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ABSTRACT

The demand and utilization of fiber-reinforced composites are increasing in various sec-
tors, including aerospace, civil engineering, and automotive industries. Non-destructive
methods are necessary for monitoring fiber-reinforced composites due to their complex and
often visually undetectable failure modes. An emerging method for monitoring composite
structures is through the integration of self-sensing capabilities. Self-sensing in nanocom-
posites can be achieved through nanofiller modifications, which involve introducing an ade-
quate amount of nanofillers into the matrix, such as carbon nanotubes (CNTs) and carbon
nanofillers (CNFs). These fillers form an electrically well-connected network that allows the
electrical current to travel through conductive pathways. The disruption of connectivity of
these pathways, caused by mechanical deformations or damages, results in a change in the
overall conductivity of the material, thereby enabling intrinsic self-sensing.

Currently, the majority of predictive modeling attempts in the field of self-sensing nanocom-
posites have been dedicated to microscale piezoresistivity. There has been a lack of research
conducted on the modeling of strain-induced resistivity changes in macroscale fiber-matrix
material systems. As a matter of fact, no analytical macroscale model that addresses the
impact of continuous fiber reinforcement in nanocomposites has been presented in the litera-
ture. This gap is significant because it is impossible to make meaningful structural condition
predictions without models relating observed resistivity changes to the mechanical condition
of the composite. Accordingly, this dissertation presents a set of three research contributions.
The overall objective of these contributions is to address this knowledge gap by developing
and validating an analytical model. In addition to advancing our theoretical understanding,
this model provides a practical methodology for predicting the piezoresistive properties of
continuous fiber-reinforced composites with integrated nanofillers.

To bridge the above-mentioned research gap, three scholarly contributions are presented
in this dissertation. The first contribution proposes an analytical model that aims to pre-
dict the variations in resistivity within a material system comprising a nanofiller-modified
polymer and continuous fiber reinforcement, specifically in response to azial strain. The

fundamental principle underlying our methodology involves the novel use of the concentric
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cylindrical assembly (CCA) homogenization technique to model piezoresistivity. The initial
step involves the establishment of a domain consisting of concentric cylinders that represent
a continuous reinforcing fiber phase wrapped around by a nanofiller-modified matrix phase.
Subsequently, the system undergoes homogenization to facilitate the prediction of changes
in the axial and transverse resistivity of the concentric cylinder as a consequence of longi-
tudinal deformations. The second contribution investigates the effect of radial deformations
on piezoresistivity. Here, we demonstrate yet another novel application of the CCA homog-
enization technique to determine piezoresistivity. This contribution concludes by presenting
closed-form analytical relations that describe changes in axial and transverse resistivity as
functions of externally applied radial strain. The third contribution involves computationally
analyzing piezoresistivity in fiber-reinforced laminae by using three-dimensional representa-
tive volume elements (RVE) with a CNF /epoxy matrix. By comparing the single-fiber-based
analytical model with the computational model, we can investigate the impact of interac-
tions between multiple adjacent fibers on the piezoresistive properties of the material. The
study revealed that the differences between the single-fiber CCA analytical model and the
computational model are quite small, particularly for composites with low- to moderate-fiber
volume fractions that undergo relatively minor deformations. This means that the analytical
methods herein derived can be used to make accurate predictions without resorting to much
more laborious computational methods.

In summary, the impact of this dissertation work lies in the development of novel an-
alytical closed-form nonlinear piezoresistive relations. These relations relate the electrical
conductivity /resistivity changes induced by axial or lateral mechanical deformations in direc-
tions parallel and perpendicular to the reinforcing continuous fibers within fiber-reinforced
nanocomposites and are validated against in-depth computational analyses. Therefore,
these models provide an important and first-ever bridge between simply observing elec-
trical changes in a self-sensing fiber-reinforced composite and relating such observations to

the mechanical state of the material.
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1. INTRODUCTION AND MOTIVATION

A version of this chapter has been previously published in Composites Science and Technology

[1].

1.1 Introduction

Due to their excellent strength-to-weight ratio, fiber-reinforced composites have found
extensive use in a variety of industries, including the aerospace, civil, automotive, medical,
and marine sectors [2]-[13]. Non-destructive evaluation (NDE) is often used to ensure the
structural integrity of these materials due to their complicated failure mechanisms [14]-[23].
However, many NDE procedures are routinely carried out at predetermined times, which may
allow unchecked damage growth between inspections. Continuous monitoring via embedded
sensing has been studied as a possible solution to this problem. Sensors can be surface-
mounted or embedded; however, sensor integration within the composite creates weak areas
and complicates manufacturing. Therefore, self-sensing materials, in which the condition is
determined by changes in properties such as electrical conductivity, have attracted interest
from the scientific and engineering communities [24]-[27].

The piezoresistive effect, a prevalent method of self-sensing, enables materials to exhibit
deformation-dependent electrical conductivity (or its inverse, resistivity). Materials exhibit-
ing piezoresistivity include semiconductors such as silicon and germanium [28], as well as
polymer composites reinforced with conductive fillers such as carbon black, graphite, car-
bon nanofibers (CNFs), and carbon nanotubes (CNTs). This phenomenon, induced by the
integration of a sufficient amount of micro- to nanoscale conductive fillers, such as CNFs or
CNTs, into cement or polymer-based composites [29]-[32], arises from the formation of an
electrically well-connected network of nanofillers within the matrix. This network enables
the electric current to flow through conductive pathways. Mechanical effects that alter these
pathways’ connectivity manifest as changes in conductivity, facilitating intrinsic self-sensing
[33]-[37]. In other words, mechanical stress leads to deformation of the polymer matrix

and reorientation or movement of the conductive filler particles [38], as well as changes in
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the distance between these particles, affecting tunneling resistance and, consequently, the
overall resistivity of the composite [39], [40]. Piezoresistivity is also observed in carbon fiber-
reinforced polymer composites (CFRPCs) with nonconductive matrix phases due to the
contact between adjacent in-plane conductive fibers or interlaminar crossing fibers, which
allows for electrical transport between carbon fiber threads and/or layers [41]-[43].

It is important to highlight that although this research focuses on self-sensing via the
piezoresistive effect, one should differentiate between piezoresistivity and piezoelectricity ef-
fects because, despite similar sounding names, they are fundamentally different in their phys-
ical mechanisms. In piezoresistive materials, the electrical properties change in response to
mechanical stress, making them suitable for applications where changes in force, pressure,
or strain need to be detected by observing the resultant variation in electrical resistivity of
the material. On the other hand, piezoelectric materials generate an electrical charge when
subjected to mechanical stresses, or vice versa; i.e., these materials can generate mechan-
ical strains when subjected to an external electric field, a phenomenon called the inverse
piezoelectric effect. Unlike the mechanism that causes the piezoresistive effect, which is due
to the electrical network formed by the inclusion of conductive nanofillers, the piezoelectric
effect occurs because the crystal structure in these materials lacks a center of symmetry;
the crystal lattice is arranged in a way that ions occupy positions that do not mirror each
other across a plane of symmetry. When the structure is under mechanical stress, these ions
are displaced such that positive and negative ions move relative to each other but remain
bound within the lattice structure, causing an asymmetrical distribution of the charges and
leading to accumulation of positive charges on one side of the material and negative charges
on the other. As a result, an internal electric field is generated, which has a direction and
magnitude directly related to the direction and amount of externally applied stress. Due to
their properties, piezoelectric materials are often used as actuators [44]-[48], where voltage is
applied to induce mechanical strain, or sensors, where electrical signals are observed due to
the material being subjected to mechanical stress or vibrations. These piezoelectric sensors
play an important role in structural health monitoring and NDE, as suggested by recent

studies [49]-[53].
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The subsequent sections will first delve into the significance of piezoresistivity modeling,
highlight its necessity for fiber-reinforced composites, and discuss the motivations driving
this research work. Following this, an examination of current modeling approaches will
be provided, alongside a presentation of notable existing models from the literature. The
discussion will then extend to a comparison between piezoresistivity models and thermal
transfer models, illustrating the distinctions and connections between these two types of

model.

1.2 Motivation

A limitation of piezoresistive self-sensing is that inspectors typically do not care about
electrical properties but rather want to know the stress, strain, and damage states of the
composite. To derive this information from the material’s electrical signature, models that
correlate conductivity with the mechanical condition are essential. For further insight, refer
to Figure 1.1, which depicts a piezoresistive plate with a central hole created by Hassan
and Tallman [54]. This plate was subjected to various uniaxial tension tests during which
changes in conductivity were monitored. The question arises from the observed conductivity
changes distribution, obtained via electrical impedance tomography (EIT): Can any of these
conductivity images be used to predict an imminent failure of the plate? To accurately
determine this, it is necessary to deduce the stress-strain state of the plate from the observed
changes in electrical properties. Thus, piezoresistivity models, where the change in resistivity
(or conductivity) is expressed as a function of strain, are vital for inferring the mechanical
state of the composite from the electrical data collected using inverse problem techniques.
For instance, using a simple damage model, Hashim and Tallman [54] successfully identified
the size and shape of delamination damage in a CNF-modified glass fiber/epoxy laminate
by applying a genetic algorithm to invert the model. They and other researchers have also
succeeded in using metaheuristic and deep learning algorithms to deduce full-field stresses
and strains in a CNF /epoxy plate with a through-hole under tension [54]-[56]. Recent studies
highlight the crucial role of detecting, imaging, and predicting structural damage within

composite materials using EIT and inverse problem techniques [57]-[63]. These studies
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Figure 1.1. Observed distribution of conductivity changes via electrical
impedance tomography forward problem [54].

emphasize the necessity of piezoresistivity models for deducing the mechanical state of the
composite from observed changes in electrical conductivity.

Despite the previously discussed significance of piezoresistive models, there remains a
notable deficiency in the literature regarding the modeling of fiber-reinforced composites
with piezoresistive matrices. In fact, very few works have explored piezoresistivity in fiber-
reinforced composites with conductive matrices. In these works, piezoresistivity is modeled

exclusively using computational micromechanical techniques [64], [65]. However, there is
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no analytical macroscale piezoresistivity model for fiber-reinforced, nanofiller-modified com-
posites in the available literature. These macroscale analytical models provide closed-form
relations dealing with the composite holistically and can offer accurate and close-to-real-life
structural-level predictions. They do not consider individual filler locations, movements, etc.,
which can vary randomly, making it nearly impossible to precisely replicate the macroscale
piezoresistive behavior of composites by considering individual filler locations and orienta-
tions. In addition, these analytical models can be considered as convenient tools for identi-
fying the mechanical conditions of fiber-reinforced nanocomposites.

To be more explicit, research to date has almost exclusively focused on simulating piezore-
sistivity at the microscale to nanoscale levels without considering the effect of a continuous
fiber reinforcement phase. Since the continuous fiber phase is crucial for structural compos-
ites, this represents a significant gap in the current state of knowledge. Consequently, there
is a need for the development of analytical models that incorporate fiber reinforcements and
have the ability to be implemented at structural levels.

This dissertation work is motivated by the need to fill the previously described gap in the

state-of-the-art, which is the lack of analytical models that accurately predict the piezore-

sistive effect in continuous fiber-reinforced nanocomposites at structural scales. Macroscale

models that account for the fiber-reinforcement phase are required if this technology is to be

utilized to make meaningful structural-scale predictions of composite health and condition.

1.3 Summary of Existing Literature

In light of the preceding discussion, there is a clear need for piezoresistive models. These
models are crucial because they enable engineers and researchers to embed self-sensing ca-
pabilities into structures and make meaningful predictions of mechanical condition from
electrical data. To this end, existent modeling approaches for piezoresistivity are covered
in subsequent discussions. These approaches can be broadly categorized into three main
categories: resistor-network models, computational-based micromechanical models, and an-

alytical models.
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1.3.1 Resistor-Network Models

In resistor network modeling, groups of individual conductive fillers (often one-dimensional
stick-like fillers such as CNTs or CNFs) are treated as resistor elements, as are inter-filler
electron tunneling junctions [66]-[80], as illustrated in Figure 1.2. The piezoresistive effect is
incorporated into these models by allowing the stick-like fillers to translate and rotate due to
applied deformation. This approach provides good insight into the interaction of nanofillers
and their agglomerations. However, it is also of limited use for large-scale predictions due
to the necessity of modeling individual fillers, which leads to an overall high computational
cost. Furthermore, this process generally does not explicitly model the matrix phase, which
may lead to lower accuracy levels, as found by Hu et al. [77]. Continuous fiber reinforce-
ment is also not considered. Thus, due to these limitations, resistor network modeling is
not preferable for developing a macroscale piezoresistive model that incorporates continu-
ous fiber reinforcement, as high accuracy and low computational cost are highly desired for

structural-level applications.

1.3.2 Computational Micro-Mechanics Models

Another modeling approach relies on computational micromechanical techniques (e.g.,
finite element method or peridynamics) [81]-[89]. In this approach, unlike the previously
discussed equivalent resistor network modeling, both individual fillers and the surround-
ing matrix are simulated. This enables the consideration of mechanical factors, such as
matrix-to-nanofiller separations illustrated in Figure 1.3. Piezoresistivity at the micro and
nanoscales, influenced by factors like inter-filler electron transport and matrix-filler debond-
ing, significantly affects the electromechanical behaviors of composites at the macroscale
level. Despite providing rich nanoscale information, these models also simulate individual
nanofillers, making them computationally prohibitive for structural-scale predictions. Al-
though computational modeling allows for the analysis of more complex loading conditions
compared to other approaches, it necessitates the imposition of periodic boundary conditions
(PBCs) on the representative volume element (RVE), as depicted in Figure 1.4, to ensure

microscale responses accurately reflect the macroscale response of the composite structure.
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Figure 1.2. The modeling approach of an individual conductive fillers as
equivalent resistors within a CNT agglomerate for the piezoresistive model
developed by Gong et al. [72].
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Figure 1.3. Images, illustrated by Chaurasia et al. [81], depict the progres-
sion of localized separation at the interface surrounding a carbon nanotube
(CNT) within a hexagonal nanoscale representative volume element (RVE), in
compression, unstressed and tension conditions. These pictures emphasis that
computational models can take matrix-filler separations into account

While PBCs improve accuracy, they significantly increase the computational cost due to the
generation of a large number of additional constraint equations. Consequently, computation-
ally modeling fiber-reinforced nanocomposites would be highly inefficient and potentially less
accurate, since considering individual fillers and continuous fibers (their locations, dispersion,
and orientations) at the macroscale level is impractical due to their often random distribution

within the matrix.

1.3.3 Analytical Models

Due to the computational costs of modeling individual fillers, researchers have also ex-
plored analytical modeling of the piezoresistive effect [90]-[95]. The general approach in
these models is to predict piezoresistivity based on the strain state, as well as the me-
chanical and geometrical properties of the composite using micromechanical homogenization
techniques. For instance, Garcia-Macias and colleagues [92], [96] utilized mean-field homog-
enization methods to model the piezoresistive effect. To elaborate, Garcia-Macias et al. [96]
calculated the effective conductivity by averaging over all possible orientations of the fillers,
as illustrated in Figure 1.5. One of the major advantages of analytical models is that they

are generally less computationally demanding because, unlike computational and equivalent
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Figure 1.4. The representative volume elements used by Ren and Seidel [83]
for their computational analysis.
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Figure 1.5. Garcia-Macias et al. applied mean-field homogenization in CNT
cement-based composite to analytically model the piezoresistivity [96].

resistor network models, fillers are not modeled individually. Furthermore, they provide
closed-form relations, such as in the model developed by Tallman and Wang [97], who used
excluded volume theory to incorporate strain into an existing nanocomposite conductivity
model by Takeda et al. [98]. Panozzo et al. [99] also offered an analytical closed-form rela-
tionship by modeling conductive networks of CN'Ts within a polymeric matrix, accounting
for the three-dimensional random orientations of the nanofillers, CNT waviness, and CNT
entanglement. These analytical relations are often adaptable to structural-level applications
and are generally easier to apply in inverse problem applications, making this approach most
suitable for developing a macroscale model for predicting strain-induced resistivity changes
in fiber-reinforced nanofiller-modified composites. However, it is important to note that
analytical models often rely on predetermined idealizations and assumptions, such as esti-
mating averages of inter-filler distances and filler orientations, and they do not account for

continuous fiber phases, which makes them of limited usefulness to structural composites.

1.4 Comparison to Thermal Transfer Models

This section aims to highlight the distinctions between thermal transport models and the

modeling approach employed in this dissertation, which primarily concentrates on electric dif-
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fusion. To address any potential ambiguity surrounding the similarities between the present
study and the thermal diffusion models in fiber-reinforced composites, it is first important
to acknowledge that both phenomena can be mathematically modeled using analogous gov-
erning partial differential equations (PDEs), which are derived from Laplace’s second-order
PDEs. As a result, several analytical homogenization techniques used in finding the effective
electrical properties of a composite can also be implemented in heat flow boundary value
problems (BVPs) to find the effective thermal properties. For example, the concentric cylin-
ders assemblage homogenization approach, also known as the composite cylinder assemblage
(CCA) approach, has been used to find the effective electrical properties of fiber-reinforced
composites [100], as well as the effective thermal conductivities of fiber-reinforced compos-
ites [101], [102]. However, the following points outline the primary differences between our
piezoresistivity system and thermal transport systems in terms of the underlying physics and

modeling.

o Different mechanisms at nanoscale
Strain-induced changes in thermal properties have been observed primarily in nanoscale
structures such as monolayer silicene, silicon nanowires, and single-walled carbon
nanotubes [101], [L03]-[106]. However, there is a significant difference between the
mechanisms behind the strain-induced electrical and thermal conductivity changes at
nanoscale levels. Piezoresistivity in nanocomposites is mainly caused by the electron-
hopping effect, in which electrons (real particles with charge) move between adjacent
nanofillers. However, the modulation of thermal conductivity under strain is strongly
dependent on the unique characteristics of the material, such as its lattice structure,
bond strength, and frequency variations of phonons (quantized modes of vibration of
atoms in a crystal lattice) [104], [106]. Basically, changes in deformation-dependent
thermal conductivity at nanoscale levels are caused by variations in the vibration fre-
quencies of atoms within a crystal lattice, unlike piezoresistivity caused by the move-
ment of electrons. This distinction results in fundamentally different mathematical
frameworks that describe changes in thermal and electrical properties. In other words,

unlike piezoresistivity, which is caused by the movement of electrons, deformation-
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dependent thermal conductivity changes at nanoscale levels are caused by variations
in the vibration frequencies of atoms within a crystal lattice. This main difference
leads to a fundamentally different mathematical framework for representing the vari-

ation mechanism.

No strain dependency in thermal transport models of fiber-reinforced macro-
scale structures

Existing models in the literature that address thermal transport in fiber-reinforced
composites do not incorporate strains [107]-[111]. The thermal properties of fiber-
reinforced composites may be temperature-dependent [102]. However, to the best of
our knowledge, strain-induced thermal conductivity changes have not been observed
(vet even modeled) in fiber-reinforced macroscale structures. They have hardly been
observed in a very limited number of nanofiller-modified polymeric composites without
a continuous fiber reinforcement phase in which specific types of nanofillers, such as
cellulose nanocrystals (CNC) [112], are used. These fillers must be highly crystalline
and disperse well in the matrix, unlike carbon nanofibers, which are vulnerable to form

more agglomerations.
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2. PROBLEM STATEMENT, RESEARCH GOAL,
DISSERTATION CONTRIBUTIONS, AND DISSERTATION
ORGANIZATION

In light of the previous discussion in Chapter 1, the following research problem statement

and goal are proposed.

2.1 Problem Statement

A critical deficiency in the current state of the art regarding macroscale piezoresistivity
models for continuous fiber-reinforced nanocomposites is identified in this dissertation. The
potential for self-sensing in these materials, which could enhance safety through integrated
NDE, is an important consideration. Piezoresistive models are necessary in order to infer the
mechanical state of the composite from the observed electrical condition. However, the lack
of macroscale analytical models for piezoresistivity in nanofiller-modified composites with
continuous fiber reinforcement prevents us from exploiting electrical data for generating

meaningful predictions of the mechanical condition.

