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ABSTRACT

Structural health monitoring (SHM) has immense potential to improve the safety of

aerospace, mechanical, and civil structures because it allows for continuous, real-time dam-

age prognostication. However, conventional SHM methodologies are limited by factors such

as the need for extensive external sensor arrays, inadequate sensitivity to small-sized dam-

age, and poor spatial damage localization. As such, widespread implementation of SHM

in engineering structures has been severely restricted. These limitations can be overcome

through the use of multi-functional materials with intrinsic self-sensing capabilities. In this

area, composite materials with nanofiller-modified polymer matrices have received consid-

erable research interest. The electrical conductivity of these materials is affected by me-

chanical stimuli such as strain and damage. This is known as the piezoresistive effect and

it has been leveraged extensively for SHM in self-sensing materials. However, prevailing

conductivity-based SHM modalities suffer from two critical limitations. The first limitation

is that the mechanical state of the structure must be indirectly inferred from conductiv-

ity changes. Since conductivity is not a structurally relevant property, it would be much

more beneficial to know the displacements, strains, and stresses as these can be used to

predict the onset of damage and failure. The second limitation is that the precise shape and

size of damage cannot be accurately determined from conductivity changes. From a SHM

point of view, knowing the precise shape and size of damage would greatly aid in-service in-

spection and nondestructive evaluation (NDE) of safety-critical structures. The underlying

cause of these limitations is that recovering precise mechanics from conductivity presents an

under-determined and multi-modal inverse problem. Therefore, commonly used inversion

schemes such as gradient-based optimization methods fail to produce physically meaning-

ful solutions. Instead, metaheuristic search algorithms must be used in conjunction with

physics-based damage models and realistic constraints on the solution search space. To that

end, the overarching goal of this research is to address the limitations of conductivity-based

SHM by developing metaheuristic algorithm-enabled methodologies for recovering precise

mechanics from conductivity changes in self-sensing composites.
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Three major scholarly contributions are made in this thesis. First, a piezoresistive in-

version methodology is developed for recovering displacements, strains, and stresses in an

elastically deformed self-sensing composite based on observed conductivity changes. For this,

a genetic algorithm (GA) is integrated with an analytical piezoresistivity model and physics-

based constraints on the search space. Using a simple stress-based failure criterion, it is

demonstrated that this approach can be used to accurately predict material failure. Second,

the feasibility of using other widely used metaheuristic algorithms for piezoresistive inversion

is explored. Specifically, simulated annealing (SA) and particle swarm optimization (PSO)

are used and their performances are compared to the performance of the GA. It is concluded

that while SA and PSO can certainly be used to solve the piezoresistive inversion problem,

the GA is the best algorithm based on solution accuracy, consistency, and efficiency. Third,

a novel methodology is developed for precisely determining damage shape and size from

observed conductivity changes in self-sensing composites. For this, a GA is integrated with

physics-based geometric models for damage and suitable constraints on the search space.

By considering two specific damage modes —through-holes and delaminations —it is shown

that this method can be used to precisely reconstruct the shape and size of damage.

In achieving these goals, this thesis advances the state of the art by addressing critical

limitations of conductivity-based SHM. The methodologies developed herein can enable un-

precedented NDE capabilities by providing real-time information about the precise mechan-

ical state (displacements, strains, and stresses) and damage shape in self-sensing composites.

This has incredible potential to improve the safety of structures in a myriad of engineering

venues.
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1. LITERATURE REVIEW

1.1 Introduction

Engineering structures in high-risk applications such as aircraft and bridges can fail catas-

trophically. Figure 1.1 shows two recent examples of structural failure that can potentially

result in significant loss of life. Both of these failures occurred due to the presence of unde-

tected damage. In order to prevent structural failure, damage must be preemptively detected

before it reaches a critical level and preventive measures must be taken. For the two cases

shown in Figure 1.1 , it may be argued that catastrophic failure could have been avoided

through regular inspection and proper maintenance. This can be significantly challenging

for large structures, such as bridges and buildings, as these require meticulous inspection

for small-sized damage over large areas. Structures that incorporate advanced materials,

such as composite airframes and wings, also present challenges. While these materials of-

fer several benefits such as high strength-to-weight ratios and excellent manufacturability,

it is well known that they suffer from matrix cracking, delamination, and fiber breakage.

Even worse, these damage modes are often outwardly invisible. Due to the complexity of

these failure modes, traditional damage tolerant design strategies that rely on intermittent

inspection often prove insufficient for composites because they require a good understanding

of damage initiation and growth mechanisms. Structural health monitoring (SHM) [1 ]–[4 ]

has potential to address this limitation. SHM collectively refers to methodologies, technolo-

gies, and systems that continuously monitor the condition of a structure. Because SHM can

enable real-time damage prognostication, it has incredible potential to improve the safety

of engineering structures. Broadly speaking, SHM may be categorized into two main areas:

conventional SHM, where external sensors are used to interrogate the structure, and SHM

via self-sensing materials, where the materials used to design the structure function as their

own sensors. The forthcoming sections examine both of these areas in detail.
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(a)

(b)

Figure 1.1. Two recent examples of catastrophic structural failure. (a) Mid-
flight engine failure on an Airbus A380 [5 ]. This occurred due to the presence
of an undetected crack in the fan hub. (b) Collapse of a pedestrian bridge in
Taiwan [6 ]. This occurred due to the accumulation of corrosion damage.

20



1.2 Conventional SHM

Conventional SHM encompasses a wide range of methodologies and systems that may

be broadly categorized into three main categories: vibration-based SHM, guided wave-based

SHM, and embedded sensor-based SHM. The basic premise of vibration-based SHM [7 ]–[10 ]

is that damage affects the mass, stiffness, and energy absorption properties of the structure

and therefore affects its dynamic response. The most commonly measured dynamic proper-

ties are the resonant frequencies and mode shape vectors. For example, Zhang et al. [11 ]

were able to spatially localize delaminations with high accuracy in simply-supported and

cantilever composite beams by measuring natural frequency shifts. Figure 1.2 , taken from

this study, shows the frequency shift as a function of position along the length of the beam

and delamination size. In some cases, mode shape curvature changes [12 ] and dynamically

measured flexibility changes [13 ] have also be used to locate damage. Vibration-based SHM

is readily applicable to large structures but is often insensitive to small-sized damage. This

is because the low-frequency response of a structure, which is the most practical dynamic

response to measure, is generally not affected by small-sized defects.

Guided wave-based SHM [14 ]–[17 ] uses ultrasonic mechanical wave propagation to detect

the presence of damage. The waves are forced to follow pre-defined paths along the structure

(hence the term ‘guided’) and are dispersed or attenuated when they encounter a disconti-

nuity such as a defect or a crack. In this area, Lamb waves have been used extensively to

study cracks in thin plates and shells. For example, Sherafat et al. [18 ] used guided Lamb

waves to investigate debonding in a composite skin-stringer panel. The waves were generated

using a piezo-ceramic transducer and the authors studied the reflection, transmission, and

scattering of the waves using laser Doppler vibrometry (LDV) when an artificially induced

delamination was encountered. Figure 1.3 , taken from this study, compares the influence

of excitation frequency and mode number on the scattering behavior between the damaged

and undamaged panels. In other cases, Rayleigh waves have been used for damage detec-

tion. For example, Chakrapani and Dayal [19 ] used A- and B-scans to study how Rayleigh

waves undergo mode conversion into Lamb waves when they encounter the leading edge of a

delamination. The authors also proposed a method for determining delamination thickness
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Figure 1.2. Resonant frequency shift of (a) mode 1, (b) mode 2, and (c)
mode 3, as a function of position along the length of the beam (x/L) and
delamination size (a/L) in a simply supported composite beam [11 ].

22



Figure 1.3. Influence of excitation frequency and mode number on the scat-
tering behavior of the waves in damaged and undamaged panels [18 ]. The A0
mode is an anti-symmetric mode and the S0 mode is a symmetric mode.

by measuring Lamb wave velocity and dispersion inside the delamination. These studies

show that high-frequency guided waves can be used to detect small-sized defects with good

precision. Also, large areas can be scanned with a relatively small number of ultrasonic trans-

ducers. However, physical integration of the transducers within the structure is required to

generate and catch the waves.

Lastly, consider embedded sensor-based SHM, where the structure is instrumented with

sensors that monitor the local mechanical, electrical, thermal, and chemical condition of the

structure. The most commonly used sensors for composite structures include strain gauges

[20 ]–[22 ], piezoelectric sensors [23 ]–[26 ], and fiber-optic sensors [27 ]–[32 ]. Strain gauges relay
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changes in electrical resistance to the local strain state of the material. These are are ex-

tremely common in experimental testing of composites and other structural materials [33 ].

Piezoelectric sensors consist of materials that convert mechanical effects (such as applied

strain and pressure) into electrical signals. For example, Vitola et al. [34 ] developed a

piezoelectric sensing system for detecting temperature changes and evaluated the perfor-

mance of the sensor on a composite plate subjected to temperature variations. A schematic

of the sensor arrangement and the response of a single sensor to changing temperatures is

shown in Figure 1.4 . In fiber-optic sensing, optical fibers are embedded within the material

and changes in the light transmission properties of the fibers are used to measure the local

strain state. Numerous types of fiber-optic sensors have been explored, each with their own

strengths and weaknesses. Intensity-modulated sensors [35 ] measure changes in the inten-

sity of the transmitted light. These are simple to implement but are susceptible to light

fluctuations. Interferometric sensors [36 ] measure strain by recording phase changes in the

transmitted light. For example, Jothibasu et al. [37 ] developed an interferometric sensor

based on Rayleigh backscattering and used the sensor to successfully detect strains in cross-

ply and unidirectional composites loaded in tension. A schematic of the experimental setup

and the strains measured using the sensor are shown in Figure 1.5 . Interferometric sensors

have excellent sensitivity to small strains but can be difficult to develop into distributed

sensing networks. Fiber Bragg grating (FBG) sensors [38 ] incorporate reflective Bragg grat-

ings that experience wavelength changes when subjected to applied strains. FBGs are simple

to implement but are very sensitive to temperature changes. In general, embedded sensors

have excellent sensitivity to small-sized defects and can detect localized damage with good

accuracy. However, similar to guided wave-based SHM, these sensors need to be physically

integrated within the structure. Additionally, numerous sensors are needed for damage mon-

itoring over large areas. In the case of fiber-optic sensors, this can weaken the material [39 ],

[40 ].

Although conventional SHM is widely used and highly effective, it suffers from several

limitations such as the need for external sensors and actuators, inadequate sensitivity to

small-sized defects, and practical limitations associated with damage monitoring in large

structures. These limitations can be addressed through the use of materials with intrinsic
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Figure 1.4. Performance of a piezoelectric temperature sensing system eval-
uated on a composite plate subjected to temperature variations [34 ]. Top:
Schematic of composite plate showing the sensor locations (indicated by the
S’s). Bottom: Signal received by sensor S2 due to various applied tempera-
tures.
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Figure 1.5. Fiber-optic sensor used to measure tensile strains in composite
laminates [37 ]. Top: Schematic of experimental setup. The fiber-optic sen-
sor was embedded inside the laminate and connected to an optical frequency
domain reflectometry (OFDR) system. Bottom: Strains measured for loading
and unloading cycles of sample A (cross-ply laminate) and sample B (uni-
directional laminate). The different colored lines indicate different applied
displacements.
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self-sensing capabilities. The next section discusses how self-sensing materials can be used

for SHM.

1.3 Self-Sensing SHM

Self-sensing materials possess one or more stimulus-responsive properties that allow them

to ‘sense’ their condition. Changes in these properties can therefore be relayed to changes

in the mechanical, thermal, and even chemical state of the material. As opposed to discrete,

point-based sensors that only provide information local to their vicinity, self-sensing materi-

als can provide information at every point since the material functions as its own sensor. In

the context of SHM, this means that structures incorporating self-sensing materials can en-

able spatially continuous, real-time damage sensing over large areas and complex geometries.

One particular category of self-sensing materials that has attracted considerable research in-

terest for SHM is nanofiller-modified materials. These materials are electrically conductive

because the nanofillers form percolating networks for electron transport. As a representa-

tive example, Figure 1.6 shows scanning electron microscopy (SEM) images of polyurethane

modified with carbon nanofibers (CNFs). When an external mechanical stimulus, such as

strain or damage, is applied to a self-sensing material, it can reorient the nanofiller networks,

affect the tunneling resistance felt by mobile electrons, and cause a change in conductivity.

This self-sensing property, whereby mechanical effects manifest as changes in electrical con-

ductivity, is known as piezoresistivity. The piezoresistive effect is qualitatively illustrated

in Figure 1.7 . Piezoresistivity has been extensively explored in several material systems

including polymer composites [41 ]–[47 ], cements and concrete [48 ]–[51 ], ceramics [52 ], [53 ],

and alloys [54 ]–[56 ]. SHM in piezoresistive materials typically employs one of three methods

for detecting strain and/or damage: 1-D resistance change methods, 2-D resistance change

methods, and tomographic imaging.

1.3.1 1-D Resistance Change Methods

In 1-D resistance change methods, the structure is instrumented with a single pair of

electrodes. The resistance between the electrodes is measured as the structure experiences
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Figure 1.6. Scanning electron microscopy (SEM) images of a self-sensing
CNF-modified polyurethane nanocomposite with different nanofiller volume
fractions [42 ].

Before damage After damage

Figure 1.7. Qualitative illustration of the piezoresistive effect in nanofiller-
modified materials. Right: Nanofillers dispersed inside the material form well-
connected electrically conductive pathways, indicated in red. Left: Damage
occurs and severs the connectivity between proximate nanofillers, indicated in
blue. This manifests as a change in electrical conductivity.
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damage or deformation. Under elastic loading in tension, the resistance increases as the

nanofiller networks are stretched and the distance between neighboring nanofillers increases.

Conversely, under elastic compression, the inter-filler distance decreases as the nanofillers are

pushed closer together and the resistance decreases. In both cases the resistance generally

returns to its original value when the load is removed (assuming the deformations are indeed

purely elastic). At the onset of material failure, the resistance increases dramatically and does

not return to its original value even after the load is removed. Murray et al. [57 ] observed the

reversibility of resistance changes in a unidirectional E-glass composite modified with carbon

nanotubes (CNTs) under elastic deformation using 1-D resistance changes. The composite

was machined into tensile specimens and a single electrode pair was applied to each specimen

to measure the resistance change during tensile loading. It was also observed that as damage

accumulates in the form of transverse matrix cracks and delaminations, irreversible resistance

changes occur due to permanent severing of conductive networks. Similarly, Panozzo et al.

[58 ] developed an analytical model to track the growth of delaminations in a multi-directional

carbon fiber-reinforced epoxy laminate and validated it experimentally using 1-D resistance

changes in a DCB configuration. The electrodes were painted on the top and bottom surfaces

of the DCB and the resistance change was recorded during the test. Generally, 1-D resistance

changes are reported by plotting the normalized resistance change, ∆R/R0, as a function

of the applied load or strain. In this case, the authors reported ∆R/R0 as a function of

delamination extension, as shown in Figure 1.8 . Other work has investigated the use of 1-D

resistance changes for monitoring monotonic [59 ], [60 ] and fatigue [61 ]–[63 ] loading as shown

in Figure 1.9 , studying mechanisms of delamination toughening [64 ], and characterizing the

strain sensitivity of novel material-based sensors [65 ]–[68 ]. Although 1-D resistance changes

are simple to implement and are very useful for detecting the onset and growth of damage,

they provide no information about the location of damage within the structure other than its

mere presence between the electrodes. This limitation can be addressed using 2-D resistance

change methods.

29



Figure 1.8. 1-D resistance changes used to measure delamination extension
in a self-sensing DCB specimen [58 ]. Top: (a) Schematic showing specimen
dimensions and electrode arrangement. (b) Photo of experimental setup. Bot-
tom: Normalized resistance change as a function of delamination extension.
Note that the resistance increases as the delamination grows.
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Figure 1.9. 1-D resistance changes used to measure damage growth in a
CNF-modified carbon fiber-reinforced polymer (CFRP) under cyclic fatigue
loading [61 ]. Top: (a) Photo of experimental loading setup. (b) Schematic of
specimen geometry. Bottom: Normalized resistance change plots for (a) 5 Hz
and (b) 0.01 Hz cyclic fatigue frequency.

