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Abstract. We propose a novel structured light method, namely a trap-
ezoidal phase-shifting method, for 3-D shape measurement. This
method uses three patterns coded with phase-shifted, trapezoidal-
shaped gray levels. The 3-D information of the object is extracted by
direct calculation of an intensity ratio. Compared to traditional intensity-
ratio-based methods, the vertical or depth resolution is six times better.
Also, this new method is significantly less sensitive to the defocusing
effect of the captured images, which makes large-depth 3-D shape mea-
surement possible. If compared to sinusoidal phase-shifting methods,
the resolution is similar, but the data processing speed is at least 4.5
times faster. The feasibility of this method is demonstrated in a previ-
ously developed real-time 3-D shape measurement system. The recon-
structed 3-D results show similar quality to those obtained by the sinu-
soidal phase-shifting method. However, since the data processing speed
is much faster �4.6 ms per frame�, both image acquisition and 3-D re-
construction can be done in real time at a frame rate of 40 fps and a
resolution of 532�500 points. This real-time capability allows us to mea-
sure dynamically changing objects, such as human faces. The potential
applications of this new method include industrial inspection, reverse
engineering, robotic vision, computer graphics, medical diagnosis, etc.
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1 Introduction
3-D shape measurement techniques have applications in
such diverse areas as industrial inspection, reverse engi-
neering, robotic vision, computer graphics, medical diagno-
sis, etc. A number of techniques have been developed,
among which structured light is one of the most popular
techniques. In a structured light system, a projector is com-
monly used to project certain coded patterns onto the object
being measured. The images of the object with the pro-
jected patterns are captured by a camera. The depth infor-
mation is extracted based on triangulation after decoding.

Binary coding, which uses only two illumination levels
�0 and 1�, is one of the most widely used techniques to code
structured light patterns. Multiple patterns are typically re-
quired to extract the depth information of the object.1–4

Every pixel has its own code word formed by 0’s and 1’s
from multiple images. 3-D information can be obtained by
decoding the code words and then applying triangulation.
Since only 0’s and 1’s are used, this method is more robust
when the images are noisy. However, its lateral resolution
is relatively low because the stripe width must be larger
than 1 pixel.

Structured light techniques based on sinusoidal phase-
e0091-3286/2005/$22.00 © 2005 SPIE
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hifting methods have the advantage of high lateral resolu-
ion �pixel level� as well as vertical or depth resolution.5

hese techniques use a set of phase-shifted sinusoidal
ringe patterns to extract the phase values. Depth informa-
ion is included in the phase map and can be obtained based
n triangulation, similar to the binary coding method.6,7

nother advantage of sinusoidal phase-shifting methods
ies in their large dynamic range, since image defocus does
ot affect significantly the measurement results. However,
he processing speed is relatively low due to the need to
ompute the arctangent function for phase calculation. To
mprove the processing speed, Fang and Zheng proposed a
inear-coding method, which combined the use of
awtooth-like patterns with the concept of phase shifting.8,9

nfortunately, the coding method is highly sensitive to im-
ge defocus.

Codification based on linearly changing gray levels, or
he so-called intensity-ratio method, has the advantage of
ast processing speed, because it requires only a simple
ntensity-ratio calculation. It also has high pixel-level lat-
ral resolution. Usually two patterns, a ramp pattern and a
niform bright pattern, are used. Depth information is ex-
racted from the ratio map based on triangulation.10–12

owever, this simple technique is highly sensitive to cam-

ra noise and image defocus. To reduce measurement noise,

December 2005/Vol. 44�12�



v
i
m

s
s
r
c

2
I
h
c
t
w
n
c
p
H
a
d
l
t
i
t

trapez

Huang, Zhang, and Chiang: Trapezoidal phase-shifting method…
Chazan and Kiryati proposed a pyramidal intensity-ratio
method, which combined this technique with the concept of
hierarchical stripes.13 Later, Horn and Kiryati developed
piecewise linear patterns in an attempt to optimize the de-
sign of projection patterns for best accuracy.14 To eliminate
the effect of illumination variation, Savarese, Bouguet, and
Perona developed an algorithm that used three patterns, flat
low, linearly changing, and flat high.15 The flat low image
was regarded as the background and subtracted from the
other two, which were then used to calculate the ratio.
However, this technique is still very sensitive to camera
noise and image defocus. Therefore, its vertical resolution
is low unless periodical patterns are used, which then intro-
duces the ambiguity problem.

