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Abstract. This paper describes a novel phase error compensation
method for reducing the measurement error caused by nonsinusoidal
waveforms in phase-shifting methods. For 3-D shape measurement sys-
tems using commercial video projectors, the nonsinusoidal waveform of
the projected fringe patterns as a result of the nonlinear gamma of pro-
jectors causes significant phase measurement error and therefore shape
measurement error. The proposed phase error compensation method is
based on our finding that the phase error due to the nonsinusoidal wave-
form depends only on the nonlinearity of the projector’s gamma. There-
fore, if the projector’'s gamma is calibrated and the phase error due to the
nonlinearity of the gamma is calculated, a lookup table that stores the
phase error can be constructed for error compensation. Our experimen-
tal results demonstrate that by using the proposed method, the measure-
ment error can be reduced by 10 times. In addition to phase error com-
pensation, a similar method is also proposed to correct the
nonsinusoidality of the fringe patterns for the purpose of generating a
more accurate flat image of the object for texture mapping. While not
relevant to applications in metrology, texture mapping is important for

applications in computer vision and computer graphics. © 2007 Society of
Photo-Optical Instrumentation Engineers. [DOI: 10.1117/1.2746814]
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1 Introduction

Various optical methods, such as stereo vision, laser stripe
scanning, structured light, and digital fringe projection and
phase shifting, have been developed for 3-D shape mea-
surement. Compared to other methods, digital fringe pro-
jection and phase-shifting methods have the advantage of
high resolution and high measurement speed. They have
long been employed in metrology. The measurement accu-
racy of a 3-D shape measurement system based on fringe
image analysis is usually affected by such error sources as
the phase-shift error,l_3 nonsinusoidal waveforms,4 camera
noise and nonlinearity,5 vibration,6 and speckle noise.’

In digital fringe projection and phase-shifting methods,
which use programmable digital video projectors to gener-
ate phase-shifted fringe patterns, the phase error due to the
phase shift is negligible because of the digital fringe gen-
eration. However, the projector’s gamma, which represents
the relationship between input grayscale values and output
grayscale values, is nonlinear. Therefore, if ideal sinusoidal
fringe images are sent to the projector, the fringe images
produced by the projector are nonsinusoidal. The phase er-
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ror due to this nonsinusoidal waveform is the single domi-
nant error source. It results from the nonlinearity of the
gamma of the projector, and causes significant measure-
ment error. Previously proposed methods, such as the
double three-step phase-shifting algorithm8 and the 3+3
phase-shifting algorithm,g’10 were able to reduce certain
types of phase measurement errors by increasing the num-
ber of fringe images. However, the focus of our research is
to develop a real-time 3-D shape measurement system.ll
Therefore, increasing the number of fringe images is not
desirable. The direct correction of the nonlinearity of the
projector’s gamma significantly reduced the phase mea-
surement error, > but the residual error remains nonnegli-
gible.

We propose a novel phase error compensation method
that can produce significantly better results. This method is
based on our finding that the phase error due to the nonsi-
nusoidal waveform depends only on the nonlinearity of the
projector’s gamma. Therefore, if the projector’s gamma is
calibrated and the phase error due to the nonlinearity of the
gamma is calculated, a lookup table (LUT) that stores the
phase error can be constructed for error compensation. In
addition to phase error compensation, a similar method is
also proposed to correct the nonsinusoidality of the fringe
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Fig. 1 Schematic diagram of our real-time 3-D shape measurement system.

patterns for the purpose of generating a more accurate flat
image of the object for texture mapping, which is important
for applications in computer vision and computer graphics.
Section 2 introduces the theoretical background of the
proposed method, Secs. 3 and 4 show some simulation and
experimental results, and Sec. 5 concludes the paper.

2 Principle
2.1 Real-Time 3-D Shape Measurement System

Phase-shifting methods have been used extensively in op-
tical metrology to measure 3-D shapes of objects at various
scales. In these methods, a series of phase-shifted sinu-
soidal fringe patterns are recorded, from which the phase
information at every pixel is obtained. This phase informa-
tion helps determine the correspondence between the image
field and the projection field. Once this correspondence is
determined, the 3-D coordinates of the object can be re-
trieved by triangulation.