2.2 Research Goal

The primary objective of this study is to construct an analytical model at a macroscopic
level that accurately predicts the relationship between resistivity/conductivity and strain
in continuous fiber-reinforced composites having nanofiller-modified matrices. This goal,
when integrated with piezoresistive inversion techniques (i.e., deducing full-field mechanics
from electrical observations by inverting piezoresistivity relationships), will pave the way
for material state awareness in next-generation composites, establishing new possibilities for

monitoring and optimizing composite structures.

2.3 Dissertation Contributions

To accomplish the previously stated research goal, this dissertation will make three re-

search contributions, as summarized in the following.
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o Research Contribution 1: Analytical Modeling of Azial Strain Piezoresistivity

At this stage, we work at the single-fiber level, presenting a novel use of the CCA
electrical homogenization technique to characterize the piezoresistive effect in contin-
uous fiber-reinforced nanocomposites, where the reinforcing fiber is represented as a
long cylinder surrounded by a nanofiller-modified matrix phase. The significance of
this contribution lies in the fact that the CCA method delivers analytical closed-form
relations that capture the changes in axial and transverse resistivity caused by axial

strain in fiber-reinforced composites.

o Research Contribution 2: Analytical Modeling of Radial Strain Piezoresistivity

Here, we present another novel use of the CCA homogenization methodology to identify
the piezoresistivity characteristics of fiber-reinforced nanofiller-modified composites in-
duced by radial strain. By the end of this contribution, closed-form analytical relations
are developed to describe the axial and transverse resistivity changes as functions of
externally applied radial strain. This contribution, along with the first, addresses
a critical gap in the current literature by offering closed-form macroscale analytical

piezoresistive relations that can be extended for structural sensing applications.

o Research Contribution 3: Lamina-Level Validation via Computational Analyses

Next, we will use computational methods (i.e., FEA) to analyze the piezoresistivity
of a fiber-reinforced nanocomposite lamina. This is achieved by using a representa-
tive volume element that may have fibers arranged in a certain manner, such as the
hexagonal packing arrangement, to reflect a unidirectional fiber group consisting of
several adjacent fibers that are embedded inside a piezoresistive matrix phase. Then,
the impact of the interaction between these fibers on the overall electrical property and
piezoresistivity of the composite is investigated. The importance of this contribution
is that it provides insight into how the piezoresistive effect at the lamina level might
differ from that at a single-fiber level obtained previously via the CCA analytical ap-
proach. By the end of this contribution, it is demonstrated that the proposed CCA
model offers an accurate and easy-to-use piezoresistive macroscale modeling tool, de-

spite the minor discrepancies observed at high fiber volume fractions. These marginal
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deviations, which are even less pronounced at small deformations, are compensated for

by the simplicity and low computational cost associated with analytical models.

2.4 Dissertation Organization

The remainder of this dissertation is organized as follows. First, the derivation of ana-
lytical axial and lateral resistivity-strain relations for composites under longitudinal defor-
mations is presented. Then, the developed CCA model is demonstrated using carbon fiber
and glass fiber-reinforced nanocomposites. Next, the derivation of piezoresistive relations for
axial and transverse resistivity changes caused by radial strain is illustrated, and again, the
model is demonstrated using glass and carbon fiber nanocomposites. A computational mod-
eling approach for the piezoresistivity of a unidirectional fiber-reinforced lamina is presented.
We will compare the results obtained using the CCA analytical model and the computational
finite element approach to gain deeper insight into the influence of adjacent fibers on the
overall macroscale piezoresistivity response of the composite. Finally, we present a summary,

followed by conclusions and recommendations for future work.
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3. ANALYTICAL MODELING OF AXIAL STRAIN
PIEZORESISTIVITY

This chapter was previously published in Composites Science and Technology [1].

3.1 Introduction

In this chapter, we establish a relationship between the axial strain and the resulting
changes in the axial and transverse resistivity of a nanofiller-modified epoxy with fiber re-
inforcement. For simplicity during development of the model, we assume that the fiber
reinforcement is elastically transversely isotropic and that the matrix is elastically isotropic.
To begin, the system is homogenized; it is made up of two concentric cylinders, the inner of
which represents the fiber reinforcement while the outer is the piezoresistive matrix phase
(e.g., epoxy modified with CN'Ts or CNFs). In particular, we make use of the resistivity-strain
relation proposed by Koo and Tallman [113] for the piezoresistive matrix in conjunction with
the CCA elasticity model (to obtain the elasticity solution of a deformed assembly). Note
that the matrix resistivity-strain relation was experimentally validated in the original work
by Koo and Tallman [113].

To develop the model, assume that a continuous reinforcing fiber is represented by a long
cylinder of radius a that is surrounded by nanofiller-modified matrix. The entire assembly
is represented by two concentric cylinders with an overall radius of b. The end goal is to
homogenize the composite in such a way that the piezoresistive properties of the homoge-
nized system are equivalent to those of the inhomogeneous cylinder, as shown in Figure 3.1.
Note that the cylindrical coordinate system is defined such that the z-axis points along the
longitudinal /axial direction, and the origin of the coordinate system is at the center of the
concentric circles that make up the cross section.

The model is constructed first by considering the governing equation for the three-

dimensional steady-state electrical diffusion, which is shown in equation (3.1), where J is the
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Figure 3.1. Concentric cylinders assemblage and homogenization. Note that
in the inhomogeneous image, the gray inner cylinder represents the continu-
ous fiber reinforcement. Our goal is to replicate the resistivity change-strain
response of the inhomogeneous system in the homogeneous system.
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vector of the current density distribution, ¢ is the electrical potential, and p is the electrical
resistivity.

V. (=J) :v-;w:o (3.1)

It is worth mentioning that the resistivity p can be a second-order tensor as follows:

pr 00
pP=10 p5 0 (3.2)
0 0 p2

where the subscripts r, 6, and z represent the radial, angular, and axial directions, re-
spectively, while the superscript ¢ denotes that this is the resistivity of the homogenized
composite. Note that for fibers aligned with the z-axis, the radial and angular resistivity
values are assumed to be the same and will be denoted throughout the forthcoming analysis
as p5, which is the transverse resistivity (i.e., pS = p§ = p5), whereas the axial resistivity
of the composite p$ will be referred to as p{. It is also important to say that throughout
this manuscript, both the fiber and the matrix phases are going to be assumed electrically
isotropic; that is, the resistivity of the fiber is p/, while the resistivity of the matrix is p™.
To be more explicit, over the course of the entire manuscript, any p with a subscript 1 refers

to axial resistivity, while any p with a subscript 2 refers to transverse resistivity.

3.2 Axial Piezoresistivity

Next, we look to homogenize the piezoresistive relation for the CCA along the longitudinal
direction. To find the change in resistivity in the longitudinal direction due to axial strain,
we begin by assuming that the potential gradient only exists along the longitudinal axis (i.e.,
by putting voltage or Dirichlet boundary conditions on each end of the composite cylinder).
For this case, the steady-state electrical conductivity relation in equation (3.1) is reduced to
a second-order ordinary differential equation shown in equation (3.3) below.

12
dgb_o
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Figure 3.2. Dirichlet (voltage) boundary conditions are imposed at both ends
of the inhomogeneous system and the homogeneous system.

We next express the change in electric potential of a one-dimensional cylinder by integrating

equation (3.3), which results in the following:
¢(z) = Az + B. (3.4)

In this equation, A and B are integration constants, which are determined by imposing

boundary constraints on both systems as shown in Figure 3.2, as follows:

P(z=0) = ¢ (3.5a)

dz=1)=0 (3.5b)

where ¢ represents the applied voltage at z = 0. The applied voltage is set to zero at the
other end; that is, at z = [, where [ is the length of the assemblage. After imposing the
aforementioned boundary conditions, we obtain the following electrical potential distribution

across the length of the cylinder.

6(2) = o0 (1- ;) (3.6)
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Enforcing the law of conservation of electrical charge allows us to homogenize the contin-
uous fiber + piezoresistive matrix system. Conservation of charge dictates that the sum of
the currents flowing through the individual components of the inhomogeneous system must
equal the total current flowing through the homogenized system. This can be expressed

mathematically as

+Im
a;mal aa:lal azxial

(3.7)

where I¢ .., is the current that flows through the homogenized system in the axial direction,
while I/, and I, , are the currents associated with the fiber and the matrix, respectively.
In general, the electrical current I can be found by integrating the current density distribution
vector J over an area as follows:

I:AJmMA (3.8)

where n is an outward-pointing normal vector. As mentioned before, the current density
J can be calculated from the gradient of the potential. For instance, the current density

distribution of the matrix phase in the inhomogeneous system is found as follows.

0 0
1 1
J=——Vg=——1{ 0 :ﬂfn 0 (3.9)
P P lp
04(z) 1
0z
Therefore, the current flowing through the matrix is
2n b
%:%//NMM@%Wwﬁ (3.10)
lpm 0 a lpm
The current flowing through the fiber phase can be found in a similar manner.
I’ -
i = 1o / / rdrdf = lpfna (3.11)

Looking back at equation (3.7), we need to find the electrical current flowing through the
hypothetical homogeneous cylindrical system, such that the system has a radius of b and an

electrical resistivity of p§ that gives rise to the same electrical response as the inhomogeneous
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composite. Similarly to equations (3.9) and (3.10), the current in the homogenized composite

is
27r
., = / / rdrdd = Lo, 3.12
L lpl lpg ( )

From equations (3.7), (3.10), (3.11), and (3.12), we end up with the following expression.

;;Olan l(bp(}na + ;ﬁon (b a2) (3.13)
As in reference [100], the rule of mixtures for the axial conductivity of the fiber-matrix
system may be obtained by eliminating like terms on both sides of equation (3.13), then
dividing the resulting equation by b%. This is because the fiber volume fraction is defined as
Vi = a?/b%. However, by rearranging equation (3.13), we are able to describe the resistivity
of a homogenized cylindrical fiber-reinforced composite—the effective axial resistivity—as a
function the constituents properties and dimensions. The resulting expression is shown in

equation (3.14).
v*plp™
pra? + pl (b — a?)

C

P1=

(3.14)

In light of equation (3.14), the resistivity change of a continuous fiber enveloped by a
piezoresistive matrix that undergoes a longitudinal deformation can be found by taking the
difference between the effective resistivity before and after the deformation, as shown in

equation (3.15).

R e e 11 19
pdag+ pg (b —ag)  pgra® + po (0* — a?)

In equation (3.15), the subscripts of 0 and d denote the pre- and post-deformation states of
the composite, respectively. Moreover, a and b represent the pre-deformed radii of the fiber
and the entire assembly, respectively, while ,og and p' are the pre-deformed resistivities of

the fiber and the matrix, respectively, which are constituents’ electrical properties.
For the case of axial piezoresistivity, we need to express Ap§, shown in equation (3.15),
solely in terms of the axial strain of the homogenized composite, €,. To do so, the radii of
the deformed fiber and the composite (that is, a; and b;) must be first expressed in terms of

€_, which can be done by considering the CCA elastically. The elastic constitutive relations

zz)
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for a cylinder-shaped fiber-reinforced composite subjected to uniaxial stress can be expressed

as follows.

€f = Sfo (3.16&)
Em = SpOm (3.16b)

Above, o and ¢ denote the stress and the strain column vectors, respectively, in Voigt

notation, which are expanded for the case of uniaxial stress as shown below.

T
a:{o 0 o.. 00 0} (3.17a)

T
62{57"7" €09 Ezz 2592 257"2 25r€} (317b)

Note that the subscript and superscript of m and f can be utilized with equations (3.17) in
order to construct the elastic constitutive relations of the matrix and the fiber individually.
In the constitutive relations expressed in equations (3.16), the compliance matrices for a

transversely isotropic fiber and an isotropic matrix are shown below.

! ! f

s11 S19 s13 O 0 0
3{2 3{1 5{3 0 0 0
f f f
S S S 0 0 0
Sy = 13 513 533 (3.18)
0 0 0 si o0 0
0 0 0 0 s 0
(00 0 0 0 2(sf,—sh)]
s gm gm 0 0 0o |
sTy  s1i ST 0 0 0
smogm s 0 0 0
S = 12 %12 11 (3.18)
0 0 0 2(sm—sm) 0 0
0 0 0 0 2 (s™ — sm) 0
0 0 0 0 0 2 (s7} — sT5) |
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Thus, via the elastic constitutive relations, the strains in the fiber and the matrix are as

follows.
T
€f=0£;{s{3 sls sly 00 o} (3.19a)
T
%ZUZ{sg smosT 000 0} (3.19h)

Using these relations, it is possible to describe the radial and angular strains of the con-
stituents in terms of their axial strains. For the fiber phase, since e/, = s}/, # 0, then,

of =¢l / 53{3, which leads to the following radial and angular strains in the fiber.

f
S13
ot = siyol. = el = < (3.20)
533
For the matrix phase, since 7% = sl # 0, then, 07! = 7. /s7}, leads to the following
radial strain in the matrix
Sm
el = siholt = 27 (3.21)

11
which equals ep for the isotropic matrix. Taking advantage of the continuity condition for
axial deformation in the CCA elastic model, U/ (a) = U™(a) where U, is the displacement
in the axial direction, the fiber and matrix displacements at the interface are equal. As a
result, the homogenized composite undergoes the same amount of axial strain as the matrix
and fiber individually. That is,

ef =l =¢°.. (3.22)

From the above equations, we are able to express the deformed radius of the fiber, ay, and the
deformed thickness of the matrix, ¢', in terms of €}, and the components of their associated

compliance matrices, s;j, as follows

o

ad:a(l—i-&]fr):a(l—{— 13 C) (3.23)
533

Mo (] em) = ¢ (14 2ge (3.24)
s1i
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where ™ represents the thickness of the undeformed matrix (i.e., t™ = b —a). Therefore, by
simply adding the radius of the deformed fiber, a4, found via equation (3.23) to the thickness
of the deformed matrix, 7', obtained by equation (3.24), we can find the overall radius of
the deformed composite by in terms of the axial strain of the homogenized composite.
Returning to equation (3.15), we also need to consider the effect of strain on the electrical
properties of the CCA, pg and p)'. We assume that the piezoresistive effect in a continuous
fiber is very small (i.e., Ap’ ~ 0 such that pi; ~ pg ). The change in resistivity of the modified
matrix, however, is significant and must be considered. To calculate the resistivity change
of the nanofiller-modified matrix, the relation developed by Koo and Tallman [113], which
describes the change in resistivity of the nanofiller modified matrix as a function of strains, is
implemented. This can be expressed mathematically as shown in equation (3.25). Again, it
is emphasized that this resistivity-strain relation was experimentally validated in the original

work by Koo and Tallman [113].

Ap = k(e +e22 +e33) + (I + 1) (5%1 +e + 533)

+ 211, (e11€22 + €33611 + €20€33) + 2115 (5%2 +e5 + 5%3) (3.25)

In this equation, &, Iy, and II, are experimentally determined ‘piezoresistive constants’ (i.e.,
similar to elastic constants). Note that equation (3.25) was originally developed in Cartesian
coordinates; however, by going back to its original tensorial form and using coordinate
transformation tensor relations, it can easily be shown that this relation is also valid for any
orthogonal coordinate system. Therefore, for our case, since we use the cylindrical coordinate
system, subscripts 1, 2, and 3 in equation (3.25) refer to r, 8, and z directions, respectively. It
is emphasized here that the focus of this work is on the homogenization of a continuous fiber
+ piezoresistive matrix system, rather than the development of a new piezoresistivity model
for nanofiller-modified polymers without a continuous fiber reinforcement phase. Moreover,
the relation developed by Koo and Tallman [113] is based on fitting a general tensorial-
based strain-resistivity model to experimental data. These experiments involve specimens
with various degrees of nanoparticle agglomeration. As a result, this piezoresistivity model

necessarily accounts for variations in nanoparticle dispersion. That is, since it is calibrated
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to real macroscale data, the model intrinsically takes into consideration features such as
agglomeration, which are routinely observed in real material systems. Interested readers are
directed to the original work by Koo and Tallman [113] for more details on the derivation
of equation (3.25) and the experimental determination of the piezoresistive constants in this
equation.

Returning to the task at hand, by applying equation (3.25) to the matrix, we can de-
termine the change in the matrix’s resistivity, Ap™. Then, we take the obtained expression
of the change in the matrix’s resistivity and add it to the matrix’s undeformed resistivity,
Py, in order to determine the resistivity of the deformed matrix, p' (i.e., p = Ap™ + pi").
Next, we plug the expression obtained for p' and the value of pf; (recall that we assume
,of; = p{; ) into equation (3.15) while expressing the deformed radii as functions of the ax-
ial strain and the undeformed radii, following equations (3.23) and (3.24). This allows us
to obtain a formula that represents the change in the axial resistivity of the homogenized
composite as a function of the axial strain and the elastic and electrical properties of the
constituents, which can be mathematically expressed as follows in equation (3.26).

A () = bie (6" +0) Dol ps e

- - o P1a — P1o (3.26a)
(b3 —a3) + (pf + @) a3 pl (02 — a?) + plfa

Above, the subscript 1 followed by d and the subscript 1 followed by 0 in the right-most part
of the equation (3.26a) refer to the axial resistivity after and before deformation, respectively,

while « is shown below.
o = 2AL el (e7n +€%,) + (T +Tho) [2(e)” + (65,)°] + i (€5, + 2673 (3.26b)

Note that both the radial strain of the matrix €] and the thickness of the deformed matrix
bq can be expressed in terms of the axial strain of the homogenized system ¢, as seen earlier
in equations (3.20) to (3.24). Thus, equation (3.26) describes the piezoresistive effect of a
fiber-reinforced nanofiller-modified epoxy in the axial direction as a function of the axial

strain.
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3.3 Transverse Piezoresistivity

In this subsection, we consider the change in resistivity in the transverse direction due to
axial deformations. Again, we seek to derive a homogenized electrical CCA model for this
effect. To study the piezoresistive effect in the transverse direction, we treat the potential
of the domain as a function of r and 0; that is, ¢ = ¢(r, #) such that the governing equation
representing steady-state electrical diffusion in the transverse direction of a cylinder, which
is derived from equation (3.1), is as follows in equation (3.27).

2 2
Lo, (12, 100) -

Next, we find the solution to equation (3.27) for an electrically transversely isotropic

composite, where the resistivities in the radial and angular directions are equal as pf = pjj =

p5. For the case of concentric cylinders, equation (3.27) has the following solution as shown

by Heider et al. [100].

B

¢' = (Ar+ —)cos, for 0<r<a (3.28a)
r
D

¢" = (Cr+ —)cosf, for a<r<b (3.28b)
r

Above, A, B, C', and D are again constants of integration, which can be found by solving
the boundary value problem. Since ¢/(r = 0) must have a finite value, the constant B has to
be zero. To find the remaining three constants in equations (3.28), one boundary condition
and two continuity conditions are imposed. The following Neumann boundary condition is
imposed on the system, which is the application of a uniform external electric field E.,; in
the transverse direction at a sufficiently large distance, as shown in Figure 3.3.

Em = —%qu(r, 0) Eey cost

E™ = -V¢"(b,0) = m o = . (3.29)
Bt = —25;¢ (r,0) . Eeyisin
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Consider the first component of the electric field vector, E* = E,; cosf, such that the

potential at » = b can be found by integrating it. This leads to
@™ (b,0) = —b Eeyy cosb. (3.30)

To establish the electrical continuity condition, the potential and the current density distri-
bution at the fiber-to-matrix interface (i.e., at = a) must be the same. These continuity

conditions can be stated mathematically as follows.

¢! (a,0) = ¢™(a,0) (3.31)

J(a,0) =T (a,0) (3.32)

Since the current density J is related to the electric field E by J = %E where E is found by
taking the gradient of the potential (i.e., E = —V¢), we can go further by representing the
vectors in equation (3.32) with their components as

1 T T
{(%f 1a¢f} _ {aw 16¢>m} , (3.33)
,Of or T 90 | _. o or r oo | _.

By considering the first vector component in equation (3.33), which is

1 8¢f(r,9) 1 0™ (r,0)
A (0) = (M) (33

along with equations (3.30) and (3.31), we have three unknowns with three equations and
thus can find the integration constants A, C, and D in equations (3.28) as follows. First, by
imposing the Neumann boundary conditions presented in equation (3.30) on the potential in
the matrix phase, which has the assumed form illustrated in equation (3.28b), the following
expression is obtained.