We describe a novel coding method, the trapezoidal
phase-shifting method, which combines the advantages of
the high processing speed of the intensity-ratio-based meth-
ods and the high vertical resolution of the sinusoidal phase-
shifting methods. Its lateral resolution is at the pixel level,
which is the same as that of the intensity-ratio-based meth-
ods and the sinusoidal phase-shifting methods. Compared
to the intensity-ratio-based methods, this method is also far
less sensitive to image defocus, which significantly reduces
measurement errors when the measured object has a large
depth. However, when compared to the sinusoidal phase-
shifting methods, which are not sensitive to image defocus

Fig. 1 Phase-shifted
at all, the sensitivity of this method to image defocus, albeit c

Optical Engineering 123601-2
ery low, may be less than ideal for some applications. This
s the only conceivable disadvantage of the proposed
ethod.
Section 2 explains the principle of the trapezoidal phase-

hifting method. Section 3 analyzes the potential error
ources of the method, in particular the image defocus er-
or. The experimental results are presented in Sec. 4, and
onclusions are given in Sec. 5.

Trapezoidal Phase-Shifting Method
ntensity-ratio-based methods for 3-D shape measurement
ave the advantage of fast processing speeds, because the
alculation of the intensity ratio is rather simple. However,
hese methods usually show large measurement noise,
hich limits their applications. To reduce measurement
oise, one has to repeat the ramp pattern to create the so-
alled triangular or pyramidal patterns. The smaller the
itch of the pattern is, the lower the noise level will be.
owever, the periodical nature of the pattern introduces the

mbiguity problem, which causes errors when objects with
iscontinuous features are measured. Another major prob-
em with the use of a triangular or pyramidal pattern is that
he measurement is highly sensitive to the defocusing of the
mage. This can cause problems when objects with a rela-
ively large depth are measured and the projector or the

oidal fringe patterns.
amera does not have a large enough depth of focus.
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In this research, we use a new coding method called the
trapezoidal phase-shifting method to solve the problems of
the conventional intensity-ratio method while preserving its
advantages. This method can increase the range of the
intensity-ratio value from �0, 1� for the traditional intensity-
ratio method to �0, 6� without introducing the ambiguity
problem, thus reducing the noise level by six times. For
even lower noise level, the pattern can also be repeated.
This introduces the ambiguity problem, but to a lesser de-
gree. Another advantage of the trapezoidal method is that

Fig. 2 Cross section
the measurement is much less sensitive to image defocus.

the three patterns. The intensity ratio can be computed by
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The proposed trapezoidal phase-shifting method is very
imilar to the three-step sinusoidal phase-shifting method,
nly that the cross-sectional shape of the patterns has been
hanged from sinusoidal to trapezoidal. To reconstruct the
-D shape of the object, three patterns, which are phase-
hifted by 120 deg or one-third of the pitch, are needed.
igure 1 shows the cross sections of the three patterns.
heir intensities can be written as follows:

intensity-ratio map.
I1�x,y� = �
I��x,y� + I��x,y� x � �0,T/6� or ��5T/6,T��
I��x,y� + I��x,y��2 − 6x/T� x � �T/6,T/3�
I��x,y� x � �T/3,2T/3�
I��x,y� + I��x,y��6x/T − 4� x � �2T/3,5T/6�

, �1�
I2�x,y� = �
I��x,y� + I��x,y��6x/T� x � �0,T/6�
I��x,y� + I��x,y� x � �T/6,T/2�
I��x,y� + I��x,y��4 − 6x/T� x � �T/2,2T/3�
I��x,y� x � �2T/3,T�

,

�2�

I3�x,y� = �
I��x,y� x � �0,T/3�
I��x,y� + I��x,y��6x/T − 2� x � �T/3,T/2�
I��x,y� + I��x,y� x � �T/2,5T/6�
I��x,y� + I��x,y��6 − 6x/T� x � �5T/6,T�

,

�3�

where I1�x ,y�, I2�x ,y�, and I3�x ,y� are the intensities for the
three patterns, respectively; I��x ,y� and I��x ,y� are the
minimum intensity and intensity modulation at position
�x ,y�, respectively; and T is the pitch of the patterns. Each
pattern is divided evenly into six regions that can be iden-
tified by knowing the sequence of the intensity values of
�x,y� =
Imed�x,y� − Imin�x,y�
Imax�x,y� − Imin�x,y�

, �4�

here Imin�x ,y�, Imed�x ,y�, and Imax�x ,y� are the minimum,
edian, and maximum intensities of the three patterns for

oint �x ,y�. The value of r�x ,y� ranges from 0 to 1. Figure
shows the cross section of the intensity ratio map. The

riangular shape can be removed to obtain a ramp by using
he following equation:

�x,y� = 2 � round�N − 1

2
� + �− 1�N+1 Imed�x,y� − Imin�x,y�

Imax�x,y� − Imin�x,y�
,

�5�

here N=1,2 , . . .6 is the region number, which is deter-
ined by comparing the three intensity values at each

oint. After the removal of the triangular shape, the value
f r�x ,y� now ranges from 0 to 6, as shown in Fig. 3. If
ultiple fringes are used, the intensity ratio is wrapped into

his range of 0 to 6 and has a sawtooth-like shape. A pro-
ess similar to phase unwrapping in the traditional sinu-
oidal phase-shifting method needs to be used. The depth
nformation can be obtained from this intensity ratio based
n an algorithm similar to the phase-to-height conversion

6,7
of the
lgorithm used in the sinusoidal phase-shifting method.
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3 Error Analysis
In this research, a digital-light-processing �DLP� video pro-
jector was used to project the trapezoidal fringe patterns to
the object. The images are captured by a charge-coupled
device �CCD� camera. The major potential error sources are
the image defocus error due to limited depth of focus of
both the projector and the camera, and the nonlinear
gamma curve of the projector. The nonlinear gamma curve
can be corrected by software.6,7 However, residual nonlin-
earity can still cause errors that cannot be ignored. The
following sections discuss the effects of these two error
sources.

3.1 Image Defocus Error
In the sinusoidal phase-shifting method, image defocus will
not cause major errors because a sinusoidal pattern will still
be a sinusoidal pattern when the image is defocused, even
though the fringe contrast may be reduced. However, in the
trapezoidal phase-shifting method, image defocus will blur
the trapezoidal pattern, which may cause errors that cannot

Fig. 3 Cross section of the intensit
be ignored. To quantify this error, we use a Gaussian filter t

it with r�x�, which is the intensity ratio without image de-
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o simulate the defocusing effect. By changing the size of
he filter window, we can simulate the level of defocus and
alculate the corresponding error. Following is the equation
or the intensity ratio r�x ,y� when the fringe images are
efocused:

�x,y� =
Imed�x,y� � G�x,y� − Imin�x,y� � G�x,y�
Imax�x,y� � G�x,y� − Imin�x,y� � G�x,y�

, �6�

here the symbol � denotes the convolution operation, and

�x,y� =
1

2��2exp�− �x − x̄�2 − �y − ȳ�2

2�2 	 , �7�

s a 2-D Gaussian filter, which is a 2-D normal distribution
ith standard deviation � and mean point coordinate �x̄ , ȳ�.
To simplify the analysis without losing its generality, we

onsider only a 1-D case �along the x axis� within regions
=1 and N=2. Assuming the size of the filter window to

e �2M +1� pixels, we obtain the discrete form of the in-

map after removal of the triangles.
ensity ratio function as
rdef�x� =�

n=−M

T/6−x−1
�6�x + n�/T�G�n� + 
n=T/6−x

M
G�n�


n=−M

T/6−x−1
G�n� + 
n=T/6−x

M
G�n��2 − 6�x + n�/T�

x � �0,T/6�


n=−M

T/6−x−1
G�n� + 
n=T/6−x

M
G�n��2 − 6�x + n�/T�


n=−M

T/6−x−1
�6�x + n�/T�G�n� + 
n=T/6−x

M
G�n�

x � �T/6,T/3�

, �8�
where

G�n� = �exp�−
n2

2�2� /
n=−M

M
exp�−

n2

2�2� n � �− M,M�

0 otherwise

,

�9�

is a 1-D discrete Gaussian filter with standard deviation �.
To show the effect of image defocus on intensity ratio, we
calculate rdef�x� for a filter window size of T and compare
ocus. The results are shown in Fig. 4. We can see that
mage defocus causes the originally linear intensity ratio to
ecome nonlinear, which introduces distortion to the mea-
ured shape. To quantify the effect of image defocus on
ntensity ratio as a function of the level of defocus, we
efine error E as follows:

= �max�rdef�x� − r�x�� − min�rdef�x� − r�x���/6. �10�

igure 5 shows how this error value changes as the size of
he filter window increases from 0 to T. From this figure,
y-ratio
e see that the error increases with the window size up

December 2005/Vol. 44�12�
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until the window size reaches about 0.7T. After that, the
error is stabilized to a relatively small value of 0.6%. This
phenomenon is due to the fact that as the window size, or
the defocus level, is increased, the trapezoidal pattern be-
comes increasingly like a sinusoidal pattern. Once it be-
comes a sinusoidal pattern, the error does not change any-
more, even if it is further defocused. Figure 6 shows how
the trapezoidal pattern is blurred for different window sizes.
Clearly, when the window size is increased to T, the pattern
is already like a sinusoidal pattern.

To understand why, for such dramatic defocusing of the
fringe pattern, the error is still limited to only about 0.6%,
we can look at the transitional area between regions N=1
and N=2, which is shown in Fig. 7. We can see that the
cross sections of I1�x ,y� and I2�x ,y� are symmetrical with
respect to the borderline of the two regions. Even when the
fringe patterns are defocused, this symmetry is maintained.
This results in similar drops in I1�x ,y� and I2�x ,y� in the
regions close to the borderline, which reduces the error in
the calculation of the ratio I1�x ,y� / I2�x ,y�. At the border-
line of the two regions, the ratio, which still equals one,
does not change, even after the images are defocused.

In summary, even though the trapezoidal phase-shifting
method is still sensitive to the defocusing effect �unlike the
sinusoidal phase-shifting method�, the resulting error is
small, in particular when compared to conventional

Fig. 4 Comparison of the intensity ratios with and without image
defocus. Here the filter window size used in the calculation is T.
Fig. 6 Blurring effect of the trapezoidal fri
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ntensity-ratio-based methods. For example, for a filter win-
ow size of 0.1T, the method proposed by Chazan and
iryati13 will have an error of more than 53%, while the

rror of the trapezoidal phase-shifting method will only be
pproximately 0.03%, which is dramatically smaller.
herefore, the trapezoidal phase-shifting method is capable
f measuring objects with large depth with limited errors.

.2 Nonlinearity Error
he relationship between the input grayscale values and the
rayscale captured by the camera should be linear. Other-
ise, it will result in errors in the final measurement results.
ince the gamma curve of the projector is usually not lin-
ar, we use a software compensation method to linearize
his relationship. However, the relationship after compensa-
ion may still not be exactly linear. This nonlinearity di-
ectly affects the measurement accuracy. In fact, the shape
f the ratio curve in each region, which should be linear
deally, is a direct replica of the gamma curve, if no defo-
using effect is considered. Therefore, reducing the nonlin-
arity of the gamma curve is critical to the measurement
ccuracy.

