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Abstract: We study mass transfer in 2D thermally driven cavity using lattice Boltzmann
method. Simulations are performed to investigate various effects on enhancement of oxygen
mass transfer in lead/lead-bismuth eutectic. It is shown that oxygen transfer is dominated by
convection although diffusion plays a role. Comparative studies demonstrate that side-heating
and top-cooling configuration is more efficient than side-heating/cooling and oxygen transfers
more rapidly in a square than rectangular cavity with same area. This work supplies supportive
information for developing active oxygen control technique in experiments to prevent or reduce
corrosion in liquid metal cooled nuclear reactors.
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1 Introduction

Heat and mass transfer induced by natural convection
in cavities are very common in a variety of engineering

and environmental applications. Examples include crystal
growth (Selver et al., 1998), cooling (Bilgen et al., 1995),
glass melting (Sarris et al., 2002), protective oxidisation in
lead and lead-bismuth eutectic (Zhang and Li, 2005), etc.
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Traditionally, a great deal of complex combined thermal
fluid flowproblems are solved by the controlmethod based
on the finite difference approximation of Navier-Stokes
(NS) equations. Numerical tools have been developed by
research groups (Marshall et al., 1978; Vahl Davis, 1983;
Vahl Davis and Jones, 1983; Le Quéré, 1991; Ismail and
Scalon, 2000; Ding et al., 2004).

Lattice Boltzmann Equation (LBE) method
(McNamara and Zanetti, 1988) has emerged as an
alternative to traditional numerical approaches due to
some advantages such as simplicity, parallelisability,
and robustness. Extensive applications are found
in computation of isothermal incompressible flows
(Chen and Doolen, 1998; Luo, 2000; Yu et al., 2003).
Nevertheless, the extension of lattice Boltzmann method
(LBM) to allow closure at the energy moment level has
encountered some difficulties. A critical barrier seems to be
the numerical instability occurring when the flow velocity
increases. Continued development of thermal LBEmodels
is vital (cf. Lallemand and Luo, 2003 and references
therein). Of particular relevance to the present work is
to solve Boussinesq equations for natural convection.
Recent efforts include benchmark validations (Peng et al.,
2003; Zhou et al., 2004; Mezrhab et al., 2004; Shi et al.,
2005; Treeck et al., 2006) demonstrating the reliability of
these models in simulating heat transfer due to natural
convection. To our best knowledge, all reported results
are only for heat transfer.

In this work, we intend to study the enhancement of
oxygen transfer in lead/lead-bismuth eutectic using LBM.
There are strong current interests worldwide in using
lead and its alloys (particularly lead-bismuth eutectic)
for nuclear coolant applications. Oxygen activity control
in lead/lead-bismuth eutectic is of great scientific and
technological importance to prevent or reduce corrosion
of liquid metal cooled nuclear reactors (Zhang and Li,
2005). We employ the unified thermal LBE model
(Shi et al., 2005) that has eliminated the compressibility
effect (Guo et al., 2000). This model has been validated
in 2D and 3D simulations and is reliable for heat
transfer with Boussinesq approximation (Shi et al.,
2005; Guo et al., 2002). However, this LBE model only
solves velocity and temperature fields for heat transfer.
We extend this LBE model for mass transfer by
presenting an LBE for concentration field which is
coupled with the velocity and temperature fields. We
focus on factors which affect the enhancement of oxygen
transfer. Simulations of variations in three factors are
performed: heating- cooling arrangement, Schmidt (Sc)
number, and field Aspect Ratio (AR). Various quantities
characterising the mass transfer are computed such as
mean and local concentration, mean and local Schwood
(Sh) numbers, velocity, etc. Oxygen transfer mechanisms
are examined.

The remainder of this paper is organised as follows.
Section 2 introduces the mathematical formulation and
the LBE model. Section 3 presents the numerical results.
Finally Section 4 provides a short summary and concludes
the paper.

2 Lattice Boltzmann equations

The problem being considered is a two-dimensional
Boussinesq flow in a cavity with height H(z direction)
and width L (x direction). Cavity aspect ratio is defined
as AR = L/H . Boussinesq approximation assumes that
the fluid properties such as density (ρ), viscosity (ν),
mass diffusivity (D), and thermal diffusivity (κ) are
constants except in the body force term where ρ is
assumed to be a linear function of the temperature:
ρ = ρ0[1 − β(T − T0)] with ρ0, T0 the average density
and temperature in the field and β the coefficient of
thermal expansion. It is noted that in our practical
problem the variation of the mass concentration is much
smaller than the temperature change, thus, the influence
of the concentration variation on density is neglected. A
dimensionless scaling uses height H , velocity κ

√
Ra/H ,

pressure ρκ2Ra/H2, time H2/(κ
√

Ra), temperature ∆T
(= Th − Tl), and concentration Cmax to normalise the
respective quantities. Here Th and Tl are the heating
and cooling temperatures at the boundaries and Cmax is
the supply mass concentration which is assumed to be a
constant. The Rayleigh number isRa = (gβ∆TH3)/(νκ).