1

b C —|— ED = _Eext b (335)

40



—_—
—_—
—_
. N\ A -
Eext E i
ext
: —_—
—_
—_—
Homogeneous Inhomogeneous

Figure 3.3. The Neumann boundary conditions are imposed on the inhomo-
geneous system as well as the homogeneous system by introducing external
transverse electric fields at a sufficiently large distance from both systems.

Next, by utilizing the assumed solutions of the potentials in the constituents, the continuity

conditions in equations (3.31) and (3.34) give us the following relations.

1
aA—aC—aD:() (3.36)

1 1 1
—A-—C
pl +_a2pm

Equations (3.35)—(3.37) can then be solved simultaneously to find A, C, and D.

D=0 (3.37)

To electrically homogenize the system in the transverse direction and determine the ef-
fective transverse electrical resistivity of the composite, we will assume that the volumetric
average of current density in the homogenized composite J is equal to the sum of the volu-
metric average of current densities within the components of the inhomogeneous composite.
That is,
+J (3.38)
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where the bar accents denote volumetric averages. Equation (3.38) can be expressed in

integral form as follows.

1 1 1
- JCch:—/ 3 av —/ Jmav, 3.39
Ve Jve Vi Jv; erVm o (3:39)

In the above equation, V., V, and V,, represent the volumes of the homogenized cylinder,
fiber, and matrix, respectively. Note that .J, is the current flux in the = direction, which is
the same direction as the direction of the external electric field Eo. (see Figure 3.3). The
component of J in the x direction using the components of J in the polar coordinate system
is J, = J.cos — Jysinf@. The volumetric average of current densities in the z-direction for

the homogeneous composite, the fiber, and the matrix are as follows.

_ 1 1 pem b
Jo = vl Jo dV, = @/0 /0 /0 (JScos® — Jgsinf) rdrdfdz (3.40a)
= 1 7 1 I r2n pra s ;.
gl = vf/vf Jhav; = m/0 /0 /0 (7] cos6 — Jf sin6) rdr 6 dz (3.40D)

_ 1 . 1 I r2n b m S
J" :Vm/vm J" de:M/O/O /a (Jcos® — J'sin@) rdrdfdz  (3.40c)

The polar components of the current density distribution of the fiber and the matrix in
equations (3.40) are derived from their associated electric fields. These electric fields are
found by calculating the gradient of electric potentials, ¢/ and ¢™. In other words, we use
the following mathematical formula to calculate the electric field E and, as a result, the

current density distribution J.
1 1 1 T
J:E:_v¢:_{&t> i&g} : (3.41)

Equation (3.41) is applied to the fiber and matrix, as well as to the homogenized composite
in order to enforce equations (3.38) through (3.40).

The current density distribution of the homogenized composite, J, has not yet been
established. For this, we use a similar approach. That is, we assume a solution to equa-

tion (3.27) as shown in equation (3.42), impose Neumann boundary conditions to obtain
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the integration constants, and then use equation (3.41) to find the current density of the

composite.

¢ = (Acr + %BC> cosf, for 0 <r <b, (3.42)

Above, A. and B, are constants of integration. As with fiber, B, must be zero in order for
¢° not to go to infinity as r — 0. By imposing the same Neumann boundary conditions
as used in equation (3.29), it can be found that A. = —FEe. and from equations (3.41) and

(3.42), the current density distribution in the homogenized system is

Je = ic Eeut cosd (3.43)
P2 —sin @

where p§ represents the resistivity of the homogenized system in the transverse direction.
By imposing equation (3.38) on equations (3.39) through (3.43), we end up with a math-
ematical expression containing the electrical properties of the fiber, the matrix, and the
homogenized composite, as well as the dimensions of each constituent. Solving this expres-
sion for the resistivity of the homogenized composite gives us the following relation, which
is similar to the relation found in [100], [114] representing the effective conductivity in the

transverse direction.
a? (p! = p™) + 6% (pf + p™)
a?(p™ = pl) + 0% (pf + p™)

C m

ps=p (3.44)

Like in the longitudinal case, the change in resistivity in the transverse direction is found

by taking the difference between the pre- and post-axial deformation states,

Aps = psq — Po; (3.45)

where the subscripts 2d and 20 denote the transverse resistivity after and before axial defor-
mations, respectively. Combining equation (3.45) with the elastic and matrix piezoresistivity

relations that were described earlier in equations (3.23)—(3.25), the change in effective resis-
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tivity in the transverse direction as a function of the axial strain can be found as shown in

equation (3.46).

—p (3.46a)

At (e y Sl =) P (A ) (o= ) 8 (o)
2 (€22 aﬁ(n-ﬂ£)+52(ﬂg+ﬁ) 0 gz(pgl—péc)er?(ngrPB“)

The terms 8 and 7 can be calculated using the following mathematical expressions.

B=aq— (a—0) (S}jagz + 1) (3.46D)
S11
n=q20L—= 2+ —=| + (I + 1) |1 +2 slo(EL) +|n(1+2—>]) e, +pp
11 511 (sTh) 511

(3.46¢)
Note that the deformed radius of the fiber a4, which was given in equation (3.23), is also a

function of the axial strain of the composite €¢,.

3.4 Results and Discussions

Next, we make use of piezoresistivity data for CNF-modified epoxy as described by
Koo and Tallman [113] to validate our homogenized model. To that end, we compare the
homogenized model predictions to the inhomogeneous system (i.e., the exact solution) and
a simple rule of mixtures prediction. This is done for both a continuous glass fiber and a
continuous carbon fiber reinforcement phase. Note also that both the CNF /epoxy and the
reinforcing fibers are treated as being elastically isotropic, per references [115], [116]. In
the forthcoming, the free end of the CCA assembly undergoes a uniform axial displacement
resulting in strains ranging from —6 me to 6 me, while the other end of the cylinder is axially
held but free to contract or expand. radially.

The mechanical and electrical properties of the constituents used in this manuscript are
outlined in Table 3.1. The matrix is epoxy modified with 1 wt.% CNFs, and the piezoresistive
constants, which were shown in equation (3.25), are as follows: k = 4.10kQ - m, II; =
—150kQ - m, and Il = 5.15kQ - m [113]. Again, interested readers are directed to this

reference for additional details on the determination of these piezoresistive constants.
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Table 3.1. Elastic and electric properties of the composite’s constituents,
retrieved from references [113], [116]-[123].

Constituent Type Diameter (um) FE (GPa) v po (©2-m)
CNF/Epoxy — 2.711 0.351 10°

Glass Fiber 15 73 0.250 40.2 x 10°
Carbon Fiber 10 224 0.260 17 x 1076
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In order to determine the accuracy of the proposed homogenized model, we will compare it
with the inhomogeneous fiber 4+ matrix system, which represents the exact solution. Finding
the exact solution requires solving the boundary value problem for electrical diffusion in
an inhomogeneous composite shown on the right side of Figure 3.1. In light of equation
(3.1) along with equations (3.3) though (3.5), by integrating the electrical current density
distribution J, we can find the overall electrical current in the inhomogeneous system as
follows.

Jevact _ f _ %o o

azial azial + (Zlﬁial - l,.ﬁna? + lpiﬂln (b2 - CL2) (347)

Here, the superscript exact refers to the inhomogeneous solution. Note that the resistivity
of the constituents varies with axial deformation and ¢q is set to 10 V; thus, the current in
the above equation is a function of axial strain. Next, Ohm’s law is used to calculate the
resistance of the inhomogeneous system from the applied voltage and the calculated current.

From the resistance, the resistivity is calculated as shown below.

A
p?mact = Rexact? (348)

[ is the length of the system, which is assumed to be 100 pum for the undeformed composite,
while A is the overall cross-sectional area. Equation (3.48) can therefore be used to find the
axial resistivity of the inhomogeneous system for axial displacements that result in strains
ranging from —6 me to +6 me. To find the change in resistivity, Ap, the undeformed
resistivity is simply subtracted from the deformed resistivity at each strain increment.

Similar to the method used to get the exact solution of the axial piezoresistive response,
we first look back at the governing equation for electrical diffusion in the transverse direction,
shown in equation (3.27). Next, we use equations (3.28) to (3.37) and equation (3.41) to
determine the total current density in the inhomogeneous composite, which is found by
considering the average of the current densities within the constituents (i.e., the fiber and
matrix phases) of the system in the x direction:

exact __ javg __
']trans - Jx -

1
= /V (J] + Jm) dv. (3.49)
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Here, V is the volume of the entire assembly, while J/ and J™ are given in equations (3.40b)
and (3.40c). Using the continuum form of Ohm’s law, E = pJ, in the transverse direction,
where E has a nonzero component only in the z-direction (i.e., Eey due to the imposed
Neumann boundary condition represented in Figure 3.3), we can calculate the resistivity of

the inhomogeneous system as shown below.

Eea:t
L f (L + Jmyav

eract __

P2

(3.50)

Like the axial piezoresistivity solution, we will use this relation as the exact transverse
piezoresistivity of the inhomogeneous composite.

In the following, we will also compare the homogenized and inhomogeneous piezoresistive
responses to the rule of mixtures prediction for the piezoresistivity (inspired from the rule

of mixtures for conductivity found in reference [100]), which states that
Apt = (1=Vy) Ap™ + ViAp! (3.51)

where V; = a*/b? is the fiber volume fraction. An important distinction between the work
presented here and the rule-of-mixtures approach is that the rule of mixtures results in an
electrically isotropic composite, meaning that the piezoresistive effect is the same in the
axial and transverse directions. The purpose of this comparison with the rule of mixtures
is to test whether the rule of mixtures is applicable for predicting the electrical behavior
of the continuous fiber + piezoresistive matrix systems. Furthermore, we will look at how
the change in the reinforcing fiber volume fraction influences the piezoresistive effect of
two types of fiber-reinforced nanocomposites: a continuous glass fiber enveloped by CNF-
modified epoxy and a continuous carbon fiber enveloped by CNF-modified epoxy. These two
material systems were chosen to investigate the impact of the insulating versus conducting
reinforcement phases.

Glass fiber results with volume fractions of 20, 40, 60, and 80 vol.% are shown in Figures
3.4 through 3.7. A couple of noteworthy observations can be gleaned from these results.

First, these results show that the proposed homogenized solution is in excellent agreement
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with the exact solution for both the axial and transverse directions. Second, the results also
show a significant difference between the exact solution and the rule-of-mixtures solution.
Therefore, although the CCA homogenization approach resulted in a restatement of the rule
of mixtures for the effective axial conductivity of the composite [100], the rule of mixtures
is inaccurate for predicting the piezoresistive effect. Third, we also observe that when the
volume fraction of the glass fiber increases, the differences between the axial and transverse
homogenization solutions and the prediction of the directionless rule of the mixtures become
more pronounced. This can be rationalized as follows: As the glass fiber volume fraction
decreases, all piezoresistivity predictions converge, and the composite begins to behave as a
pure CNF-modified epoxy with isotropic electrical properties. This is also why, for lower glass
fiber volume fractions, the rule of mixtures provides more accurate predictions. However,
because the composite is electrically anisotropic, the directionless rule of mixtures prediction
becomes less accurate at higher glass fiber volume fractions.

Next, we consider a composite with conductive carbon fiber as continuous reinforcement,
as shown in Figures 3.8 through 3.11. The same volume fractions are considered: 20, 40,
60, and 80 vol.% carbon fiber. Again, we can make some interesting observations from these
results. First, we note that as the carbon fiber content becomes smaller and smaller, the
prediction of the rule of mixtures converges with the transverse CCA homogenization model,
similar to what was observed for the glass fiber results. Second, for all carbon fiber volume
fractions, the resistivity change in the axial direction is very small. This is expected because
the highly conductive carbon fiber dominates the electrical response along the axial direction.
That is, even as the fiber stretches, changes in resistivity of the enveloping CNF /epoxy matrix
are negligible compared to the highly conductive carbon fiber. However, we observe that
Ap§, which is the change in transverse resistivity, for carbon fiber composites exhibits a clear
dependence on the axial strain. The explanation for this is that the current, in the case of
the transverse direction, has to pass through the piezoresistive matrix before reaching the
much more conductive carbon fiber.

The piezoresistive responses of the glass fiber and carbon fiber composites can also be
compared, allowing us to arrive at several additional observations. First, in the case of

glass fiber, the current travels predominantly through the conductive matrix (i.e., little
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Figure 3.4. The change in the axial and transverse resistivity as a function of
axial strain of CNF-modified epoxy composite with glass fiber reinforcement at
20 vol.% glass fiber based on CCA homogenization model, the exact solution,
and the rule of mixtures.
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Figure 3.5. The change in the axial and transverse resistivity as a function of
axial strain of CNF-modified epoxy composite with glass fiber reinforcement at
40 vol.% glass fiber based on CCA homogenization model, the exact solution,
and the rule of mixtures.
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Figure 3.6. The change in the axial and transverse resistivity as a function of
axial strain of CNF-modified epoxy composite with glass fiber reinforcement at
60 vol.% glass fiber based on CCA homogenization model, the exact solution,
and the rule of mixtures.
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Figure 3.7. The change in the axial and transverse resistivity as a function of
axial strain of CNF-modified epoxy composite with glass fiber reinforcement at
80 vol.% glass fiber based on CCA homogenization model, the exact solution,
and the rule of mixtures.
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Figure 3.8. The change in the axial and transverse resistivity as a function of
axial strain of CNF-modified epoxy composite with carbon fiber reinforcement
at 20 vol.% carbon fiber based on CCA homogenization model, the exact
solution, and the rule of mixtures.
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Figure 3.9. The change in the axial and transverse resistivity as a function of
axial strain of CNF-modified epoxy composite with carbon fiber reinforcement
at 40 vol.% carbon fiber based on CCA homogenization model, the exact
solution, and the rule of mixtures.
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Figure 3.10. The change in the axial and transverse resistivity as a function of
axial strain of CNF-modified epoxy composite with carbon fiber reinforcement
at 60 vol.% carbon fiber based on CCA homogenization model, the exact
solution, and the rule of mixtures.
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Figure 3.11. The change in the axial and transverse resistivity as a function of
axial strain of CNF-modified epoxy composite with carbon fiber reinforcement
at 80 vol.% carbon fiber based on CCA homogenization model, the exact
solution, and the rule of mixtures.
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current enters the essentially insulating glass fiber). This is why we observe a variation in
Ap{. In other words, the modified matrix is the electrically dominant phase. Second, in
contrast to the glass fiber case, increasing the carbon fiber volume fraction decreases the
slope of the resistivity change curves. This is again due to the dominating effect of the
conductive carbon fiber. As the volume fraction of the carbon fiber increases, more and
more current propagates through the carbon fiber, which also does not change the resistivity
due to deformation. Thus, the effective resistivity of the composite material is increasingly
insensitive to deformation and, consequently, the curves have decreasing slopes. Third, we
notice that the influence of the continuous carbon fiber reinforcement on axial piezoresistivity
cannot be appreciably affected by simply reducing the carbon fiber volume fraction (at least
for realistic volume fractions). This is because carbon fiber, due to its extremely high
conductivity compared to the surrounding matrix, essentially creates a short circuit. On
the other hand, for the glass fiber case, the matrix has much higher conductivity, creating a

favorable path for the current, which is the reason for having axial piezoresistivity.
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4. ANALYTICAL MODELING OF RADIAL STRAIN
PIEZORESISTIVITY

4.1 Introduction

This chapter presents analytical relations that describe changes in the electrical properties
of fiber-reinforced nanofiller-modified composites in both longitudinal and lateral directions
as a result of transverse deformations. The model derivation process will adhere to the same
assumptions as discussed in Chapter 3, specifically, that the conductive matrix is elastically
isotropic and the fiber’s mechanical properties are transversely isotropic. Furthermore, since
the composite is modeled at the level of a single fiber, an electrical CCA modeling approach
is employed. This approach represents a fiber of radius a as a long cylinder encircled by
a piezoresistive matrix phase modified with nanofillers to resemble tubular structures. The
system consists of two concentric cylinders, namely the fiber phase and the matrix phase,
which have an overall radius of . Furthermore, it is important to note that since the CCA
approach is based on a system of two concentric cylinders, the cylindrical coordinate is
adopted for the mathematical analysis. Therefore, in this manuscript, the term "transverse
strain" specifically denotes the strain that occurs in the radial direction, which is perpen-
dicular to the longitudinal direction (the fiber direction). Basically, the terms radial and
transverse strain/deformation may be used interchangeably throughout this dissertation.

The general steps for deriving the axial and transverse piezoresistivity relations due to
transverse (radial) strains are similar to those of piezoresistivity relations due to axial strain
found in Chapter 3. We begin by solving partial differential equations (PDEs) that describe
axial and transverse electrical diffusion problems for a particular strain state (deformed
or undeformed system). The three-dimensional governing PDE is described in equation
(3.1). Note that the electric potential is the primary variable; therefore, after solving the
PDE, the potential field is fully defined. Next, we impose the principle of conservation
of electrical current or energy to homogenize the composite and find the effective electrical
properties in the longitudinal (fiber) and lateral directions for the unstrained composite. The
idea behind electrical homogenization is that we seek to develop a fictitious homogeneous

cylindrical system such that the electrical properties of this homogeneous system are identical
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to the heterogeneous fiber + matrix concentric cylinder system, as represented in Figure 3.1.
This homogenization technique allows us to determine the effective electrical properties of
the composite. Because the composite is piezoresistive, i.e., its electrical response changes
when subjected to mechanical strains, we need to find the effective electrical resistivity
of the system experiencing a radial deformation, then compare it with the resistivity of
the unstrained system (base resistivity). This will allow us to identify resistivity changes
due to transverse strain. After that, to express resistivity changes relations as functions
of the applied external radial strain, we use the well-known elastic CCA model to fully
describe the geometrical properties of the composite after deformation. Eventually, closed-
form mathematical expressions for longitudinal and lateral piezoresistivities as functions of

the applied radial strain are established.

4.2 Axial Piezoresistivity

In this section, the changes in axial electrical resistivity due to applied external radial
displacement in fiber-reinforced composites are established by implementing several steps.
First, we begin by deriving and solving the differential equation that characterizes the elec-
trical diffusion in the fiber direction. Then, we apply the law of conservation of electrical
energy to be able to homogenize the system and find the effective electrical properties for
both strained and unstrained states. Following that, we use the Koo and Tallman resistivity-
strain relation, found in equation (3.25), which allows us to predict the resistivity changes
in the matrix phase as a function of the strain tensor. Finally, we can derive the closed-
form axial piezoresistivity relation for fiber-reinforced composites with modified matrix by
finding the difference between the effective base resistivity and the effective resistivity of the

deformed composite.

4.2.1 Electrical Homogenization in The Axial Direction

In this sub-section, we solve the differential equations for steady-state electrical diffusion
in the axial direction for both homogeneous and heterogeneous systems. This would allow us

to fully identify the potential fields within these systems, which would then be used to impose
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the conservation law, allowing us to homogenize the inhomogeneous system. Eventually,
we would derive an analytical expression for the axial piezoresistivity in a fiber-reinforced
nanocomposite subjected to externally applied radial displacements.

To fully describe the distribution of the electrical potential within homogeneous and
heterogeneous systems in the axial direction, we need to solve the steady-state electrical
diffusion problem in the fiber direction by considering the partial differential equation illus-
trated previously in equation (3.1). In more detail, we need to derive the differential equation
for a special case of longitudinal electrical diffusion, which is accomplished by assuming that
the potential distribution is only a function of z (that is, the potential ¢ only varies along
the continuous fiber direction). This is achieved by imposing Dirichlet (voltage) boundary
conditions at each end of the homogeneous system and the fiber 4+ matrix system, as illus-
trated in Figure 3.2, and setting ¢ = ¢(z) accordingly. The PDE in equation (3.1) will be
reduced to a second-order ordinary differential equation (ODE), as shown below in equation

(4.1).