31



1.3.2 2-D Resistance Change Methods

2-D resistance change methods extend the principle of 1-D resistance change methods

by instrumenting the structure with a grid or an array of electrodes rather than a single

pair. The resistance changes between adjacent electrodes are measured before, during, and

after a damage causing event has occurred. Damage can then be detected and spatially

localized by identifying the electrode pair with the largest resistance change. For example,

Naghashpour and Van Hoa [69 ], [70 ] used 2-D resistance changes to detect damage in carbon

fiber-reinforced epoxy modified with multi-walled carbon nanotubes (MWCNTs). Rectan-

gular composite plates with different weight fractions of MWCNT were manufactured and

instrumented with grids of evenly spaced electrodes. The resistance change between the elec-

trodes was used to detect and localize through-hole and impact damage, as shown in Figure

1.10 . Discrete resistance changes between electrodes can be interpolated to produce a spa-

tially continuous resistance change distribution. For example, Viets et al. [71 ] instrumented

the top surface of a MWCNT-modified GFRP composite with a grid of electrodes. They then

used 2-D interpolated resistance changes to produce a continuous resistance change distri-

bution and locate impact damage in the plate, as shown in Figure 1.11 . Similarly, Zhang et

al. [72 ] used 2-D interpolated resistance changes for impact damage assessment in a GFRP

composite modified with carbon black (CB) and copper chloride (CC) fillers. Other work in

this area has specifically studied the effects of delaminations on the electrical properties of

nanofiller-modified composites using 2-D electrode grids and arrays [73 ]–[78 ]. Although 2-D

resistance change methods have much better spatial damage localization capabilities than

1-D resistance change methods, they generally require a dense grid of electrodes for good

resolution. For example, in the case of Viets et al. [71 ], a total of 100 electrodes were used

to produce the image shown in Figure 1.11 . Similarly, Zhang et al. [72 ] used a total of 81

electrodes to produce images that were comparable in quality to ultrasonic C-scans.

1.3.3 Tomographic Imaging

Tomographic imaging techniques continuously image the internal resistivity or conduc-

tivity of a structure. In contrast to 1-D and 2-D resistance change methods which simply
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Figure 1.10. An example of using discrete 2-D resistance changes to detect
impact damage in a MWCNT-modified carbon fiber-reinforced composite plate
[69 ]. The resistance change is largest in the regions where damage has occurred.
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Figure 1.11. An example of using interpolated 2-D resistance changes for
impact damage detection in a MWCNT-modified carbon fiber-reinforced com-
posite plate [71 ]. The black dots indicate the electrode locations and the black
outline indicates the actual impact damage shape obtained via ultrasonic C-
scan. A total of 100 electrodes were used in this study.
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interpolate between discrete resistance measurements, tomographic imaging models the un-

derlying physics of electric diffusion within the structure to produce a spatially continuous

resistance distribution. In this area, electrical impedance tomography (EIT) is a widely used

technique. EIT was originally developed for geospatial imaging [79 ] but it has also found

extensive use in medical imaging [80 ]–[83 ] because it is low-cost, non-invasive, portable,

and has nearly real-time imaging capabilities. Recently, EIT has emerged as a viable SHM

modality for self-sensing materials due to the piezoresistive effect [84 ]. The expansive body

of work in this area may be categorized by the type of structure being interrogated.

The first category of research uses EIT for SHM in structures that are inherently self-

sensing because they incorporate self-sensing materials. Most work in this area has focused

on detecting damage in planar structures such as thin composite plates. For example, Dai

et al. [85 ] used EIT to image cut-outs, cracks, and impact damage in a rectangular CNT-

based aramid nanocomposite. The EIT results for cut-out imaging from this study are

shown in Figure 1.12 . Similarly, Tallman et al. [86 ] used EIT to image through-hole and

impact damage in a GFRP composite modified with carbon black (CB) nanofillers, as shown

in Figure 1.13 . Other work in planar structures has explored the use of EIT for imaging

damage in CNF-modified epoxy [87 ] and CFRP [88 ], [89 ] plates. In non-planar structures,

Thomas et al. [90 ] successfully used EIT for imaging through-hole and impact damage in

self-sensing composite tubes, as shown in Figure 1.14 .

The second category of research uses EIT for SHM in structures that are not inherently

self-sensing but employ external self-sensing media for detecting strain and damage. In this

area, considerable work has been done toward the development of polymer-based sensing

skins and films [91 ]–[95 ]. These skins generally consist of conductive fillers suspended in a

polymer matrix and are therefore piezoresistive. The skins can be applied to both highly-

conductive and non-conductive structures. Any damage or deformation in the structure

causes damage or deformation in the skin and manifests as a change in conductivity. For

example, Hou et al. [92 ] developed a CNT-based sensing skin using a layer-by-layer (LbL)

technique. The skin was then damaged in various locations and EIT was used to image the

resulting conductivity change. The researchers also applied the skin to a ductile polyvinyl

chloride (PVC) test coupon, loaded the coupon in tension, and observed a decrease in the
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Figure 1.12. EIT used to image cut-out damage in a CNT-based aramid
fabric plate [85 ]. Rows (a) to (c) corrspond to the number of square holes cut
out. Column (1) shows top-down photos of the sensor, column (2) shows the
corresponding EIT image, and column (3) shows a temperature distribution
obtained via infrared (IR) thermography.
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Figure 1.13. EIT used to image through-hole and impact damage in GFRP
composites with CB nanofillers [86 ]. Top left: CB-modified GFRP plate with
impact location labeled. Top right: EIT-imaged conductivity change for im-
pacted plate. Bottom: Conductivity change for plate with 3.18 mm diameter
through-hole. The white circle indicates the actual location and size of the
hole.
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Figure 1.14. EIT used to detect through-hole and impact damage in self-
sensing composite tubes [90 ]. Top left to right: EIT images for 4.76 mm, 7.94
mm, and 9.53 mm diameter holes. Bottom left: EIT image for 14 J impact.
Bottom right: EIT image for 14 J and 10 J impacts.
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Figure 1.15. EIT used to detect impact damage in a CNT-based sensing skin
[94 ]. Left column: Photos of the impacted sensing skin. Right column: EIT
images of the front and back of the skin.

conductivity of the skin with an increase in the applied strain. Similarly, Loh et al. [94 ]

developed a CNT-based sensing skin using LbL and used it to detect impact damage, shown

in Figure 1.15 , and corrosion damage in a metallic structure. Other forms of external sensing

media include spray-on sensors for strain sensing [96 ], [97 ] and conductive paint-based sensors

for detecting cracking and corrosion [98 ]–[101 ]. A major advantage of EIT is that it generally

requires fewer electrodes than 2-D interpolated resistance change methods to produce good

quality images. For example, Dai et al. [85 ] used a total of 32 electrodes to produce the EIT

images shown in Figure 1.12 and Tallman et al. [86 ] used 16 electrodes to produce the EIT

images shown in Figure 1.13 .
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2. PROBLEM STATEMENT, RESEARCH GOAL, THESIS

CONTRIBUTIONS, AND THESIS ORGANIZATION

Based on the discussion in the previous chapter, two important observations can be made.

First, self-sensing composites have incredible potential for SHM because they are piezore-

sistive. This means that changes in the mechanical state of the material, due to applied

strains and damage, manifest as measurable changes in electrical conductivity. Second,

EIT offers superior spatial imaging capabilities than interpolated resistance change meth-

ods and is therefore a viable modality for conductivity-based health monitoring. A critical

gap in the current state-of-the-art can also be identified. Although EIT has been exten-

sively used for SHM in self-sensing composites, its application has been mostly limited to

damage detection. That is, most work has focused on imaging damage and strain-induced

conductivity changes. So far there has been very little effort in determining precise me-

chanics from electrical measurements. This limitation exists for two major reasons. First,

considerable research has explored the feasibility of conductivity-based health monitoring in

various self-sensing materials. Consequently, resistance change methods and tomographic

imaging techniques are well-established and have proven to be highly effective at detecting

damage in a plethora of self-sensing material systems. And second, recovering precise me-

chanics from electrical measurements is an extremely challenging inverse problem. This is

because the relation between mechanics quantities, such as strain and damage, and electrical

measurements, such as resistance changes and conductivity, is generally not unique. This

means, for example, that multiple strain states can give rise to the same observed conduc-

tivity change. Therefore, obtaining mechanics information from electrical measurements is

an inverse problem with many possible solutions. Because of this, conventional optimization

strategies such as gradient-based minimization schemes fail to produce physically meaningful

solutions. Herein, we recognize this as a crucial limitation that must be addressed in order

to transform conductivity-based SHM from mere damage detection to much more complete

characterization of the mechanics and damage condition of the structure. In light of this, we

can state the following problem statement, research goals, and contributions of this thesis

work.
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Problem Statement: Self-sensing piezoresistive composites can positively impact the

safety of engineering structures. Coupling piezoresistivity with conductivity-based damage

detection techniques can enable spatially continuous, real-time SHM. However, prevailing

conductivity-based health monitoring provides little-to-no information about the underlying

mechanics of the structure such as the displacements, strains, stresses, and damage mecha-

nisms and shapes. This is a critical limitation because the underlying mechanics, and not

the conductivity, are pertinent to the condition of the structure. For example, conductivity

in itself cannot be used to prognosticate material failure. However, if the stress state in the

material is known, failure can be immediately predicted.

Research Goal: In light of the preceding limitation, the primary goal of this research

is to develop methods for recovering precise mechanics information from conductivity mea-

surements in self-sensing composites.

Thesis Contributions: This thesis makes three important contributions toward the

above research goal.

1. A new method for solving the piezoresistive inversion (conductivity-to-strain) problem

in self-sensing composites is developed. This method integrates a genetic algorithm

(GA) with an analytical piezoresistivity model to inversely compute the displacements,

strains, and stresses using EIT-imaged conductivity changes. Experimental results are

used to demonstrate that this method can be used to accurately predict structural

failure in self-sensing composites.

2. Three prominent metaheuristic algorithms are compared for solving the piezoresistive

inversion problem and the best algorithm is identified. GAs, simulated annealing (SA),

and particle swarm optimization (PSO) are used to solve the piezoresistive inversion

problem. The results from each algorithm are validated against numerical FE and

experimental results and a comparison is drawn between the three algorithms in terms

of solution quality, variability, accuracy, and computational efficiency.

3. A novel technique is developed for precisely determining the shape and size of specific

damage modes in self-sensing composites using EIT-imaged conductivity changes and

boundary voltages. This technique integrates a GA with physics-based models that
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relate damage geometry to material conductivity. The accuracy and precision of this

approach is validated experimentally on self-sensing composite laminates.

The organization of this thesis is as follows. The EIT forward and inverse problems

are first mathematically formulated. Next, conductivity-to-mechanics inverse problems are

discussed and solution strategies for these problems using metaheuristic algorithms are devel-

oped. Two specific problems are addressed: piezoresistive inversion (conductivity-to-strain)

and precise damage shaping (conductivity-to-damage geometry). Self-sensing composites

are then manufactured and experimentally tested in scenarios pertaining to each of these

problems. The metaheuristic algorithm-enabled inversion results are then compared with

experimental results and important insights are drawn. Finally, this thesis ends by summa-

rizing the scholarly contributions, their broader impact for SHM, and recommendations for

future work.
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3. ELECTRICAL IMPEDANCE TOMOGRAPHY

This chapter presents the mathematical formulation of the EIT forward and inverse problems.

As discussed earlier, EIT is a method of imaging the internal conductivity distribution of a

domain using voltages measured at the domain boundary. EIT can be used to spatially image

mechanically-induced conductivity changes in piezoresistive nanocomposites and therefore

has much potential for self-sensing SHM. Additionally, EIT has broad appeal for imaging in

biomedical [102 ], [103 ], robotics [104 ], geospatial applications [105 ] due to the fact that it is

low cost, non-invasive, and can resolve conductivity changes in nearly real-time.

Mathematically, EIT works by minimizing the difference between a vector of experimen-

tally measured boundary voltages and a vector of numerically computed boundary voltages.

The experimental voltages are collected by first lining the periphery of the domain with elec-

trodes. Next, current injections and voltage measurements are most often collected using

one of two injection schemes (note, however, other more sophisticated injection schemes exist

particularly in biomedical applications of EIT [106 ], [107 ]). In the ‘across’ injection scheme,

current is injected between two opposing pairs of electrodes while voltage differences are

measured between the remaining opposing pairs. The current injection is then moved to the

next opposing electrode pair and voltage differences are again measured between the remain-

ing opposing electrode pairs. This continues until all opposing electrode pairs have received

a current injection and a vector of (L/2)(L/2 − 1) voltage differences is obtained, where L

is the total number of electrodes. The across injection scheme is illustrated schematically in

Figure 3.1 . This scheme is more practical for imaging cases where two opposite edges of the

domain are not accessible and thus cannot be instrumented with electrodes. This scheme

may also be advantageous for cases where the conductivity artifact is far from the edge of the

domain because it forces the electrical current to interact with the artifact as it propagates

across the domain [108 ].

For domains where all edges are accessible, the ‘adjacent’ injection scheme is often used.

Current is injected between one pair of adjacent electrodes while voltage differences are

measured between the remaining adjacent electrode pairs. The current injection is then

moved to the next adjacent electrode pair and voltage differences are again measured between
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Figure 3.1. Illustration of first (top) and second (bottom) current injections
for across injection scheme. Two opposite edges of the domain are lined with
electrodes, indicated by the red rectangles. Current is injected between the
first pair of opposing electrodes and voltages differences are measured between
the remaining opposing electrode pairs. The current injection is then moved to
the next opposing electrode pair and voltages differences are again measured.
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the remaining adjacent electrode pairs. This process continues until all adjacent electrode

pairs have received a current injection and a vector of L(L−3) voltage differences is obtained.

The adjacent injection scheme is illustrated schematically in Figure 3.2 .

3.1 Forward Problem

The procedure of computing the numerical boundary voltages for a known domain con-

ductivity is known as the EIT forward problem. Mathematical formulation of the forward

problem begins with Laplace’s equation for steady-state diffusion in the absence of internal

current sources. This is shown in equation (3.1 ), where σij is the domain conductivity and

φ is the domain potential.

∂

∂xi
σij

∂φ

∂xj
= 0 (3.1)

Indicial notation is used here and repeated indices imply summation over the dimension

of the problem. Summation is not implied for indices where electrodes are involved unless

the summation operator is explicitly used. We then enforce two complete electrode model

boundary conditions on equation (3.1 ). These are shown in equations (3.2 ) and (3.3 ). Equa-

tion (3.2 ) simulates contact impedance between the perfectly conducting domain and the

electrodes and equation (3.3 ) enforces conservation of charge by requiring that the sum of

the current through the electrodes is zero. In these equations, zl is the contact impedance

between the lth electrode and the domain, ni is an outward pointing normal vector, El is

the length of the lth electrode, and Vl is the voltage of the lth electrode.

σij
∂φ

∂xi
nj = 1

zl
(Vl − φ) (3.2)

L∑
l=1

∫
El

σij
∂φ

∂xi
nj dSl = 0 (3.3)
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Figure 3.2. Illustration of first (top) and second (bottom) current injections
for adjacent injection scheme. All edges of the domain are lined with elec-
trodes. Current is injected between the first pair of adjacent electrodes and
voltage differences are measured between the remaining adjacent electrode
pairs. The current injection is then moved to the next adjacent electrode pair
and voltages differences are again measured.
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Equations (3.1 ) to (3.3 ) can be solved conveniently via the finite element (FE) method,

as shown in equation (3.4 ). The individual matrices AM , AZ , AW , and AD are formed as

shown in equations (3.5 ) to (3.8 ).

AM + AZ AW

AT
W AD


Φ

V

 =

0

I

 (3.4)

AeM ij =
∫

Ωe

∂wi
∂xk

σkl
∂wj
∂xl

dΩe (3.5)

AZ ij =
L∑
l=1

∫
El

1
zl
wiwj dSl (3.6)

AW li = −
∫
El

1
zl
wi dSl (3.7)

AD = diag
(
El
zl

)
(3.8)

In the preceding equations, Φ is a vector of domain potentials, V is a vector of electrode

voltages, and I is a vector of injected currents. The ith component of the jth column of the

local diffusion stiffness matrix for the eth element is calculated as shown in equation (3.5 ),

where wi is the ith FE interpolation or basis function. In this work, linear interpolation

functions are used by discretizing the domain using triangular elements in two dimensions

and hexahedral elements in three dimensions. The local diffusion stiffness matrices are then

assembled into the global stiffness matrix, AM . Equations (3.6 ) to (3.8 ) account for the

additional degrees of freedom introduced due to the contact impedance of the electrodes. A

detailed solution to these equations is presented in Appendix A .