The dimensionless Boussinesq equations including
velocity, temperature, and concentration fields thus read

∇ · %u = 0, (1a)
∂%u

∂t
+ %u · ∇%u = −∇p + νd∇2%u + %F , (1b)

∂Θ
∂t

+ %u · ∇Θ = κd∇2Θ, (1c)

∂Γ
∂t

+ %u · ∇Γ = Dd∇2Γ, (1d)

where %F is the dimensionless body force reflecting gravity,
νd (= Pr/

√
Ra), κd (= 1/

√
Ra), andDd (= Pr/(Sc

√
Ra))

are dimensionless viscosity, thermal diffusivity, and mass
diffusivity respectively. Pr (= ν/κ) is the Prandtl number
and Sc (= ν/D) is the Schmidt number. The body force is
computed as %F = PrΘ%k with %k the unit vector along the
z−axis.

The basic LBE consists of two computational
steps of particle motion: collision (relaxation) and
streaming (advection). The particle distribution function is
thermalised locally through a collision process. Streaming
to the closest neighbouring sites occurs according to a small
set of discrete particle velocities. For the sake of simplicity
without losing generality, we adopt the nine-velocity lattice
model (D2Q9). The discrete particle velocities are %eα = 0
for α = 0, cos[(α− 1)π/2]%i + sin[(α− 1)π/2]%k for α = 1 :
4, and cos[(α− 5)π/2 + π/4]%i + sin[(α− 5)π/2 + π/4]%k
for α = 5 : 8.

The LBE for incompressible flow is (Guo et al., 2000):

gα(%x + c%eαδt, t + δt)

= gα(%x, t) − 1
τf

[gα(%x, t) − g(eq)
α (%x, t)] + Fα, (2)
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where gα (α = 0, 1, . . . , 8) is the particle distribution
function and τf is the relaxation time. The corresponding
equilibrium distribution function g(eq)

α is defined by

g(eq)
α = λαp + sα(%u), (3)

where

sα(%u) = wα[(c%eα · %u)/c2
s + (c%eα · %u)2/(2c4

s) − u2/(2c2
s)],
(4)

with p the pressure fluctuation, weighting factor ωα =
4/9 (α = 0), 1/9 (α = 1 : 4), and 1/36 (α = 5 : 8) and
parameterλα = −5/(3c2) (α = 0),1/(3c2) (α = 1 : 4), and
1/(12c2) (α = 5 : 8). The lattice constant c = δx/δt is
related to the sound speed of the model as c =

√
3cs.

Discrete body force is computed as (Guo et al., 2002)Fα =
δtχα%eα · %F/(2c) where χα = 1 for α = 2, 4 and χα = 0
otherwise,which satisfies

∑8
i=0 Fα = 0 and

∑8
i=1 Fαc%eα =

%F . The macroscopic flow velocity, pressure, and the
dimensionless viscosity are given by %u =

∑
c%eαgα, p =

−λ−1
0 [

∑
gα − g0 + s0(%u)], and νd = (τf − 0.5)cδx/3. This

LBE model has eliminated the compressibility effect
present in other existing LBE models and performs better
for incompressible flows (Guo et al., 2000).

The LBEs for temperature and concentration fields are
constructed in a same fashion

Θα(%x + c%eαδt, t + δt)

= Θα(%x, t) − 1
τT

[Θα(%x, t) − Θ(eq)
α (%x, t)], (5)

and

Γα(%x + c%eαδt, t + δt)

= Γα(%x, t) − 1
τC

[Γα(%x, t) − Γ(eq)
α (%x, t)], (6)

where Θα and Γα are discrete temperature and
concentration in the D2Q9 lattice.