=0 (4.1)

It is important to mention that the above ODE cab be utilized to characterize the steady-
state electrical diffusion within the homogenized system, which assumed to have a constant
effective axial resistivity p{. In this case, p(r) = p{ = constant. It can also be applied to the
inhomogeneous deformed system in which the deformed piezoresistive matrix, for the radial
strain case, would have a resistivity that varies across the radial direction, i.e., p(r) = pJ*(r),
as we shall see later. For this reason, and for the sake of generality, the resistivity in equation
(4.1) is written as a function of r, unlike the constant resistivity shown in equation (3.3)
(used to obtain the axial piezoresistivity due to axial deformation) to account for situations
that result in variable resistivities. However, for both the constant and variable resistivity

cases, the above differential equation has the following linear general solution in z.

¢1(z) = Az + B? (4.2)

60



The superscript ¢ is either replaced by m, f, or ¢ in order to individually specify the general
solution of the steady-state electrical diffusion problem in the matrix, the fiber and the
homogenized composite, respectively. To obtain particular solutions, we need to identify
the integration constants of the homogenized composite as well as the integration constants
associated with the constituents of the heterogeneous composite. In other words, we need to
find A? and B?. These constants can be found by setting a fixed voltage value on one side,
¢?(z = 0) = ¢, while maintaining the zero voltage condition on the other side, ¢?(z =) = 0.
[ here is the length of the system. After imposing the aforementioned boundary conditions,
we can obtain the following electrical potential distribution across the longitudinal direction

of the cylindrical system.
1
#1(2) = (1-72) ¢ (4.3)

Next, we apply the law of conservation of electrical current to the fiber-matrix system
in order to achieve homogeneity. This ensures that the electrical characteristics of the non-
homogeneous system are equivalent to those of the homogeneous system. By applying the
principle of electrical current conservation, as described in equation (3.7), to the undeformed
composite, a mathematical relation can be derived that provides the resistivity of the ho-

mogenized composite or the effective resistivity. This relation can be expressed as follows.

o oo
0= 5 m
Vipg + pd (1= V)

(4.4)

The subscript 1 followed by 0 refers to the base axial resistivity of the composite (unstrained
composite’s resistivity). The above expression is obtained by multiplying the numerator and
the denominator on the right-hand side of equation (3.14) by 1/b?, since the fiber volume
fraction is defined as V; = a?/b*. The full details of obtaining the effective axial resistivity
relation of the composite are found in Chapter 3 (refer to equations (3.7) to (3.14)). It is
important to note that equation (4.4) is only valid when the resistivities of the constituents
are constant. However, as mentioned earlier, unlike the case of piezoresistivity due to axial
strain, we will see that the resistivity of the matrix phase in the composite is not constant

when subjected to an external radial strain; it varies radially. Thus, we need to again impose
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the law of conservation of current for the deformed composite while, this time, considering
a variable resistivity of the matrix p7' = p7*(r). To do so, we go back to the mathematical

form of current conservation, which is

c _7f m
azial,d — Iaxial,d + azxial,d* (45)

Based on equation (4.5) above, the current in the deformed homogeneous composite is equal
to the sum of the currents in the matrix phase and the fiber phase within the inhomogeneous
system. The subscript d in equation (4.5) denotes the deformed state. The electric currents,
I, for the homogeneous composite, the fiber, and the matrix are calculated, respectively,

by integrating the current density distribution vector J over the area that is normal to the

vector.
oo = [ T5omi dA, (4.6a)
]c{zial,d = JZ; : ng dAf (46b)
Ay
amiald = /A Jy -ngt dA, (4.6¢)

In the above integrations, A., As, and A,, are the cross-sectional areas of the composite, the
fiber and the matrix, respectively, while ng, n{; , and n}}' are their corresponding outward-
pointing normal vectors. The previous chapter has established a relationship between the
current density vector and phi. This relationship can be described by equation (3.41), which
states that the gradient of the potential multiplied by the negative of the conductivity, which
is the reciprocal of the resistivity, is equivalent to the current density vector. Since the
resistivities of the fiber and the homogenized system are still constant for the case of radial
strain piezoresistivity, the derivation of their corresponding current density vectors and, as
a consequence, the current flow through them is directly similar to what was illustrated in
equations (3.9) through (3.12). That is, the current flow through the homogenized composite
is

¢ ifnbfl, (4.7)

azial,d = l
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whereas the current flow through the fiber phase is

ch::pial d— i(}nafl' (48)
7 lp

It is important to observe that a4 represents the radius of the fiber, while b, represents the
radius of the entire assemblage (in this case the radius of the homogenized composite) after
deformation. The effective resistivity of the composite in the axial direction at a particular
radial deformation state is indicated as p$,;, which is written in equation (4.7). To determine
the change in axial resistivity caused by radial strain, it is necessary to solve for this value,
which is assumed to be constant. Following this, the current within the matrix phase must be
determined. The current density distribution of the deformed matrix phase J};" is determined

initially, as outlined below.

0 0
1 1 ®o
Ji =———=Vo" = —— 0 = — 0¢- (4.9)
¢ Pd (7) Pd (7‘) lpg (T)
34’;”(2) 1

From equation (4.6¢), the current flow through the deformed matrix phase is

2t b 1 2 b 1
a";iam:@ /b ——rdrdf = wo/b ——rdr. (4.10)
o UJo ey pii(r) a P (r)

Now, we can impose the current conservation relation shown in equation (4.5) and use

equations (4.7), (4.8), and (4.10) to have the following mathematical expression.

2
¢f b2 = ﬂ}mg 4 25 W (4.11a)
PS4 lpg !

The term wy" is written above for simplicity, and it represents the integral part of equation

(4.10), which is as follows.
b1
wy' = rdr 4.11b
= o ) )

By rearranging equation (4.11a) and solving it for the resistivity of the deformed homogenized

composite pf,;, we can derive a mathematical expression that describes the effective resistivity
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of the fiber-reinforced nanocomposite as a function of the constituent’s geometrical and

electrical characteristics. This expression is shown below in equation (4.12).

. b3 p)

S L R— 4.12
pld a?l_i_ngw;n ( )

Taking into account equations (4.4) and (4.12), the variation in the resistivity of a continu-
ous fiber surrounded by a piezoresistive matrix subjected to radial deformation is determined
by calculating the difference in the effective resistivities before and after the deformation, as

depicted in equation (4.13) below.

o bigh s
a3+ 2plwn  Vipl 4 pl (1-V;)

(4.13)

Within equation (4.13), the subscripts 0 and d refer to the states before and after deformation
of the composite material, correspondingly. Furthermore, a and b refer to the initial radii
of the fiber and the entire structure, while pg and py' denote the initial resistivity values
of the fiber and matrix, illustrating the electrical characteristics of these components. Also
note the main difference between this relation and the one shown in equation (3.15), which
was derived for constant deformed matrix resistivity. We now have wy", which represents the

radial integration of the variable matrix conductivity, shown in equation (4.11b) above.

4.2.2 CCA Elasticity Model

Next, we will make use of the elasticity solution for the CCA model, subjected to radial
deformation, so that we can express Ap$ shown in equation (4.13) as a function of the applied
radial strain only. This is accomplished by rewriting the deformed geometrical properties of
the composite constituents in terms of the external radial strain. Moreover, the elasticity
model will aid us in obtaining the resistivity of the matrix after deformation, pl*(r), as we
need to find the strain tensor within the deformed matrix in order to be able to utilize Koo
and Tallman resistivity-strain relation [113], which will be discussed in the next subsection.

In summary, the following are the procedural steps that will be taken in this subsection.

Initially, the mechanical equilibrium equation is derived by considering the displacements of
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both cylindrical systems. In order to solve the boundary value problem (BVP) and obtain
the displacement fields, specific boundary and continuity conditions are imposed. In light of
the applied external radial strain, we will use displacement-strain relations to determine the
strain tensors of both the fiber and the matrix. Ultimately, the deformed radii of the fiber
and the composite are derived in terms of the applied radial strain.

To derive the equilibrium equation of the elastic CCA model in terms of displacements,
we start by assuming the plane-strain condition, that is, the CCA model is relatively long in
the z-direction such that the longitudinal strain, €,,, can be ignored. Moreover, as mentioned
before, since we are dealing with a cylindrical model, it is assumed that the transverse stain

is in the radial direction, that is, €90 = €,.. Therefore, the composite is subjected to an

ext
e

externally applied radial strain, e as shown in Figure 4.1, where the superscript ezt
denotes the externally applied radial strain. Throughout our elasticity analysis, the fiber
and the matrix individually are assumed to be isotropic. Their elastic constitutive relations
(stress-strain relations) in the Voigt notation, as well as their strain-displacement relations,

are illustrated in equations (4.14) and (4.15), respectively.

o, = Cyeq (4.14a)

The above equation can be further expanded as follows.

q q
o, cin ¢z 0| |€,
q — q q q
Ogg| = |Ciz 11 O €0 (4.14b)
q q q
Org 0 0 Cé6 8’!‘9

The stain-displacement relations are

oU?
rr — r’ 4.15
€ o ( a)
1oUs U
et 4.15h
=00 r 00 + r’ ( )
1 four 1oU8  US

67""‘2(30 o T ) (4.15¢)
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where U, is the displacement in the radial direction, and Uy is the displacement in the cir-
cumferential direction. Moreover, the superscripts and superscripts ¢ in the above equations
can be replaced by m, f, or ¢ to specify the plane-strain constitutive relations and strain-
displacement relations for the matrix, the fiber, and the homogenized composite, respectively.
However, it is worth mentioning that although the fiber and the matrix are assumed to be
isotropic, the homogenized composite is considered to be elastically transversely isotropic,
which also has similar plane-strain governing relations but different out-of-plane relations.
As we apply the radial deformation, shown in Figure 4.1, we would have an axisymmet-
ric plane-strain condition resulting in zero angular displacement. In other words, Uy = 0
and the radial displacement solely depends on 7, namely, U, = U,(r). Subsequently, the

displacement-strain relations simplify as

AU (r)
= __ry 7 4.1
Ery dT ) ( 6&)
q
Eop = UTT(T), (4.16D)
L oUi(r)\
Erp = 5 ( 90 ) =0. (416C)

We aim to derive a governing equilibrium equation for the elastic CCA model in terms of
displacement. This can be accomplished by substituting the strain-displacement relations
found in equations (4.16) into the stress-strain relations found in equation (4.14), then sub-
stituting the obtained expressions into the stress equilibrium equations, allowing us to derive
the following equilibrium equation in terms of the radial displacement, which can also be
found in [124].

PUL) LU US) (4.17)

dr? r dr 72

The stress equilibrium equations for plane-strain condition are presented below.

q q 9 _ 59
80rr 180-7“0 Opp Ogp -0

or r 00 r

(4.18a)

q q q
dogg | 100,y 20,

00 r Or T

=0 (4.18b)
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To solve the ordinary differential equation (ODE) shown in equation (4.17) and find the
particular solutions for the matrix and fiber phases, we need to find the general solution first
and then find the particular solutions based on specific boundary and continuity conditions.
As suggested by Shu and Stanciulescu [124], the derived ODE has the following general
solution.

Uil(r) = Alr + liq (4.19)

A% and B? are constants of integration. Finding their values enables us to fully describe the

displacement fields within the fiber and matrix phases and, consequently, the strain fields

via displacement-strain relations. Note that the value of B/ must be zero so that the radial

displacement at r = 0 is defined. Therefore, the radial displacements of the fiber and the
matrix are

Ul (r) = Alr, (4.20a)

Bm

U (r) = A"+ —. (4.20D)

From equations (4.20), we have three unknowns, which are A/, A™, and B™. To obtain their
values, two continuity conditions are imposed at the fiber-matrix interface, i.e., at r = a,
and a boundary condition is imposed at the outer surface of the composite. These conditions

can be expressed mathematically as shown in the following equations.

Ul(r=a) =U™(r = a) (4.21a)
ol (r=a)=0"(r=a) (4.21b)
eM(r =1b) = (4.21¢)

The continuity conditions stated in equations (4.21a) and (4.21b) are fulfilled based on the
assumption that the fiber and the matrix at the interface are perfectly bonded, and the

boundary condition shown in equation (4.21¢) indicates that the composite is subjected

ext

et at the outer surface of

to an axisymmetric radial external strain that has a value of ¢

the composite (r = b), as illustrated in Figure 4.1. We begin with the first displacement
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continuity condition; that is, by substituting equations (4.20a) and (4.20b) into equation

(4.21a), we can get the following expression.

1
aAl = aA™ + —B™ (4.22)
a

To impose the stress continuity condition in equation (4.21b), the radial stresses within the
fiber and the matrix must be expressed in terms of displacements, which can be achieved by

first considering the stress-strain relations in equations (4.14b), so that the radial stress is

expressed in terms of strains as follows.
9 _ 4 .q a _q
Opp = C11Epy + C12€90 (423)

Then, via the strain-displacement relations for plane-strain condition, stated previously in
equations (4.16), and the above equation, we can express the radial stress (in both the fiber

and the matrix) in terms of the radial displacements, as shown below.

AU (r) Ud(r)

qg __ 49 T q T
0,.. = Ci + Ci9
”" dr

(4.24)

In the above equation, ¢{; and ¢}, are the components of the stiffness matrix for the fiber (if
q = f) and the matrix (if ¢ = m). Now, since we have successfully expressed the radial stress
fields within the composite constituents in terms of their corresponding displacement fields,
we can impose the stress continuity condition at the interface by substituting equations
(4.20) into equation (4.24), then plugging the resulting expressions into equation (4.21b), so
that we can obtain the following mathematical expression.

m m m 1 m m m
Al (0{1 + 0{2) =A™ (] + C12) + a2 (012 - 011) B (4'25)
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For simplicity, assume that v; = (c{l + 6{2), Ym = (e} + ), and A, = (¢ — ¢f}), which
are constants representing the fiber and the matrix mechanical properties. Therefore, equa-

tion (4.25) is re-expressed as follows.
f m 1 m
v A YmA 7a2>\ B (4.26)

We now impose the boundary condition at the outer surface of the composite by first find-
ing the radial strain field within the matrix through equations (4.20b) and (4.16a), then

substituting the obtained expression into equation (4.21¢) to get the following expression.

1
L (4.27)

b2 rr
By solving the system of three equations, which are equations (4.22), (4.26), and (4.27),

we can find the values of the three integration constants, which are Af, A™, and B™, in

terms of the mechanical and geometrical properties of the composite constituents, as well as

ext

ot. These constants can be mathematically illustrated

the applied external radial strain,

as follows.
AL = 41 O = ) 25 (4.280)
A" = (A = ) €57 (4.28b)
B™ = a*u (v —m) 5y (4.28¢)

The term g is introduced to simplify the above expression, and it is defined as

1=V (Ym = 77) — V5 + A (4.29)

where V; is the fiber volume fraction. After identifying the constants A/, A™, and B™, as
shown in equations (4.28), we can fully describe the radial displacement fields within the
fiber U (1) and the matrix U™(r). In other words, the obtained displacement fields represent

the particular solutions of the governing differential equations, presented in equation (4.17)
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that state the mechanical equilibrium equations in terms of radial displacements within the

fiber and the matrix.

ext
STT

\ 1/

Homogeneous Inhomogeneous

Figure 4.1. The homogeneous and inhomogeneous CCA systems subjected to

externally applied radial axisymmetric strain €**. Note that in the inhomoge-

neous image, the gray inner cylinder represents the continuous fiber reinforcing
phase. Our goal is to replicate the strain-induced resistivity changes of the in-
homogeneous system in the homogeneous system.

Recall that our task in this subsection is to use the elasticity solution to express the
deformed radius of the fiber, a4, and the deformed radius of the composite, by, which appear
in equation (4.13), in terms of the external radial strain, €2**. For that to be achieved, we first
need to derive the components of the fiber and matrix strain tensors, namely the radial and
angular strains, using the displacement fields derived, presented in equations (4.20) through
(4.29), and the strain-displacement relations in equations (4.16). The radial and angular

strains of the fiber are as follows.

el (r) = %Ur (r)=A' (4.30a)
ehg(r) = U’J;(r) = Al (4.30b)



The radial and the angular strains within the matrix are as follows.

d 1
um 1
ego(r) = TT(T) = A"+ 5B (4.31b)

In the above equations, A/, A™ and B™, derived previously in equations (4.28) and (4.29),
are dependent on the external radial strain, €%**. Therefore, the deformed radius of the fiber

rr

can be calculated using the following integration.

ag = /Oa [1 + 5fT(r)} dr (4.32)

Similarly, the deformed radius of the composite can be calculated via the following integra-
tion.

b=ast | "N e ()] dr (4.33)

The above integrals give us the geometrical properties of the composite after deformation in

terms of the radial strain.

4.2.3 Resistivity-Strain Analytical Relation

Our aim here is to find individual changes in resistivity, Ap, of the homogenized fiber-
matrix system due to radial deformations. This would allow us to calculate the resistivity
values after deformations, which were mentioned in equation (4.13), and eventually obtain
the piezoresistivity of the composite as a function of the radial strain. As we have assumed
before in Chapter 3, the resistivity changes in the fiber are insignificant compared to the
resistivity changes in the nanomodified matrix, which are triggered by the piezoresistivity
effect due to the presence of nanofillers. Thus, we will assume that the resistivity of the
deformed fiber is equal to its resistivity before deformations, i.e., p£ = p(’; =pl.

To calculate the resistivity of the matrix after deformation, we need to investigate how
the resistivity of the matrix phase changes due to strain. Derived from the empirical rela-

tion between resistivity and strain of Koo and Tallman [113], which is valid for the strain
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tensors defined in any orthogonal coordinate system and was previously mentioned in equa-
tion (3.25), the change in matrix resistivity due to applied external radial strain (with the

assumption of plane-strain) is shown in the following equation.
Ap™(r) =k [en(r) + epp(r)] + (g + o) { [ ()] + [eh ()]} + 210, [70.(r) efp ()] (4.34)

In this equation, &, II;, and Il are empirically obtained piezoresistive constants that are
analogous to elastic constants. As we noted earlier in Chapter 3, the model developed by
Koo and Tallman [113] is grounded in aligning a tensor-based strain-resistivity framework
with empirical data, involving specimens that demonstrate varying degrees of nanoparticle
agglomerations. Consequently, this piezoresistivity model effectively captures the variability
in nanoparticle dispersion.

We should now be able to construct a closed-form analytical relation that detects the
change in axial resistivity as a function of the external radial strain for fiber-reinforced
nanofiller-modified composites. Initially, it is necessary to determine the resistivity values
of both the matrix and the fiber following deformation. This can be accomplished using
equation (4.34) to calculate the resistivity of the deformed matrix, which is pJ' = Ap™ +
py'. However, it is important to note that the resistivity of the fiber remains constant, as
previously mentioned, with pg = pg = p/. Next, the resistivities, which are written as
functions of the radial strain, are substituted into equation (4.13). Additionally, the radii of
the deformed composite, denoted by by, and the deformed fiber, denoted by a4, which are
expressed as functions of the undeformed radii and external radial strains, are substituted
back into equation (4.13). The axial piezoresistivity in the homogenized composite due to

radial strain is represented by the formula indicated in equation (3.35) below.

f N2 ext f m
A () = pPAED N (1.350)
b2 D(egs!) [(vm —p) Vi + Am —yp)]” Viog' + 07 (1 =Vy)
Above, N(et) and D(e®*"), which are functions of 2 are defined as
N = [(Am = ¥ = (3 — v7)a?] €55+ (A = 1)B + (9 — 77)?, (4.35b)
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where Q(e%*") is the following integration.

D<€ext) — CL2

rr

2
st | 1] 2=, (4.35¢)

UB(es2t) 5
Q) = / dr (4.35d)
LB Aecst) rd + 2B(r,et) + (A2, +93) o

rerr

Note that A(e%*) and B(r, ") in the integrand above can be calculated as

Aty = 20 (=) + (3 +22) VEar, (4.35¢)

B(r, et = {()\fn — 7') Yrt + Maat (4 — ym)ﬂ (5?5;"5)2 — TRt (4.35f)

where 1) and 7 are piezoresistive and mechanical constants corresponding to the constituents,
respectively, and were introduced to simplify the above expressions of A(%*) and B(r, £2*).
They are defined as ¢ = 2II; 4 Il and 7 = 2vyA,,,. Moreover, in the integration displayed
in equation (4.35d) above, the lower and upper bounds of the integration, that is, LB and

UB, respectively, are obtained by the following mathematical formulas.

i — i
LB(e") = a o et 41 4.35g
( ) _(’Ym_rYf)Vf_F)\m_’Yf ] ( )
o Y ]
UB(S) = b 1 = O =9V et 4 (4.35h)
L (vm = 7)) Vi + A — ¢ ]

Note that both the lower and the upper bounds are linear polynominal functions of the

external radial strains, %', Equation (4.35) describes the fiber-direction piezoresistivity
effect of a nanofiller-modified composite with a continuous fiber-reinforced phase subjected

to external radial deformations in the form of radial axisymmetric strains.