3.2 Inverse Problem

The EIT inverse problem attempts to recover the conductivity distribution of the domain

interior using the current-voltage behavior observed at the domain boundary. In this work,

difference imaging via a one-step linearization scheme is used to solve the inverse problem.
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Difference imaging is generally robust to experimental noise and modeling errors because it

seeks the conductivity change (or difference) between two states. Therefore, measurement

or modeling errors common to both states are cancelled out when differences are taken.

Other commonly used inversion techniques include the Gauss-Newton iterative method [109 ],

maximum a posteriori (MAP) estimates [110 ], and the primal dual interior point method

(PDIPM) [111 ]. A comprehensive overview of these techniques can be found in reference

[112 ].

Returning to the inverse problem, one set of boundary voltages is collected before the

domain experiences damage or deformation and another set of boundary voltages is collected

after the domain experiences damage or deformation. The goal of the one-step linearized

inverse problem is to then find the conductivity change that minimizes the difference between

the pre- and post-damage voltages. We begin by defining the vector δV as the difference

between the post- and pre-damage voltages collected at times t2 and t1, respectively, as

shown in equation (3.9 ).

δV = V (σ2, t2) − V (σ1, t1) (3.9)

We then define an equivalent numerically computed vector, W (δσ), as shown in equation

(3.10 ). In this equation, F (·) are the numerically computed voltages obtained by solving

the forward problem at the conductivity in the argument, σ0 is the baseline or undamaged

conductivity, and δσ is the conductivity change vector we seek. Quantities that have been

discretized via finite elements have been boldfaced.

W (δσ) = F (σ0 + δσ) − F (σ0) (3.10)

We proceeed by linearizing the first term on the right hand side of equation (3.10 ) using

a Taylor series expansion about σ0 and retaining only the linear terms, as shown in equation

(3.11 ).

F (σ0 + δσ) ≈ F (σ0) + ∂F (σ0)
∂σ

δσ (3.11)
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Substituting equation (3.11 ) into equation (3.10 ) and defining J = ∂F (σ0)/∂σ as the

sensitivity matrix yields equation (3.12 ).

W (δσ) ≈ Jδσ (3.12)

We then seek the conductivity change vector, δσ∗, that minimizes the difference between

W (δσ) and δV . However, J cannot be directly inverted because it is severely rank-deficient.

As such, the inverse problem is ill-posed and Tikhonov regularization is necessary to obtain a

physically meaningful solution. The regularized inverse problem is shown in equation (3.13 ).

Here, L is the regularization term and its contribution is controlled by the scalar parameter

α. Note that equation (3.13 ) minimizes the l2-norm for both the error and the regularization

terms in the least-square sense. In this thesis, the discrete Laplace operator is used as the

regularization term. Other choices for the error and regularization norms have been explored

in literature [113 ], such as the l1-norm and total variation (TV) regularization. However,

the l2-norm is very common in SHM [50 ], [85 ], [86 ] because it has a smoothing effect on

large variations in conductivity. The explicit solution for δσ is shown in equation (3.14 ). In

this thesis, a modified form of equation (3.14 ) is used. This form, shown in equation (3.15 ),

incorporates constraints on δσ based on a priori knowledge of the expected conductivity

change. Equation (3.15 ) will be specialized to specific EIT problems in a later chapter of

this thesis.

δσ∗ = min
δσ

(||δV − Jδσ||22 + α||Lδσ||22) (3.13)

δσ∗ = (JTJ + α2LTL)−1JT δV (3.14)

δσ∗ = min
δσmin≤δσ≤δσmax

1
2


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 J

αL

 δσ −

δV
0


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
2

2

 (3.15)
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L = Lij =



degree(Ωi) if i = j

−1 if i 6= j and Ωi is adjacent to Ωj

0 otherwise

(3.16)

The discrete Laplace operator is formed as shown in equation (3.16 ). L = Lij is a square

matrix with a dimension equal to the number of elements in the FE mesh. The ith element

in the diagonal is equal to the number of elements that share an edge in two dimensions and

a surface in three dimensions with the ith element. If the ith and jth elements share an edge

in two dimensions or a surface in three dimensions, Lij = Lji = -1. All other components of

L are zero.

Going back to equation (3.12 ), the sensitivity matrix, J , is formed by relating perturba-

tions in the electrode voltages to perturbations in the domain conductivity. The final result

is shown in equation (3.17 ). A closed form derivation of equation (3.17 ) can be found in

Holder [114 ].

JMN e = −
∫

Ωe

∂φM

∂xi
σij
∂φ

N

∂xi
dΩe (3.17)

In the above equation, MN represents a single index of J and is computed as the integral

of the contraction of the gradient of the voltage on the eth element due to the current supplied

by the Mth electrode injection pair and the gradient of the voltage on the eth element due

to the Nth adjoint field [115 ]. The adjoint field is the domain solution for a unit current

injection supplied to the Nth electrode injection pair. Physically, this can be thought of as

the sensitivity of the Nth electrode measurement pair to a conductivity perturbation in the

eth element when current is supplied by the Mth electrode pair. Detailed sensitivity matrix

calculations are given in Appendix B .

3.3 Summary

This chapter presented the mathematical formulation of the EIT forward and inverse

problems. Briefly, the forward problem solves for the boundary voltages for a specified
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interior conductivity while the inverse problem attempts to recover the interior conductivity

for a known set of boundary voltages. EIT will be used multiple times in this thesis to image

strain- and damage-induced conductivity changes in self-sensing composites. Compared to

1-D and 2-D resistance change methods, EIT offers superior shaping capabilities with fewer

electrodes. This makes it an attractive modality for spatially-continuous SHM in self-sensing

structures.
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4. CONDUCTIVITY-TO-MECHANICS INVERSE PROBLEMS

4.1 Introduction

Although EIT affords better spatial localization than interpolated resistance change

methods, its imaging capabilities are still somewhat indistinct. This can be observed from

Figures 1.13 to 1.15 , where the edges of the damage-induced conductivity artifacts are not

sharply defined. This is due to the fact that the EIT inverse problem is ill-posed and thus

requires regularization to obtain a physically meaningful solution. This leads to a smearing

effect in the reconstructed conductivity change distribution. The lack of sharply defined fea-

tures is viewed as a limitation and as such, there has been considerable work on improving

the spatial resolution of EIT.

One simple method to improve resolution is to use a large number of electrodes to make

the problem less ill-posed. However, this is not always practical for SHM since all edges of a

structure may not be fully accessible for instrumentation. In an effort to circumvent the need

for a large number of electrodes for good resolution, Hassan et al. [116 ] showed via numerical

simulations that the spatial resolution of EIT can be significantly improved by incorporating

non-local conductivity changes via piezoresistivity. This approach was shown to produce

good quality images but was not experimentally validated. Other work has explored different

types of norms for solving the inverse problem [113 ], shape driven difference imaging [117 ],

B-splines [118 ], moving morphable components (MCCs) [119 ], and relaxed regularization

[120 ] for extracting sharp features from EIT images. These approaches, while undoubtedly

powerful, are of limited direct benefit to SHM because they do not model the underlying

mechanics of the structure. Instead, they focus on reconstructing conductivity based on

parameterized geometric shapes or a priori knowledge of the conductivity change. From a

SHM point of view, conductivity is not a structurally-relevant property. It would be much

more beneficial to know the underlying displacements, strains, stresses, and damage sizes

and mechanisms in a structure rather than the size of a conductivity artifact. This leads to

a class of problems known as conductivity-to-mechanics inverse problems, where the goal is

to recover the precise underlying mechanical state of a structure from observed conductivity

changes.
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4.2 Metaheuristic Algorithms

Conductivity-to-mechanics inverse problems are challenging to solve because the mathe-

matical relation between mechanics quantities, such as strain and damage, and conductivity

change is generally not one-to-one. This means that multiple mechanical states can cause

the same conductivity change. Furthermore, mechanics quantities such as displacement and

strain can have multiple components. Consequently, recovering mechanics from observed

conductivity changes is an under-determined inverse problem with several mathematically

feasible solutions. From a mechanics point of view, however, there can only be one feasible

solution (a linear elastic structure can only have one strain state, for example). In order to

surmount these problems, it is necessary to pose conductivity-to-mechanics inverse problems

as constrained ln-norm minimization problems of the form shown in equation (4.1 ).

x∗ = arg min
xmin≤x≤xmax

(||y −M(x)||n) (4.1)

In the above equation, y is an experimentally observed quantity, M(·) is a mechanics-

based model, and x is a quantity that represents the mechanical state. An optimization

strategy can then be used to obtain a solution to equation (4.1 ). However, it is well known

that gradient-based optimization only leads to locally optimum solutions depending on the

initial estimate. A locally optimum solution may not be mechanically feasible. This is il-

lustrated qualitatively in Figure 4.1 , where the function f(x) = ||y − M(x)||n has several

locally optimum solutions but only one of these solutions is physically admissible. There-

fore, in order to find the only physically admissible solution, any optimization strategy for

conductivity-to-mechanics inverse problems requires two key components. First, a meta-

heuristic global search algorithm is needed so that all possible solutions are tested to find

those that satisfy the minimization. In this work, three different metaheuristic algorithms

are used: genetic algorithms (GAs), simulated annealing (SA), and particle swarm opti-

mization (PSO). It is important to note that the goal of this thesis is not to develop new

metaheuristic algorithms but to use existing algorithms to solve challenging conductivity-

to-mechanics inverse problems. The three aforementioned algorithms were chosen because

53



Figure 4.1. Qualitative illustration of multi-modality. The function f(x) =
||y − M(x)||n has several minimizing solutions. However, only one solution
(x∗3) is physically admissible. Gradient-based optimization schemes only lead
to the local minimum solution closest to the initial estimate.

they are well-established and widely used to solve global optimization problems. Below, a

brief overview of each of these metaheuristic algorithms is given.

GAs [121 ], [122 ] are a family of global search algorithms inspired by natural evolution.

GAs work by initializing a population of candidate solutions dispersed inside a pre-defined

search space. Each candidate has a numerically defined chromosome and gene. The func-

tion to be minimized, known as the fitness function, is evaluated for each candidate. The

population then evolves and the candidates compete in order to determine which genes will

be passed on to the next generation. Candidates that result in a lower fitness function value

have a higher probability of passing their genes. Additionally, cross-over and mutation take

place to ensure some genetic diversity in the population. This evolutionary process, which is

analogous to natural selection, continues until a certain level of genetic similarity is achieved

in the population. The degree of genetic similarity in the population is quantified via the

bit-string affinity (BSA). Figure 4.2 shows a flowchart for a typical GA. In this thesis, a GA

originally developed by W. A. Crossley and used successfully by Raghavan et al. [123 ] for

nondestructive testing of jet engine turbine blades is used.
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Figure 4.2. Flowchart for a general GA adapted from Sivanandam and Deepa [124 ].
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SA [125 ] is a type of metaheuristic algorithm inspired by the metallurgical process of

annealing, where a metal is heated to a high temperature and then allowed to cool down

slowly so that the atoms attain a minimum energy configuration. Very simply, the SA

algorithm generates a new candidate solution, analogous to the heated state of the metal,

based on a virtual annealing temperature. If the new state is an improvement over the initial

state (based on the fitness function value), then the candidate is accepted. If, however,

the candidate is not an improvement over the initial state then it is only accepted with

a probability based on the Metropolis criterion [126 ]. This allows the SA algorithm to

‘explore’ the search space much more than traditional hill-climbing algorithms that only

accept solutions which improve the state of the system and are therefore more likely to find

locally optimum solutions. This probabilistic procedure of selecting candidates continues

until convergence is satisfied. Figure 4.3 shows a flowchart for a general SA algorithm. In

this work, a MATLAB-based SA algorithm based on the work Ingber [127 ] is used.

Lastly, PSO is an evolutionary algorithm inspired by the behavior of groups of social

organisms such as a flock of birds or a school of fish. The PSO algorithm generates a

population or ‘swarm’ of solutions, individually known as ‘particles’, inside a pre-specified

search space. Each particle has a certain position and velocity. However, the particles do not

move independent from each other. Rather, the trajectory of each particle is guided by the

‘best’ position and velocity of the collective swarm and also the best position and velocity

of each particle. In this manner, the particles share information and the swarm moves

around the search space until convergence is achieved. A schematic showing the movement

of particles in a typical PSO algorithm is shown in Figure 4.4 . In this thesis, a MATLAB-

based PSO algorithm based on the works of Kennedy and Eberhart [129 ], Mezura-Montes

and Coello [130 ], and Pedersen [131 ] is used.

The second component of a solution strategy for conductivity-to-mechanics inverse prob-

lems are physics-based models that relate the mechanical state (displacements, strains,

stresses, and damage) to conductivity changes. These are essential to ensure that only

physically admissible solutions are selected. In the forthcoming sections, specialized models

are discussed in detail for solving two important problems: piezoresistive inversion, where
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Figure 4.3. Flowchart for a general SA algorithm adapted from Yao et al [128 ].
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Figure 4.4. Schematic showing the movement of particles during a typical
PSO search. The trajectory of each particle is described by its position and
velocity. In iteration 1, the particles are randomly dispersed with different
positions and velocities. As the number of iterations increases, the particles
begin to move toward the minimum function value. Convergence is satisfied
when the change in the particle positions and velocities becomes very small,
indicating that the minimum function value has been attained.
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the goal is to recover strains from conductivity changes, and precise damage shaping, where

the goal is to recover precise damage geometry from conductivity changes.

4.3 Piezoresistive Inversion

The goal of piezoresistive inversion is to recover the underlying strain state giving rise to

an observed conductivity distribution in a piezoresistive self-sensing composite. This prob-

lem was first explored computationally by Tallman and Wang [132 ] and later experimentally

by Tallman et al [133 ]. The piezoresistive inversion problem is inherently under-determined

because conductivity is generally treated as a single-valued scalar while strain has six in-

dependent components. The original approach developed by Tallman and Wang [132 ] used

gradient-based optimization via a Gauss-Newton iterative algorithm to find the strain state

that minimized the difference between an observed conductivity and a conductivity predicted

analytically. In the work of Tallman et al. [133 ], the observed conductivity was obtained via

EIT and the analytical conductivity was predicted using a piezoresistivity model. Although

this approach was highly effective and computationally efficient at determining the strain

state, the use of gradient-based optimization implies that it can only be used in certain lim-

ited scenarios where the actual solution is relatively ‘close’ to the initial estimate. To extend

this approach to more general loading scenarios, in this thesis the piezoresistive inversion

problem is solved using metaheuristic algorithms. First, however, it is vital to establish a

model that accurately captures the relation between strain and conductivity in piezoresistive

materials.

4.3.1 Analytical Piezoresistivity Model

The phenomenon of piezoresistivity in self-sensing materials has been widely studied [134 ]

and several types of models have been developed to describe the relationship between con-

ductivity and deformation. These include equivalent resistor network-based models [135 ],

[136 ], computational micromechanics-based models [137 ], [138 ], and tensor-based resistivity-

strain relations [44 ], [139 ]. Herein, we will use an analytical piezoresistivity model developed

by Tallman and Wang [140 ] and based on a nanocomposite conductivity model proposed by

59



Takeda et al [141 ]. According to Tallman and Wang [140 ], the conductivity of a nanocom-

posite can be calculated according to the following equation.

σp = σm + 4Pvlf
3πλ2d2

f

[
4lf

πd2
f
σf

+ h2t

Ae2
√

2mφ
exp

(
4πt
h

√
2mϕ

)] (4.2)

In the above equation, σp is the nanocomposite conductivity, σm is the matrix conductiv-

ity, σf is the conductivity of an individual nanofiller, P is the percolation probability given

by P = K(v − vc)ψ, v is the nanofiller volume fraction, vc is the critical nanofiller volume

fraction, lf is the length of a single nanofiller, df is the nanofiller diameter, λ is the nanofiller

waviness ratio, A is the overlapping nanofiller area, t is the average inter-filler spacing given

by t = α(v − vc)β, h is Planck’s constant, e is the elementary charge of a single electron,

and φ is the potential barrier height felt by tunneling electrons. Tallman and Wang [140 ]

expressed v as a function of the infinitesimal strain tensor, εij. Therefore, P and t can also

be expressed as functions of εij and the conductivity of a nanocomposite can be calculated

for an arbitrary strain state. This formulation was then integrated with the FE method to

make the model amenable to multi-scale analysis. Tallman and Wang [132 ] later updated

this model with a sigmoidal relation for t to allow for differentiability. Equation (4.2 ) can be

used to predict the conductivity of any nanofiller-modified polymer by adjusting the values

of α and β in the expression for the average inter-filler spacing for a state of zero strain.

4.3.2 Metaheuristic Algorithm-Enabled Conductivity-to-Strain Problem

The piezoresistive inversion problem, as formulated by Tallman and Wang [132 ], seeks

the strain state that minimizes the difference between an experimentally observed conduc-

tivity and a conductivity predicted analytically. This can be cast as the following ln-norm

minimization problem.