The macroscopic variables of temperature,
concentration are Θ =

∑
Θα and Γ =

∑
Γα, and the

dimensionless transport coefficients of thermal diffusivity
and mass diffusivity are related to their corresponding
relaxation times as κd = (τT − 0.5)cδx/3 andDd = (τC −
0.5)cδx/3. Notice that relaxation times are related as
τT = (τf − 0.5)/Pr + 0.5 and τC = (τf − 0.5)/Sc + 0.5,
the corresponding equilibria Θ(eq)

α and Γ(eq)
α are given by

Θ(eq)
α = Θ[ωα + sα(%u)] and Γ(eq)

α = Γ[ωα + sα(%u)].
It is straightforward to prove that LBEs (2), (5) and

(6) recover the above dimensionless Boussinesq equations
in low Mach number limit using the Chapman-Enskog
analysis.

3 Simulations and results

We study oxygen transfer in low Pr (= 0.0175) number
liquid lead/lead-bismuth eutectic at Ra = 3116.3. Liquid

lead or lead-bismuth filled in the cavity is thermally
driven by natural convection. Oxygen is supplied from
the gas cover at the top and transported into the whole
cavity. We define the mean oxygen concentration Γm

of the whole field, local Sherwood number Sh(x), and
mean Sherwood number Shm at the gas-liquid interface
(z = 1) to characterise the oxygen transfer as Γm =∫

Γ(x, z)dxdz/
∫ ∫

dxdz, Sh(x) = ∂Γ/∂z(x, 1)/(1 −
Γm), and Shm =

∫
Sh(x)dx/

∫
dx.

In what follows, we present three simulations to
demonstrate how temperature boundary, Sc number, and
cavity AR affect the oxygen transfer in lead/lead-bismuth
eutectic. All the instantaneous profiles including velocity
and local Sh number are at dimensionless time t = 1669.

3.1 Temperature boundary effect

As depicted in Figure 1, we consider two heating-cooling
arrangements. In Case 1, the liquid metal is heated at right
and cooled at left with adiabatic top cover and bottom
wall; while in Case 2, vertical walls are hot and top cover
is cool. The bottom wall is adiabatic. We set Sc = 17.5 in
this simulation.

Figure 1 Two boundary cases simulated for oxygen transfer in
lead/lead-bismuth eutectic. Two dots in Case 1 (left)
at (0.17, 0.99) and (0.5, 0.01) are oxygen sensors

It should be pointed out that although this problem
seems to be the same as the one studied using NS-based
computation by a group (Ma et al., 2005) including two
of the authors of this work, it is indeed different. By using
an NS based approach, that work (Ma et al., 2005) only
solves the velocity and temperature fields. Mass supply is
introduced after the flow becomes steady, which is not a
realistic process. Transients are of interest but cannot be
studied in the approach. The currentLBMapproach solves
the three fields simultaneously for heat and mass transfer.
It is possible to investigate unsteady heat andmass transfer
properties. In fact, further simulations focusing on the
heat andmass transfer characteristics during the transition
from laminar to turbulence are ongoing. In addition, this
work strives to analyse the effect of temperature boundary
on the mechanisms of oxygen transfer.

We set u = w = Θ = p = Γ = 0 everywhere initially in
the domain. Boundary conditions of the three related fields
are given in Figure 1.We assume equilibrium distributions
at the boundaries for all three fields although boundary
condition of higher order accuracy (Guo et al., 2000) is
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available if needed. Parameters τf , Th, and Tl are set to
0.556, 0.5, and −0.5. Grid size for a unit length is 130.

Figure 2 shows the time evolution of the mean oxygen
concentration in thewholefield for the twocases.Themean
oxygen concentration growsmonotonically indicating that
oxygen is transferred from the cover gas supply to the
whole domain. It can be seen clearly that the mean oxygen
concentration grows faster in Case 2 than Case 1 implying
thatCase 2 has better enhancement of oxygen transfer than
Case 1. In order to better understand the oxygen transfer
mechanism, we study some pertinent factors.

Figure 2 Evolution of the mean oxygen concentration. Case 1:
open triangles and Case 2: solid triangles

Figure 3 shows the oxygen concentration contours at three
times at t = 83, 250, and 1669 from left to right. Case 1
is at the top and Case 2 the bottom. The instantaneous
flow structures of the two cases corresponding to the latest
time in Figure 3 are plotted in Figure 4. The contour
patterns and flow structures of the two cases are quite
different. In Case 1, oxygen is first driven to the upper-
left corner at the cool side wall where oxygen attains the
high concentration (Fig. 3(a)). Oxygen is then transferred,
in a counterclockwise path, down along the cool wall
and across the bottom and up along the hot wall on the
right. This transfer forms a nearly circular distribution of
oxygen (Fig. 3(b)) with oxygen concentration decreasing
toward the centre (Fig. 3(c)). In Case 2, oxygen is first
transferred vertically down themid-line from the gas cover
and then splits into two streams at the bottom wall toward
two opposite directions and both streams go up along the
hot walls (Fig. 3(d)). As a result, two oval distribution
regions, counterclockwise left and clockwise right, are
formed (Figs. 3(e) and (f)). In both cases, the late time
concentration contours are in the same patterns as the
flow structures, seen in Figure 4, demonstrating that free
convection dominates the oxygen transfer.