In our previous research, we developed a high-
resolution, real-time 3-D shape measurement system. We
simultaneously realized 3-D data acquisition, reconstruc-
tion, and display at a speed up to 40 frames/s with a reso-
lution of 532 % 500."" We utilize a single-chip digital light-
processing (DLP) projector to generate three-step phase-
shifted fringe images. Figure 1 shows the layout of our
structured light system for 3-D shape measurement. For a
single-chip DLP projector, the color image is produced by
projecting the R, G, and B channels sequentially and re-
peatedly at a high speed. Our eyes then integrate the three
color channels into a full color image. To take advantage of
this unique projection mechanism of a single-chip DLP pro-
jector, we create a color pattern that is a combination of
three patterns in the R, G, and B channels, respectively. In
the meantime, we remove the color filters on the color
wheel of the projector to make the projector operate in a
monochrome mode. As a result, when the color pattern is
sent to the projector, it is projected as three grayscale pat-
terns, switching rapidly from channel to channel
(240 frames/s). A high-speed black-and-white (B/W) cam-

era, which is synchronized with the projector, is used to
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capture three patterns at 120 frames/s. Based on a three-
step phase-shifting algorithm, any three successive fringe
images can be used to produce one 3-D shape. The 3-D
data acquisition speed is therefore 40 frames/s. Figure 2
shows a picture of the developed hardware system.

2.2 Three-Step Phase-Shifting Algorithm

Many dlfferent phase-shifting algorithms have been
developed ? In this research, a three- step phase-shifting al-
gorithm is used, which requires three phase-shifted fringe
images. The intensities of three images with a phase shift of
2r/3 are as follows:

Il (X,y) = I’(x,)’) + I”(X,y) COS[‘Z’(%}’) - 277/3]’ (l)
L(x,y) =1"(x,y) + I"(x,y) cos[ (x,y)], (2)

13()@)’) = I,(xsy) + I”(-x’y) Cos[d)(-x’y) - 277/3]3 (3)

where I'(x,y) is the average intensity, I”(x,y) the intensity
modulation, and ¢(x,y) the phase to be determined. Solv-
ing Egs. (1) to (3) simultaneously, we obtain

= L-1 )
,y) = arctan| \3———=— |, 4
P(x,y) arcan<\ -1 -1, (4)
L+, +1
I'ey)=———" (5)

Here ¢(x,y) is the so-called modulo 27 phase at each
pixel, whose value ranges from O to 2. If the fringe pat-
terns contain multiple fringes, phase unwrapping is neces-
sary to remove the sawtooth like discontinuities and obtain
a continuous phase map * Once the continuous phase map
is obtained, the phase at each pixel can be converted to x, y,
Z coordinates of the corresponding point through
calibration.'”™"” The average intensity I’(x,y) represents a
flat image of the object. It can be used for texture mapping
in computer vision and graphics applications.
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Fig. 2 Photograph of our real-time 3-D shape measurement system.

In this research, a three-step algorithm is implemented in
our real-time 3-D shape measurement system.18 Three
phase-shifted fringe patterns are created in R, G, and B
channels of a computer-generated color image, but pro-
jected as B/W fringe patterns by a digital video projector.

2.3 Phase Error Compensation

In this research, the color filters of the projector are re-
moved so that three channels of the projector are projected
in 8-bit monochromatic mode. Therefore, the B/W camera
reacts to all three channels identically. However, the
gamma for each channel of the projector is different. There-
fore, the fringe images generated by each channel of the
projector have to be considered individually. Images cap-
tured by the camera are formed through the procedure il-
lustrated in Fig. 3.

Let us assume that the fringe images generated by the
computer with intensities

I (x,y) = ao{l + cos[¢(x,y) + @T]} + b, (6)

are sent to the projector. Here a is the dynamic range of
the fringe images, and b, the bias. The index k=1,2,3
represents the three channels of the projector. The intensi-
ties of the fringe images generated by the projector are

P

0
YXAX

Camera —P-

L

Projector Object

Fig. 3 Fringe image generation procedure.

Optical Engineering

063601-3

Ii(x»)’) =fk(1k)’ (7)

where fi(I,) is a function of I, that describes the
k’th-channel gamma function. If we assume that the projec-
tor projects light onto a surface with reflectivity ri(x,y),
and the ambient light that shines on the surface is a;(x,y),
the reflected light intensities are

IZ(x’y) = rk(x’y)[lfc)(x’y) + alk(-x’y)]' (8)

In this research, three channels of the projector are pro-
jected in grayscale; therefore, the surface reflectivity and
the ambient light are the same for all channels. That is,
rl(xvy)=r2(x7y)=r3(x7y)=r(x’y) and all(x’y)zaIZ(x,y)
=a,3(x,y)=a;(x,y). Equation (8) can be rewritten as

IZ(X,)’) = r(x,y)[I’,:(x,y) + al(x’y)l (9)

The reflected light from the object is captured by the B/W
camera with a sensitivity of «, which is a constant if the
camera is assumed to have a linear response to input light
intensities. If the camera response is nonlinear, it can be
calibrated independently. The intensities of images captured
by the camera are

Ili(xxy) = a[lz + az(x,y)], (10)

where a,(x,y) represents the ambient light that enters the
camera directly.