ε∗
ij = arg min

εij

(||σe − σp(εij)||n) (4.3)

In the above equation, ε∗
ij is the strain state we seek, σe is an experimentally observed

conductivity, and σp(εij) is a conductivity predicted using a piezoresistivity model evaluated
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for the strain state in the argument. In this thesis, σe will be imaged via EIT and since EIT

is performed on a FE mesh, σe is a vector quantity due to discretization. Therefore, the

experimentally observed conductivity can be written as the boldfaced vector quantity σe.

Furthermore, since infinitesimal strain can be written as the gradient of the displacement, the

analytically predicted conductivity can be expressed as a function of the global displacement

vector, d. Equation (4.3 ) can then be restated as follows.

d∗ = arg min
d

(||σe − σp(d)||n) (4.4)

The goal of equation (4.4 ) is to recover the global displacement vector, d∗, rather than

strains. Tallman and Wang [132 ] used n = 2 in equation (4.4 ) to ensure differentiability with

respect to strain for gradient-based optimization. In order to integrate this problem with a

metaheuristic algorithm, equation (4.4 ) can be rewritten as equation (4.5 ), shown below.

d∗
m = arg min

dm

(||σe − σp(dm)||n) (4.5)

In equation (4.5 ), dm is a global displacement vector generated using a metaheuristic

algorithm and σp(dm) is a conductivity predicted analytically using the metaheuristic al-

gorithm generated displacement vector. Since metaheuristic algorithms do not compute

gradients, we will use n = 1 in equation (4.5 ). Also, the l1-norm is generally less sensitive to

outlier experimental data, which is not uncommon in EIT. Next, in light of the EIT one-step

linearization scheme, we can express the predicted conductivity as σp(dm) = δσp(dm) + σ0

and the experimental conductivity as σe = δσe+σ0, where σ0 is the baseline or undeformed

conductivity. Substituting these expressions into equation (4.5 ) gives equation (4.6 ).

d∗
m = arg min

dm

(||δσe − δσp(dm)||1) (4.6)

The goal of the preceding equation is to find the displacement vector, d∗, that minimizes

the difference between an experimentally observed conductivity change, δσe, and a con-

ductivity change predicted analytically using a metaheuristic algorithm, δσp(dm). However,

metaheuristic algorithms cannot be used to directly produce displacement fields because they
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are ignorant of mechanics principles such as equilibrium and strain compatibility. Instead,

the global displacement field must be computed using a mechanics-based approach to ensure

equilibrium and compatibility, and the metaheuristic algorithm generated displacement, dm,

must be a subset of the global displacement. This is achieved by formulating a boundary

value problem (BVP). The boundary conditions of the BVP are based on what is known

about the loading and geometry of the structure. The boundary conditions can then be

classified as either ‘known’ or ‘unknown’ and can be either Dirichlet or Neumann. However,

at least one Dirichlet boundary condition must be specified for a physically meaningful solu-

tion. The metaheurstic algorithm then searches for the unknown boundary conditions and

for each candidate boundary condition generated, linear elastic FEM is used to solve the

associated BVP for the global displacement field. This is illustrated schematically in Figure

4.5 . The global displacement field is then used to calculate strains and the conductivity,

σp(dm), is calculated using equation (4.2 ). The fitness function is calculated according to

equation (4.7 ).

f = ||δσe − δσp(dm)||1 (4.7)

|f ∗
n − f ∗

n+1| ≤ 1 × 10−3 (4.8)

The algorithm continues to generate candidate boundary conditions until convergence is

satisfied. The convergence criterion is dependent on the type of algorithm being used. Once

convergence is satisfied, the search stops, the search space is reduced based on the minimum

and maximum values of d∗
m, and a new search initiates inside the updated search space. This

process repeats until the convergence criterion shown in equation (4.8 ) is satisfied, where f ∗
n

is the minimum fitness function value obtained after the nth search. The displacements

obtained at this point are treated as the final converged solution. At this point, having

integrated a metaheuristic algorithm with realistic mechanics (an analytical piezoresistivity

model and linear elastic FEM), the solution strategy for piezoresistive inversion is complete.

In a later chapter of this thesis, this approach will be experimentally validated.
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Figure 4.5. Representative boundary value problem (BVP) for piezoresistive
inversion. The structure has known (blue) and unknown (red) displacement
boundary conditions. The metaheuristic algorithm generates candidates for
the unknown boundary conditions and linear elastic FEM is used to solve
the BVP to obtain the global displacement field. In this case, all boundary
conditions are of the Dirichlet type.
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4.4 Precise Damage Shaping

The goal of the precise damage shaping problem is to recover the geometry and location of

specific damage modes from EIT-imaged conductivity changes. However, there are no well-

defined mathematical relationships between damage shape and material conductivity. This

makes damage shaping a multi-modal inverse problem. As such, gradient-based optimization

schemes cannot generally be implemented. Instead, similar to piezoresistive inversion, two

key components are needed for a solution strategy. First, physics-based models are needed to

realistically describe how specific damage modes affect material conductivity. And second,

metaheuristic algorithms are needed to search for all physically viable solutions. In the

forthcoming sections, geometric models for two specific damage modes —through-holes and

delaminations —are developed and the mathematical formulation of the precise damage

shaping problem is then integrated with these damage models and metaheuristic algorithms.

4.4.1 Geometric Models for Damage Mechanisms

Two parametric representations of damage geometry are developed in this thesis. First,

consider the case of a through hole, which is a circular cavity in the domain where no

conductive material is present. Through holes are commonly used for benchmarking damage

detection capabilities and are likewise used herein. The geometry of a circular through hole

can be described using the parametric representation s = [xc, yc, r], where xc and yc are the

x- and y- coordinates, respectively, of the center of the hole and r is the radius. The region

inside the hole has zero conductivity while the undamaged domain has a conductivity equal

to the undamaged baseline conductivity. This is illustrated schematically in Figure 4.6 .

Next, consider a delamination, which is a separation of the layers of a laminate. The con-

ductivity in the separated region is approximately zero since little or no conductive material

is present here. For the simple case of a laminate consisting of only two layers, this can be

modeled as a thin ‘interface’ region of approximately zero conductivity sandwiched between

the two undamaged layers. Although a delamination can be arbitrarily shaped, in this the-

sis delaminations will be modeled as ellipses. This is not an unrealistic assumption since

delaminations have been modeled as ellipses in prior work on failure of composite structures
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Figure 4.6. Geometric model for a through-hole. The red circle indicates a
through-hole and the black rectangle is the domain. The size and location of
the hole can be described using the x- and y-coordinates of the center of the
hole and the radius of the hole. The interior of the hole has a conductivity of
σ = 0 while the undamaged region has a conductivity equal to the baseline
conductivity, σ0.
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Figure 4.7. Geometric model for a delamination. The laminate shown con-
sists of a thin ‘interface’ layer sandwiched between two undamaged layers.
The interface layer consists of an elliptical delamination (shown in red) with
a conductivity of approximately zero. The undamaged region in the top, bot-
tom, and interface layers has a conductivity equal to the undamaged baseline
conductivity of the material.

[142 ]–[145 ]. The geometry of an ellipse can be described using the parametric representation

s = [xc, yc, rx, ry], where xc and yc are the x- and y-coordinates, respectively, of the center

of the ellipse and rx and ry are the radii along the x- and y-axes, respectively. This model

is illustrated schematically in Figure 4.7 .

4.4.2 Metaheuristic Algorithm-Enabled Conductivity-to-Damage Geometry Prob-
lem

Going back to the damage shaping problem, the goal is to recover the geometry of a

specific damage mode from observed conductivity changes. In order to integrate this problem

with a metaheuristic algorithm, the vector δF (sm) is defined as shown in equation (4.9 ).

δF (sm) = F (σ(sm)) − F (σ0) (4.9)

In the above equation, F (σ(sm)) are the voltages predicted by solving the EIT forward

problem on a domain containing damage described by the metaheuristic algorithm-predicted

geometry, sm. The goal of the precise damage shaping problem then is to find the optimum
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damage geometry, s∗
m, that minimizes the l1-norm of the difference between δF (sm), given

by equation (4.9 ), and δV , given by equation (3.9 ). This can be stated as the optimization

problem shown in equation (4.10 ).

s∗
m = arg min

smin
m ≤sm≤smax

m

(|δV − δF (sm)|1) (4.10)

f = |δV − δF (sm)|1 (4.11)

|f ∗
n − f ∗

n+1| ≤ 1 × 10−3 (4.12)

The fitness function, f , is calculated according to equation (4.11 ). During a single search,

the metaheuristic algorithm generates candidate solutions for sm within the bounds smin
m and

smax
m to minimize f . The search stops when a pre-specified convergence criterion (dependent

on the algorithm type) is satisfied. The optimum solution is stored, the search space is

updated based on the optimum solution, and a new search initiates within the updated

bounds. This continues until the convergence criterion shown in equation (4.12 ) is satisfied,

where f ∗
n is the minimum fitness function obtained after the nth search. This approach can

now readily be specialized to any type of damage mode by replacing sm with the appropriate

parametric description of damage geometry. Later in this thesis, this approach will be

integrated with the geometric models developed earlier for through-holes and delaminations

via the FE method.

4.5 Summary

This chapter presented a framework for solving conductivity-to-mechanics inverse prob-

lems using metaheuristic algorithms. These problems are extremely challenging because

they are under-determined and multi-modal. As such, gradient-based optimization schemes

that are traditionally used are not applicable here. Instead, the novel solution strategy pro-

posed in this thesis integrates metaheuristic (global search) algorithms with physics-based

mechanics models. This approach was specialized to two specific problems. First, piezore-
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sistive inversion was considered, where the goal is to recover displacements, strains, and

stresses from observed conductivity changes. In this case, a metahueristic algorithm was

integrated with an analytical piezoresistivity model and used to solve an elasticity BVP for

the displacements and strains. Second, the precise damage shaping problem was formulated,

where the goal is to recover the precise shape and size of specific damage modes from ob-

served conductivity changes. Two special damage cases were considered —through-holes and

delaminations —and parameterized geometric models for these damage cases were developed

and integrated with a metaheuristic algorithm. The solution strategies developed for both

problems in this chapter will be experimentally validated later in this thesis
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5. EXPERIMENTAL PROCEDURES

This chapter discusses the experimental work performed in this thesis to validate the pro-

posed metahueristic algorithm-enabled solution strategies for piezoresistive inversion and pre-

cise damage shaping. This includes composite manufacturing, electrical testing for measuring

conductivity, mechanical testing for measuring elastic properties, EIT data collection proce-

dures, digital image correlation (DIC) setup and data collection, through-hole and impact

damage testing, and optical microscopy for destructive evaluation. Two types of self-sensing

composites were manufactured: CNF-modified polymer nanocomposites and CNF-modified

GFRP nanocomposite laminates. The following sections describe the manufacturing and

experimental testing procedures in detail.

5.1 CNF-Modified Polymer Nanocomposites

CNF-modified polymer nanocomposites were manufactured to experimentally validate

the metaheuristic algorithm-enabled piezoresistive inversion methodology. These specimens

were produced without a fiber reinforcement phase. Three types of specimens were manu-

factured: electrical testing specimens, mechanical testing specimens, and an EIT specimen.

5.1.1 Manufacturing Procedure

The manufacturing procedure used was based on the work of Tallman et al [87 ]. Polymer

resin (Fibre Glast 2000) was mixed with the appropriate amounts of Pyrograf III PR-24-XT-

HHT CNFs (Applied Sciences), surfactant (Triton X-100), and acetone in a glass beaker using

a resin-to-acetone volume ratio of 2:1 and a surfactant-to-CNF weight ratio of 0.76:1. Acetone

facilitates mixing by lowering the viscosity and surfactant modifies the surface chemistry to

aid dispersion of the CNFs. The mixture was stirred by hand for 5 minutes and then mixed

in a planetary centrifuge for 3 minutes. Next, the mixture was sonicated for 4 hours in an

ultrasonic bath sonicator at 35 W with an excitation frequency of 45 kHz. After sonication,

the mixture was stirred for 24 hours on a magnetic hot plate stirrer at 600 rpm and a

temperature of 60 ◦C. This allows the acetone in the mixture to evaporate. After stirring,
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the mixture was cooled down to room temperature by placing the glass beaker in shallow

cold water. Next, hardener was added using a resin-to-hardener weight ratio of 100:27 and

air release agent was added using an air release agent-to-total mixture weight ratio of 0.001:1.

The mixture was then stirred by hand for 5 minutes and degassed for 30 minutes at room

temperature in a vacuum chamber. The degassed mixture was then poured into molds that

had previously been coated with a mold release agent (Fibre Glast 1153). The mixture for the

electrical testing specimens was poured into two 3-D printed co-polyester molds measuring

50 mm × 50 mm × 6.35 mm each. The mixture for the EIT specimen was poured into a

single 3-D printed co-polyester mold measuring 200 mm × 50 mm × 4 mm with a centrally

located hole of diameter 12.7 mm. The mixture for the mechanical testing specimens was

poured into two ASTM D638-14 [146 ] dog-bone shaped silicone rubber (Smooth-On) molds.

All molds were then placed in an oven and cured for 5 hours at 60 ◦C.

5.1.2 Electrical Testing and SEM Imaging

Electrical testing specimens with CNF weight fractions of 0.25%, 0.50%, 1.0%, 1.5%, and

2.0% were manufactured according to the previously described procedure. Once fully cured,

the specimens were removed from the 50 mm × 50 mm × 6.35 mm molds by trimming

off the edges of the molds using a water-cooled tile saw. Each specimen was then cut

into four smaller 25.4 mm × 25.4 mm × 6.35 mm squares using the tile saw. Colloidal

silver electrodes were painted on two opposite edges of each square and the resistance, R,

between the electrodes was measured using a digital multi-meter. The conductivity was then

calculated as σ = l/RAe, where l is the distance between the electrodes and Ae is the cross-

sectional area of a single electrode. The conductivities measured for each weight fraction

are plotted in Figure 5.1 . The analytical piezoresistivity model, given by equation (4.2 ), was

then fit to the experimental data by adjusting the values of α and β in the expression for the

average inter-filler spacing. The optimum values were found to be α = 1.58 and β = −0.28.

Additionally, σf = 105 S/m, lf = 50 µm, df = 100 nm, K = 1.0, and ψ = 0.4 were used in

equation (4.2 ).
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Figure 5.1. Experimentally measured and analytically predicted conductivi-
ties of CNF-modified polymer nanocomposite. The analytical piezoresistivity
model, given by equation (4.2 ), was calibrated to the experimental data by
adjusting the values of α and β in the expression for the average inter-filler
spacing. The optimum values were found to be α = 1.58 and β = −0.28.

After electrical testing, some of the squares were manually fractured and a thin platinum

coating was applied to the fracture surface. Scanning electron microscopy (SEM) was then

performed on the fracture surface using a Thermo-Fisher Scientific Teneo system. SEM

images for a 2.0% CNF weight fraction square are shown in Figure 5.2 .

5.1.3 Mechanical Testing

Mechanical testing specimens with 1.0% weight fraction of CNFs were manufactured

according to the previously described procedure and molded into to tensile testing coupons

according to ASTM D638-14 [146 ]. A CNF weight fraction of 1.0% was deliberately chosen

because the EIT testing (described in the next section) utilizes a specimen with a CNF weight

fraction of 1.0%. Each coupon was instrumented with two electrical resistance strain gauges:
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Figure 5.2. SEM images of 2.0% weight fraction nanocomposite. The image
on the top right has CNFs annotated for illustrative purposes. The CNFs are
more clearly visible as cylindrical rod-like structures in the bottom left and
right images.
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one for measuring axial strain and one for measuring transverse strain. Each coupon was then

mounted on a load frame (Instron 8801) and loaded in tension at a constant displacement

rate of 1.5 mm/s until failure. The mechanical testing results are shown in Figure 5.3 . Using

linear curve fitting, the elastic modulus was estimated as E = 2.534 GPa and the Poisson’s

ratio was estimated as ν = 0.35. The failure stress of the material was estimated as SF =

40 MPa.

5.1.4 EIT and DIC Data Collection

A CNF-modified polymer specimen with a nanofiller weight fraction of 1.0% was man-

ufactured for EIT testing, as described earlier. The cured specimen was removed from the

oven and trimmed to 196 mm × 46.5 mm using a water-cooled tile saw. The specimen had

an as-molded thickness of 4 mm. Grip tabs measuring 57 mm × 46.5 mm × 1.72 mm were

applied to the specimen using epoxy adhesive to prevent damage due to the gripping pres-

sure of the load frame. Electrodes were applied by painting 3.175 mm wide colloidal silver

patches along the gauge length of the specimen, on either side of the hole. Next, copper tape

tabs were applied to the silver patches to act as extended electrodes. The copper tape was

then covered with strips of masking tape to ensure good contact with the silver electrodes

during the test. The fully prepared EIT specimen is shown in Figure 5.4 .