4.3 Transverse Piezoresistivity

The derivation of an analytical relation that describes resistivity changes in the lateral
direction of a fiber-reinforced composite with a conductive matrix phase subjected to radial

deformation, i.e., deformation in a direction perpendicular to the continuous fiber direction, is
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discussed throughout this section. As before, we begin by solving the steady-state electrical
diffusion problem in both homogeneous and heterogeneous systems. The solutions of the
electrical problem allow us to obtain the electric potential field within the composite, which is
the primary field of the PDE. Then, by using the electric fields, we would be able to derive the
current density distribution vectors. Next, the principle of conservation of electrical energy
is applied to electrically homogenize the composite, and a relation is drawn to calculate the
effective electrical resistivity of the fiber-reinforced composite. With the aid of the elasticity
solution, we can formulate an analytical closed-form mathematical expression that predicts

the transverse piezoresistivity as a result of radial external displacements.

4.3.1 Electrical Governing Equations

To derive the electrical governing equation, assume that the potential field is a function
of r and 0, that is, ¢? = ¢9(r, 6), where ¢ is replaced by either f, m, or ¢ representing the
potential (or later any other variable) within the fiber, the matrix, or the homogenized com-
posite, respectively. From equation (3.1), which represents PDEs that describe steady-state
electrical diffusion in a three-dimensional space, we can find the following partial differential
equation for steady-state electrical diffusion in the lateral direction.

Pt 1067 1047 _
or? r2 062 r or

0 (4.36)

The above PDE is identical to that described previously in equation (3.27), which is derived
based on the assumption that the resistivity within an electrically isotropic material (i.e.,
the resistivity value is the same in all directions) is constant, in other words, p? does not
show spatial dependence. This governing equation is true for the homogenized composite,
although it is electrically transversely isotropic, in which the z axis, directed along the fiber
direction, is the axis of symmetry, and the z-y plane is the plane of symmetry. As a result
of this anisotropy, the resistivity in the radial direction within the homogenized composite,
ps, is equal to the resistivity in the angular direction p§, but different from the resistivity
along the longitudinal direction. Consequently, the transverse resistivity of the homogenized

composite is referred to as p§, before deformation and p§; after deformation. Equation
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(4.36) also holds for the fiber phase, regardless of the strain states, since it would have
constant resistivity values before and after deformations. Note that this is true as well for
the undeformed matrix phase with a constant base resistivity value equals p{'. However,
as we have observed before in equations (4.31), since the strain tensor within the deformed
matrix varies radially, the resistivity within the matrix is a function of r, as illustrated in
equation (4.34). As a result, the following partial differential equation governs the electrical

diffusion within the deformed nanofiller-modified matrix phase.

Pom 199" 1 a%m)_ 1 dpf(r) 99" _
P

4.
P (r) ( Or? r Or r2 002 m(r) dr  Or 0 (4.37)

Note that this PDE is unsolvable, analytically at least, due to the appearance of the second
term caused by the fact that the resistivity of the matrix subjected to external radial strain
is not constant as the resulted internal strain tensor of the matrix is a function of . Conse-
quently, the effective resistivity of the homogenized composite after deformation can not be
calculated analytically (in a straightforward manner) as we have done previously in Chapter

3. We will later see how we can tackle this issue.

4.3.2 Effective Resistivity Relations

Here, the effective resistivity relations for the composite before and after deformations
are derived based on the CCA electrical homogenization techniques.

Since the effective resistivity values of the homogenized composite (before and after de-
formations), as well as the resistivities of the fiber and matrix phases within the undeformed
heterogeneous system, are constants, we can use the governing equations, presented in equa-
tion (4.36), and impose the conservation of energy law. This will allow us to calculate the
effective lateral resistivity of the homogenized composite and the effective lateral resistivity
of the heterogeneous composite prior to deformation. We can follow a similar procedure

as discussed earlier in Chapter 3, particularly Section 3.3, where we can start by assuming
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the following general solution for (4.36) representing the potential distribution within the

inhomogeneous and homogeneous systems.

o' (r,0) = (Cr + E) cosf, for 0<r<a (4.382a)
r
G

o™ (r,0) = (Fr+ —)cosf, for a<r<b (4.38b)
r
K

¢°(r,0) = (Hr + 7) cos, for 0<r<b (4.38¢)

In the above equations, C', E, F', G, H, and K are all integration constants such that finding
their values allows us to identify the particular solutions of their corresponding PDEs. From
the above general solutions, we can directly deduce that for the potentials in both the
fiber and the homogenized composite, which are illustrated in equations (4.38a) and (4.38¢),
respectively, to have finite values at r = 0; that is, to avoid singularities, both integration
constants £ and K must be zero. Then, applying the electrical boundary and continuity
conditions illustrated in Figure (3.3), which can be summarized below, we would be able to

fully identify the potential of both systems prior to radial deformations.

E" = Equ cost (4.39a)
o™ (r=a,0)=¢"(r =a,0) (4.39b)

1 90 (r=a,0) 1 0¢™(r=a,b)
Ef = Eoyi cost (4.39d)

Please refer to Chapter 3 for more details regarding the derivation of the above electrical
boundary and continuity conditions. Now, we have four unknowns, which are C, F', GG, and
H, and four conditions. For the homogenized composite, we can directly find the value of H

by substituting equation (4.38¢) into equation (4.39d) while taking into consideration that
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the electric field, E/, would be related to the potential, ¢ and the current density distribution

vector, J, throughout the following mathematical relation.

1 1 1 T
Jq:Eq:_wq:_{aw 18¢>q} (4.40)
pq pq pq ar r 00
It can be calculated that H = — FE..;, thus, the electric potential distribution within the
undeformed homogeneous system is ¢°(r,0) = —Feu 1 cosf. For the fiber and the matrix

phases within the inhomogeneous system, we can arrive at the following expressions by
imposing the Neumann boundary condition represented in equation (4.39a) and the electrical

continuity conditions at the matrix-fiber interface that are shown in equations (4.39b) and

(4.39¢).

1
bF + g G = _Ee:vt b (441&)
1
aC—aF —-G=0 (4.41Db)
a
i(}’ — LF + ! G=0 (4.41c)

ol pg Aoy
Solving the above system of three equations with three unknowns gives us the values of C|
F, and G. By now, we should have fully recognized the potential distributions in both the
homogeneous and heterogeneous systems.

Next, to electrically homogenize the composite in the transverse direction, the conserva-
tion of electrical energy is considered. In fact, a version of it was already stated in Chapter 3
as the idea of equal average current densities represented in equation (3.38). That assump-
tion was, in fact, based on the law of conservation of electrical energy [83] and the derivation
is explained in more detail below. First, let us define a quantity called the volume power
density, denoted by w, which is defined as the amount of electrical energy transferred per

second per unit volume. It can be mathematically defined as

w=J-E=JE, i=123 (4.42)

or, in words, the volume power density is the dot product of the current density vector and

the electric field vector. It has an SI unit of Watt per cubic meter. The version of the law of
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conservation of electric energy utilized here states that the volumetric average of the volume
power density within the homogeneous system equals the volumetric average of the volume
power density within the non-homogeneous system. This is expressed mathematically as
wf = @™ where the bar accents denote the volumetric averages, and the superscript H
refers to the homogeneous system, whereas the superscript nH refers to the non-homogeneous

system. According to equation (4.42), the volumetric average of the energy conservation

expression can be expressed in terms of the current density and electric field as follows.
JIEH = jrH prit (4.43)

Both systems are subjected to the same potential boundary conditions, EIH = E{”H , there-
fore, from the above equation, the volumetric average of the current density vector for the
homogeneous composite equals to the volumetric average of the current density vector for
the non-homogeneous composite, which is the sum of the volumetric averages of the current

densities within the constituents of the non-homogeneous composite, i.e.,
JH = g = JI+ Jm. (4.44)

Note how the expression in equation (4.44) is identical to the expression illustrated previously
in equation (3.38), where J7 = J°. In general, to find the volumetric average of a field
function, M, which can be a scalar or a vector field, the following integration is calculated

over the volume of the domain.

1
M=— M dV; 4.45
Vi Jvu M ( )

Above, V), is the volume of the domain where the volumetric average is carried out. Im-
posing the above-mentioned conservation law while following a procedure similar to the one

described in Chapter 3, particularly in equations (3.38) to (3.43), we can derive a formula de-
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scribing the effective resistivity in a fiber-reinforced composite along the transverse direction,

which is shown below.
7 (pf - pS”) + (pf + pS”)
Py = P ooy ooy
2V (o = p0) + (o + o)

(4.46)

The above expression is sufficient to calculate the transverse base resistivity of a composite
(resistivity of a non-deformed composite) knowing the fiber volume fraction, Vy, the base
resistivity of the fiber, p/, and the base resistivity of the electrically isotropic piezoresistive
matrix, pg'.

Now, let us revisit the governing equation for the deformed matrix, which was previously
presented in equation (4.37). We will use this equation to continue our analysis and deter-
mine the effective electrical property of the homogenized deformed composite. The problem
with the given PDE is that it cannot be solved using analytical approaches because the
resistivity of the matrix under radial strain depends on r. Hence, we are presented with
two alternatives to resolve this matter. First, we can attempt to solve this PDE using nu-
merical methods, which will be demonstrated in the subsequent chapter through the use of
the finite element approach. However, this will cause us to deviate from our original goal of
developing a closed-form mathematical expression for predicting resistivity changes due to
radial deformation. Alternatively, we can make the assumption that the strain tensor within
the deformed matrix, which leads to a variable matrix resistivity, can be approximated as
the volumetric average using the same principle as demonstrated in equation (4.45). As a
consequence, the volumetric average of the radial strain in the matrix is calculated as follows.

—m [ _ext 1 m ext 2 " m ext

Enr <€W ) vl Err (7", e ) dV,, = m/ﬂ en (7", e ) rdr (4.47)
Above, V,,, in this context, refers to the volume of the matrix phase within the CCA com-
posite model. It should be noted that the integral found on the right-hand side of equation

(4.47), which is only over r, is obtained by first integrating e (r, ") over 6 (ranging from 0

»<Crr

to 2m), then over z (ranging from 0 to 1), followed by applying mathematical simplifications.

ext

ert) can also be

The volumetric average of the angular strain of the deformed matrix &jj (e

calculated in the same way. By this approach, we can have the strain tensor as a function of
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the applied radial strain alone. Consequently, the change in the resistivity of the deformed
matrix, according to the Koo and Tallman relation represented in equation (4.34), can be
estimated by using the volumetric average of the strain tensor, rather than directly using
it. This approach will ensure that the resistivity in the deformed matrix is constant (quasi-
constant) such that the governing equation, presented in equation (4.36), is now applicable.
Eventually, we can find the effective resistivity of the deformed composite in the same way
as we did for the non-deformed one using equation (4.46) while considering the geometrical

and electrical properties of the deformed composite.

4.3.3 Resistivity-Strain Analytical Relation

The change in resistivity of the composite under radial external strain can be obtained by
finding the difference between the resistivity of the composite before and after deformation.
That is, Ap§ = pS,; — pSo, Where p, is found previously in equation (4.46) and p§, is approx-
imated by considering the average strain tensor of the deformed matrix. Ultimately, we can

arrive at the following mathematical expression for the change in resistivity as a function of

ext
rrot

3

Vi (0" = mg') + (o' + o
Aph(est) = [(F et 1) + (et + 1)2} Fer) — o x;f({;gn —p;f>> i <(§f i ;)60”))

(4.48)

The introduced placeholders above, which are I', ¥, and F', can be calculated as follows.

F = ()‘m - ’ym) A_l (449&)
U =[(7 = 9m) Vi + A — ] A7 (4.49D)
Fegt) = @esyt — 2(Iy +T1y) T+ o (pf = pfy) (4.49¢)

Similarly, ®, and T, are placeholders representing constants that can be calculated according

to the following relations.

D=2k (77— An)] AT (4.50a)
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A (4.50b)

In equations (4.49) and (4.50) above, A also represents a constant, which can be calculated

as shown in equation (4.51) below.

A= (’Ym_7f>vf+/\m_7f (451)

It is worth mentioning that although we were unable to analytically solve the electromechan-
ical problem for radially deformed composites and derive an exact solution, this method still
provides a reliable approximation. As we demonstrate in the Results and Discussion section,
this approach offers insight into the electrical behavior of nanofiller-modified composites with
fiber reinforcement when subjected to radial deformations. Moreover, computationally, it is
significantly more cost-effective than employing numerical methods such as the finite-element

approach.

4.4 Results and Discussions

In this section, the derived piezoresistive analytical model is validated and demonstrated.
For validation, the homogenized solutions obtained are compared with the exact solutions,
which are the solutions acquired by directly solving the BVP of the heterogeneous composite
without homogenization. We also compare our model with the predictions obtained from a
simple rule of mixtures, similar to the one shown in equation (3.51). As we have previously
accomplished in Chapter 3, we will assume that the reinforcing fiber phase is either a carbon
fiber or a glass fiber. In addition, both phases within the composite are assumed to be
mechanically and electrically isotropic. However, unlike the axial strain case, where the
composite was assumed to experience a uniaxial tension caused by an externally applied
axial strain, the composite here is subjected to a uniform axisymmetric radial strain, which
enables us to observe radial strain-induced axial and transverse piezoresistivity.

It is worth mentioning that, unlike the axial deformation situation in which the reinforcing
fibers carry most of the stresses, the external radial deformation is applied directly to the

conductive matrix. This generally results in higher matrix deformations compared to the
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case of axial strain. As a result, lower values of external radial strains must be considered,
compared to those of the axial strain case, to avoid exceeding the limitations of the Koo
and Tallman strain-resistivity relation [113]. High strains can lead to incorrect predictions
of resistivity changes. That is, the piezoresistive constants in the relation were obtained
by curve fitting of the observed resistivity changes in specimens subjected to uniform axial
displacements, resulting in axial strains ranging from —6 me to 6 me. Therefore, to remain
within these limits, we assume that the current applied radial strain must remain within
80% of the Poisson-induced transverse strains resulting from axially applying —6 me to 6

me. In other words, we apply radial strains according to the following limits.
—0.8v™ (6x107%) <& <0.8v™ (6 x 1079) (4.52)

Above, v™ is the conductive matrix Poisson’s ratio. The mechanical and electrical properties
of the constituents used to demonstrate the developed models are found in Table 3.1 of the
previous chapter. We also use the same matrix composition, which is an epoxy modified with
1 wt.% CNFs, and the piezoresistive constants, which were shown in equation (4.34), are as
follows: kK = 4.10 k2 - m, II; = —150 k2 - m, and IIy = 5.15kQ - m [113]. As a result, we will
assume that the applied external radial strains fall between —1.4 x 1073 < &% < 1.4 x 1073,
that is, the outer surface of the CCA assembly undergoes a uniform axisymmetric radial
displacement resulting in strains ranging from —1.4 me to 1.4 me, which are well below the
presumed limits estimated using equation (4.52) above.

Next, we validate the output of our analytical model using the solutions of the heteroge-
neous system, which is gained by directly solving the mechanical and electrical BVPs for the
inhomogeneous fiber+matrix system shown on the right side of Figure 3.1. As we discussed
above, since applying transverse strain leads to resistivity within the matrix that varies radi-
ally, we first need to consider the electrical current within the unstrained system in the axial
direction, which then is used to calculate the axial resistance and resistivity. After that, the
axial resistivity of the deformed heterogeneous system is calculated using the calculated axial
current and the corresponding resistance. In detail, when the system is deformation-free, the

overall axial current within the inhomogeneous composite can be calculated in a similar way
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to the equation (3.47), which is obtained by integrating the current density. Thus, the axial
current of the undeformed fiber+matrix composite can be calculated using the following
relation.

azial,0 = “Ta

[e:mct [f:pial,O + Zgzial,o — ;#%)RGQ + @TC (bQ — CL2> (453)
Po

Here, we use the superscript exact to indicate the inhomogeneous solution, whereas the sub-
scripts 0 indicates properties of the initial (non-deformed) system. In light of equations (4.5)
through (4.11), we can express the current along the fiber direction for the inhomogeneous

system as follows.

exac m ¢0 2TC¢O m
[arialt,d = I({zial,d + azial,d — Wna?l + ! wp (454)
d

Above, the subscripts d refers to properties of the system after deformation, and w}" is the
integration of the matrix resistivity along the radial direction, as illustrated in equation
(4.11b). Note that the axial current in equation (4.54), i.e, Igi;, depends on the applied

radial strain, since the values of the geometrical and electrical properties of the constituents

are functions of the applied radial strain, that is, the axial current 1¢%¢ . is a function of

azial,d
the applied radial strain. To obtain the resistivity values, we set ¢y to be 10V; then, the
resistance due to the applied voltage is calculated using Ohm’s law. From the calculated

resistance, the resistivity of the system can be predicted as follows.

A
ptixact = Rexact? (455)

The expression above can be used to calculate the axial resistivity of the system before
and after deformations, where [ is the overall longitudinal dimension, which is assumed
to be 100pum, and A is the cross-sectional area. Strain-induced axial resistivity changes
can be calculated by finding the difference between the resistivity values before and after
deformations.

In a similar manner, we also aim to compare our homogenized model for transverse
piezoresistivity with the exact solution. Consider the total current density within the inho-

mogeneous system, which is assumed to be the volumetric average of the sum of the current
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densities within the fiber and the matrix along the transverse x direction. This can be

mathematically expressed as follows.

trans

1
Jezact — J;wg — V/ (Jg + J?) dV (456)
1%

In the above equation, the subscript trans refers to the transverse direction, V' is the volume
of the cylindrical system, and the current densities of the fiber J/ and the matrix J™ can
be calculated using equations (3.40b) and (3.40c), respectively. Here, the resistivity can be
derived by imposing the continuum form of Ohm'’s law, which states that E = pJ, where the
only non-zero component of the electric field vector, E, is the x components, since we only
apply an external electric field in the transverse z-direction, as illustrated in Figure (3.3).
Eventually, the following expression is used to obtain the resistivity of the heterogeneous

composite in the transverse direction.

Eex
peract = (4.57)

exact
trans

Above, E..; is the externally applied electric field along the z-axis. Note that equations
(4.56) and (4.57) can be used directly to find the resistivity in the undeformed composite.
However, since the resistivity of the deformed matrix varies in the r direction, we have to
consider the volumetric averages of the radial and angular strains, calculated using equation
(4.47), in order to express the resistivity of the matrix after deformation as quasi-constant
(found using the Koo and Tallman relation as shown in equation (4.34). This would allow us
to calculate the current density in the x direction of the deformed matrix, and consequently
use equations (4.56) and (4.57) to find the overall resistivity of the deformed inhomoge-
neous system. Again, similar to the exact axial piezoresistivity, the difference between the
transverse resistivity values calculated before and after radial deformations, using the above
expressions, is considered to be the exact transverse piezoresistivity of the composite.
Figures 4.2 through 4.5 present results for nanocomposites with 20, 40, 60, and 80 vol.%
of glass fibers, from which several observations can be made. First, across all the figures, it

is evident that the exact solution aligns closely with the proposed model for both axial and
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transverse piezoresistivity. Additionally, it is observed that the predictions obtained via the
rule of mixtures deviate significantly compared to the homogenization results. These discrep-
ancies, especially between the axial and transverse piezoresistivity, become more pronounced
at higher glass fiber volume fractions. A possible explanation is the increased anisotropy of
the composite with higher fiber volume fractions. On the contrary, reducing the fiber con-
tent leads to the convergence of predictions (axial, transverse, and rule of mixtures), as the
electrical characteristics of the composite approach those of a pure isotropic CNF-modified
epoxy. Thus, although the rule of mixtures offers a simpler prediction method for piezoresis-
tivity, its assumption of isotropy results in directionless and highly inaccurate predictions,
especially at high fiber volumes, where the composite is markedly anisotropic.