The instantaneous velocity profiles of u and w
components at the gas-liquid interface show the
quantitative difference of oxygen transfer of two cases.
As shown in Figure 5(a), in Case 1 there is only one
peak velocity (one vortex) while in Case 2 there are two
peaks in opposite directions (two vortices).Meanwhile, the
u-velocity is larger in Case 2 than in Case 1. The peak
value of the former is about two times larger than that
of the latter. It is speculated that the stronger stirring
occurs in Case 2 than Case 1, leading to more efficient

oxygen transfer. Figure 5(b) shows the distribution of w-
component along the x direction right beneath the gas-
liquid interface at the same time. We see that the oxygen
is transferred into the cavity from different regions in the
two cases, x < 0.55 in Case 1 and 0.3 < x < 0.7 in Case 2.

Figure 3 Instantaneous oxygen concentration contours for
Case 1 (top) and Case 2 (bottom). Time from left to
right: (a) and (d): t = 83; (b) and (e): t = 250; (c) and
(f): t = 1669. Contour levels (from top to bottom):
0.9, 0.74, 0.58, 0.42, 0.26, 0.1

Figure 4 Instantaneous flow structures. (a) Case 1; (b) Case 2.
The resolution of the vector fields is five times coarser
than that of the corresponding computations for
better visualisation

Figure 5 Velocity profiles of u and w components. Case 1:
open triangles and Case 2: solid triangles

The local Sh distributions and Shm evolution of
the two cases are also vastly different, as shown in
Figure 6. As defined, Sh represents the steepness of
oxygen concentration gradient at the gas-liquid interface.
Figure 6(a) shows that the oxygen concentration gradient
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is small adjacent to the left wall, large in the middle range,
and moderate near the right wall; whereas in Case 2 the
oxygen segregates in the middle right below the gas cover
generating small concentration gradient in the middle but
large at both sides. These distributions of local Sh number
are consistent with the concentration contours and flow
structures in Figures 3 and 4. Figure 6(b) shows the time
evolution of Shm over the gas-liquid interface. It can be
seen that in both cases Shm number evolves in the same
fashion but the value in Case 2 is larger than that in Case 1
at all times.

Figure 6 (a) The local Sh number profile along the gas-liquid
interface and (b) Evolution of the mean Sh number
over the gas-liquid interface. Case 1: open triangles
and Case 2: solid triangles

In summary, oxygen transfer is more enhanced in Case
2 than Case 1, which agrees with the results in Ma et al.
(2005).

Next, we focus on Case 1 in Figure 1 to study the
behaviour of oxygen transfer when Sc number and AR
vary. Two oxygen sensors are placed in the field at
(0.17, 0.99) and (0.5, 0.01) to measure the development
of local oxygen concentration at these two representative
locations.

3.2 Schmidt number effect

Figure 7(a) shows the time evolutions of the mean oxygen
concentration of the field at three different Sc numbers. It
is shown that a smaller Sc number corresponds to a faster
oxygen concentration growth, since a smallerSc represents
a larger mass diffusivity. This shows that mass diffusion
also plays a non-negligible role in the oxygen transfer.

Figure 7 Time evolutions of oxygen concentration at different
Sc values. (a) Mean oxygen concentration; (b) local
concentration at Sensor 1 (0.17, 0.99) and (c) local
concentration at Sensor 2 (0.5, 0.01). !: Sc = 8.75,
!: Sc = 17.5, and ◦: Sc = 35

Figure 7(b) shows the local oxygen development at Sensor
1 which is at the corner of the gas-liquid interface and the
cool leftwall.At this location, local oxygen transfer reaches
an equilibriumstate veryquickly indicating free convection
dominates the oxygen transfer. Diffusion contribution is
almost invisible. This is closely related to the flow structure
as we have described above (Fig. 3(c)). At Sensor 2 which
is far away from the gas supply and in the middle of
the hot and cool walls, as shown in Figure 7(c), oxygen
concentration grows much slower than that at Sensor 1.