The EIT specimen was then mounted on a load frame and the entire tabbed portions

were gripped. The electrodes were connected to a current source (Keithley 6221) and a DAQ

system (National Instruments PXIe-6368) to measure the electrode voltages. A current

magnitude of 10 µA was used for the injections. One set of voltages was collected from

the specimen in its undeformed configuration using the across injection scheme illustrated

in Figure 5.4 . From earlier testing of similar specimens, the displacement at failure was

estimated as uF ≈ 0.8 mm. Based on this, tensile displacements of 31%, 62%, and 93% of

uF were applied and voltage measurements were collected after each applied displacement.

After EIT testing, the specimen was dismounted from the load frame, the electrode

connections were removed, and the specimen was prepared for DIC measurements. For this,

the gauge section was coated with white paint and an ordered speckle pattern was applied

73



Figure 5.3. Mechanical testing results for CNF-modified polymer with 1.0%
weight fraction of CNFs. Top: Axial stress versus axial strain. The elastic
modulus was estimated as E = 2.534 GPa and the failure stress was estimated
as SF = 40 MPa. Bottom: Transverse strain versus axial strain. The Poisson’s
ratio was estimated as ν = 0.35.
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using a dotted roller dipped in black ink. The specimen was again mounted onto the load

frame and gripped. A 5 MP DIC camera system (Correlated Solutions) was set up and

calibrated and the cameras were focused on the gauge section. The specimen was then

loaded in tension at a constant displacement rate of 1.5 mm/s until failure and DIC data

was collected simultaneously.

5.2 CNF-Modified GFRP Nanocomposite Laminates

CNF-modified GFRP nanocomposite laminates were manufactured to experimentally

validate the metaheuristic algorithm-enabled precise damage shaping methodology. Three

types of specimens were manufactured: electrical testing specimens, through-hole testing

specimens, and impact testing specimens.

5.2.1 Manufacturing Procedure

The lay-up procedure used here is based on the work of Tallman et al [86 ]. A CNF-

modified polymer resin mixture with 1.0% weight fraction of nanofillers was prepared using

the procedure described earlier and degassed for 20 minutes in a vacuum chamber. Unidirec-

tional glass-fiber sheets (Fibre Glast Saertex) were then impregnated with the CNF-modified

polymer to produce two laminates with stacking sequences of [0/90/90/0] and thicknesses

of 3 mm. These will be referred to as laminates 1 and 2. The lay-up procedure for each

laminate is as follows. An 18” × 18” aluminum tool was cleaned with acetone and sealant

tape was applied around the edges. A layer of release film and a layer of peel ply were then

laid down on the tool. Next, four 10” × 10” sheets of glass fiber were laid down and impreg-

nated individually with the CNF-modified polymer using a paint brush. This was followed

by laying down another layer of peel ply and a layer of breather fabric. Next, two small

peel ply layers were sandwiched between four small breather fabric layers and laid on top

of the larger breather fabric. The entire lay-up was then vacuum bagged. A cross-sectional

schematic of the lay-up is shown in Figure 5.5 . After applying a vacuum and checking for

leaks, both lay-ups were transferred to an oven and cured for 5 hours at 60 ◦C. After curing,

two specimens measuring 3.25” × 3.25” were cut from each laminate using a water-cooled

75



Figure 5.4. Left: Photo of fully prepared EIT specimen. Electrodes are ap-
plied to the gauge section on opposite sides of the hole and grip tabs are applied
to the top and bottom portions of the specimen. Note that the electrodes are
numbered counter-clockwise. Right: Illustration of first current injection and
voltage measurement according to across injection scheme. Current is injected
in electrode 1 and electrode 24 is grounded.
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Figure 5.5. Cross-sectional schematic of lay-up used to manufacture CNF-
modified GFRP laminates.

tile saw, resulting in a total of four plate-like specimens. One of these is used later for

through-hole testing and the other three are used later for impact testing. A representative

specimen is shown in Figure 5.7 . Additionally, ten smaller specimens measuring 0.25” ×

0.25” were cut out of the remaining material of the 10” × 10” laminates for in-plane and

through-thickness conductivity measurements.

5.2.2 Electrical Testing

In order to estimate the baseline conductivity of CNF-modified GFRP, in-plane and

through-thickness conductivity measurements were collected from each of the 0.25” × 0.25”

specimens cut from laminates 1 and 2. The conductivity in the x-, y-, and z-direction

was measured from each specimen. Figure 5.6 shows a schematic of the specimen and the

coordinate system. To measure the conductivity in the x-direction, the faces of the specimen

with normal vectors pointing in the ±x-direction were fully coated with colloidal silver. The

resistance, R, between the electrodes was measured using a multi-meter and the conductivity

was calculated as σx = lx/RAe, where lx is the length of the specimen in the x-direction and

Ae is the area of a single electrode. This procedure was repeated to measure the conductivity

in the y- and z-directions. The conductivity measurement scheme is illustrated in Figure 5.6 

and the measured values of σx, σy, and σz are listed in Table 5.1 .

5.2.3 EIT Data Collection and Optical Microscopy

The four plate-like specimens measuring 3.25”× 3.25” were used for through-hole testing,

impact testing, and EIT data collection as follows. From the two specimens cut from laminate
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Figure 5.6. Schematic showing the principal coordinate system and the con-
ductivity measurement scheme. Top: Schematic of a 0.25” × 0.25” specimen
showing the coordinate system and the orientations of the individual layers.
The ellipses indicate the fiber cross-sections. Bottom row, left to right: Con-
ductivity measurement scheme in the x-, y-, and z-directions. The filled red
rectangles represent electrodes on the front faces of the specimen and the out-
lined red rectangles represent electrodes on the back faces of the specimen.

Table 5.1. Mean and standard deviations of conductivities measured in the
x-, y-, and z-directions from laminates 1 and 2.

Laminate σx [S/m] σy [S/m] σz [S/m]

1 0.024 ± 0.003 0.023 ± 0.004 (3.5 ± 1.8) × 10−4

2 0.054 ± 0.003 0.057 ± 0.004 (5.6 ± 2.2) × 10−4
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Figure 5.7. Representative 3.25” × 3.25” plate-like specimen. Top: Top-
down view of specimen without electrodes. Bottom: Specimen with colloidal
silver electrodes painted and mounted on acrylic base.

1, one specimen was used for through-hole testing and the other specimen was impacted with

an energy of 25 J. From the two specimens cut from laminate 2, one was impacted with 23

J and the other was impacted with 28 J. EIT data was collected from each specimen by

first painting evenly spaced colloidal silver patches along each edge. Each specimen was

then adhered to an acrylic base using superglue and additional colloidal silver patches were

painted on the acrylic to act as extended electrodes. Figure 5.7 shows a representative

specimen with electrodes applied and mounted on an acrylic base. Each specimen was then

connected to a current source and a DAQ system.
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For the through-hole testing specimen, a current magnitude of 0.25 mA was used. One set

of voltages was collected from the specimen before drilling a hole using an adjacent current

injection scheme. Three circular holes of radii 1.19 mm, 2.38 mm, and 3.18 mm were then

drilled and voltages were collected after drilling each new hole.

For the impact testing specimens, the impact energies (23 J, 25 J, and 28 J) were chosen

deliberately so that a measurable delamination was induced without perforating the speci-

mens. For the 23 J and 28 J impact specimens, a current magnitude of 0.25 mA was used.

For the 25 J specimen, a current magnitude of 0.1 mA was used. One set of voltages was

collected from each specimen before impacting using an adjacent injection scheme. Each

specimen was then mounted on a 6” × 4” aluminum plate with a central square cut-out

measuring 2” × 2”. The aluminum plate was clamped inside a drop tower (CEAST 9340)

and the specimens were impacted using a steel hemispherical striking head with a diameter

of 15.8 mm. Voltages were collected from each specimen after impacting.

In order to determine the delamination shape and size, each specimen was destructively

evaluated as follows. A water-cooled tile saw was used to completely cut through the speci-

men to expose the cross-section. The delamination length along the cross-section was then

recorded using an optical microscope (Zeiss Axioscope 2 MAT) and evenly spaced micro-

graphs of the cross-section were taken. Another cut was then made to expose a new cross-

section, the delamination length was recorded again, and micrographs of the cross-section

were taken again. This process was repeated until a cross-section with no delamination was

observed.

5.3 Summary

This chapter described the manufacturing and testing methods employed in this the-

sis. Two types of self-sensing composites were manufactured and characterized. First,

CNF-modified polymer nanocomposites were manufactured to validate the metaheuristic

algorithm-enabled piezoresistive inversion methodology. The electrical and mechanical prop-

erties of the nanocomposite were measured and the analytical piezoresistivity model (equa-

tion (4.2 )) was fit to the experimental data. A nanocomposite plate with a central hole
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was then manufactured and loaded in tension while EIT and DIC data were collected. Sec-

ond, CNF-modified GFRP nanocomposite laminates were manufactured to experimentally

validate the metaheuristic algorithm-enabled precise damage shaping methodology. The

electrical properties of the laminates were measured and plate-like specimens cut from the

laminates were damaged by drilling through-holes and impacting (to induce delaminations).

EIT data was collected before and after damage was inflicted. Optical microscopy was also

performed on the impacted specimens to measure the delamination size. The next chapter

presents the experimental EIT results for each type of self-sensing composite as well as the

results obtained by solving the associated conductivity-to-mechanics inverse problem.
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6. EXPERIMENTAL RESULTS AND ANALYSES

This chapter presents the experimental results and their analyses. First, for the CNF-

modified polymer nanocomposite experiment, the EIT results are presented and discussed.

The GA is then used to solve the piezoresistive inversion problem for the nanocomposite

and the resulting strain solutions are presented. The stresses are then calculated using the

inversely computed strains and used to predict failure. DIC results are also presented to

validate the inversely computed strains and stresses. Second, the piezoresistive inversion

problem is solved using SA and PSO and a comparison is drawn between the performances

of the GA, SA, and PSO in terms of solution quality, variability, accuracy, and efficiency.

Third, the results for the CNF-modified GFRP laminate experiments are presented and

discussed. The EIT and GA-enabled damage shaping results for through-hole testing are

presented first, followed by the EIT and GA-enabled damage shaping results for delamination

(impact) testing. Optical micrographs from destructive evaluation of the impact testing

specimens are also presented to validate the delamination shaping results.

6.1 Piezoresistive Inversion on CNF-Modified Polymer Nanocomposite

This section presents and analyzes the EIT and metaheuristic algorithm-enabled piezore-

sistive inversion results from the elastically deformed CNF-modified polymer nanocomposite

specimen.

6.1.1 EIT Results

In order to determine a suitable baseline conductivity, the EIT forward problem was

solved for several values of σ0 in the range 1 × 10−7 S/m ≤ σ0 ≤ 1 × 10−2 S/m. The value

of σ0 that minimized the l2-norm of the difference between the voltages collected from the

undeformed nanocomposite and the voltages predicted by solving the forward problem was

chosen as the optimum baseline conductivity. This value was found to be σ0 = 4.857 × 10−4

S/m. Note that this is a uniform baseline conductivity and not a true EIT solution. The

baseline conductivity is indicated as a red circle in Figure 5.1 . The corresponding CNF
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weight fraction is 1.26%. The conductivity change for each applied displacement (31%, 62%,

and 93% of uF ) was calculated by solving the constrained EIT inverse problem, shown again

in the following equation for convenience.

δσ∗ = min
−0.7σ0≤δσ≤0.7σ0

1
2


∣∣∣∣∣∣∣
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 J

αL
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0


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∣∣∣∣∣∣∣
2

2

 (6.1)

In equation (6.1 ), the limits on δσ are based on the observation that the nanocomposite

did not experience failure during EIT testing. Since a 100% conductivity loss only occurs due

to material rupture, the maximum conductivity change increase and decrease were estimated

to be 70% of the baseline conductivity. This estimation was based on previous work where

piezoresistive nanocomposites were elastically deformed [116 ], [132 ], [133 ].

The conductivity changes obtained by solving equation (6.1 ) are shown in Figure 6.1 . It

can be immediately observed from Figure 6.1 that the magnitude of the conductivity change

increases as the applied displacement increases. That is, positive conductivity changes be-

come more positive and negative conductivity changes become more negative with increasing

tensile displacement. It can also be seen that as the applied displacement increases, the con-

ductivity decreases on the left and right edges of the hole while the conductivity increases

above and below the hole. A magnified view of the conductivity change in the gauge sec-

tion for each applied displacement is shown in Figure 6.2 . The phenomenon observed in

Figure 6.2 can be understood by considering the mechanical state of the nanocomposite in

the gauge section. From elementary mechanics, it is known that a state of tension exists on

the left and right edges of the hole while a state of compression exists above and below the

hole. Therefore, the large tensile strains on the left and right edges of the hole increase the

distance between neighboring nanofillers and cause a decrease in conductivity. Conversely,

the compressive strains above and below the hole decrease the distance between neighboring

nanofillers and cause an increase in conductivity. Another important observation from Figure

6.2 is that conductivity changes are localized within the gauge section of the nanocomposite.

This is because the top and bottom (tabbed) portions of the specimen are entirely gripped
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Figure 6.1. EIT conductivity change for each applied displacement in CNF-
modified polymer nanocomposite. Note that the magnitude of the conductivity
change increases as the applied displacement increases.

and displacement by the load frame. As such, the gauge section can be isolated to formulate

the BVP for piezoresistive inversion.

6.1.2 Conductivity-to-Strain and Stress Results

Next, the metaheuristic algorithm-enabled piezoresistive inversion problem was solved for

the nanocomposite using a GA. As described earlier, a BVP must be set up and the optimum

boundary conditions obtained using the metaheuristic algorithm. In order to formulate the

BVP, consider the experimental loading setup. The bottom gripped portion of the specimen

is fixed during the experiment so the displacement on the bottom edge of the gauge section is
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Figure 6.2. EIT conductivity change for each applied displacement in the
gauge section of CNF-modified polymer nanocomposite. Note the large mag-
nitude of the conductivity change in the vicinity of the hole due to the strain
concentration. The conductivity increases above and below the hole due to
compression and the conductivity decreases on the left and right of the hole
due to tension.
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Figure 6.3. BVP for gauge section of nanocomposite specimen. The known
boundary condition (blue) is zero displacement on the bottom edge and the
unknown boundary condition (red) is a displacement dm on the top edge. The
GA searches for the optimum components of dm in the 1- and 2-directions.

zero. This is the known boundary condition. The top gripped portion has an experimentally

applied displacement that is to be determined. This is the unknown displacement boundary

condition, dm, that the GA seeks. The BVP showing the known and unknown boundary

conditions is illustrated in Figure 6.3 . It should be noted that although a fixed boundary

condition on the bottom edge is considered here, an uncertain boundary condition on the

bottom edge can also be considered. In such a case, the GA would seek the displacements

on both the top and bottom edges.

Recall again that the nanocomposite did not experience failure during EIT testing. There-

fore, it is acceptable to assume that the unknown displacement, dm, must be less than the

displacement at failure, uF = 0.80 mm. The upper bound for the initial search space for

dm was specified as uF and the lower bound for the initial search space was defined as

−uF , while being cognizant of the fact that the specimen does not have the same failure

displacement in compression as it does in tension. The parameters specified for the GA were
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five bits for each component of dm, a population size of 200, a 2% mutation probability, a

BSA stopping criterion of 90%, and a maximum of 300 generations. Using these parameters,

successive searches for dm were performed using the GA until the convergence criterion in

equation (4.8 ) was satisfied. The resulting displacement fields were used to compute the first

principal strains. These are shown in the top row in Figure 6.4 . The first principal strain

is important because conductivity changes predicted via equation (4.2 ) are primarily driven

by the first principal strain. In order to validate the inversely computed strains, a series

of standard FE simulations were performed where the experimentally applied displacements

were applied to FE models of the gauge section of the nanocomposite. These were meant to

represent the ‘exact’ solutions. The resulting first principal strains are shown in the middle

row in Figure 6.4 . Additionally, the DIC measurements recorded during the experiment were

used to calculate the first principal strains. These are shown in the bottom row in Figure

6.4 . The DIC post-processing was performed using VIC-3D (Correlated Solutions) with a

subset size of 31. Note that the DIC images use a different color scale.