Similarly to glass fiber nanocomposites, our model predictions for nanofiller-modified
epoxy containing 20, 40, 60, or 80 vol.% of continuous carbon-fiber reinforcement were ex-
plored. Figures 4.6 through 4.9 display these results, calculated using the homogenization
model, exact solutions, and the rule of mixtures. Here again, the exact solutions closely
match the homogenization results. Unlike glass fiber composites, carbon fibers’ high con-
ductivity leads to no change in axial resistivity regardless of the carbon fiber volume fraction.
More specifically, most of the electric current along the axial direction travels along the highly
conductive and non-piezoresistive carbon fibers, resulting in an overall non-piezoresistive
composite, despite the conductive matrix (which has much lower conductivity compared to
that of carbon fiber). However, piezoresistive behavior is observed in the transverse direction,
as the current must first pass through the piezoresistive matrix, resulting in a piezoresis-
tive composite. Therefore, in carbon fiber nanocomposites, radial strain-induced resistivity
changes are only observed in the transverse direction. Moreover, the rule of mixtures proves
inadequate for predicting piezoresistivity in carbon fiber-reinforced nanocomposites, espe-
cially at higher carbon fiber contents.

Further observations are made on the differences in piezoresistive characteristics between
glass and carbon fiber composites subjected to axial or radial deformations. Unlike carbon
fiber composites, increasing the volume fraction of glass fiber leads to steeper slopes of re-
sistivity change curves as a larger current is forced through the relatively high conductive

piezoresistive matrix. This also explains the observation of axial piezoresistivity in com-
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Figure 4.2. The change in the axial and transverse resistivity as a function
of radial strain of CNF-modified epoxy composite with glass fiber reinforce-
ment at 20 vol.% glass fiber based on CCA homogenization model, the exact
solution, and the rule of mixtures.

posites with electrically insulating glass fibers. Comparing these results for piezoresistivity
induced by radial strains with those discussed in the previous chapter for axial strains reveals
generally higher resistivity changes for lower radial strains compared to axial strains. This
suggests that fiber-reinforced nanocomposites tend to exhibit higher piezoresistivity when
subjected to radial strains. A possible reason is that radial displacements directly affect
the piezoresistive matrix, which has a significantly lower elastic modulus, leading to greater
matrix deformations compared to the axial strain case, where the fibers, with enormously

higher elastic moduli, bear most of the load, resulting in smaller matrix deformations. In
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Figure 4.3. The change in the axial and transverse resistivity as a function
of radial strain of CNF-modified epoxy composite with glass fiber reinforce-
ment at 40 vol.% glass fiber based on CCA homogenization model, the exact
solution, and the rule of mixtures.

summary, greater matrix deformations and thus more significant strain-induced resistivity

changes occur when radial strains are applied to the nanocomposite.
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Figure 4.4. The change in the axial and transverse resistivity as a function
of radial strain of CNF-modified epoxy composite with glass fiber reinforce-
ment at 60 vol.% glass fiber based on CCA homogenization model, the exact
solution, and the rule of mixtures.
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Figure 4.5. The change in the axial and transverse resistivity as a function
of radial strain of CNF-modified epoxy composite with glass fiber reinforce-
ment at 80 vol.% glass fiber based on CCA homogenization model, the exact
solution, and the rule of mixtures.

89



10

ot

Resistivity Change (k2 — m)

-10

—— Homogenization (Axial)
o Exact (Axial)

A
. - E R o
----- Homogenization (Transverse) P
-
a Exact (Transverse) A
——Rule of Mixtures
O -

20 vol.% Carbon Fiber

D -1 -0.5 0

0.5 1 1.5

Radial Milli-Strain

Figure 4.6. The change in the axial and transverse resistivity as a function of
radial strain of CNF-modified epoxy composite with carbon fiber reinforcement
at 20 vol.% carbon fiber based on CCA homogenization model, the exact
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Figure 4.7. The change in the axial and transverse resistivity as a function of
radial strain of CNF-modified epoxy composite with carbon fiber reinforcement
at 40 vol.% carbon fiber based on CCA homogenization model, the exact
solution, and the rule of mixtures.
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Figure 4.8. The change in the axial and transverse resistivity as a function of
radial strain of CNF-modified epoxy composite with carbon fiber reinforcement
at 60 vol.% carbon fiber based on CCA homogenization model, the exact
solution, and the rule of mixtures.
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Figure 4.9. The change in the axial and transverse resistivity as a function of
radial strain of CNF-modified epoxy composite with carbon fiber reinforcement
at 80 vol.% carbon fiber based on CCA homogenization model, the exact
solution, and the rule of mixtures.
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5. LAMINA-LEVEL VALIDATION VIA COMPUTATIONAL
ANALYSES

5.1 Introduction

The CCA electrical homogenization technique, which was implemented in our study to
determine the piezoresistivity at the fiber level (as presented in Chapter 3 and Chapter 4), has
previously been used to only determine the effective electrical conductivity of carbon fiber-
reinforced composites [100] or nanofiller-modified glass fiber-reinforced composite laminates
[125]. Nevertheless, in these studies, neither strain nor piezoresistive effect were assessed.
Besides which, interactions between neighboring continuous fibers were simply overlooked.
It was believed that the electrical properties of a single long continuous reinforcing fiber
surrounded by a conductive or pure matrix phase are representative of those of the entire
lamina. This might be a valid assumption if the effect of strain on resistivity is not taken
into account. However, strain induces alterations in the electrical characteristics of the
interfiber conductive phase. Consequently, it is currently unclear whether the piezoresistivity
predictions at the single fiber level (i.e., the CCA results that were previously displayed) are
comparable to those at the lamina-level at which a group of unidirectional parallel reinforcing
fibers are involved.

In light of the above discussion, this chapter presents a computational analysis using
the finite element analysis (FEA) approach for modeling piezoresistivity in fiber-reinforced,
nanofiller-modified composites at the lamina level. The primary objective of this study is to
conduct a comparative investigation between computationally derived lamina-level predic-
tions and analytical predictions based on a single-fiber level. Utilizing this computational
lamina-level approach offers the benefit of obtaining a deeper understanding of the impact
of potential interactions among neighboring fibers on macroscale piezoresistivity. This en-
ables us to determine the applicability of the previously established analytical relations for
fiber-reinforced piezoresistive laminae.

In our approach, the lamina is represented by a fiber bundle composite (FBC), which
is defined as a cluster of adjacent continuous reinforcing fibers encapsulated by a matrix

phase, as illustrated in Figure 5.1. However, given that an FBC may encompass a sig-
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nificant number of fibers, leading to high computational costs, we need to scale down our
analysis. Therefore, a microscale three-dimensional representative volume element (RVE) is
considered, where periodic boundary conditions are imposed to approximate the macroscale
behaviors of the composite. The RVE, which consists of multiple nearby fibers embedded
inside a piezoresistive matrix phase, is assumed to possess a hexagonal packing arrangement.
This adopted arrangement provides the highest possible fiber volume fraction, allowing for
a broader perspective on the effect of varying the fiber volume fraction. This configuration
is also inspired by the RVE proposed by Ren and Siedel [83], [126], where they modeled the
piezoresistivity of a well-dispersed CNT-modified epoxy. However, in our specific scenario,
the RVE represents long fibers within a modified matrix, as illustrated in Figure 5.2. By
the end of this chapter, we should have a better understanding of the electromechanical
behaviors of laminae. This allows for a comparison of the results obtained using the com-
putational RVE approach with those from the CCA method, assessing the effectiveness of
using the CCA model for estimating strain-induced resistivity changes in fiber-reinforced
nanocomposite laminae.

During the analysis, a specific simulation procedure is adhered to, which will be elab-
orated upon later. Generally speaking, strains are applied to the RVE as voltage-current
relationships are measured along certain directions. From these voltage-current relations,
effective resistivity values can be calculated. Moreover, the piezoresistive relation developed

by Koo and Tallman [113] is used to predict the resistivity change of the matrix.

5.2 Model Development

In this section, we detail the development of our computational model, which was inspired
by Ren et al. [83], [126], who modeled piezoresistivity in composites made of well-dispersed
nanofillers. For the sake of clarity, we will employ a comparable modeling procedure, but
introduce essential modifications to accommodate a continuous fiber reinforcement phase em-
bedded within a nanofiller-modified matrix phase. To elaborate, the computational model
developed in their study was designed to simulate a collection of individual CN'Ts within a

pure matrix phase, with piezoresistivity attributed to either the inherent piezoresistivity of
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Figure 5.1. An FBC in a composite lamina is defined as a cluster of adjacent
reinforcing continuous fibers encapsulated by a matrix phase. A FBC may be
considered as a representative of a fiber-reinforced composite lamina.
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the nanofillers or the probability of electron tunneling between nanofillers. In contrast, our
work focuses on a cluster of adjacent continuous fibers enveloped by a nanofiller-modified
matrix phase. The mechanism of piezoresistivity within the conductive matrix is determined
by the Koo and Tallman [113] resistivity-strain relationship. We assume that the fillers are
evenly dispersed and that both phases (the continuous fiber and the matrix) are mechanically
and electrically isotropic. This means that the electrical and mechanical properties of both
the fiber and the matrix are considered to possess directional independence. It should be
noted that we utilized ABAQUS, MATLAB, and Python programming language to conduct
mechanical and electrical simulations. ABAQUS CAE served as the finite element solver,
with Python being used via ABAQUS Scripting Interface (ACI) to manage ABAQUS oper-
ations and execute a series of sequential simulations. Meanwhile, MATLAB was utilized for
creating electrical RVE models and conducting post-processing analysis on the finite element
(FE) simulation results.

The general electrical and mechanical governing equations, in their strong and weak
forms, and boundary conditions, as well as the effective resistivity and resistivity changes of

the RVE are discussed next.

5.2.1 Electromechanical Governing Equations and Boundary Conditions

Mechanical Boundary Value Problem

In this subsection, we will delve into the mechanical and electrical governing PDEs. Ini-
tially, we will examine the macroscale governing PDEs in their strong forms, together with
the related boundary conditions for the mechanical problem. Subsequently, these mechani-
cal equations at the macroscale will be connected to the strong-form mechanical governing
equations at the microscale. Given our approach to solving these problems via FEA, the
weak forms will be established. In a similar manner, the electrical diffusion problem, along
with its strong and weak forms at both the macro- and micro-levels, will be outlined. With
the electromechanical coupling through piezoresistivity in mind, the FEA output from the
mechanical problem will be linked to the electrical diffusion problem through elemental

resistivity-strain relations, as we will explore later. It should be noted that, in the subse-
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quent discussion, the Einstein notation is employed, where subscripts such as i, j, and &
denote the indices of the coordinate system. Additionally, unless explicitly stated otherwise,
the governing equations presented are applicable to both the matrix and fiber phases.

First, we begin by considering the mechanical governing equations at the macro- and
microscales in their strong forms. To derive the strong-form governing equation in terms
of displacements at the macroscale level and then relate it to the microscale level, we start
by establishing the macroscale governing equation for an isotropic linear elastic material
(since the constituents are assumed to be individually isotropic) under the assumption of
small deformations. Following that, we link this to the microscale governing equation and
derive the weak form at the microscale. For an isotropic linear elastic material, the governing
equation in terms of displacement, UM, at the macroscale can be derived from the equilibrium
condition and Hooke’s law. The equilibrium equation can be mathematically expressed as
follows.

ol + FM =0 (5.1)

ij,j
Above, commas denote differentiation, the superscript M indicates macroscale level, and

FM are external forces per unit volume at the macroscale, which is assumed to be zero for

simplicity. Using Hooke’s law for an isotropic material, the stress afJV[ is related to the strain

M
ij »

ei', which is a function of displacement, as follows.

ol = Ayerg + 2uel (5.2)

In the above equation, ;1 and A are Lamé’s constants, and d;; is the Kronecker delta. The
macroscale strain is related to the macroscale displacement via the following relation.

M _

(UM +ul) (5.3)

DN | —

By substituting the constitutive relations (after expressing the strains in terms of displace-

ments) shown in equation (5.2) into the equilibrium equation, illustrated in equation (5.1),
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the following Navier-Cauchy equation, which represents the governing equations in terms of
displacements, is achieved.

u(UN + UMY + AU =0 (5.4)

3o
The above relation represents the strong form governing equation at the macroscale in terms

of displacement. In general, we can define the following Dirichlet (displacement) and Neu-

mann (traction) boundary conditions for the above PDE, as follows.
UM = UM, defined onTy (5.5a)

tM = ai]jwan =tM defined onT, (5.5b)

UiM and #M are the externally applied displacement and traction, respectively, on the macro
level. T'y is the boundary of the domain where the Dirichlet BCs are imposed, whereas I'; is
the boundary where the Neumann conditions are implemented. At the microscale level, the
behavior of the material is described by a similar form of the governing equations but specific
to the microscale structure. Using homogenization techniques, the microscale displacement
field, Uj, is related to the macroscale displacement field, UM, through the strain and stress

fields, which are linked by volume averaging (denoted by the bar accents), as follows.

& (Xli\/[) = &jj (5.6b)

The above relations signify that the macroscale stress and strain at a macroscale point XM
are related to their microscale counterparts through volume averaging, which are refereed to
by the bar accents. The governing equation in terms of displacements at the microscale-RVE
level can be derived similarly to the macroscale but considering the microscale geometry and
boundary conditions. Equation (5.7) below represents the strong form of the PDE at the
microscale level.

i (Uigy + Usgi) + AU = 0 (5.7)
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Note that the Neumann (traction) BCs of the above microscale PDE is defined as

where ai]j” (X M ) presents the macroscale stress at a macroscale material point XM refer to
equation (5.6a) above, and n; represents the outward unit normal vector to the boundary of

the RVE. The displacement boundary condition, on the other hand, is defined as follows.

5§4 (X M ) is the macroscale strain at the same macroscale material point X, refer to equa-
tion (5.6b) above, and x; is a vector representing the local coordinates on the boundary of
the RVE.

Next, we construct the weak form of the microscale PDE provided in equation (5.7) with
its corresponding boundary conditions provided in equations (5.8) and (5.9). Knowing that
both the matrix phase and the fiber phase are assumed to be isotropic, we first consider
the stress-strain relation and the strain-displacement relation at the micro level, which are,
respectively, as follows.

Oij = A&ijgkk + 2,LL€1J' (510&)
1
iy = B (Ui + Uss) (5.10b)

To derive the weak form, we start with the equilibrium equation in terms of stress at the
microscale level, oj;; = 0, where oj; represents the microscale stress tensor, then, multiply this
equation by an arbitrary weighting function, w;, which vanishes on the Dirichlet boundary.

We then integrate the obtained expression over the volume of the RVE, €, as follows.
/ Wi O3y dQ2=0 (511)
Q

To convert the problem into a form that is more suitable for computational modeling via

FEA, apply the divergence theorem (integration by parts for tensor fields) to transfer the
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derivative from the stress tensor onto the weighting function. This yields the following

integral equation.

/ 0y wij A€ —/ oijnjw;dl'y = 0 (5.12)
Q I

In the above equation, n; represents the components of the normal vector to the boundary
I'; of the RVE. The first term now represents the internal virtual work, and the second term
represents the virtual work done by the traction boundary conditions. By making use of the
stress-strain relations and the strain-displacement relations, illustrated in equations (5.10)
along with considering the Neumann boundary condition shown in equation (5.8), which
reflects the macro-to-micro scale transition, and the Dirichlet boundary condition presented
in equation (5.9), which reflects the prescribed macroscale strains, we have the following

expression.
/Q [)\ 6ij Ung + 12 (Uivj + U}J)] Wi dQ — ‘/1“ O'i]jw (X,iw) N wj dl'=0 (513)

This equation represents the weak form of the microscale equilibrium equation, incorporating
the influence of macroscale stress and strain fields through the boundary conditions. It sets
the foundation for finite element analysis, where both the displacement field, U;, and the

weighting function, w;, can be approximated using shape (test) functions.

Electrical Boundary Value Problem

Now, we consider the macroscale and microscale governing equations in their strong forms
for the electrical diffusion problem. Analogous to the mechanical problem, the governing
differential equation representing steady-state electrical diffusion at the macroscale is defined
as follows.

Jii =0 (5.14)
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In the above equation, JM is the current density vector at the macroscale level. The electric
field, EM | is related to the potential, ¢*, which is the primary variable here (analogous to

the displacement in the case of a mechanical problem), through the following relation.
EM = —¢Y (5.15)

Note that compared to the primary field in the mechanical boundary value problem (BVP),
which is the displacement vector, the primary field here, which the the potential, is a scalar
field. The constitutive relation, which is also known as the continuum form of Ohm’s law,
for the electrical BVP at the macro level is

EM = pM M (5.16)

1

where pfjw represents the effective macroscale resistivity, determined through the application
of the conservation of energy principle, a topic that will be elaborated on later. We can use
equations (5.14) to (5.16) to derive the following electrical PDE that governs the electrical
diffusion BVP at the macroscale level.

P =0 (5.17)

Jii

The above equation, which is the Laplacian of the scalar field ¢, represents the strong
form governing equation at the macroscale level in terms of the potential while assuming
that the effective resistivity, pf}/[ , is constant throughout the macroscale structure. In general,
we can define the following Dirichlet (potential) and Neumann (current density) boundary

conditions for the above PDE.
oM = oM, defined onTy (5.18a)
JMpM — JMpM - defined on T, (5.18b)

i i i i
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For the macroscale structure, (/Bf‘/[ represents the externally applied potential and jiM denotes
the current density vector. Furthermore, I'y, and I'; are the boundaries where the Dirichlet
(potential) and Neumann (current density) conditions are imposed, respectively. The mi-
croscale governing equations are developed in the same fashion as in the macroscale case,
comparable to the mechanical BVP. The relation between the microscale electric field, de-
noted as Ej;, and the macroscale electric field, denoted as EM | as well as the relation between
the microscale and macroscale current densities, denoted as J; and JM | respectively, can be

determined through the use of homogenization techniques as follows.
EM (X)) = E; (5.19a)

JM(xM) = (5.19b)

The above relations signify that the macroscale electric field and current density at a
macroscale point X} are related to their microscale counterparts through volume averag-
ing, which are referred to by the bar accents. We can now write the microscale strong-form
electrical diffusion PDE as follows.

¢i=0 (5.20)

Note that the Neumann (current density) boundary condition of the above microscale PDE

is defined in equation (5.21a) below, whereas the Dirichlet BC is defined in equation (5.21b).

Jing = JM (X,y) n; (5.21a)
¢ =EM (X") (5.21b)

Both JM (X M ), and EM (X M ) are defined above in equations (5.19).

Similar to the previously mentioned mechanical BVP, our objective is also to derive
the weak form of the microscale PDE provided in equation (5.20) with its corresponding
boundary conditions shown in equations (5.21). It should be emphasized that deriving the
weak form for the electrical diffusion problem involves a process similar to the mechanical

problem, but adapted for a scalar potential field while considering the electrical properties of
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the material, instead of the elastic ones. Given the PDE that governs the electrical diffusion
problem on the microscale, which is in equation (5.20), we multiply both sides by a scalar
weighting function w and integrate over the domain €2, so that we can arrive at the following

expression.

/Qw 6:d02 =0 (5.22)

Again, we apply integration by parts to move the derivation from the primary variable ¢ to

the weighting function, as follows.

—/ "y dQ+/ wendly =0 (5.23)
Q 'y

Here, I'; represents the boundary of the domain €2 where the Neumann condition is imposed,
and n; is the outward normal vector at the boundary. The given Neumann boundary con-
dition, illustrated in equation (5.21a), can be directly incorporated into the weak form as
follows.

—/ w; ¢,id9+/ wJMp, dl = 0 (5.24)
Q r;

This above equation represents the weak form of the electrical diffusion problem at the
microscale-RVE level, incorporating the influence of macroscale current density and elec-
tric fields through the boundary conditions. It establishes the foundation for finite element
analysis, where both the potential field, ¢ and the scalar weighting function w can be ap-

proximated using shape functions.