Based on the three-step phase-shifting algorithm, the
phase ¢(x,y) can be calculated as follows:
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This equation indicates that the phase @(x,y) is indepen-
dent of the response of the camera, the surface reflectivity
of objects, and the intensity of ambient light. The phase
error due to nonsinusoidal waveforms of the system is only
caused by the nonlinearity of the gamma of the projector. If
f1> f2, and f5 are monotonic for ¢ €[0,2), then F(¢) in
Eq. (11) is invertible, that is,

200

160

Intensity

Plxy)=F (). (12)
The phase error caused by the nonlinear gamma is
Ap=p-p=F ()~ d=g(d). (13)

where g is a function of . Therefore, if the projector’s
gamma is calibrated and the corresponding phase error is
calculated, a LUT that stores the phase error A¢ can be
constructed for phase error compensation.

The following steps describe the procedure of construct-
ing such an LUT:

1. Measure the gamma of the projector. A series of gray-
scale images with different grayscale values I,(n
=1,2,...,N) are sent to the projector. The projector
projects the grayscale images with intensity values
fi(I,) onto a whiteboard. The reflected images are
captured by the camera, and the intensities at the cen-
ters of the captured images, I}, are calculated and
recorded. Figure 4 shows a typical example of mea-
sured gamma curves for R, G, and B channels of our
projector. It is obvious that the curves are nonlinear
and unbalanced.

2. Fit the measured points with spline functions f;(1).

3. Based on the gamma obtained in the previous step,
simulate camera-captured images following the pro-
cedure illustrated in Fig. 3 under ideal conditions
(a,=a,=0, a=1, and r=1). Calculate the phase ¢
using Eq. (11), and the phase error A¢ using Eq.

13).

4. Store the phase and the phase error ($,A¢) in an
LUT for phase error compensation.

The phase-error LUT can be used to significantly reduce
phase errors in real measurements. Since it depends only on
the gamma of the projector, this LUT can be constructed

200

L
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Fig. 5 Cross sections of simulated fringe patterns (a) before and (b) after fringe error correction.
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Fig. 6 Phase for the simulated fringe before and after fringe error correction as shown in Fig. 5: (a)
computed using the raw simulated fringe shown in Fig. 5(a); (b) computed using the corrected simu-

lated fringe shown in Fig. 5(b).

once for all as long as the gamma is not changed. More-
over, since this phase error compensation method does not
require the three functions fj, f5, and f3 to be the same, it
can reduce the phase error caused by the imbalance of the
three channels. The same method can be applied to correct
nonsinusoidal fringe images, which is important for appli-
cations that require high-quality texture images, as is dis-
cussed in the following subsection.

2.4 Fringe Error Compensation

Ideally, the 2-D flat texture image can be generated by sim-
ply averaging three phase-shifted fringe images with 27/3

Phase error (rad)

02 ; ; ; ; ; ;
5

3 4
Phase ¢ {rad)
(@

phase shift. However, if fringe images are not ideally sinu-
soidal (due to, for example, the nonlinearity of projector
gamma), the texture image generated by simple averaging
will show residual fringes, which is not desirable for high-
quality texture mapping. In this research, we found that the
nonsinusoidal fringe images can be corrected by solving a
reverse problem.

From discussions in Sec. 2.3, we know that if f,(I) is

monotonic and invertible, (¢,f;(I)) forms a one-to-one
map when ¢ e [0,27). Therefore, for a given phase value

¢ <[0,2m), its corresponding points (I, fi(I;)) on the

0.05

|
=
o
<]

Phase error (rad)
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Fig. 7 Phase error before and after phase error correction. (a) Nonsinusoidal phase error before the
phase error correction as illustrated in Fig. 6(a). (b) Nonsinusoidal phase error after phase error

correction as illustrated in Fig. 6(b).

Optical Engineering

063601-5

June 2007/Vol. 46(6)



Zhang and Huang:

Phase error compensation for a 3-D shape measurement...

