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Abstract

With the improvement of TDR probes, we can hope to extract more information of the
obtained signal. For that, it is necessary to better know the signal of probe TDR in complex
media. The signal transports much information about the electrical properties of the
concerned medium, particularly in a wet soil. So we hope to determine geophysical properties
of the medium.

In a first approach we propose to find a realistic mathematical model for TDR signal
interpretation. The electric permittivity is frequency dependent consequently this model is not
appropriate in time domain of TDR probe. Moreover if we apply the Fourier Transforms to
TDR signal, we notice that the scale of frequency corresponds to the domain of relaxation
time of the polarizable medium. Consequently it is not possible to neglect the transient
polarization of charged particles. In fact we must take into account the inertia of elementary
charges and dielectric loss. For this reason we built a model based on transient electric

polarization P of the medium. For that we couple Maxwell’s equations with the motion of
charged particles in an impulse of electric field. So we obtain a more realistic model of TDR
signal simulation. Moreover we consider a random space distribution of properties of charged
particles. The numerical model is solved in the time domain using the Finite Element Method.
A special code is developed for time domain wave simulation. This code is developed in a
modern context, particularly an efficient C++ Object-Oriented Programming. Moreover a
parallel algorithm can be used for wave simulations.

This numerical work is associated with experimental studies which have for aim the
validation of the models. Based on the Campbell probe, the experiments are developed in
various heterogeneous media. Numerical profiles of electromagnetic energy are presented and
at last we compare the numerical results with the experiments. We notice a good agreement.

Key Words: Electric polarization, Maxwell’s equations, Time Domain Reflectometry, Finite
Element method.

1 Introduction

Generally the electromagnetic properties of the matter are frequency dependent [1]. Many
papers concern this context [2, 3]. In practice for fast transient electromagnetic waves we
have not typical frequency for the determination of the electromagnetic properties particularly
the electric permittivity. Moreover, the frequency model is not valid because the inertia of
charged particles can not be neglected. We propose a numerical model in this case. We use



the basic formulation in first order of Maxwell’s equations. The theoretical approach is
formulated using 2D Maxwell’s equations in TM mode associated with a macroscopic model
of polarization. The partial differential system is solved in space by using of the Finite
Element Method [4, 5] and in time domain we use an efficient multi step semi implicit
method, so we do not develop numerical oscillations. Moreover, a specific code is developed
with an efficient C++ Object-Oriented Programming for the Finite Element. This code is
called FAFEMO (Fast Adaptive Finite Element Modular Object). This constitutes a general
Finite Element solver for the Maxwell equations [5].

To illustrate this model, we use a TDR probe constituted by a wave guide composed of two or
three parallel metallic rods stuck in a polarizable medium. At initial time, a step of electric
field is applied between the electrodes and the intensity is measured at the entrance of the
wave guide [6]. This measurement contains information about the polarizable medium. This
work is a contribution to the interpretation of the TDR (Time Domain Reflectometry) probe
signals.
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Fig. 1. Signal and spectrum of TDR

Fig. 1 shows an experimental signal of TDR and his FFT. We notice that the characteristic
frequencies of TDR signal are similar those of permittivity evolution. In this case, it is not
possible to consider this parameter as a constant value or frequency dependent in time domain
because the transient polarization. According to the characteristic times we are in the case of a
polarization of electric dipoles, particularly in wet medium. Consequently the electric
polarization vector is not a linear function of the electric field.. So we couple the Maxwell’s
equations with a model of motion of electric dipoles.

Moreover the permittivity according to the moisture of the medium is given by the non linear
Topp law [7].

2 General presentation of the model

The 2D wave guide (Fig.2) is represented by two parallel plate electrodes and the electric
conductivity of these can be considered as infinite according to the used frequencies (Fig. 1).
In 2D model we must choose a polarized electromagnetic wave. The electromagnetic wave
polarization is the transverse magnetic mode (TM) for a realistic 2D model. We apply a step
of voltage at the entrance of the wave guide. The obtained signal is the intensity at the
entrance of the line. It is interpreted as a TDR signal according to the characteristic of the
voltage generator.
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Fig. 2. The geometrical model

In our example we study the Transverse Magnetic mode. The components of the
electromagnetic field are:

0
and E = Ey
EZ

Considering the usual notations, the general Maxwell’s equations are formulated as
follows [8]:
curl Ez—a—H divB=0
X (1)
—— JdD — .=
curlH=a—+J divD=p
t

c

We introduce in this general formulation the constitutive laws of the medium. We consider an
non magnetic and dielectric medium and the constitutive laws can be written:

B=uH )
D=g,E+P

Under theses hypothesis Maxwell’s equations become:

curl E:—a—H a’iv,uo.ﬁ=0
curl =go.a—E+a—P+y.E divle, E+P)=p
t t

We consider the polarization vector as unknown in this problem. So we must define a specific
model. By introducing a conduction current associated to charged particle motion, we obtain:
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A classical model is used in which an electric dipole, obeying the following dynamic
equations for one particle. We complete the Debye model by introduction of the inertia of
dipoles. Here dielectric loss is defined by a macroscopic viscous model [8]:

— —

m.dlz—a.V—k.§+q.E and d—X:\_; (5)
dt dt

If q is the electric charge of the particle, the coefficient a denotes the dielectric loss and k the
elasticity constant. If we generalize this model dedicated to one particle in a continuous model
for unit volume, we obtain:

dm dV  da g odk v AR i ax _y (6)
dv dt dv dv dv dt

Each volumetric parameter d/dv can be a random space distribution. So we formulate a local
equation and the mathematical model can be written:
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The water coefficients of this differential equation can be determined by the properties of the
concerned medium. If we consider ®-harmonic solutions for this differential equation, we
obtain in complex formulation:
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The current density can be written:
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Under these conditions, with equations (2) and (4) it appears the frequency dependent
permittivity of the matter:
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The frequency dependent electromagnetic properties 18

[6] of the matter allows the determination of the coefficients of differential equation (7). In
fact, if we know the permittivity at low, middle and high frequency we obtain the parameters
of the differential equation. Under these conditions it is possible to obtain coupling equations
between Maxwell’s equations and the matter electric properties.

Before numerical resolution we prefer to formulate this problem in dimensionless equations.
For that we choose the following reference quantities:

L length of wave guide

c celerity of electromagnetic waves
L e

ty=— characteristic time
c

E, = /&.H o Ccharacteristic fields
80

R, =ypu,Lc  magnetic Reynolds number

t . : . H » F
p=l =t i oHv =E, [
t, L H, E, &,
The dimensionless Maxwell’s equations become respectively:
. H —
curl Ez—a— divH =0
Jr (11)

curl H =aa—E+ NV+R E div(E+P)=p’
t

The Maxwell’s equations are associated with the equations of particle motion, on the form:

cil_V: V-2 X +E
) % (12)
X -
22y
dt
T and (or) ® correspond to a random space distribution.
The boundary conditions on the electric conductor - i.e. electrodes - can be written:
Exn=0 (13)

At initial time, we apply a constant electric potential difference between the electrodes.
Moreover, the electromagnetic field is zero in the domain and the charged particles are
motionless.

In all cases of TDR procedure, the electromagnetic wave never reaches that boundary because
we only study the first reflection in the wave guide for the detection of electric properties. On
the electrodes, we can calculate line current / by the Ampere theorem with the superficial
current’s density [8].



3 Finite Element Formulation

The Galerkin Finite Element method is applied to Maxwell’s equations (11), and to equation
(12). We use vector (5H ,OE 0V ,0X ) and the weighted residual method can be written:

[ . o] e Edo
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(14)
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After discretization of domain € with ne elements €. and using Lagrange’s polynomial base
we obtain the following matricial structure:
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(15)

- |m¢] is called the mass matrix
- [ke] is the electric stiffness matrix

- fg} the elementary electric load.

By choice of the numerical integration each block in the mass matrix is diagonal. The
elementary mass matrix is also diagonal. Consequently the global mass matrix is diagonal, it
is an absolute necessity to run the algorithm describe in paragraph 4.1.

With:
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In this formulation (15), the physical parameters appear as elementary properties. Their values
are distributed to each element.
After a classical assembling operation, the differential system is as follows [5]:

(M) )=} - (K10}

or %{u}:[mt{w(w)} where {(9(U.1)}={F}-[K].{U} (16)

4 Numerical resolution
4.1 Semi-implicit Method
The corresponding k order algorithm is as follows:

t,=0
while (t, <t

max)
{avf=arpM] v+ Sa 1L v,
i=1,2,... until |AU}-AU"

{Un+l}={Un}+{AUn}
t,.,=t, +Al‘n

<tolerence

end while

where @ 1is a upward time-parameter.

4.2 The Code and the Automatic Multigrid System (AMS)

We use efficient C++ Object-Oriented Programming for the Finite Element code called
FAFEMO (Fast Adaptive Finite Element Modular Object) developed by A. Chambarel [6]. In



this context, our numerical calculus uses a technique called the AMS. For all iterative or step-
by-step processes, an expert system chooses the unknown degrees of freedom for the update
of the solution, and the size of the unknown vector is optimized.