Electromechanical Coupling Effect

Due to the piezoresistive effect, the output of the mechanical BVP influences the electrical
properties of the composite in the electrical BVP. This relationship is caused by the inclu-
sion of nanofillers into the matrix, which leads to a conductive matrix phase that changes
its electrical characteristic (resistivity /conductivity) as a function of the local strain. There-
fore, we consider the local elemental strain tensor, obtained by solving the mechanical BVP
using the ABAQUS FE solver, to calculate the elemental conductivity value. The resistivity-

strain tensor-based relation developed by Koo and Tallman [113] for predicting the resistivity
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changes as a function of strain in nanofiller-modified composites is adopted throughout our
computational analysis. The relation can be expressed for calculating the elemental resistiv-
ity changes as follows:

Apl = Ked™ 4TI, e8m efjlm + 11, 5fjlm 5fjlm (5.25)
Above, x, II;, and II; represent experimentally determined piezoresistive constants, and
their values can be found in [113] for a given CNF weight fraction. Also note that in the
above relation, we have added the subscript and superscripts elm to emphasize that this
relation is at the element level, that is, Apl} is the change in the resistivity of an element
in the conductive matrix due to the local element strain tensor siejlm. Additionally, it is
noteworthy to mention that the strain tensors derived from ABAQUS are computed at the
centroid of each element, individually. To clarify, the software calculates the values of strain
tensor components supposing that they are concentrated in the geometric center of the
element. This procedure entails calculating the average or extrapolating the values from the
integration points, where the governing equations are numerically integrated, to the centroid

of the element.

Periodic Boundary Conditions

In the context of micromechanical analysis, it is typical to examine a small portion of a
composite material, assuming that it comprises a significant number of repeated microscale
units (i.e., RVEs). The properties exhibited by an individual RVE can be regarded as
indicative of the overall behavior of the composite at the macroscale. Periodic boundary
conditions (PBCs) are frequently introduced to the boundaries of the analyzed RVE in order
to ensure that the obtained results are equivalent to those at a macroscale [127]. The idea of
imposing PBCs is that a composite material at the macroscale level can be thought of as a
series of connected RVEs such that each adjacent RVE does not overlap, as they experience
identical deformation patterns. In other words, the deformation or displacement pattern
on one face of the RVE should match the pattern on the opposite face in a way that if

you were to “tile” multiple copies of the RVE next to each other in space, the pattern
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of deformation (or material behavior) would appear seamless across the boundaries. As
a result, the displacement field on one side of a cuboid-shaped RVE is equivalent to that
on the opposite side, ensuring continuity and allowing the RVE to represent an infinite
medium by repeating in all directions. Moreover, the traction fields on these two opposing
faces must also be equivalent. In essence, the use of PBCs enables the approximation of an
infinite system through the utilization of a small unit, resulting in a significant reduction in
computing expenses.

Taheri-Behrooz and Pourahmadi [128] have investigated the development of a three-
dimensional cuboid-shaped periodic RVE to find the effective mechanical properties of het-
erogeneous composites using PBCs. They found that to hold the PBCs, the displacement

fields, Uj, of two opposing parallel pairs of boundaries must obey the following relation.
U = U™ =&y, (QCZJF - 55?) (5.26)

Above, the superscripts ¢+ and g— refer to the fields that belong to the ¢th pair of the RVE
boundaries that are parallel and opposing each other. Moreover, in equation (5.26) above,
i refers to the average strain, while (xfr — mi_) is the perpendicular distance between the
two opposite parallel pairs. In a cuboid RVE, this distance is constant, which means that it
represents a spatial dimension of the RVE and can be expressed as [}, where [} = (xf — xZ*) .
For more details on the development of PBCs and their implications, the reader is encouraged
to read reference [128].

Based on the above discussion, we impose periodic conditions in our electromechanical
computational FEA model. First, it is important to mention that a Python code developed
by Heule [129] is used in our simulations to impose PBCs on the RVE. The code creates a
user-friendly plugin on ABAQUS CAE such that the user can easily apply PBCs to three-
dimensional RVEs by defining pairs of parallel opposing surfaces called master-slave pairs.
This significantly simplifies the application process, as manually linking each pair of nodes
would be nearly impossible without such a Python code. Specifically, the pairing process

in ABAQUS requires creating constraint equations for each pair of nodes, which is now

automated by the code, highlighting its power and the ease it brings for implementing
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PBCs. The code, however, mandates that the mesh exhibit periodicity. In other words,
a master surface can be paired with an opposing slave surface exclusively if both surfaces
share an identical meshing pattern. This requirement ensures that each node on the master
surface is paired with a corresponding node on the slave surface possessing identical in-plane
coordinates. In addition, it is worth mentioning that since we also conduct electrical diffusion
simulations, the original Python code was modified so that it can impose potential PBCs,
instead of just displacement PBCs, as the code was originally developed. The electrical
PBCs will have a format similar to that of the displacement PBCs described in equation

(5.26), which is as follows.
¢t — 6" = Ey (21" —al”) = Eolf (5.27)

Note the similarity between the PBC relations described above, as shown in equations (5.26)
and (5.27), and those defined by Ren and Seidel [83]. An important difference, however, is
that their PBCs are defined for two-dimensional planar RVEs, whereas in our analysis, we

adapt the same formats, but tailor them for a three-dimensional analysis.

5.2.2 Effective RVE Resistivity and Resistivity Changes

Following the electromechanical simulations, we determine the effective resistivity of the
RVE and subsequently characterize the changes in resistivity due to deformations, as demon-
strated in this subsection. To find the effective resistivity of the composite at a certain state
of strain, the concept of energy equivalence between the heterogeneous RVE and a hypo-
thetical homogeneous material subjected to the same boundary conditions is considered [83].
This is a similar approach to the one discussed earlier in Chapter 4, particularly the princi-
ple of electrical energy conservation discussed in equations (4.42) through (4.44), where we
defined a quantity called the volume power density w. We begin by assuming that the volu-

metric average of the volume power density in the RVE is equal to that of the homogeneous
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RVE

material, that is, w = w!, where the volume power density is calculated as w = J;E;.

This indicates the following relation.

Then, since both systems are subjected to the same BCs, they experience equal average
internal electric fields, EfVF = EF . As a result, from equation (5.28) above, they also have
equal average current density vectors, J/*V# = JH . From the continuum form of Ohm’s law,
we can deduce that the averages of the electric field and the current density vector in the

homogeneous composite are related via the next relation.
PH ¢ 7H
Ei = pf}JJ (529)

In the above expression, pj; is the effective composite resistivity. Due to the energy equiv-
alence between the RVE and the homogeneous material, the above expression becomes as
follows.

ERVE — p JRVE (5.30)

which indicates that the effective resistivity of the composite is found by considering the
volumetric averages of the electric field and the current density.

Throughout our analysis, we assume that the composite material making the RVE is
electrically transversely isotropic, where the z-axis (parallel to the fiber direction) is the axis

of symmetry. This implies that the resistivity tensor of the RVE becomes as follows.

pP 0 0
pRVE _ 0 pZIfVE 0 (5.31)

0 0 pi%VE

Since the material is assumed to be electrically transversely isotropic, the resistivity values
in the transverse directions are equal as pff"'" = p'# = pV7. The axial resistivity, on the

other hand, is not equal to the transverse one and will be denoted throughout this chapter
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as pVE = pRVE Tt can be easily proved, using tensor transformations, that the resulting

resistivity values obtained here for the RVE, which are defined in the Cartesian coordinates,
can be directly compared to the ones that were calculated via the analytical CCA model,
which were defined in the cylindrical coordinate, as long as both the CCA model and the
RVE model are subjected to identical strain states.

We can apply the findings of the principle of energy conservation discussed above in the
context of finite element analysis to determine the effective resistivity of the RVE. It should
be mentioned first that, similar to the strain field that was the output of the mechanical
BVP, each element has a single vector representing the current density and another vector
representing the electric field. Both are defined at the centroid of an element. Consequently,
the effective resistivity along a specific direction is determined by calculating the volumetric
average of the electric field across all elements in the relevant direction within the RVE. This
value is then divided by the volumetric average of the elemental current density along the

same direction. This can be expressed mathematically as follows.

ERVE

Since we are considering an electrically transversely isotropic composite, the subscript s is
used to distinguish between the resistivity directions such that s = 1 refers to the axial
resistivity, which is the resistivity in the direction parallel to the reinforcing fiber direction,
whereas s = 2 refers to the transverse resistivity, which is the resistivity in the direction
perpendicular to the reinforcing fiber direction. To calculate the volumetric average of the
electric field across all elements along the ith direction within the RVE, the following relation

is used.

DRVE _ 1 & (k)
e kzzjl(E Vi) (5.33)
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In the above summations, n is the total number of elements, and V}, is the volume of the kth
element. Similarly, the volumetric average of the current density across all elements along

the ith direction within the RVE is calculated using the following relation.

FJRVE __ 1 & (k)
J; N I;(J Vk) (5.34)

Note that in the above equations, E™ is the electric field value in the ith direction of the

kth element, and Ji(k) is the current density value in the ith direction of the kth element.
Once the effective resistivity of the RVE is found for a certain strain state, the change in
the resistivity of the RVE can be calculated as follows.
ApfVE — pIVE — pfivE (5.35)

s

In the above equation, the subscripts d and 0 refers to the deformed and the undeformed
RVEs, respectively. In other words, pXV¥ is the resistivity of the RVE (either axial or
transverse resistivities) after deformation, whereas pfV¥ is the effective resistivity of the

RVE free from deformations.

5.3 Simulation Procedure

ABAQUS CAE Research Edition was used to simulate mechanical and electrical BVPs
with the aid of MATLAB, which was used for data preparation and post-processing, and the
Python programming language via ASI, which was utilized to control and perform sequential
simulations. Details, such as the preparation of the FE model (i.e., properties of the used
materials, meshing, boundary conditions, etc.), the procedure followed for conducting the
electromechanical simulations, and post-processing of the obtained data are discussed in this
section.

To start the FE simulation, we construct a three-dimensional cuboid RVE, representing
fiber-reinforced nanofiller-modified composites. The three-dimensional RVE has a pattern in-
spired by that adopted by Ren and Seidel [83], where they used a two-dimensional hexagonal

array RVE to model CNT-polymer composites and predict transverse properties. However,
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our RVE differs in that it is a three-dimensional extruded version of the RVE they utilized.
This is due to the presence of a nanofilled-modified matrix that exhibits a piezoresistivity
property, which surrounds the continuous fibers, as opposed to a pure matrix surrounding
the nanofillers, as observed in their RVE. The extruded length or depth of the RVE, L,
which is the z-axis dimension that is parallel to the fiber phase direction, is assumed to be
20 pm. Note that since we are going to assume PBCs, the depth can be relatively short,
minimizing the computational cost, as we are more interested in the inter-fiber interactions
in the lateral direction, which is perpendicular to the fiber direction, rather than the depth
direction. The other dimensions, that is, the length along the z-axis L, and the height
along the y-axis L,, are determined based on the fiber volume fraction, according to the

following relations derived from the geometric properties of an RVE with fibers arranged in

T
L,=4a,|———r0 5.36
Y “ 2v/3V; (5-36a)

L, =L, cos30° (5.36b)

a hexagonal packing pattern.

Above, a refers to the radius of the fiber, and V7, in this context, is the intended fiber volume
fraction within the composite.

After building the RVE in ABAQUS, it is necessary to assign the electrical and elastic
properties of the composite constituents. Each constituent, whether the continuous fiber
or the conductive matrix, is presumed to be electrically and elastically isotropic, mirroring
our assumptions in the CCA analysis. Furthermore, we intend to attribute mechanical and
electrical properties to these constituents that are analogous to those utilized in our analytical
CCA model, as our goal is to compare the outcomes of both models. For additional details
on the properties of the fiber and the matrix used in our FE analysis, see Table 3.1. It
should be noted that the matrix in this case is a CNF-modified epoxy containing 1 wt.%
CNFs, and the piezoresistive constants, as presented in equation (5.25), are k = 4.10 k) - m,
II; = —150kQ - m, and I, = 5.15kQ - m [113]. Additionally, to conserve computational
time and resources (since running RVEs with PBCs is extremely computationally intensive),
we use the same RVE, constructed at a specific fiber volume fraction, irrespective of the

fiber type. In essence, there is a single RVE for each fiber volume fraction, which possess
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a defined fiber radius, to which we assign the elastic and electrical properties of glass or
carbon fibers based on the analysis at hand. This approach still yields valid outputs, such
as the strain tensor, which is the desired outcome from the mechanical simulations, and
effective composite resistivity at any strain state, since these do not directly depend on
the fiber radius, but rather on the fiber volume fraction. Consequently, the fiber radius in
the constructed RVEs is fixed at 7.5 pum, while the RVE dimensions are determined using
equations (5.36) for a specified fiber volume fraction. This strategy is adopted to avoid the
complexities of conducting multiple convergence analyses (i.e., conducting one convergence
analysis for each fiber volume fraction instead of two for each fiber volume fraction if an
RVE is constructed for every fiber type) to identify the optimal mesh size.

Subsequently, the RVE is meshed and PBCs are assigned. During the meshing process,
we adhere to the meshing requirement stipulated by Heule’s PBCs Python code [129], which
mandates that the mesh patterns be periodic. With this requirement in mind, the RVE is
meshed using a three-dimensional, 8-node linear brick element, referred to as element type
C3D8 in ABAQUS. For an illustration of what the resulting meshed part looks like, refer to
Figure 5.3, which displays a meshed RVE with a 60% fiber volume fraction. It is important
to note that partitioning techniques are employed to ensure periodic and systematic mesh
patterns across the boundary surfaces of the RVE, guaranteeing that any master-slave pair of
surfaces would have matching mesh patterns. Furthermore, given our focus on the mechanical
response of the conductive matrix, since we use the resulting strain tensor of the matrix
elements to determine the elemental resistivity changes according to equation (5.25), the
meshing is more refined in the matrix region compared to the fiber regions. Moreover, since
we focus more on the transverse interaction between the fibers and the matrix, the elements
are coarser in the z-axis direction. This approach reduces computational costs, while still
enabling us to obtain more accurate results for the matrix resistivity changes. After the part
is meshed, displacement PBCs are implemented using the user-friendly ABAQUS plugin
developed by the aforementioned Python code.

Mesh convergence analyzes are performed for each RVE. The parameter chosen for the
mesh convergence study is the total elastic strain energy of the matrix elements, calculated

directly by ABAQUS (referred to as ELSE) for each element in its centroid. The total elastic
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Figure 5.3. A view of a three-dimensional RVE built on ABAQUS to simulate
fiber-reinforced composite laminae with 60% fiber volume fraction.

strain energy, U, is generally defined by the integral of the dot product of the stress tensor,
oy, and the strain tensor, e, over the volume V. This energy represents the work done
by stress to induce strain in a material under elastic deformation conditions, and it has the

following mathematical formula.

1
U= é/VO'ij Eij dVv (537)
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Table 5.1. Number of matrix elements used for RVEs at specified fiber volume
fractions based on the convergence analysis.

Fiber Volume Fraction 20% 40% 60% 80%
Number of Matrix Elements 22,628 17,064 14,200 13,692

The mesh size is set when the average elastic strain energy of the matrix, which is subjected
to an external axial strain of 6 me and averaged over all matrix elements, converges. Figure
5.4 illustrates the convergence of the average, maximum, and minimum matrix element strain
energy, measured in N - ym, as the mesh becomes finer with an increasing number of matrix
elements in the RVE. The number of matrix elements used for each RVE constructed at a
specified fiber volume fraction is detailed in Table 5.1. It is important to emphasize that
the selection of these mesh sizes aimed to achieve as accurate results as possible, since a
specific number of elements had to be chosen initially, while still allowing the analysis to
proceed with limited computational resources. Despite these chosen numbers of elements,
the computational resources (computer processor power and memory size) were sufficient to
perform FE calculations using a combination of a standard desktop PC and a stand alone

high-performance computer (HPC).

Next, strains are applied at the RVE boundary in two different directions, individually.
These external strains are axial strain in the fiber direction and radial strains applied by
imposing a specific group of displacement boundary conditions, as shown in Figure 5.6. More
details about these strains will be discussed later in the upcoming section. Each RVE is
subjected to incremental strains ranging from a negative value representing compression to a
positive strain with the same value representing tension, e.g., axial strains ranging from —6 to
6 me. This enables us to determine the resistivity’s variation with strain. After conducting
mechanical simulations for a specific RVE, the elemental strain tensors, computed using
ABAQUS, are obtained and stored for future use in determining the conductivity values of

each element in the piezoresistive deformed matrix using equation (5.25) on MATLAB.

115



Matrix Element Strain Energy (N — jm)

Matrix Element Strain Energy (N — pm)

-3
3 x10

—+— Average
—s— Maximum
—a— Minimum

4
E

o

\ 20 vol.% Continuous Fiber

e

1 N
% .
N
0.5 N e
*_
——
0 . n n T
0 0.5 1 1.5 2 2.5
Number of Matrix Elements x10
(a)
5 x10~*

—+— Average
—o— Maximum
—a— Minimum

60 vol.% Continuous Fiber

10° 10
Number of Matrix Elements

()

-3
18 % 10
—+— Average
16 —e— Maximum
= : —a— Minimum
EX
14
=
B 1.2
o6
g
S
E] 40 vol.% Continuous Fiber
z
o 0.8
<
=}
2
= 0.6
2
53]
"
= 0.4
=]
= \ )
“ o2 -
—
0 L T _ A
0 0.5 1 1.5 2 2.5
Number of Matrix Elements x10
x10~
—+— Average
] T —— Maximum
= | —a&— Minimum
= |
R
=
Z
=6
56
R
S
= 80 vol.% Continuous Fiber
g
@4
g | 1]
z I
g3 | ¢\
& \
=} \
Koo \ \
= *
=
= 1 * N
e —

0
0

2000

4000 6000 8000 10000
Number of Matrix Elements

(d)

12000 14000

Figure 5.4. Illustration of the convergence of average, maximum, and min-
imum matrix element strain energies, measured in N - um, for RVEs with
increasing numbers of matrix elements at fiber volume fractions of (a) 20%,

(b) 40%, (c¢) 60%, and (d) 80%. The plots highlight the mesh refinement effect
on the precision of strain energy calculations within the composite material.
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Once the mechanical simulation is completed, the same meshed RVE, which has the same
electrically isotropic constituents, is used again to conduct an electrical diffusion simulation
and find the base effective resistivity of the composite. Similar to the mechanical BVP, we
impose electrical PBCs, as illustrated in equation (5.27), using a modified version of the Heile
Python code [129], as previously stated. After that, we apply electric field BCs in either
the axial direction to observe the axial piezoresistivity effect, or in the transverse direction
(y-direction) to observe the transverse piezoresistivity effect. The outcomes of this electrical
simulation are the elemental current density and the electrical field vectors. The values of
these vectors are then used to calculate the effective resistivity of the undefromed composite
in the sth direction, pfY'#  using equations (5.32) through (5.34).

After completing the aforementioned simulation, we utilize the input file generated by
ABAQUS and modify it using MATLAB to prepare a second round of simulations that
represent electrical diffusion in deformed RVEs, where each element (within the matrix) is
now assigned a specific conductivity value. It is worth mentioning that an input file for
ABAQUS is a text document containing all necessary instructions and data for ABAQUS
to run a simulation. This document outlines the finite element model in a format readable
by ABAQUS, including model geometry, material properties, boundary conditions, loads,
analysis steps, and output requests. Returning to our task, as specific conductivity values are
assigned for each element within the matrix phase, a non-uniform conductivity distribution
within the matrix is observed, in contrast to the CCA analytical model case. Figure 5.5
illustrates the conductivity distribution within the matrix phase of a glass fiber composite
with a fiber volume concentration of 60%, when the composite is subjected to an axial tensile
strain of 6 me.