From Figure 6.4 , it can be immediately seen that the inversely computed strains agree

very well with the standard FEM strains and the DIC strains. Some artifacts are present

in the GA-predicted strains but there is overall good agreement. The convergence behavior

for the GA is shown in Figure 6.5 . For the first search of each displacement case, the BSA

stopping criterion is achieved after 100 generations, on average, and the minimum fitness

function at the end of each search decreases with successive searches. The global convergence

criterion in equation (4.8 ) is satisfied after the fourth search.

Next, the inversely computed strains were used to calculate stresses using the constitu-

tive relations for linear elastic materials, shown in equation (6.2 ). Here, E and ν are the

experimentally measured elastic modulus and Poisson’s ratio, respectively, and Sij are the

components of the Cauchy stress tensor. The symbol S is used deliberately for stress to

avoid confusion with the symbol for conductivity, σ.

Sij = E

1 + 2ν

[
εij +

(
ν

1 − 2ν

)
εkkδij

]
(6.2)
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The inversely computed first principal stresses for each displacement case are shown in

Figure 6.6 along with the standard FEM-predicted and DIC-measured first principal stresses.

It can be clearly seen from Figure 6.6 that the GA is able to accurately reconstruct the stress

state of the nanocomposite. Similar to the strains, minor artifacts are present in the stresses.

This is due to the variability in the individual components of the GA-predicted displacement

boundary condition. That is, some components of dm vary considerably from others. This

variability is amplified in the strains and stresses because these quantities are computed

using the gradient of the displacement field.
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6.1.3 Failure Prediction Results

Next, having solved the piezoresistive inversion problem to obtain the strains and stresses,

it is demonstrated that the inversely computed mechanical state of a self-sensing composite

can be used to accurately predict material failure. For this, a simple stress-based failure

criterion for brittle materials is used which predicts failure when the first principal stress

exceeds the failure stress of the material. This is shown in equation (6.3 ), where S1 is the

first principal stress and SF is the experimentally determined failure stress.

S1

SF
≥ 1 (6.3)

The above failure metric was calculated for each applied displacement case and the results

are shown in Figure 6.7 . It can be seen from Figure 6.7 that as the applied displacement

increases, equation (6.3 ) predicts that failure is most likely to occur at the left and right

edges of the hole. The inversely computed solutions are able to accurately capture this

phenomenon and show good agreement with standard FEM and DIC solutions.

6.2 Comparison of GA, SA, and PSO for Piezoresistive Inversion

In the previous section, piezoresistive inversion for the CNF-modified polymer nanocom-

posite experiment was solved using the GA. Although the inversely computed solutions

showed good accuracy overall, some minor artifacts were observed in the strains and stresses

in Figures 6.4 and 6.6 , respectively. This was attributed to small variations in the GA-

generated displacement boundary condition vector, dm, that are amplified when gradients

are calculated. As such, it is important to explore other metaheuristic algorithms to see if

the solution variability can be reduced and the quality of the inversely computed strains and

stresses can be improved. To that end, the piezoresistive inversion problem for the CNF-

modified polymer nanocomposite was solved using two additional algorithms —SA and PSO

—and their performances were compared to the performance of the GA. Note that the same

EIT solutions (shown in Figure 6.2 ) and BVP (shown in Figure 6.3 ) were used for all three

algorithms. For SA, an initial guess of zero displacement, an initial temperature of 0.01, and
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a reannealing interval of 20 were specified. For PSO, an initial swarm span of 500, and an

initial swarm size of 100. The convergence criterion for both algorithms was specified as a

function tolerance of 1 × 10−6. That is, convergence is achieved when the relative change in

fitness function is less than 1 × 10−6. These initialization parameters were selected to opti-

mize the performances of the SA and PSO algorithms by giving the lowest fitness function

value in the shortest run-time.

6.2.1 Displacements and Strains

The displacements obtained using the three algorithms are shown in Figure 6.8 . It

can be seen that SA and PSO are able to reconstruct the overall shape and magnitude

of the displacement with good accuracy. However, there is considerable variability in the

displacement magnitude along the top edge generated using the SA. This is particularly

pronounced for the case of u = 0.50 mm. The PSO solutions show comparatively less

variability in the displacement magnitude along the top edge.

The fitness function convergence for multiple searches of the three algorithms is shown

in Figure 6.9 . The GA shows the most marked change in the minimum fitness function

value after the first search. For the cases when u = 0.50 mm and u = 0.75 mm, both SA

and PSO show very little change in the minimum fitness function. However, the change is

considerable for the case when u = 0.25 mm. The global convergence criterion in equation

(4.8 ) is satisfied for all three algorithms after the fourth search.

The first principal strains computed using the three algorithm, standard FEM, and DIC

are shown in Figure 6.10 . The strains have been scaled according to the maximum and

minimum strains obtained via standard FEM. As a result, the strains for SA and PSO

have dark red regions close to the top edge of the domain. This is because the strains in

these regions are much larger than 1.5%. This was done to illustrate that variations in

the displacement boundary condition for the top edge for SA and PSO can lead to large,

unrealistic strains. Therefore, re-scaling the strains according to standard FEM solutions

allows for much clearer visualizing of the strain state in the vicinity of the hole. From Figure
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Figure 6.8. Displacement magnitude computed using the GA, SA, PSO,
standard FEM, and DIC. ©2020 IEEE.

94



1 2 3 4

Search number

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

M
in

im
u
m

 f
it
n
e
s
s
 f

u
n
c
t
io

n
 v

a
lu

e

GA u = 0.25 mm

GA u = 0.50 mm

GA u = 0.75 mm

SA u = 0.25 mm

SA u = 0.50 mm

SA u = 0.75 mm

PSO u = 0.25 mm

PSO u = 0.50 mm

PSO u = 0.75 mm

Figure 6.9. Fitness function convergence for GA, SA, and PSO. ©2020 IEEE.

95



6.10 , it can be seen that the strains in the vicinity of the hole predicted using SA and PSO

agree well with the standard FEM solutions and DIC measurements.

The variability in the SA and PSO strain solutions can be more closely studied in Figure

6.11 . This figure shows the first principal strains in a small rectangular region close to

the top edge of the domain. The strains have been scaled according to the first principal

strains from SA (since these are the largest). For SA, the strain artifacts become larger in

magnitude as the applied displacement increases and the largest strains occur at the top

left and top right corners for the case when u = 0.75 mm. The strain artifacts for PSO are

comparatively smaller in magnitude than SA. The largest artifacts occur at the top left and

top right corners for the case when u = 0.25 mm.

6.2.2 Variability and Accuracy

Metaheuristic algorithms perform a non-smooth search, meaning no gradients of the

fitness function are calculated to compute step size or search direction. Instead, solutions

are generated and selected based on a combination of probabilistic and heuristic techniques.

Therefore, if a metaheuristic algorithm is used to search for a solution to a problem multiple

times, some variability in the solution may be observed for multiple searches. Given that

small variations in displacement can cause large variations in strains, it is worthwhile to

examine the degree of variability in the GA-, SA-, and PSO-generated displacement boundary

condition, dm. For this, each algorithm was run ten times for the case when u = 0.75 mm.

The mean and standard deviation of the nodal displacement magnitude along the top edge

for each algorithm is shown on the top in Figure 6.12 . It can be observed that SA has the

largest variability between different searches and it also has the largest inter-node variation

in displacement magnitude. This observation lends credence to the explanation that the

strains for SA are larger than those for the GA and PSO because there are much more

pronounced ‘jumps’ in the displacement between adjacent nodes for SA. The inter-node

displacement variation is similar for the GA and PSO. Furthermore, both the GA and PSO

show a similar trend in the displacement along the top edge. That is, the displacement

decreases sharply close to the left edge and then steadily increases towards the mid-point
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Figure 6.10. First principal strain computed using the GA, SA, PSO, stan-
dard FEM, and DIC. ©2020 IEEE.

97



Figure 6.11. First principal strains computed using SA and PSO in a region
of interest near the top edge of the domain, indicated by the red rectangle.
©2020 IEEE.
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of the edge. The displacement then decreases sharply close to the right edge. These sharp

changes in displacement are the cause of the strain artifacts observed in Figure 6.10 . One

possible cause of this variability is noise in the experimental data.

In order to quantify the accuracy of the inversely computed solutions, the percent error

between the GA-, SA-, and PSO-generated displacement of the top edge and the FEM

solution was calculated for the case when u = 0.75 mm. Note that the FEM solution is

meant to represent the ‘exact’ solution in this case. The percent error is shown on the

bottom in Figure 6.12 . Two key observations can be made. First, the error for SA is highest

close to the corners of the top edge. Second, the error trends for the GA and PSO are similar

across the plate. However, the PSO displacement has a larger error variability in the center

of the plate. This explains why larger strains are observed for PSO than the GA. Based

on these results, it can be stated that, of the three algorithms, the GA has the overall best

accuracy and smallest variability.

6.2.3 Efficiency

Lastly, in order to determine which algorithm is the most efficient at solving the piezore-

sistive inversion problem, a new ‘efficiency’ metric was defined as shown in equation (6.4 ).

In this equation, ψn is the efficiency for the nth search, f ∗
n is the minimum fitness function

value obtained after the nth search, and tn is the run-time (in minutes) for the nth search

of the algorithm. Therefore, a lower fitness function value or a shorter run-time result in a

higher efficiency.

ψn = 1
f ∗
ntn

(6.4)

The efficiencies computed for all searches of all three algorithms are plotted in Figure

6.13 . It can be immediately seen that for a given displacement case, the GA has the highest

efficiency. This indicates that the GA generates the best quality solution in the shortest

run-time. It can also be seen that the efficiency of each algorithm increases as the applied

displacement increases. For the cases when u = 0.25 mm and u = 0.50 mm, the efficiency of

the GA increases considerably with successive searches. This is because, as the search space
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is reduced, the GA requires fewer generations and shorter run-times to find an optimum

solution. It can also be seen that SA has a lowest efficiency followed by PSO. Furthermore,

the efficiencies of SA and PSO show very little change with increasing number of searches.

Therefore, it can be definitively stated that the GA is the most efficient algorithm for solving

this problem.

6.3 Precise Damage Shaping on CNF-Modified GFRP Nanocomposite Lami-
nates

This section presents and analyzes the EIT and metaheuristic algorithm-enabled precise

damage shaping results from the through-hole and impact testing experiments performed on

CNF-modified GFRP nanocomposite laminates.
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6.3.1 Through-Hole Shaping Results

In order to determine a suitable EIT baseline for the CNF-modified GFRP laminates, the

mean conductivities listed in Table 5.1 were used an initial estimate. Linear least squares

minimization was then used to iteratively update the initial estimate to find a uniform

optimum baseline conductivity that minimized the difference between the experimental pre-

damage voltages and the numerically computed voltages. Again, this is a uniform conductiv-

ity and not true EIT. For the through-hole testing specimens, the optimum in-plane baseline

conductivities were found to be σx0 = σy0 = 0.025 S/m. The constrained EIT inverse prob-

lem shown in equation (6.5 ) was then solved to obtain the conductivity change. Note that

the constraints on δσ in equation (6.5 ) are based on realistic assumptions about the expected

conductivity change. That is, it is well understood that damage such as through-holes and

delaminations causes a decrease in conductivity. The maximum decrease that is physically

possible has a magnitude equal to the baseline conductivity and the maximum increase is

relatively small. Therefore, an upper bound of 1% and a lower bound of -100% of the baseline

conductivity is used in equation (6.5 ).

δσ∗ = min
−σ0≤δσ≤0.01σ0

1
2


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
 J

αL

 δσ −

δV
0


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
2

2

 (6.5)

The EIT results obtained using the above equation are shown in the left column in

Figure 6.14 . It can be observed from Figure 6.14 that EIT is able to detect the presence

of the holes. Another interesting observation is that larger magnitude conductivity changes

generally indicate more severe damage. For example, for the case of three holes, the EIT

image shows a larger conductivity change in vicinity of the largest hole than the conductivity

change in the vicinity of the two smaller holes. Therefore, some limited information about

the size of the holes can be obtained from the EIT image.

In order to precisely recover the shapes and sizes of the holes from the EIT-imaged

conductivity changes, the precise damage shaping problem was solved using the GA. Recall

that a geometric model for through-holes was developed earlier. In order to solve equation

(4.10 ), the GA was integrated with this geometric model using an adaptive meshing algorithm
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[147 ], [148 ] that generated circular cavities inside a FE mesh described by sm = [xc, yc, r].

The bounds on the initial search space for the GA, smin
m and smax

m , were specified based on

the sizes, locations, and conductivity change magnitudes observed in the EIT images. For

example, for the case of one hole, the lower bound was smin
m = [55, 55, 0.5] mm and the upper

bound was smax
m = [62, 62, 5] mm. The parameters used for the GA were a population size

of 50, a BSA stopping criterion of 99%, and a maximum of 30 generations.

The results from the GA-enabled through-hole shaping problem are shown in the right

column in Figure 6.14 . For the case of one hole, the algorithm is able to reconstruct a hole

with a radius of 1.33 m. For two holes, the algorithm reconstructs one hole with a radius of

1.34 mm and a second hole with a radius of 2.79 mm. Lastly, for the case of three holes, the

GA reconstructs one hole with a radius of 1.34 mm, a second hole with a radius of 2.79 mm,

and a third hole with a radius of 3.43 mm. It is clear that these results are considerably

more accurate and provide much more information about damage shape than standard EIT.

The average percent errors in the through-hole sizes and locations predicted using the GA

are listed in Table 6.1 .

Table 6.1. Average percent error in GA-generated hole sizes and locations
relative to actual hole sizes and locations. In this table, exc and eyc are the
average percent errors in the x- and y-coordinates of the center of the hole and
er is the average percent error in the hole radius.

Hole number exc [%] eyc [%] er [%]

1 1.67 3.33 11.76
2 3.33 5.77 17.22
3 9.52 3.70 7.86

The BSA convergence for the first search of each case and the fitness function convergence

for all searches are shown in Figure 6.15 . For the first search for the case of one hole, BSA

convergence is achieved after 16 generations and further searches do not improve the solution

quality. For the cases of two holes, 20 generations are required to achieve BSA convergence

and the solution improves slightly after repeated searches. For the first search of the case

of three holes, the maximum number of generations is reached before BSA convergence is

achieved. Furthermore, this case shows the most pronounced improvement in solution quality
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for consecutive searches. This is because as the number of holes increases, the number of

parameters in the geometric model also increases and the algorithm requires a larger number

of generations to converge.

6.3.2 Delamination Shaping Results

The optimum baseline conductivities of the impact testing specimens were obtained using

an iterative update method, similar to the through-hole testing specimens. For the 23 J and

28 J impact specimens, the optimum baseline conductivities were found to be σx0 = σy0 =

0.055 S/m and σz0 = 5 × 10−4 S/m. For the 25 J impact specimen, the optimum baseline

conductivities were found to be σx0 = σy0 = 0.02 S/m and σz0 = 3 × 10−4 S/m.

The EIT conductivity change obtained by solving equation (6.5 ) for each impact case is

shown in the first (top) row in Figure 6.19 . It can be seen that EIT is able to detect the

damage due to each impact. Furthermore, as the impact energy increases, the magnitude of

the conductivity change in the impacted region also increases. This indicates that damage

in the material is increasing as the impact energy increases. However, the precise size of the

impact-induced delamination cannot be immediately determined from the EIT conductivity

change.

In order to precisely compute delamination size from the EIT conductivity changes, the

metaheuristic algorithm-enabled damage shaping problem was solved using the GA. For this,

recall that a geometric model for delaminations was developed earlier. In order to integrate

this model with the GA and to make it applicable to a FE analysis, 3-D FE models of each

laminate were set up. Each model was assigned the optimum baseline conductivities (σx0,

σy0, and σz0) determined earlier. Note that instead of modeling an individual laminate as

composed of multiple layers with anisotropic conductivity, each laminate has been modeled

as an effective or homogenized material with the same bulk conductive properties as the

actual laminate. Each FE model used a layer of quadrilateral elements sandwiched between

two layers of hexahedral elements. The quadrilateral element layer is the FE equivalent

of the ‘interface’ layer shown in Figure 4.7 . The GA was then used to generate elliptical

conductivity artifacts described by sm = [xc, yc, rx, ry] inside the interface layer. The artifact
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Figure 6.16. Schematic of delamination modeling process for GA-enabled
precise damage shaping. The experimentally measured baseline conductivities
are used to construct 3-D FE models of each laminate using linear hexahedral
elements. The middle layer of the mesh is then collapsed to infinitesimal
thickness, to represent an interface at the mid-plane of the laminate. The GA
then generates elliptical conductivity artifacts inside this interface layer.

was assigned a uniform a conductivity of σx = σy = σz = σd = 1 × 10−6 S/m. A schematic

of the delamination modeling process is shown in Figure 6.16 . For the GA, a population

size of 20, a BSA stopping criterion of 65%, and a maximum of 20 generations were used.

