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Numerical computation of two-dimensional viscous fingering by a conformal mapping method
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In this paper we numerically compute the long-time evolution of the nonsingular Saffman-Taylor finger
(NSTPH with negligible surface tension using a conformal mapping method. Confirming the one-step theory
prediction of the NSTF, we resolve one of the Saffman-Taylor riddles successfully. At the same time, we find
a successive averaging operator that not only can reduce residual errors in summing up the Fourier series and
speed up calculation greatly but also can be easily applied. Its convergence is proved theoretically.
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I. INTRODUCTION given velocity, but theory could not predict that, since by
varying A one could theoretically obtain fingers of any

The nonlinear phenomena of incompressible fluid flowswidth.
have been the subject of many investigations. The nonlinear- At the same time, as the Bensimon equation is a highly
ity of the partial differential equations renders them insolv-nonlinear equation, it is numerically unstable and hence tiny
able. At the same time the most interesting flow propertiegoundoff errors, especially the residual errors in summing up
can be explained only through the nonlinearity. The adventhe Fourier series, will be magnified quickly. As a result,
of computers has made it possible to apply suitable numerithere always exists a conflict between accuracy and instabil-
cal techniques in studying fluid flows in the nonlinear re-ity. In order to reduce the residual error the number of items
gime. Pattern formation and evolution constitute one of theN in the Fourier series should be as large as possible. How-
most exciting areas of incompressible fluid flows and viscougver, largeN will introduce high-frequency trigonometric
fingering in a Hele-Shaw ce(l1] is the simplest problem functions, which always make numerical computation un-
among them. In 1958 Saffman and Tay]@] showed theo- stable and even collapsing. We need to find an approximat-
retically that in the absence of surface tension there exists i@ag operator, which not only reduces residual errors to the
continuous family of steady-state solutions, i.e., penetratingreatest extent but also avoids the high-frequency effect, to
fingers parametrized by their relative width, and they improve the convergence of the Fourier series. Fejer intro-
found one of them experimentally. However, several riddlegluced an operator but still with a low convergence rate. An-
[3,4] remain unresolved and these riddles also exist in th@ther approach is the Korbkin operator, which gives a much
presence of surface tensifi-7]. Recently, Zhao and Y[8]  better approximation but is difficult to construct. Both meth-
removed the singularity by a slight modification of the ods are not suitable for the computation of the NSTF. Here
Saffman-Taylor finger and presented a nonsingular Saffmarwe find that there exists a special operator to approximate the
Taylor finger(NSTF). They then presented a NSTF one-stepsummation of Fourier series by using a successive mean
analysis using a conformal mapping method described bynethod according to the characteristics of the Fourier series
Bensimon[3] and made the following predicitonga) If in our computation. It reduces the residual errors to a very
originally A>0.5, the NSTF will become longer and thinner low level, making the computation possible and enhancing
at later times(b) If originally A <0.5, the NSTF will become the calculating speed greatly. Moreover, we prove theoreti-
shorter and wider at later timeg) If originally A=0.5, the  cally that the operator has a better convergence effect and is
NSTF will keep its width indefinitely. However, this one- applied more easily than Fejer and Korbkin operators.
step theory cannot describe the complete shape of the finger
over time. . . Il. EVOLUTION EQUATION

In this paper we compute numerically the long-time evo-
lution of the NSTF with negligible surface tension using a In the notation of Ref[8], whent=0, the NSTF can be
conformal mapping method. The prediction of RE§] is  written as
confirmed. Both theoretical and numerical solutions show
that tr_le tracing finger always eventually tendS\teO..S and 2=2(1-\)Ink (Z+1+€)—In¢. 1)
explain successfully one of Saffman and Taylor’s riddles that

in the experiment a finger of =0.5 was observed at each _ .
The interface is
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where the single parameterdepicts the width of the ratio of functions, we have to look for another quickly converging
the finger to the channel of the Hele-Shaw cell,is the  series to approximatA of Eq. (8).

stream function, and= ¢(t) is a small positive real number Studying the residual errors

varying with timet.