To designate a certain conductivity value for each matrix element, we begin by modify-
ing the previously generated input file using MATLAB. This enables us to retain the same
meshed RVE with the same electrical BCs as used in the first electrical simulation for the
undeformed RVE, in which the matrix had a single conductivity value. This modification
produces a set of input files, each representing an RVE deformed by a predefined externally
applied strain increment. In each of these newly created input files, a unique conductiv-

ity value is assigned to each element of the matrix phase. This value is calculated using
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Figure 5.5. Conductivity distribution in puS/m within the matrix phase of a
glass fiber-reinforced CNF-modified composite subjected to +6 me. Note that
the scale on the right-hand side does not incorporate the conductivity of the
glass fibers, as it they have extremely low conductivity values compared to
that of the piezoresistive matrix.

equation (5.25), based on the strain tensor of the element derived from the mechanical sim-
ulation. These input files are then used to perform electrical simulations to determine the

effective resistivity at each strain increment along the sth direction, pZV

E_ Ultimately, using
equations (5.32) through (5.35), we computationally derive the change in resistivity of the

fiber-reinforced nanocomposite under various types of external deformation.
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5.4 Comparison Between Analytical and Computational Approaches

Throughout this section, the results obtained from the analytical CCA model and the
computational FE model for piezoresistivity are compared for glass fiber and carbon fiber-
reinforced nanofiller-modified epoxy composites. The purpose of this comparative study is to
verify our analytical model by directly comparing its results with those of the computational
model. Furthermore, comparison of the output of the computational model provides valuable
insight into the accuracy and possible limitations of the single-level piezoresistive predictions
generated by the developed CCA model, especially for predicting the piezoresistivity of
laminae where multiple fibers are tightly packed.

The methodology involves the following steps: Initially, we examine CNF epoxy com-
posites reinforced with glass and carbon fibers, whose mechanical and electrical properties
are listed in Table 3.1. The matrix phase is considered to be epoxy modified with 1 wt.%
CNFs, characterized by piezoresistive constants that were mentioned in the previous section.
Following the established simulation procedure, two types of strain are considered. These
strains are applied to both the CCA (analytical) and the RVE (computational) systems:
axial strain applied along the fiber direction and transverse strain applied radially in the
plane perpendicular to the fiber direction. The transverse strain is chosen to be applied ra-
dially because the CCA system is predefined in the cylindrical coordinate. Having transverse
deformations along the radial direction is more computationally convenient for cylindrical
systems. It is important to mention that to make the outcomes of the cylindrical system and
the RVE comparable, particularly for radial deformations, we need to apply displacements
in the radial direction on the RVE such that the average internal radial strain within the
RVE equals the average internal radial strain within the CCA model. This is to ensure that
the internal impact of any externally applied radial displacement on the outer surface of the
CCA, which is applied directly and solely on the matrix phase, is equivalent to the internal
impact of any externally applied radial displacement on the outer surface of the RVE, which,
unlike the CCA, contains both the matrix and fiber phases. This is clearly demonstrated
in Figure 5.6, where the external radial displacement on the CCA is not equal to that on

the RVE, i.e., UsehCCA £ [Jest RVE However, the volumetric averages of the internal radial
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Figure 5.6. Radial Displacements applied on the outer surface of the CCA and the RVE.

strains within both systems must be the same, that is, ECM,CA = E_ﬁ,VE = &,. Since the RVE
is defined in the Cartesian coordinate system, the in-plane transverse displacements, which

are in the x and y-directions, can be related to the radial displacement as follows.
Uy, ="U,cos60, U, =U,sinb (5.38)

Note that the radial strain of a point in a space with an r-coordinate is related to the
radial displacement by the following relation: ¢,. = U, /r, where r is related to the z- and
y-coordinates of that point as follows: r = /(22 4+ y2). Therefore, the following = and y

displacements are applied to the RVE such that £¢94 = BVE = 2

rr

Ut BVE — 2. cos (5.39a)

U;’”t’RVE =reé,, sinf (5.39b)

Additionally, the effect of fiber volume fraction on the discrepancy between the two models

is investigated.
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To remain within the limits of the Koo and Tallman relation, as discussed in Chapter
4, displacements are applied in the radial direction such that the resulting internal radial
strains, &,,, fall within the specified limits. Therefore, the changes in axial and transverse
resistivity are plotted as functions of internal radial tensile or compressive strains of 0.2,
+0.6, £1, and £1.4 me. Given that the fibers withstand most of the stress, resulting in
smaller matrix strains, higher axial strain values of £1, £2, 43, +4, 45, and +6 me are
imposed. The resistivity changes in the longitudinal and lateral directions are plotted as
functions of the externally imposed axial strain.

The piezoresistive characteristics of glass fiber and carbon fiber-reinforced nanocompos-
ites can be inferred from Figures 5.7 and 5.8, which depict axial and transverse resistivity
changes resulting from deformations along the fiber direction. Furthermore, Figures 5.9 and
5.10 demonstrate the axial and lateral piezoresistivity of these composites under radial strain.
These figures present the output of the analytical CCA and the computational models. First,
we can see that the computational results generally closely match the results obtained from
the CCA analytical model, especially at low fiber volume fractions, for both composites.
Moreover, we observe that, for carbon fiber composites, the highly conductive fibers prevent
most of the electrical currents from propagating through the piezoresistive matrix, since car-
bon fibers have significantly higher conductivity compared to the CNF /epoxy. This makes
the composite mostly non-piezoresistive along the axial direction. However, piezoresistive
behavior is still detectable in the lateral direction for carbon fiber composites because the
electrical current here must pass through the piezoresistive matrix first. However, we can
clearly observe strain-induced resistivity changes along the longitudinal direction in glass
fiber composites, as the glass fiber here has a remarkably higher resistivity value, compared
to the piezoresistive matrix, which forces currents to go through the matrix rather than
through the insulating glass fiber. As a consequence, piezoresistive characteristics along
the glass fiber direction are observed. All of these findings again confirm our observations
previously discussed in Chapters 3 and 4.

Closely comparing the predictions of the analytical and computational models can yield
additional fruitful findings. First, it can be observed that as the fiber volume fraction in-

creases, for both axial and radial deformations, the discrepancy between the analytical and
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Figure 5.7. Comparing analytical model and computational model predic-
tions for changes in the axial and transverse resistivities as functions of axial
strain of CNF-modified epoxy composite with glass fiber reinforcement at (a)
20, (b) 40, (c) 60 and (d) 80 vol.% glass fiber
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Figure 5.8. Comparing analytical model and computational model predic-
tions for changes in the axial and transverse resistivities as functions of axial
strain of CNF-modified epoxy composite with carbon fiber reinforcement at
(a) 20, (b) 40, (c¢) 60 and (d) 80 vol.% carbon fiber
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Figure 5.9. Comparing analytical model and computational model predic-
tions for changes in the axial and transverse resistivities as functions of lateral
(radial) strain of CNF-modified epoxy composite with glass fiber reinforcement
at (a) 20, (b) 40, (c) 60 and (d) 80 vol.% glass fiber
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Figure 5.10. Comparing analytical model and computational model predic-
tions for changes in the axial and transverse resistivities as functions of lateral
(radial) strain of CNF-modified epoxy composite with carbon fiber reinforce-
ment at (a) 20, (b) 40, (c¢) 60 and (d) 80 vol.% carbon fiber

125



computational models becomes more evident. To find an explanation behind these differ-
ences, one needs to examine the basic pillar assumptions on which each model was based.
Unlike the computational model, which was developed on the basis of an RVE that contains
a group of packed adjacent continuous reinforcing fibers enclosed by CNF /epoxy, the ana-
lytical CCA model was created by considering a single cylindrical fiber surrounded by the
matrix, creating a two-concentric cylinders system. The assumption of a dilute suspension
condition is, in fact, inherent in the CCA model. This assumption is an idealization adopted
in the well-known mechanical CCA model [130], which states that fibers within a composite
are separated and far away from each other such that all interactions between them can be
safely ignored. As a result, these interactions do not affect the overall macroscale behavior
of the composite. In other words, the single-fiber CCA model is a good enough representa-
tive of the macroscale characteristics of the composite. This assumption may fundamentally
limit the ability of the CCA model to capture the complex behavior of real composite ma-
terials, where fiber interactions can significantly affect overall properties. On the contrary,
the RVE model, which incorporates multiple adjacent fibers, allows for the consideration
of these interactions, including mechanical constraints and localized stress concentrations
that arise from the physical proximity of the fibers. Thus, as the volume fraction of fibers
increases, the assumption of negligible fiber interactions becomes less accurate. To elaborate
more, interactions between adjacent fibers, particularly in composites with high fiber volume
fractions, can lead to a totally different strain distribution within the matrix, compared to
the single-fiber assumption, as non-linear effects are not captured by the dilute suspension
assumption. Thus, the difference between the strain distributions captured by both models,
especially at high fiber fractions, is the main reason behind the observed discrepancy. This
is because the piezoresistivity behavior of the matrix is directly related to the strain distri-
bution according to the Koo and Tallman relation [113], which was presented in equation
(5.25).

Based on the preceding discussion, we can derive multiple conclusions. The piezoresistive
characteristics of the composite are influenced by the complex stress and strain fields that
arise from the presence of multiple adjacent fibers, particularly at higher volume fractions.

Nevertheless, when considering low-to-moderate fiber volume fractions, the predictions of
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the CCA model exhibit significantly reduced deviations. In addition, the solutions of the
CCA model and the computational model typically converge at small deformations. Hence,
the CCA model, with its ability to provide closed-form relations, can be effectively used
to accurately model the piezoresistivity of composites with low or moderate fiber volume
fractions (60% vol. or less) at small deformations. That is to say, while there may be
variations at larger fiber volume fractions, the CCA remains valuable, as these variations are

not significant. Moreover, because of its analytical nature, it is highly practical.
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6. SUMMARY AND CONCLUSIONS

Parts of this chapter were previously published in Composites Science and Technology [1].

6.1 Summary

This dissertation was driven by the lack of research on analytical macroscale models of
piezoresistivity in fiber-reinforced nanofiller-modified composites. These models are crucial
for making meaningful structural and/or mechanical predictions based on electrical mea-
surements. To address this deficiency, the subsequent three research contributions were

accomplished.

o Research Contribution 1: Analytical Modeling of Axial Strain Piezoresistivity

The first contribution used the CCA analytical modeling approach to explore piezore-
sistivity as a result of axial strain in fiber-reinforced nanofiller-modified composites.
This approach considers a single continuous fiber surrounded by a nanofiller-modified
matrix, representing the composite at the macroscale level. By homogenizing the com-
posite, which is modeled as two concentric cylinders, the inner cylinder representing
the fiber and the outer cylinder representing the nanofiller-modified epoxy, we aimed
to create a hypothetical homogenized material. The piezoresistive characteristics of
this homogenized system were intended to mirror those of the inhomogeneous CNF-
modified epoxy and continuous fiber composite. Utilizing the conservation of electrical
energy and the elasticity solution of the CCA model, alongside the piezoresistive tensor
relation developed by Koo and Tallman, we derived closed-form analytical relations.
These relations were for the longitudinal and transverse resistivity changes resulting
from axial deformations of CNF /epoxy with a continuous fiber phase, allowing us to
predict strain-induced resistivity variations. Carbon fiber and glass fiber-reinforced
nanocomposites were used to demonstrate the capabilities of the developed model in
predicting piezoresistivity. Furthermore, the results obtained were compared with the
exact solutions calculated by directly considering the heterogeneous system (no homog-

enization) and the rule of mixtures. It was observed that the homogenized CCA-based
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model and the inhomogeneous exact solutions are in excellent agreement. However, a
significant discrepancy was perceived between the predictions obtained via the CCA

model and the rule of mixtures.

Research Contribution 2: Analytical Modeling of Radial Strain Piezoresistivity

The second contribution focused primarily on the piezoresistivity due to radial strain,
again utilizing the CCA analytical modeling technique. Within this framework, the
same homogenization process was applied to understand the axial and lateral resistivity
changes caused by radial deformations. It was found that the strain tensor within the
deformed matrix varies radially, in contrast to axial strain piezoresisitivity, where the
resistivity values of the constituents remained constant regardless of the deformation
state. According to the strain-resistivity relations of Koo and Tallman, the change
in the resistivity of the deformed matrix was also a function of r. Consequently, a
challenge emerged in the formulation of the lateral piezoresistivity relationship due
to the inability to analytically solve the electrical diffusion PDE. Nevertheless, that
problem was resolved by taking into account the volumetric average of the deformed
matrix strain tensor, which resulted in a resistivity change within the matrix that
was “quasi-constant.” This allowed us to progress with the development of the strain-
resistivity relations. These analytical relations were designed with a specific goal of
describing the axial and transverse resistivity changes that occur when radial strains
are applied to the CNF/epoxy composite. We successfully validated our approach
by comparing the predictions of the radial strain piezoresistive model inhomogeneous
solutions. Again, it was also observed that the inhomogeneous predictions aligned well

with the CCA model, whereas the rule of mixtures provided poor predictions.

Research Contribution 3: Lamina-Level Validation via Computational Analyses

In the third contribution, we sought to model piezoresistivity in fiber-reinforced lami-
nae with a CNF-modified epoxy matrix phase using a computational approach. This
approach involved the construction of several three-dimensional RVEs that represent
different fiber volume fractions. These RVEs are built based a group of unidirectional

adjacent fibers embedded within the epoxy. The main objective of this contribution
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was to study the influence of considering multiple adjacent fibers, rather than a single
fiber, as in the CCA approach, on the macroscale piezoresistivity. This was accom-
plished by comparing the obtained analytical results with the computational model
predictions. This comparison was intended to validate the use of the analytical model
for predicting piezoresistivity in fiber-reinforced laminae. This modeling approach re-
lied on FEA, where ABAQUS, Python, and MATLAB were used simultaneously to
find solutions for electromechanical BVPs. Furthermore, to ensure that the obtained
FE solutions were comparable to the macroscale responses, periodic boundary condi-
tions were imposed. In the end, this comparative study enabled us to evaluate the
accuracy and efficacy of the analytical model, while also acquiring a comprehensive
understanding of how fiber volume fractions can impact the piezoresistivity behavior
of the composite. Changing the fiber volume fraction may magnify the effect of fiber
interactions on the matrix strain field, thereby altering the composite’s piezoresistive

response.

6.2 Conclusions

We can draw several conclusions from the first two contributions. First, the homogenized
CCA-based model and the inhomogeneous exact solutions are in excellent agreement. This
agreement validates the accuracy of the results obtained by the analytical model. Second,
although CCA homogenization in the axial direction produced results consistent with the rule
of mixtures for the constituent conductivities found in [100], the rule of mixtures cannot be
used to predict changes in resistivity induced by axial and radial strain. Third, the electrical
properties of the constituents strongly influence the piezoresistive response of the composite.
For highly conductive fibers, such as carbon fibers, there is essentially no change in axial
resistivity. This outcome was anticipated due to the relatively high conductivity of the
fiber compared to the CNF-modified matrix, which, even in very small amounts, essentially
provides a short circuit for electrical current. On the other hand, for highly resistive fibers,
such as glass fibers, the model demonstrated that the transverse and axial piezoresistivity

converge at lower fiber volume fractions because of the dominance of the conductive matrix.
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We can also draw several conclusions from the third contribution. First, it was found
that the general axial and lateral piezoresistivity behaviors of the composite captured via
the multiple-fiber approach are approximately equivalent to those predicted analytically.
This serves as an additional layer of confirmation in addition to the inhomogeneous exact
solution. However, slight discrepancies were observed between the single-fiber and multiple-
fiber approaches, particularly at higher fiber volume fractions. This can be explained as
follows: As the fiber volume fraction becomes higher, the interaction between densely packed
fibers in a composite can strongly affect the strain fields within the matrix and alter them
compared to those predicted by models assuming isolated fibers (the CCA model). These
strain field alternations directly influence the matrix resistivity changes according to the
Koo and Tallman piezoresistive relations. Nevertheless, for composites with low to moderate
fiber volume fractions and subjected to small strains, the observed differences are not that
significant.

In conclusion, the analytical model presented in this dissertation can serve as an effective
piezoresistive modeling tool for continuous fiber-reinforced composites with piezoresistive
matrices, precisely predicting changes in lamina resistivity, particularly under small defor-
mations. The accuracy of the analytical model improves even further for composites with low
fiber volume fractions, in which fibers are sparsely distributed and the piezoresistivity behav-
ior of the single-fiber + matrix configuration closely resembles that of a lamina. One of the
main advantages of employing the analytical model lies in its ability to avoid the complex
characteristics and the significant computational costs associated with the computational

models,; all while still maintaining a high level of accuracy.
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7. RECOMMENDATIONS FOR FUTURE WORK

In light of the contributions proposed in this dissertation, which represent significant funda-

mental advancements that lay the foundation for future contributions and research initiatives

that aim to bridge the aforementioned knowledge gap, the following discussions propose sev-

eral future research directions.

Model Multi-axial and shear loads for the CCA model

Multi-axial and shear loading conditions are more representative of real-world ap-
plications where composites are subjected to complex stress states. Extending the
CCA model to account for multi-axial or shear loading could significantly enhance
the model’s predictive capability for the piezoresistive behavior under such conditions.
Future studies could explore the integration of multi-axial stress states into the homog-
enization process of the CCA model, potentially employing tensorial representations of

stress-strain and piezoresistivity to capture the anisotropic nature of these composites.

Develop a computational-based linear piezoresistive relations at a unidirectional fiber-

reinforced lamina level

Developing linear piezoresistive relations, analogous to stress-strain linear constitutive
relations, enable us to computationally characterize the piezoresistive behavior in fiber-
reinforced piezoresistive laminae subjected to multi-axial and shear deformations. They
can provide a deeper understanding of the complex interactions between adjacent fibers
and the matrix, which in turn influences the overall electrical response of the composite.
Additionally, comparing the computationally based piezoresistivity results, which will
be based on a lamina level, with the analytical single-fiber ones for composites under
shear or multi-axial strains (obtained from the previously proposed future research
work) would provide further insight regarding the feasibility of implementing the CCA

single-fiber based model for piezoresistivity predictions in laminae.

Propose a more comprehensive non-linear computational-based piezoresistive relations

for laminae

Recognizing that the piezoresistivity in fiber-reinforced nanocomposite laminae may ex-
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hibit nonlinear characteristics, especially at large deformations, opens up more insights
for capturing the true nature of piezoresistivity more accurately. In other words, non-
linear piezoresistive relations can reflect the material’s response more faithfully under
a broader range of strains. Such improvements may offer the potential for significant
advancements in the design and application of smart composite materials, especially

when subjected to large deformations.

Develop a laminate theory of piezoresistivity

Our research has primarily concentrated on the development of models at the lamina
level. However, it is worth noting that in practical applications, composite structures
are frequently produced in the form of laminates. Thus, our proposed models can
serve as fundamental stepping stones toward a laminate theory of piezoresistivity. This
piezoresistive laminate theory would leverage the principles of classical laminate theory
while integrating piezoresistive effects. It could offer new perspectives on how differ-
ent layers interact electrically and mechanically, influencing the overall piezoresistive
response. Hence, this research contribution has the potential to provide valuable in-
sights for the development of optimized piezoresistive laminates that exhibit improved

performance properties.

Examine the influence of considering non-perfectly bounded interface layers

It is worth highlighting the implicit role of the interface layer in our CCA model.
Within the elastic CCA model framework, the fiber and matrix phases are regarded as
perfectly bonded, incorporating the interface boundary conditions. At large applied
strains, debonding may occur, which presents a more complex scenario, since significant
alternations occur in the strain field within the composite constituents. However,
the effect on the electrical response might be different between conductive and non-
conductive reinforcing fibers. For instance, in glass fiber composites, it is expected that
the strain-field alterations as a result of debonding might not have a major influence
on the electrical current transfer, primarily because the glass fiber is not inherently
conductive. Conversely, with the conductive carbon fibers, where debonding could

substantially disturb the electrical current path, the influence on piezoresistivity would
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likely be pronounced. This difference shows how important it is to study the influence
of the interface in more depth, especially during large-strain circumstances that can

lead to debonding, which is a promising area for future research.

Model piezoresistivity in carbon fiber-reinforced laminates with non-conductive matrix

phases

The objective of this study is to examine the distinct impact of highly conductive car-
bon fibers on the piezoresistive properties of the composite material, while disregarding
the influence of nanofillers. This contribution will concentrate on the inherent features
of carbon fibers that might affect the piezoresistivity, as well as additional potential
factors, such as carbon fiber arrangements, waviness, and the interfiber crossings. In
order to accomplish this goal, it is necessary to develop laminae and laminate mod-
els of piezoresistivity for continuous carbon fiber composites that do not account for
nanofillers. This methodology facilitates the advancement of more accurate piezoresis-

tive predictions, resulting in significantly improved structural applications.
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