200 T T T T 200 T T T T
180 & 180 R
160 M 1 160+ n & 1
140 140 n g
=" £ h A
8120 5120 MN
£ £
] @ 1
8)100 g'loo
E E
80 80
60 60r
4°jU UW 40 WJ W UUUW
200 100 200 300 400 500 200 100 200 300 400 50
Pixel Pixel
(a) (b)
Fig. 8 Fringe correction for real captured fringe images. (a) Cross sections of the fringe images before
correction. (b) Cross sections of the fringe images after correction.
i
| |
|
w |
| 1
I 3
i | | | ]
. } ‘ .
!
] | |
!
! ! {
| |
B | . 4 B
(a) (b) (c)
5.8 F 58 5.8
Es.e Es.a A A
; AT AL '
5.4 5.4
5.2 ' 5.2 _ _ 1 5.2 1
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
Pixel Pixel Pixel
(d) (e) M

Fig. 9 Reconstructed 3-D geometries of a flat board before and after fringe or phase correction. (a)
3-D geometry before correction. (b) 3-D geometry after fringe error correction only, as explained in
Sec. 2.4. (c) 3-D geometry after phase error correction only, as explained in Sec. 2.3. (d)—(f) Cross
sections of the corresponding 3-D geometries in (a)—(c).

Optical Engineering

063601-6

June 2007/Vol. 46(6)



Zhang and Huang: Phase error compensation for a 3-D shape measurement...

(a) (b)
Fig. 10 2-D texture images (a) before and (b) after fringe error cor-
rection. The averaged 2-D image has stripes before correcting the

fringes; the stripes are significantly reduced after fringe error
correction.

gamma can be uniquely determined. Now let us define an

ideal gamma f(I), which is a straight line, for all channels
with the starting and ending points defined as follows:

f(1y) = max{f, (1))}, (14)

F(Iy) = min{fi(Iy)}. (15)

Then the corresponding points of the same ¢ on the ideal

gamma curves (I,f([k)) can also uniquely determined. This
means that the ratio

Rk=fAk(_Ik)7
)

which we call the gamma ratio, is uniquely defined for any

(16)

given ¢. Therefore, we can build a gamma-ratio LUT
(é,Ry) to correct the nonsinusoidal fringe images, and to
produce the texture image by averaging the corrected fringe
images.

The following steps describe the procedure of construct-
ing such an LUT:

1. Follow steps 1 to 3 in the procedure of constructing
the phase-error LUT to find the phase value ¢.

2. Find the ideal gamma function f(/) based on the defi-
nition in Egs. (14) and (15).

3. Find the corresponding points of each phase value
¢ <[0,27) on three gamma functions (I, f(I;)) and

the ideal gamma functions (7, f([k)).

4. Calculate the gamma ratio Ry, and store (¢,R,) in an
LUT for fringe image correction.

To explain how this gamma-ratio LUT can be used to
correct nonsinusoidal fringe images and make them sinu-
soidal, we use an example for the case when the phase
value is 7/4. The corresponding points of this phase value
on the measured R, G, and B gamma curves are (115,
82.00), (58, 37.80), and (224, 174.00), respectively, as
shown in Fig. 4. The ideal gamma function is
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. 162 -23

§it)) 23035 (I-35)+23. (17)
Using this equation, we can calculate the grayscale values
of corresponding points on the ideal gamma function; they
are (115, 80.03), (58, 39.39), and (224,157.72), respec-
tively. The gamma ratios are then calculated according to
Eq. (16) as

{(0.9760,1.0421,0.9064)| % = m/4}.

These gamma-ratio values are stored in the gamma-ratio
LUT and used in a real measurement to correct the gray-
scale values of the fringe images at any pixel whose phase

value is ¢p=1r/4. After the fringe images are corrected to be
ideally sinusoidal, we can then average them to generate
the flat image of the object for high-quality texture map-

ping.

3 Simulation Results

Figure 4 shows a typical gamma for our projector. The
usable grayscale values range from 35 to 235. Beyond this
range, the curves are almost flat and cannot be used. As a
simulation, we use this gamma to generate three phase-
shifted fringe patterns with a phase shift of 27/3 in the
projector’s R, G, and B channels, respectively. The input
fringe patterns are as follows:

Ik(x,y)=100{1+cos[%+@7]}+35, (18)

where k=1,2,3 represents the three color channels, and p
is the fringe pitch. After projection, the fringe patterns are
transformed by gamma functions. Figure 5(a) shows cross
sections of the simulated fringe patterns. After the fringe
correction algorithm is applied, cross sections of the same
fringe patterns are shown in Fig. 5(b). It is clear that after
correction, the three fringe patterns become more sinu-
soidal in shape and also better balanced in intensity. The
phase is computed from these fringe patterns as shown in
Fig. 6. Figure 6(a) shows the result before error correction,
while Fig. 6(b) shows the result after correction. It can be
seen clearly that the phase is closer to the ideal phase after
the error correction.