A lower BSA stopping criterion than the through-hole shaping problem was used because it

was observed that the fitness function attains its minimum value at a relatively low BSA.

Therefore, trying to achieve a higher BSA only adds computational cost. The delamination

shapes in the interface layer reconstructed using the GA are shown in the second row in

Figure 6.19 .
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Figure 6.17. Optical micrograph of cross-section of 23 J impact specimen. A
delamination is clearly visible between the third (0◦) and fourth (90◦) layers.
The fibers in the 90◦ layers are pointing out of the page.

Optical microscopy was performed to measure the delamination size in each laminate.

Figure 6.17 shows a representative optical micrograph of the cross-section of the 23 J impact

laminate. A delamination can clearly be seen between the third (0◦) and fourth (90◦) layers.

In fact, for all impact cases it was observed that the delamination occurred between the third

and fourth layers. The complete delamination shape was reconstructed by making several

cuts through each laminate using a water-cooled tile saw and measuring the delamination

length at each exposed cross-section using the microscope. The measured delamination

lengths and cut thicknesses were then used to reconstruct the in-plane shape of the delam-

ination. This process is illustrated for a single cut in Figure 6.18 and the reconstructed

delamination shapes are shown in the third row in Figure 6.19 .

It can be immediately observed from Figure 6.19 that the delamination shapes and sizes

reconstructed using the GA agree very well with the delaminations measured using optical
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length along the cross-section (center) and several optical micrographs are
taken. The delamination length and cut thickness are used to piece together
the delamination shape (right). This process is repeated for multiple cuts to
reconstruct the full delamination shape in the specimen.
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Figure 6.19. EIT, GA-enabled damage shaping, and optical microscopy re-
sults. First (top) row: EIT conductivity change. Second row: GA-generated
delamination shapes in the interface layer. Third row: Actual delamination
shapes reconstructed using optical microscopy. Bottom row: Post-impact pho-
tos of specimens. The impact locations are indicated by the silver circles.
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microscopy. As the impact energy increases, the size of the delamination also increases and

the GA is able to capture the growth of the delamination very well. There are minor differ-

ences between the GA-generated shapes and the actual delamination shapes. This difference

occurs because an impact does not cause a pure delamination. Instead, a combination of

failure modes exist in the material such as matrix cracking and fiber breakage. However, the

metaheuristic algorithm-enabled inversion does not capture all of these modes and, therefore,

compensates for the additional damage by artificially increasing the size of the delamination.

Despite this, the GA-generated delaminations provide much more insight into the underlying

mechanics of the material than standard EIT.

Lastly, the convergence of the GA-enabled delamination shaping problem can be studied

in Figures 6.20 and 6.21 . The fitness function for the first search of each impact case, shown in

Figure 6.20 , attains an optimal value at a small number of generations. Furthermore, from

Figure 6.21 , the change in the minimum fitness function value is very small for repeated

searches, indicating that there is no significant improvement in the solution and successive

searches are not necessary to produce a good quality solution.

6.4 Summary

This chapter presented the results from three main analyses performed in this thesis: i)

metaheuristic algorithm-enabled piezoresistive inversion, ii) a comparison of metaheuristic

algorithms for solving the piezoresistive inversion problem, and iii) metaheuristic algorithm-

enabled precise damage shaping.

The metaheuristic algorithm-enabled piezoresistive inversion problem was solved for an

elastically deformed CNF-modified polymer nanocomposite. EIT was used to image the con-

ductivity change in the nanocomposite and it was shown that strain concentrations manifest

as marked changes in the local conductivity of the material. The precise underlying displace-

ments, strains, and stresses were then recovered from the EIT-imaged conductivity changes

using a GA integrated with an analytical piezoresistivity model. The inversely computed

mechanical state of the material was validated by comparison with standard FE simulations
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and DIC measurements, and it was shown that this technique can be used to accurately

predict structural failure.

Next, a comparison was drawn between three algorithms for solving the piezoresistive

inversion problem – GA, SA, and PSO. The solution quality, variability for multiple searches,

accuracy relative to standard FEM, and the efficiency of each algorithm were evaluated. It

was determined that the GA had the best solution quality, the smallest variation for multiple

searches, the lowest percent error, and the highest efficiency, and was therefore the best

algorithm for solving the piezoresistive inversion problem.

Finally, the metaheuristic algorithm-enabled precise damage shaping problem was solved

on CNF-modified GFRP nanocomposite laminates. Two specific damage cases were con-

sidered – through-holes and impact-induced delaminations. For the through-hole testing

specimens, EIT was able to detect the presence of the holes. A GA was then integrated

with the previously developed geometric model for through-holes via an adaptive meshing

algorithm and used to reconstruct the precise shape and size of the through-holes. The

results showed good agreement with the actual hole sizes and locations. For the impact

testing specimens, EIT was able to detect the impact damage but did not provide precise

information about the delamination shape or size. For this, the GA was integrated with the

geometric model for delaminations developed previously. 3-D FE models of each laminate

were constructed and the middle layer of elements was collapsed to infinitesimal thickness

to represent an interface. The GA was then used to find the optimum shape of an elliptical

conductivity artifact inside this interface layer for each impact case. The delamination shap-

ing results showed excellent agreement with the actual delamination shapes obtained using

optical microscopy.
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7. SUMMARY OF SCHOLARLY CONTRIBUTIONS

This chapter provides a summary of the major scholarly contributions of this thesis and

discusses their impact in the broader context of self-sensing SHM. The overarching goal of this

work was to develop and validate methodologies for solving conductivity-to-mechanics inverse

problems using metaheuristic algorithms. This research was motivated by the fact that

current state-of-the-art self-sensing SHM is limited in that it provides little-to-no information

about the precise mechanical state of a structure. This information must be ascertained

by solving conductivity-to-mechanics inverse problems. These problems are challenging but

extremely important because conductivity is generally not a SHM-relevant property. Instead,

it would be much more beneficial to know, for example, the pressure distribution in a tactile

sensor, the displacement of a prosthetic implant, or the deflection of a bridge or an aircraft

wing. In light of this limitation, this thesis makes three important contributions toward

solving conductivity-to-mechanics inverse problems, as summarized in the following sections.

7.1 Metaheuristic Algorithm-Enabled Piezoresistive Inversion

The first major goal of this thesis was to develop a methodology for determining the

displacements, strains, and stresses in self-sensing composites using observed conductivity

changes. This is an under-determined inverse problem because conductivity is generally

described as a single-valued scalar while strain has six independent components. Further-

more, because piezoresistivity is driven primarily by the first principal strains, the relation

between conductivity and strain is not one-to-one. That is, multiple strain states can give

rise to the same observed conductivity change. As such, in order to solve the piezoresis-

tive inversion problem, a metaheuristic global search algorithm is required. Furthermore,

to ensure mechanically feasible solutions, the metaheuristic algorithm must be integrated

with a physics-based piezoresistivity model. This thesis mathematically formulates this

methodology and experimentally solves the piezoresistive inversion problem using a GA on

a self-sensing polymer nanocomposite.

This is an important contribution to the state of the art because, previously, gradient-

based optimization techniques have been used to solve the piezoresistive inversion problem
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[132 ], [133 ]. The applicability of these techniques, while efficient and elegant, is limited to

loading scenarios where the actual solution is relatively ‘close’ to the initial estimate. The

methodology proposed here addresses this limitation because it incorporates a global search

algorithm. As such, this technique can accurately determine the underlying displacements,

strains, and stresses for general loading scenarios and can even be used to predict failure. The

impact of this is far reaching and diverse. For example, knowing the conductivity distribution

in a wearable electronic sensor, the exact pressure distribution in the sensor can be inversely

determined. Similarly, the conductivity change in a aircraft wing deflected in-flight can

be used to precisely determine the stresses and predict when and where failure is likely to

occur. Furthermore, while this technique has been explored for self-sensing composites in

this thesis, its applicability can be easily extended to other engineering venues and to a wide

array of self-sensing material systems such as cements [51 ], concrete [49 ], ceramics [149 ], and

polymer-based sensing skins [150 ] and paints [151 ].

7.2 A Comparison of Metaheuristic Algorithms for Piezoresistive Inversion

Having solved the piezoresistive inversion problem using a GA, the second major goal of

this thesis was to explore other metaheuristic algorithms and compare their performances

to that of the GA. This was motivated by the fact that integrating a GA with a linear elas-

ticity BVP via the FE method and an analytical piezoresistivity model is computationally

expensive. Additionally, the inversely recovered strains and stresses showed minor artifacts

due to the variability in the GA-generated displacement boundary conditions. It was postu-

lated that other metaheuristic algorithms may provide better quality solutions with higher

efficiency. To that end, two algorithms were used to solve the previous piezoresistive inver-

sion problem —SA and PSO —and a comparison was drawn in terms of solution quality,

variability, accuracy, and efficiency. Both SA and PSO were able to produce good quality

displacement solutions but still exhibited strain artifacts due to large inter-node displace-

ment variability. It was observed that the GA had the fewest strain artifacts, the smallest

variability in nodal displacements, the highest accuracy, and was also the most efficient al-

gorithm in terms of producing the lowest fitness function value in the shortest run-time.
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Despite the impressive performance of the GA, this work demonstrates that good quality

solutions for piezoresistive inversion problems can be obtained using other widely available

and well-known metaheuristic algorithms.

7.3 Metaheuristic Algorithm-Enabled Precise Damage Shaping

The third major goal of this thesis was to develop a methodology for precisely determin-

ing the shape and size of specific damage modes in self-sensing composites using observed

conductivity changes. This is important because knowing the damage state, especially for

sub-surface or outwardly invisible damages, is often more critical to the safety of compos-

ite structures than just the strain field. This is a challenging inverse problem because no

well-defined mathematical relationship exists between damage geometry (shape and size)

and material conductivity. Therefore, gradient-based optimization schemes are not appli-

cable and metaheuristic algorithms are needed. Furthermore, geometric models that real-

istically describe how specific damage modes affect material conductivity are also required

to ensure physically meaningful solutions. This thesis first develops mechanics-inspired geo-

metric models for two specific damage modes: through-holes and delaminations. Next, the

metaheuristic-algorithm enabled precise damage shaping problem is mathematically formu-

lated and integrated with the damage models. A GA is then used to solve the precise damage

shaping problem on self-sensing composite laminates to recover the precise shape and size

of through-holes and delaminations.

This is an important advancement to the state of the art because prevailing conductivity-

based health monitoring provides no information about the underlying damage mechanisms

and shapes. From a NDE perspective, knowing the exact mechanism and size of damage

within a structure is crucial. For example, if the exact size and location of a delamination

within a composite airframe can be determined, the structure can either be repaired im-

mediately or taken out of service to avert catastrophic failure. Similarly, the health of a

bridge or a wind turbine blade can be accurately prognosticated by knowing the condition

of damage within the structure. This methodology contributes significantly toward the goal
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of improving the safety of high-risk engineering structures by enabling spatially continuous,

precise damage characterization.
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8. RECOMMENDATIONS FOR FUTURE WORK

The methodologies developed in this thesis are the first ever comprehensive effort to solve

conductivity-to-mechanics inverse problems in self-sensing materials. Although these tech-

niques are effective and powerful, they do have certain limitations and there is room for

improvement. Furthermore, this new and incredibly challenging subject has immense poten-

tial for advancing SHM and there are numerous areas for future research endeavors. This

chapter identifies some of the limitations of this thesis and also identifies areas where fu-

ture research can make significant contributions. Possible pathways for addressing these

limitations and for solving future problems are also delineated.

1. Solve inverse mechanics problems in other material systems: The metaheuris-

tic algorithm-enabled piezoresistive inversion and precise damage shaping methodolo-

gies developed herein are robust because they can easily be extended to different

material systems and loading scenarios. Therefore, future research should aim to solve

these problems on large, civil-inspired structures incorporating cementitious piezore-

sistive materials [50 ], [98 ], biomedical materials such as those used in self-sensing

prosthetic implants [152 ], flexible tactile sensors such as wearable electronics [153 ],

and even micro-scale systems such as biological tissue [154 ]. Furthermore, for these

problems it would be more efficient to integrate resistivity-strain relations [44 ], [139 ]

rather than analytical piezoresistivity models with suitable inversion techniques.

2. Develop mechanics-based metaheuristic algorithms to improve efficiency:

The GA, SA, and PSO used in this thesis were by no means optimized for solving

inverse mechanics problems. The parameters used for each algorithm were carefully

selected to give the best performance but the computational burden of using global

search algorithms was still significant. As such, one possible avenue of future research

is to develop metaheuristic algorithms with inherent features/programming that make

them more amenable to mechanics problems. This may also circumvent the need

to use high-performance computing architecture to solve complex problems with a

large number of unknowns. Furthermore, hybrid optimization techniques that aug-

119



ment metaheuristic algorithms with gradient-based methods should also be explored

to improve efficiency.

3. Develop geometric models for other damage modes: This thesis considered two

specific damage models for solving the precise damage shaping problem: through-holes

and delaminations. Future research should work toward developing and experimentally

validating geometric models for other damage modes. This is because composites do

not generally experience one specific damage mode. Instead, it is well understood

that a complex combination of delamination, matrix cracking, and fiber breakage can

occur in realistic structural scenarios. Therefore, it is necessary to integrate realistic

physics for all these damage modes with suitable inversion algorithms. As such, one

possible avenue of future research is to develop universal damage models that can

capture realistic physics of multiple damage mechanisms and integrate these models

with suitable inversion algorithms for complete damage characterization in self-sensing

materials.

4. Extend damage shaping methodology to complex shapes: The precise dam-

age shaping methodology developed herein used parametric representations of dam-

age geometry. Specifically, through-holes were parameterized as circles and delamina-

tions were parameterized as ellipses. Although these parameterizations were physics-

informed and similar descriptions exist in prevailing literature [142 ]–[145 ], shapes for

failure modes in realistic loading scenarios are generally more complex than circles and

ellipses. Therefore, future work should develop geometric damage models that incor-

porate complex shapes. For general polygons, this might involve applying concepts

from topology optimization.

5. Develop machine learning-based methods for solving conductivity-to-mech-

anics inverse problems: Machine learning-based methods such as artificial neural

networks (ANNs) have recently been explored for precise damage characterization

using EIT-imaged conductivity changes in self-sensing materials [155 ], [156 ]. These

methods have incredible potential for solving conductivity-to-mechanics inverse prob-

120



lems but they require copious training data in to achieve good accuracy. Therefore, a

promising avenue of future work is to develop and experimentally validate ANNs for

solving piezoresistive inversion and precise damage shaping in self-sensing materials.
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A. DETAILED FORWARD PROBLEM FORMULATION

A.1 Introduction

This appendix has been adapted from reference [115 ] and gives a detailed FE formulation

of the EIT forward problem with explicit solutions for the complete electrode model (CEM)

matrices. Indicial notation is used unless otherwise stated. Repeated indices in the sub-

scripts indicate summation over the dimension of the problem unless a summation operator

is explicitly included. Superscripts are reserved for element or node quantities and conduc-

tivity is assumed to be a general second-order tensor. Linear triangular elements in two

dimensions and linear hexahedral elements in three dimensions were used in this research.

However, this appendix only presents the FE formulation of the CEM matrices for linear

triangular elements. This formulation can be easily extended to 3-D and to elements with

higher-order interpolation functions.

A.2 Formulation and Discretization of the Weak Form for Steady-State Diffu-
sion

The governing equation for steady-state diffusion is Laplace’s equation, shown below.

− ∂ji
∂xi

= ∂

∂xi
σij

∂φ

∂xj
= f (A.1)

In the above, ji is the current density vector, σij is the conductivity tensor, φ is the

domain potential, and f is an internal current source. It is then assumed that current only

flows through the active electrodes and no current flows through the boundary, as described

by the following equations.

∫
El

σij
∂φ

∂xi
nj dSl = Il (A.2)

σij
∂φ

∂xi
nj = 0 off

L⋃
l=1

El (A.3)
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In the above equations, El is the length of the lth electrode, nj is an outward pointing

normal vector, Il is the current through the lth electrode, and L is the total number of

electrodes. Conservation of charge is then enforced as shown in the following equation.

