right ball.
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Fig. 11. Absolute phase Φa retrieval and 3D reconstruction. (a) Retrieved final absolute
phase map Φa ; (b) reconstructed 3D geometries (Visualization 1).

To further compare the performance of our proposed method against the conventional twofrequency PSP method, we pick one of the two spheres (i.e. left sphere) and perform further
analysis. Figure 12 shows the comparison of 3D results between proposed method and PSP based
method. Figures 12(a) and 12(e) show the reconstructed 3D geometries using these two methods,
from which we can see that the ball is well recovered using our proposed method, yet the result
obtained from PSP based method has significant errors (e.g. big jumps, spikes) especially on the
top and bottom of the sphere, which is caused by vertical object motion. Also, the object motion
produces apparent artifacts along the direction of phase shifting (e.g. vertical creases). Since
the ping-pong ball has well-defined geometry (i.e. a sphere with 40 mm in diameter), we then
performed sphere fitting on both reconstructed 3D geometries and obtained residual errors as
shown in Figs. 12(b) and 12(f). The root-mean-square (RMS) errors for proposed method and
PSP approach are 0.26 mm and 6.92 mm respectively, which indicates that our proposed method
can well reconstruct the 3D geometry of a rapidly moving ball, yet PSP method fails to provide
reasonable result.
To better illustrate the differences, we took a cross section of sphere fitting and residual errors
from both results. The corresponding plots are respectively shown in Figs. 12(c)–12(d) and
Figs. 12(g) - 12(h). We removed the big outliers for PSP result in Fig. 12(b) on the cross section
plots for better visualization purpose. Note that the error structure of Fig. 12(d) is very similar
to the motion-introduced error from our simulation result, shown in Fig. 3(i). These results
again demonstrate that the reconstructed geometry obtained from our proposed framework agree
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well with the actual sphere, and the error is quite small. However, the result obtained from PSP
method deviates quite a bit from the actual sphere, and the residual error is quite large and with
big artifacts on the edges of the sphere. This experiment clearly shows the significance of our
proposed computational framework in terms of motion-induced error reduction.
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Fig. 12. Comparison between proposed computational framework and PSP based approach.
(a) 3D result from PSP approach; (b) residual error of (a) after sphere fitting (RMS error:
6.92 mm); (c) a cross section of sphere fitting; (d) a cross section of residual error; (e) - (f)
corresponding plots results from our proposed approach (RMS error: 0.26 mm).

To further evaluate the performance of our proposed computational framework, we drastically
increased the number of ping-pong balls within the scene and measured the motion of all balls.
Figure 13 and its associated video (Visualization 2) demonstrate the measurement results of
many free-falling ping-pong balls, where Figs. 13(a) and 13(b) respectively show a sample frame
of the texture and the corresponding 3D geometries. The measurement result demonstrates that
our proposed computational framework performs well under the scenes with a large number
of rapidly moving spatially isolated objects. This experiment further proves the success and
robustness of our proposed computational framework.
One may notice that on the reconstructed 3D geometries, some artifacts still appear when the
black characters on the balls show up in the captured scene. An example is shown in Fig. 14,
which is the zoom-in view of the ball selected in the red bounding boxes of the pictures in Fig. 13.
Some artifacts appear when the characters on the ball appear as shown in the blue bounding boxes
in Figs. 14(a)–14(b). This is caused by the inherent limitation of FTP method: it does not function
well when rich texture variation is present. To alleviate this problem, one can incorporate our
proposed framework with more sophisticated windowed Fourier transform [35, 36] or wavelet
transform profilometry [37, 38].
4.

Discussion

Our proposed computational framework has the following advantages compared to other absolute
phase retrieval frameworks.
• Resistance to measurement errors caused by rapid object motion. Since the final absolute
phase map is generated by shifting the spatially unwrapped single-shot FTP phase map, it is
resistant to phase errors caused by rapid object movements, and thus reduces measurement
errors induced by motion.
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(a)

(b)

Fig. 13. 3D shape measurement of multiple free-falling ping-pong balls (Visualization 2).
(a) A sample frame image; (b) 3D reconstructed geometry.

(a)

(b)

Fig. 14. Illustration of artifacts induced by texture variation. (a) Zoom-in view of the ball
inside of the red bounding box of Fig. 13(a); (b) corresponding zoom-in view of the 3D
result inside of the red bounding box of Fig. 13(b).

• Absolute 3D shape measurement of multiple rapidly moving objects within a large depth
range. As shown in experiments, our proposed framework is capable of recovering absolute
3D geometries for many spatially isolated objects with rapid motion, which is difficult
for existing frameworks to do so especially when object displacement is quite significant
between frames. Comparing with our previous method, the depth sensing range of the
proposed method is approximately 13 times of that achieved by our previously proposed
method [26].
However, our proposed framework also has some inherent limitations, and the performance
could be affected under the following conditions:
• Measurement of complex surface geometry or texture. Since the phase extracted from
single-shot FTP finally determines the phase quality and thus measurement quality, therefore, some inherent limitations of standard FTP approach remain in our proposed method.
Namely, under circumstances where there are rich local surface geometric or texture
variations, the measurement qualities are reduced because of the difficultly of accurately
retrieving the carrier phase in FTP.
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• Existence of abrupt geometric discontinuities. As introduced in Section 2.5, spatial phase
unwrapping is involved at the first step of absolute phase retrieval. Therefore, if there exist
abrupt geometric discontinuities on a single object or between overlapping objects, the
performance of our proposed computational framework could be affected.
5.

Summary

In this research, we proposed a computational framework that reduces motion-induced measurement errors by combining FTP and PSP approach. This framework uses a high-frequency pattern
to perform FTP which extracts phase information within single-shot fringe image, then spatial
phase unwrapping is applied to each isolated object to obtain continuous relative phase map.
Finally, by referring to the absolute phase map with errors obtained from a set of low frequency
phase shifted patterns, we shift the relative phase maps for each object to produce final absolute
phase map. Experiments have demonstrated the effectiveness of our computational framework
for measuring multiple rapidly moving isolated objects without adding additional hardware.
Comparing with the previous method of its kind, the proposed method increase substantially
increase the depth sensing range (i.e., 13 times).
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