Experiments
o verify its performance, we implemented the trapezoidal
hase-shifting method in a previously developed real-time
-D shape measurement system.16 In this system, the pat-
erns are generated by a personal computer and projected to
he object by a modified DLP projector. The images are
aptured by a CCD camera. Before measurement, the sys-
em was calibrated so that the ratio map could be converted
o the depth map. To increase the image resolution, we used

ig. 5 Error as a function of the filter window size or the level of
mage defocus.
nge pattern due to image defocus.

December 2005/Vol. 44�12�
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Fig. 7 Enlarged view of the blurring effect of the trapezoidal fringe pattern in the borderline area

between regions N=1 and N=2.
Fig. 8 3-D shape measurement of a cylindrical part. �a� Cross section of the measured shape com-
pared to the ideal curve; �b� shape error; and �c� 3-D plot.
Optical Engineering December 2005/Vol. 44�12�123601-6
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periodic patterns with a pitch of 12 pixels per fringe. The
3-D result was obtained after removing the periodical dis-
continuity by adding or subtracting multiples of 6, which is
similar to phase unwrapping in the sinusoidal phase-
shifting method.

Figure 8 shows the measured shape of a cylindrical part
with a diameter of 200 mm. Figure 7�a� shows the cross
section of the measured patch as compared to the ideal
curve, Fig. 7�b� shows the difference or error, and Fig. 7�c�
shows the 3-D plot. As can be seen from the result, the
measurement is accurate �the peak-to-peak error is approxi-
mately 0.6 mm� for most part of the surface except for the
left 20 mm or so, which shows a significant error. This
large error is due to the slope of the surface in that area,
which makes the surface almost parallel to the projection
light.

Figure 9 shows the measured result of a plaster sculpture
head. The measurement resolution is comparable to that of
the sinusoidal phase-shifting method. The advantage lies in
the processing speed of the fringe patterns, thanks to the
simple intensity-ratio calculation as opposed to the phase
calculation with an arctangent function in the sinusoidal
phase-shifting method. This enables potential real-time 3-D
shape measurement for objects with dynamically changing
surface geometry. Figure 10 shows the measured result of a
live human face. In this case, we used periodical patterns
with a pitch of 30 pixels per fringe. At an image size of
532�500 pixels, it took approximately 4.6 ms to obtain
the ratio map, but 20.8 ms to compute the phase map with
a Pentium 4, 2.8 GHz personal computer. These experi-
ments confirmed that the proposed trapezoidal phase-
shifting method could potentially be used to measure the

Fig. 9 3-D shape measurement of a plaster scul
�d�, �e�,and �f� are the reconstructed 3-D model
3-D surface shapes of slowly moving objects in real time. f
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Conclusions
e describe a novel structured light method, a trapezoidal

hase-shifting method, for 3-D shape measurement. Com-
ared to the traditional sinusoidal phase-shifting methods,
his method has the advantage of a faster processing speed,
ecause it calculates a simple intensity ratio rather than
hase, which is a computationally more time-consuming
rctangent function. The depth resolution is similar. The
isadvantage is that image defocus may cause some errors,
ven though they are quite small. Compared to traditional
ntensity-ratio-based methods, this method has a depth
esolution that is six times better. It is also significantly less
ensitive to image defocus, which allows it to be used to
easure objects with large depth variations. Experimental

a�, �b�, and �c� are the captured fringe patterns,
ted in different display modes.

ig. 10 3-D shape measurement of a live human face: �a� wire-
pture. �
illustra
rame model and �b� shaded model.
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results demonstrate that the newly proposed method could
be used to provide 3-D surface shape measurements for
both static and dynamically changing objects.
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