N
Following Bensimon, we have the finger evolution equa- v 9() &g
tion for the mapping Al=——- 7+n§1 ancosny) |, ©
oz_ £0,26(2) 3) we find thatAN is periodic in the definitive domain af and
at ¢ ' the largem is, the smaller the periods. Moreover, the sign of
AN alternates a®l alternates between odd and even. So as-
where suming
1 9¥) A < a o
G(O=AMa(p}, 9p=|——T—77| - (4) ===+ 3 acosny)+AN=""+ X agcodny)
2020012, 2 2 & 2 T &
N-2
The subscripl™ means that the value of the function in the N—1_ 20 N—2
+ =—+ +
square brackets is to be taken on the unit circle where A 2 ngl AnCosNY) + AT, (10

=e Y. A s an operator analytically continuing the real o
functiong(y) defined on the circumference of the unit circle We easily find
as the real part of complex functi@({) in the interior of it.

. . . . . N-1 N N-1
According to the Poisson integral formulg], if a function 9(¢) a 1 AT+A
G(?), for which the real part on the unit digi() can be 2 27 ZaNcos(N¢)+ nzl ancosny+ 2
written as (11)

= _ _ and
g =ao+ X, (ae™+aye "), (5)
=t 9(¥) _ a0

1 3
- =3 +ZaNcos{Nz//)+ZaN,lco{(N—l)¢]
is analytic for|Z|<1,

AN+AN_1 AN_1+AN_2

G()=Afg(¥)}= +2§ " 6 5 2
must exist. We rewrite the interface evolution equation as (12
a9z a9z Obviously,
J— _A_
ot i’ @) AN AN-1
‘— <|AN] and |ANTY,
where 2
o) AN—1+ AN—Z
. . - N—1 N—-2
A=2 nzl a,sinny) +ig(y), (8a) 5 <[]ANH and [AY7],
with and
1 (= g(¢) (AN+AN‘1)/2+(AN‘1+AN‘2)/2‘
anzz chosn Y dip. (8b) 2 |

<|AN| and |AN7Y and |[AN7?|,
IIl. NUMERICAL TECHNIQUE
according to the characteristics Afs.
A. Numerical computation of a NSTF This can be repeated until the needed accuracy is ob-

If z(y,t) is given, we hav§{a,z({,t)Ir=iz,(,t). Then tained. IfN 'is given, we can average the summation.from at
we can numerica”y Ca|cu|atg( ,r//,t+1) from Eq. (7) and least one time to at modt times. As we are expecting to
obtain the evolution of the finger. However, as expected, Eqchoose the minimunN but get the maximum accuracy, we
(7) is highly nonlinear and tiny roundoff errors, especially always addN times. Normally, we write
the residual errors in summing up the Fourier series, will be N
magnified quickly, which makes the calculation very un- 9(¢) ap S N
stable. In order to increase the precision of the summation of T3 T2 T & Pnoancosny, (13
the Fourier series and decrease the numerical instability aris-
ing from the very-high-frequency noise of trigonometric with successive averaging operator
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where S\9(g, ) =Sy(9,#). We introduce a successive av-

eraging operatolV as we have used in the computation
2=045 above:

V(g ) =S\(9,%)

N
A
= ?°+2 p'N(A,cosny+B,sinny). (16)
n

2=0.50
From
1
piV=1- oN
2=0.55 we can see that the course;dlf‘) approximating 1 is expo-

nential with order 1/3. This specialty may improve greatly
the convergence of the approximation operator.

We rewrite the partial summatid®(g, ¢) of Fourier se-
ries ofg(¢) as

FIG. 1. Stable evolution of the NSTF fromn=0 to 1.9 with
different initial A and e;=0.3.

1 (=2 sin(2N+ 1)t
SN(g,w>=;f [g(y+20)+g(y—20)]— ——dt
Ny L . i i N! ’ (17)
pg ):ﬁ izn CN where CN:”(N——i)!.
so
In order to both avoid high-frequency effects and reduce 1 [l

residual error to the greatest extent, we choblse7 and Vn(g,¥)= —J [g(+2t)+g(y—21)]
obtain the stable evolution of the NSTF shown in Fig. 1. The mJo
prediction that the tracing finger always eventually tends to sin(N+ 1)t
A=0.5 in the one-step analysis is verified. X co't————dt. (18

sint

B. Approximate theory of the successive averaging operator Now we define the residual erroEy(g,s)=Vy(0,¥)

Although the method described above is specific to a spe= 9(#); then
cial problem, we can prove theoretically its generality as