3.3 Aspect ratio effect

We study the behaviour of oxygen transfer in a square
cavity (SC) (AR = 1) and a rectangular cavity (RC) (AR =
0.44) with the same cavity area to compare the efficiency of
oxygen transfer in one cavity over another. The width and
length of the RC are selected as L × H = (2/3) × (3/2) so
that both cavities have the same area. We set Sc = 8.75 in
this simulation.

Figure 8 shows the time evolutions of the mean oxygen
concentration and local oxygen concentrations at two
Sensor locations in the two cavities. Both Figures 8(a)
and (c) show that theSC (largeAR)hasmuch faster oxygen
transfer than the RC (small AR). At Sensor 1, shown in
Figure 8(b), AR variation does not make a significant
difference since the oxygen transfer reaches equilibrium
state very quickly at this location in both cavities.

Figure 8 Time evolutions of oxygen concentration, at different
Sc values. (a) Mean oxygen concentration; (b) local
concentration at Sensor 1 (0.17, 0.99) and (c) local
concentration at Sensor 2 (0.5, 0.01). !: AR = 1, ◦:
AR = 0.44

Figure 9 shows the distribution of local Sh number and
the time evolution of the corresponding Shm value. It is
seen that the RC sustains steeper oxygen concentration
gradient at the gas-liquid interface than the SC (Fig. 9(a))
and the mean Shm is larger in the former than in the
latter after a short transition from the time oxygen transfer
starts (Fig. 9(b)). This seems to contradict the behaviour
of concentration evolution indicated above.

In order to understand this special behaviour, we
further examine the flow feature and concentration field in
the cavities.

Flow structures in Figure 10(a) and (c) show that in
both cavities a single vortex appears. However, in the SC,
the convection dominates almost the whole field, while
in the RC the vortex only dominates the centre area of
the cavity locally. Right beneath the gas cover, oxygen
is transferred by free convection in the former but mass
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diffusion in the latter, which leads to different oxygen
growth rate in the cavities. In the RC, flow is weak in the
edge areas at the top and bottom. This difference results
in different oxygen transfer patterns (Fig. 10(b) and (d)).
In stead of circular distribution, oxygen transfers in an
unclosed pattern in the RC, which explains why local Sh
is high and increases monotonically from left to right in
the RC.

Figure 9 (a) Local Sh number profiles along the gas-liquid
interface and (b) evolution of Shm number over the
gas-liquid interface. !: AR = 1, ◦: AR = 0.44

Figure 10 Velocity structures (left) and oxygen concentration
contours (right). Top: AR = 1; bottom: AR = 0.44.
The resolution of the vector fields is five times
coarser than that of the corresponding
computations for better visualisation

The velocity profiles of u and w components, plotted in
Figure 11, show the local flow feature right beneath the
gas cover. Although the velocity components have similar
distributions, the value are much larger in the SC than in

the RC. Besides, the range which allows oxygen transfer
into the cavity, w < 0, is much wider and the flux is much
bigger in the SC than in the RC. Both factors contribute
to a faster oxygen transfer in the SC.

Figure 11 Velocity profiles of u and w components along x
direction beneath the gas-liquid interface. !:
AR = 1, ◦: AR = 0.44

4 Conclusion and discussion

In this work, we simulate oxygen transfer in
lead/lead-bismuth eutectic. We focus on the factors which
enhance oxygen transfer through varying temperature
boundary condition, cavity geometry, and Schmidt
number. Our main findings are as follows:

1 The enhancement of oxygen transfer is mainly
dominated by convection although mass diffusion
does play a role.

2 Side heating and upper cooling arrangement is more
effective for oxygen transfer than heating and cooling
at both sides, which is in good agreement with results
from a numerical calculation based on NS equations
(Ma et al., 2005). This is due to the different mass
transfer mechanisms in the two arrangements.

3 Square cavity (AR = 1) enhances oxygen transfer
more than rectangular one (AR = 0.44) having the
same cavity area. The transfer mechanism together
with the flow feature are as follows: in the SC,
convection dominates almost the entire area; whereas
in theRC, the convection occurs in the centre area and
oxygen is transferred into the cavity from the cover
gas mostly via diffusion.

This work will provide useful information for active
oxygen control technique in experiments. Based on this
work, more complex and realistic heat/mass transfer
study is being done such as transition of laminar flow
to turbulence at higher Ra number, mass transfer with
chemical reaction, etc. Important results will be presented
in the near future.
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