L∑
l=1

Il = 0 (A.4)

The weak form of equation (A.1 ) is formed by multiplying both sides by an arbitrary

weighting function, ψ, that satisfies the Dirichlet boundary conditions and integrating over

the domain, Ω, as shown in the following equation.

∫
Ω
ψ
∂

∂xj
σij

∂φ

∂xj
dΩ =

∫
Ω
ψfdΩ (A.5)

In the absence of internal current sources, f = 0 and equation (A.5 ) can be rewritten as

equation (A.6 ) using the vector identity ∂
∂xj
ψσij

∂φ
∂xi

= ∂ψ
∂xi
σij

∂φ
∂xj

+ ψ ∂
∂xj
σij

∂φ
∂xj

.

∫
Ω

∂

∂xj
ψσij

∂φ

∂xi
dΩ −

∫
Ω

∂ψ

∂xi
σij

∂φ

∂xj
dΩ (A.6)

Using the divergence theorem, equation (A.6 ) can be rewritten as equation (A.7 ), where

Γ is the union of the electrode areas.

∫
Ω

∂

∂xj
σij

∂φ

∂xi
dΩ =

∫
∂Ω
ψσij

∂φ

∂xi
nj dS =

∫
Γ
σij

∂φ

∂xj
njψ dS (A.7)

Next, substituting the domain-electrode CEM boundary condition in equation (3.2 ) into

equation (A.7 ) gives the following equation.

∫
Ω

∂φ

∂xi
σij

∂φ

∂xj
dΩ =

L∑
l=1

∫
El

1
zl

(Vl − φ)ψ dSl (A.8)

Discretizing equation (A.8 ) using finite element results in equation (A.9 ), where e is the

element number and φe and ψe are element-wise quantities defined as shown in equations

(A.10 ) and (A.11 ), respectively.

∑
e

∫
Ωe

∂ψe
∂xi

σij
∂φe
∂xj

dΩe =
∑
e

L∑
l=1

∫
∂Ωe

1
zl

(Vl − φe)ψe dSe (A.9)
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φe =
N∑
A=1

wAdAe (A.10)

ψe =
N∑
A=1

wAcAe (A.11)

In the preceding equations, A is the node number, wA is the Ath interpolation function,

dAe is the potential solution at the Ath node of the eth element, and cAe is the variation of

the Ath node of the eth element. The operator ∑e implies assembly over all elements in the

discretized domain.

A.3 Formulation of CEM Matrices

Substituting the expressions for φe and ψe into the right hand side of equation (A.9 ) gives

equation (A.12 ).

∫
Ωe

∂ψe
∂xi

σij
∂φe
∂xj

dΩe =
N∑
A=1

N∑
B=1

cAe

∫
Ωe

∂wA

∂xi
σij
∂wB

∂xj
dΩe d

A
e (A.12)

In the above equation, dAe and cAe have been moved outside the integral since they are

constant with respect to Ωe. In order to efficiently solve equation (A.12 ), interpolation

functions are defined on an isoparametric domain, as shown in equation (A.13 ), where xAi is

the i-coordinate of the Ath node and ζ is defined in the range of 0 to 1.

xi =
N∑
A=1

wA(ζ)xAi (A.13)

Next, using the chain rule of differentiation, ∂wA

∂xi
= ∂wA

∂ζj

∂ζj

∂xi
, equation (A.12 ) can be

rewritten as equation (A.14 ).

∫
Ωe

∂ψe
∂xi

σij
∂φe
∂xj

dΩe =
N∑
A=1

N∑
B=1

cAe

∫
Ωeζ

∂wA

∂ζk

∂ζk
∂xi

σij
∂wB

∂ζl

∂ζl
∂xj

dΩe d
B
e (A.14)

Because of isoparametric mapping, the above integral can be evaluated exactly using

numerical quadrature with appropriate Lagrange polynomials. For triangular elements in

two dimensions, the interpolation functions are w1 = ζ1, w2 = ζ2, and w3 = 1 − ζ1 − ζ2. For
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line elements in one dimension, w1 = 1
2(1− ζ) and w2 = 1

2(1+ ζ). To compute the integral in

equation (A.14 ) in the isoparametric domain, Ωeζ
, the integrand must be multiplied with the

determinant of the Jacobian of the coordinate transformation,
∣∣∣∂xi

∂ζj

∣∣∣. The resulting integral

is shown in equation (A.15 ).

∫
Ωe

∂ψe
∂xi

σij
∂φe
∂xj

dΩe =
N∑
A=1

N∑
B=1

cAe

∫
Ωeζ

∂wA

∂ζk

∂ζk
∂xi

σij
∂wB

∂ζl

∂ζl
∂xj

∣∣∣∣∣∂xi∂ζj

∣∣∣∣∣ dΩeζ
dBe (A.15)

The integral in equation (A.15 ) can be computed as a sum of weighted polynomials

evaluated at quadrature points, as shown in equation (A.16 ).

∫
Ωeζ

p(ζi) dΩeζ
=

M∑
m

amp(ζm) (A.16)

In the above equation, the summation runs over the number of quadrature points, am
is the weight associated with the mth quadrature point, and ζm is the location of the mth

quadrature point in the isoparametric domain. Returning to equation (A.15 ), since the

interpolation functions are know, the local diffusion matrix for the eth element can be formed

and equation (A.15 ) can be rewritten as equation (A.17 ).

∫
Ωe

∂ψe
∂xi

σij
∂φe
∂xj

dΩe =
N∑
A=1

N∑
B=1

cAe k
AB
e dBe =

[
c1
e c2

e · · · cNe

]
ke



d1
e

d2
e

...

dNe


(A.17)

In the above equation, ke is the diffusion stiffness matrix for the eth element. The element

diffusion stiffness matrices can be assembled into the global diffusion stiffness matrix, AM .

For linear triangular elements in two dimensions, ke can be computed as shown in equation

(A.18 ).
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ke = 1
2


1 0

0 1

−1 −1


xe1 − x3e xe2 − xe3

ye1 − ye3 ye2 − ye3


−1 σ11 σ12

σ21 σ22


xe1 − x3e xe2 − xe3

ye1 − ye3 ye2 − ye3


−T

· · ·

· · ·


1 0

0 1

−1 −1


T ∣∣∣∣∣∣∣
xe1 − x3e xe2 − xe3

ye1 − ye3 ye2 − ye3


∣∣∣∣∣∣∣ (A.18)

In the above equation, xei and yei are the x- and y-coordinates, respectively, of the ith

node of the eth element. Next, the matrices AZ , AW , and AD can be formed by considering

the remaining integrals in equation (A.9 ), as follows.

∑
e

∫
Ωe

1
zl

(Vl − φe)ψe dSe =
∑
e

(
−
∫
∂Ωe

1
zl
φeψe dSe +

∫
∂Ωe

1
zl
Vlψe dSe

)
(A.19)

The matrices AZ and AW can be formed by moving the right hand side of equation

(A.19 ) to the left hand side of equation (A.9 ) and substituting the expressions for φe and ψe
from equations (A.10 ) and (A.11 ). Matrix AZ is then formed using the first integral on the

right hand side of equation (A.19 ) and considering the eth element of the lth electrode, as

shown in the following equation.

∫
Ωe

1
zl
φeψe dSe =

N∑
A=1

N∑
B=1

cAe

∫
Ωe

1
zl
wAwB dSe dBe

=
[
c1
e c2

e · · · cNe

]
Ae l
Z



d1
e

d2
e

...

dNe


(A.20)
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In two dimensional analysis, the integral in equation (A.20 ) is evaluated over the length

of an electrode. As such, the interpolation functions are w1 = 1
2(1+ζ) and 1

2(1−ζ). The AZ

matrix of the eth element of the lth electrode can then be formed as shown in the following

equation.

Ae l
Z =

∫ 1

−1

he

8zl

1 − 2ζ + ζ2 1 − ζ2

1 − ζ2 1 + 2ζ − ζ2



= he

6zl

2 1

1 2


(A.21)

In the above equation, he is the length of the eth line element. Ae l
Z is formed for every

line element that is part of an electrode. The individual Ae l
Z matrices are then assembled

into the global AZ matrix. Next, AW is formed using the second integral on the right hand

side of equation (A.19 ) and considering the eth element of the lth electrode as follows.

−
∫

Ωe

1
zl
ψeVl dSe = −

N∑
A=1

cAe

∫
Ωe

1
zl
wA dSe Vl

=
[
c1
e c2

e · · · cNe

]
Ae l
WVl

(A.22)

In equation (A.22 ), Vl has been pulled out from the integral because the voltage is

assumed to be constant at each electrode. In two dimensional analysis (using interpolation

functions for linear line elements), the AW column vector of the eth element of the lth

electrode is then formed as shown in equation (A.23 ).

Ae l
W = −

∫ 1

−1

he

2zl

1
2(1 − ζ)
1
2(1 + ζ)



= − he

2zl

1

1


(A.23)
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Lastly, the AD matrix is computed by considering the total current in the system and

enforcing conservation of charge (equation (A.4 )). The current through the lth electrode is

then given by the following equation.

Il =
∫
El

1
zl

(Vl − φ) dS = 1
zl
ElVl −

∫
El

1
zl
φ dS (A.24)

In the above equation, a constant contact impedance is assumed between the domain

and electrodes. The first term on the right hand side of equation (A.24 ) relates the electrode

current to the electrode voltage by El/zl and the second term on the right hand side of

equation (A.24 ) is similar to equation (A.22 ) but with the nodal solution, φe, instead of

the nodal variation, ψe. This term accounts for coupling between the domain voltage and

the electrode voltage via AW . Therefore, AD is a square matrix with a dimension equal to

the number of elements in the electrodes. The diagonal entries of AD are El/zl while the

off-diagonal entries are zero.

A.4 Matrix Assembly

The global AM , AZ , and AW matrices are formed by assembling the local ke, Ae l
Z , and

Ae l
W matrices. In the following steps, only the assembly of AM is described. The same steps

can be readily applied to assemble AZ and AD. The assembly process can be easily visualized

by considering the global variation and global potential solutions. The global variation vector

is c =
[
c1 c2 · · · cn · · · cN

]
where cn is the variation at the nth node and N is the total

number of nodes. Similarly, the global potential solution is d =
[
d1 d2 · · · dn · · · dN

]
where dn is the nodal potential solution at the nth node and N is the total number of nodes.

The assembly process performed over all elements in the domain can then be expressed as

shown in equation (A.25 ).

∑
e

∫
Ωe

∂ψe
∂xi

σij
∂φe
∂xj

dΩe = cTAMd (A.25)

The entries of the local stiffness matrices must be placed in the correct locations in the

global stiffness matrix so that they multiply out with the correct nodal variations and nodal
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potential solutions. When a node is shared between two elements, the entries corresponding

to that node in the local stiffness matrices are summed in the global stiffness matrix. For

example, consider the local diffusion stiffness matrices for the eth and (e + 1)th elements,

shown in equations (A.26 ) and (A.27 ), respectively.

cTe Ae
Mde =

[
c1
e c2

e c3
e

]

k11
e k12

e k13
e

k21
e k22

e k23
e

k31
e k32

e k33
e




d1
e

d2
e

d3
e

 (A.26)

cTe+1A
e+1
M de+1 =

[
c1
e+1 c2

e+1 c3
e+1

]

k11
e+1 k12

e+1 k13
e+1

k21
e+1 k22

e+1 k23
e+1

k31
e+1 k32

e+1 k33
e+1




d1
e+1

d2
e+1

d3
e+1

 (A.27)

Next, assume that the local variation and potential solution of the eth element map to

the following global variation and potential solution.

[
c1
e c2

e c3
e

]
7→

[
cn−1 cn cn+1

]
(A.28)

[
d1
e d2

e d3
e

]
7→

[
dn−1 dn dn+1

]
(A.29)

And, assume that the local variation and potential solution of the (e+ 1)th element map

to the following global variation and potential solution.

[
c1
e+1 c2

e+1 c3
e+1

]
7→

[
cn cn+1 cn+2

]
(A.30)

[
d1
e+1 d2

e+1 d3
e+1

]
7→

[
dn dn+1 dn+2

]
(A.31)
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cTAMd =



...

cn−1

cn

cn+1

cn+2

...



T 

. . .

k11
e k12

e k13
e

k21
e k22

e + k11
e+1 k23

e + k22
e+1 k13

e+1

k31
e k32

e + k21
e+1 k33

e + k22
e+1 k23

e+1

k31
e+1 k32

e+1 k33
e+1

. . .





...

dn−1

dn

dn+1

dn+2

...


(A.32)

The global diffusion stiffness matrix can then be assembled as shown in equation (A.32 ).

Note that since the eth and (e+1)th elements share global nodes n and n+1, the contributions

of these nodes are summed in the global diffusion stiffness matrix. This simple example is

meant only to illustrate the assembly process. In a FE mesh consisting of several thousand

elements, several nodes will be shared between elements and their contributions will be

summed in AM . In such cases, the process of assembling AM can be efficiently performed

using the nodal connectivity matrix. The fundamental assembly process illustrated here can

also be applied to AZ and AW . The only difference is that the degree of freedom for AZ

and AW is one degree lower than that for AM .
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B. DETAILED SENSITIVITY MATRIX CALCULATIONS

This appendix has been adapted from reference [115 ] and gives a detailed formulation of the

sensitivity matrix, J , and the exact form for linear triangular elements in two dimensions.

This formulation can be readily extended to higher-order interpolation functions and three

dimensions. The general form of the sensitivity matrix for anisotropic conductivity is as

follows.

JQRe = −
∫

Ωe

∂φQ

∂xi
σij
∂φ

R

∂xi
dΩe (B.1)

Indicial notation is used in the above equation and repeated indices indicate summation

over the dimension of the problem. Note that QR represents a single index of the sensitivity

matrix instead of the previously used MN . This is because MN will be used later for a

summation over the nodes of each element. Next, substituting equation (A.10 ) and (A.11 )

into equation (B.1 ) gives the following equation.

JQRe = −
N∑
A=1

N∑
B=1

dAQe

∫
Ωe

∂wA

∂xi
σij
∂wB

∂xj
dΩe d

BR

e (B.2)

In equation (B.2 ), dAQe is the potential solution at the Ath node of the eth element due

to the Qth current injection, and d
BR

e is the potential solution at the Bth node of the eth

element due to a unit current injection at the Rth electrode pair. Next, similar to equation

(A.14 ), the gradients of the interpolation functions are evaluated using the chain rule of

differentiation and substituted into equation (B.2 ). This gives the following equation.

−
∫

Ωe

∂φQ

∂xi
σij
∂φ

R

∂xi
dΩe = −

N∑
A=1

N∑
B=1

dAQe

∫
Ωe

∂wA

∂ζk

∂ζk
∂xi

σij
∂wB

∂ζl

∂ζl
∂xj

dΩe d
BR

e (B.3)
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The integral in equation (B.3 ) is computed in the isoparametric domain by multiplying

with the determinant of the Jacobian,
∣∣∣∂xi

∂ζj

∣∣∣, as shown in equation (B.4 ).

−
∫

Ωe

∂φQ

∂xi
σij
∂φ

R

∂xi
dΩe = −

N∑
A=1

N∑
B=1

dAQe

∫
Ωeζ

∂wA

∂ζk

∂ζk
∂xi

σij
∂wB

∂ζl

∂ζl
∂xj

∣∣∣∣∣∂xm∂ζn

∣∣∣∣∣ dΩeζ
d
BR

e (B.4)

The summation in the above equation can be expressed using matrix-vector notation, as

follows.

−
∫

Ωe

∂φQ

∂xi
σij
∂φ

R

∂xi
dΩe =

N∑
A=1

N∑
B=1

dAQe jABe d
BR

e

=
[
d1Q
e d2Q

e · · · dNQ
e

]
je



d
1R
e

d
2R
e

...

d
NR

e


(B.5)

For linear triangular elements, the matrix je can be evaluated as shown in the following

equation.

je = −1
2


1 0

0 1

−1 −1


xe1 − x3e xe2 − xe3

ye1 − ye3 ye2 − ye3


−1 σ11 σ12

σ21 σ22


xe1 − x3e xe2 − xe3

ye1 − ye3 ye2 − ye3


−T

· · ·

· · ·


1 0

0 1

−1 −1


T ∣∣∣∣∣∣∣
xe1 − x3e xe2 − xe3

ye1 − ye3 ye2 − ye3


∣∣∣∣∣∣∣ (B.6)

It is worth noting that the computation of each entry of the sensitivity matrix results

in a scalar and not a matrix. This is because the nodal solutions dAQe and d
BR

e are known
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quantities that, when multiplied with je, result in a scalar according to equation (B.5 ). This

is different from the local diffusion stiffness matrix, where each entry is a matrix.
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