. . . 1 (=2
follows. Assumeg(#) € C[0,27], with w(5) being its con- En(g, )= _J +20)+g(—2t)—2
tinuous modulus. Let the Fourier partial summatiorg6f) n(@.¥) mJo Loty J*oly )=2900)]
be .
sin(N+ 1)t
XCOé\'tht. (19
sint

Ao | < .
SN(@.9)=— + 2 (Acosny+Bysinng),  (14)
n=1 Assumingl = f 7"%codVy dyy, we havel3<7/2N. Introduc-

ing an arbitrary positive numbet, we have

where
12 o
1 (= f coy dy=<sin( 5/2) N’ (20)
A= | atwrcosn v dy. :
Let
B 1 fﬁ g()sinn ¢ dyr 1 (o2
R ' Ap=— . [9(y+2t) +g(y—2t)—29(¢)]

Normally, we cannot be certain th&(g,#) always ap- xooé\‘tsm(N+1)tdt (213

proximategg (). When the smoothness gf ) is relatively sint
poor, Sy(g,) will not convergeg(y) or its convergence

rate will be very slow. 1 (w2
Let Af;fw [9(y+2t) +9(—2t)—29(4)]
SNV(@.)=z [N e +Sit@ ] =12, N, ooy SMNF It 210

(15 sint
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If w(d) is the continuous modulus of the functighy), we
have

2
|A1|$;w(6)(N+1)sin(5/2) 5N

<C,8JNw(9), (223

with C; a positive constant that is independentsof n, and
9(¥), and

2w(m) 2 ™2 N2
|A2|smcoé\‘ (612) J'alz cod'?t dt

C,
=
sYN

with C, a positive constant that is independentéoandn.
Thus

(1- 55N, (22b)

C,

SYN

|En(9,8)|<C18VNw(8)+—=(1- )N (23

Supposingg= 5\Nw?(5) is a given small positive constant,

whereg is another given constant with<08<1/2, we have

2

_ C,
|[En(9,¢)|<C 0wt B(&)-l—?wﬁ( 5)EX;{ — —4(»23(5)
(29

Obviously, we get from Eq(24) |En(g,4)|—0 when §
—0 (or N—x).
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IV. CONCLUSION

By modifying the Saffman-Taylor finger into the NSTF,
our theoretical and numerical work has the following merits
in the field.

First, we vest a finger with real experimental background
and make the comparison between theory, numerical analy-
sis, and experiments more meaningful. Here one can answer
why Saffman and Taylor could find just one finger with
=0.5 in their experiment in 1958.

Second, the NSTF makes it possible to calculate the evo-
lution of a single viscous finger, which provides more mod-
els for computing numerically the evolution, competition,
and ramification of straight, parallel fingers as well as radial
fingers.

Third, we present a fast, effective algorithm that has much
better convergence effects. Summing a finite number of
items in an infinite series expanded from a function is a
normal but useful computational method. Successive averag-
ing operators can be put into practice easily. We just substi-
tute N=7 for «» of Eq. (8a) and iterate more than 20 000
steps stably, which makes us trace the evolution of the finger
successfully. As a comparison, we use the Fejer operator
instead of the successive averaging operator without chang-
ing any other parameters. The computation shows that less
than 100 steps wheN=7 and less than 1000 steps when
N=70 can be iterated before the unstable patterns emerge.
The generality proof demonstrates the scientific merit of the
successive averaging operator further.

On the basis of the NSTF and the successive averaging
operator, we are studying further work dealing with surface

Moreover, we can see that the residual error can be ditension and stability to resolve another riddle.

vided into two parts:A;, determined by the continuous

modulus ofg(¥) with a given small coefficient, and.,,
attenuating exponentially whef—0 (or N—x). Therefore,

H.Y. would like to express sincere gratitude to Professor
KaiHua Zhao for his beneficial ideas. This work was sup-

Vn(g,¥)—g(y) very quickly. Our numerical computation ported by The China National Main Basic Research Project

has verified this result.
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