If we use the simulated fringe patterns before correction
to compute the phase map directly, the phase error is ap-
proximately 0.27 rad peak-to-peak, as shown in Fig. 7(a).
After phase error compensation using the constructed
phase-error LUT, the phase error is reduced to 0.01 rad as
shown in Fig. 7(b). Correcting the fringe or the phase does
not make any difference in simulation. However, for real
captured images, the corrected and uncorrected results are
slightly different due to the existence of the ambient light,
a,(x,y) and a,(x,y), as is explained in the next section.

4 Experiments

Our simulation results show that we can use LUTs to re-
duce phase error and correct fringe images. To verify that
this method works in real systems, we implemented the
algorithms in our real-time 3-D shape measurement
system.18 We first measured a flat board. The result is
shown in Fig. 8. Figure 8(a) shows cross sections of ac-
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Fig. 11 Reconstructed 3-D geometries of the head model before and after fringe or phase correction:
(a) before correction, (b) after fringe correction, (c) after phase correction, (d) with corrected texture

mapping.

quired fringe images. The fringe patterns were projected by
a projector with the gamma shown in Fig. 4. We see that
the three fringe images are not well balanced. Figure 8(b)
shows the cross sections of fringe images after correction,
which are better balanced.

Figure 9 shows a comparison of the reconstructed 3-D
results before and after fringe or phase correction. Before
correction, the root-mean-square (rms) measurement error
is approximately 0.25 mm, as shown in Fig. 9(a). Figure
9(b) shows the measurement result after correcting fringe
images directly using the method introduced in Sec. 2.4.
Figure. 9(c) shows the measurement results after phase er-
ror correction; the measurement error is approximately
0.025 mm rms, which is 10 times smaller than that before
correction. It is clear that correcting the phase error directly
results in higher accuracy than correcting fringe images.
We believe that this difference is due to the existence of
ambient light, a;(x,y) and a,(x,y).

The texture images before and after fringe correction are
shown in Fig. 10. The texture image before correction
shows vertical stripes. After correction, the stripes are
barely seen and the image quality is sufficient for texture
mapping.

We also measured a plaster head model. Figure 11
shows the reconstructed 3-D geometry before and after cor-
rection. The reconstructed 3-D geometric surface after
phase correction or phase error compensation is very
smooth. Figure 11(a) shows the reconstructed 3-D geom-
etry before correction. Figure 11(b) shows the 3-D geom-
etry reconstructed by using the compensated fringe images.
Figure 11(c) shows the 3-D geometry after correcting phase
error directly. Figure 11(d) is the 3-D result with corrected
texture mapping. These experimental results confirmed that
the error correction algorithms improved the accuracy of
measurement and reduced stripe patterns in the texture im-
age.

It should be noted that the phase error correction algo-
rithm introduced in this work is independent of the mea-
surement depth z or the orientation of the board, since all
the corrections are performed in phase domain to compen-
sate the gamma effect of the projector. However, if the
projector is significantly blurred, the fringe correction
might be affected, since the nonsinusoidal fringe will be
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sinusoidal once the fringe patterns are sufficiently blurred
(no fringe correction is actually necessary for this case).

5 Conclusions

This paper has introduced a novel phase error compensa-
tion method for a 3-D shape measurement system based on
a phase-shifting method. In this system, the phase-shifted
fringe patterns are generated by a video projector. The main
error source of this system is the nonlinearity of the projec-
tor’s gamma, which results in nonsinusoidal waveforms in
the fringe patterns and causes phase error in measurements.
Our analysis showed that the phase error in the measure-
ment is caused only by the nonlinearity of the projector’s
gamma. Therefore, to eliminate phase error, we proposed a
compensation method that uses an LUT to store the phase
error calculated from the calibrated gamma of the projector.
Our experimental results demonstrated that by using the
proposed method, the measurement error could be reduced
by 10 times. Moreover, the method can not only reduce the
phase error due to nonsinusoidal waveform, but also reduce
the phase error caused by the imbalance of fringe images.
In fact, we can verify that this method can reduce any type
of error caused by the projector’s gamma.

In addition to phase error compensation, a similar LUT
method was also proposed to correct the nonsinusoidality
of fringe patterns for the purpose of generating a more ac-
curate flat image of the object for texture mapping.
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