4.3 Space discretization

The 2D model is presented in Fig. 2. We discretized the domain with triangular linear
elements. They are described in literature references [9]. We refined the meshing near the
electrodes (Fig. 3), so we have 13,985 triangular elements and 7,300 nodes. 51,100
differential equations are generated by the above Finite Element process. For numerical
quadrature points, the nodes of the elements are chosen. So mass matrix [M] (19) is diagonal.
Then, inversion is an easy procedure. Under these conditions we have tested a semi-implicit
method. We have used a matrix-free technique: the mass matrix and the stiffness matrix are
never built; only the elementary matrices are calculated.
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Fig.3. Local meshing
4.4 Numerical Parameters.

The harmonic mode allows the determination of the coefficients of differential equation (12)
because the frequency dependent laws are known for water (Table 1).

Table 1. Coefficients of differential equation (12)

N .7 /7
10° 1.0x10° 2500
10" (random) 4.0x10° /1

Electric charge density N allows the determination of a relative permittivity of the medium at
low frequency. So we can accede to the soil moisture with Topp formula [7].

On Fig. 4 we can see the propagation of the magnetic field in the wave guide, for growing
values of electric charge density N for the same non-dimensional time. We notice a decrease
in the celerity of the electromagnetic wave in the guide if N increases. This decrease of the
celerity is coherent with an apparent value of permittivity. In a medium with a density of



charged particles of 10° we build a random space-distribution a percentage (5% -> 25%) a
density of 10" . In fact it is a heterogeneous wet.

Moreover we consider a medium with two components, in our physical model it corresponds
at two different frequencies. In our example we choose @y and 2.0y with a random space
distribution with the ratio 25% to 75%.

S Numerical results

First of all we consider a homogeneous medium (Fig. 4a) to compare with the heterogeneous
medium. Next we present the case of a heterogeneous medium to simulate a wet ground with
space random distribution of properties. At end we present numerical results applied to a
mixture of two components with different properties of polarization. In according to the
polarization model, we notice that the celerity of electromagnetic waves is strongly modified.
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Fig. 4a. Electromagnetic is propagating in a homogeneous medium

In a homogeneous media, we consider an uniform distribution of the polarization properties.
We notice a modification of the wave front profile according to the case of constant electric
properties. In this case the transient polarization is active and gives information about the
composition of the ground particularly the moisture.



Log(energy)

1.34682
0.56792
g -0.2109

-0.9898

HETEROGENEOUS
MEDIUM

Log(energy)

t=3

HOMOGENEOUS
MEDIUM

Log(energy)

t=2.5

HOMOGENEOUS
MEDIUM

ENERGY

IHETEROGENEOUS
MEDIUM

Fig. 4b.Electromagnetic is propagating in a heterogeneous medium.

ENERGY

LOO0000000000
Soobo00000000
&

t=5

2 frequencies

Log(energy)

t=7.5

2 frequencies

Log(energy)

Fig. 4c. Two different polarizable media.

2 frequencies

e
o

e i

[l for o Lo o R Lo Rl Lord
S pO b U b Gy 100140
EBmda o=

ensrgy

w® od wan wd
@l g oy ™



Figure 4b presents the case of a heterogeneous medium. The model concerns a random space
distribution of the number of polarizable electric dipoles and appears as an elementary
property of finite element grid.. Table 1 shows the numerical values of the density. The
electric. Figure 4c present the case of a mixture of two components with a characteristic

frequency random space distribution..

6 Comparison with experiment
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Fig. 5a. The homogeneous medium.
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The numerical TDR signal is constructed according to the intensity at the entrance of TDR
and the characteristics of the voltage supply. The figures 5a, 5b and 5c present different cases
of an experiment and the numerical results. The experiments are performed with sand and
water in several configurations of heterogeneity. It is very difficult to prepare experiments
with an exact profile of moisture. The TDR probes are of type TEKTRONIX model 1502 C
cable tester. In the case of strong heterogeneities we notice that the beginning signal is
irregular because the dielectric loss. However we notice a coherent comparison between the
numerical results and the experiments.

6 Conclusion

We present a general Finite Element formulation for 2D Maxwell’s equations in the case of a
propagation phenomenon in a TDR probe stuck in a complex medium as a soil. We present an
efficient numerical tool adapted to these problems, particularly the numerical resolution of
wave equations in complex cases in time domain. The aim is to contribute to the interpretation
of the probe signals: we take into account the electric polarization of the dielectric medium.
So we present a first level of polarization model and we validate the numerical method by a
comparison with the experiment. This model can be adapted to other types of polarization or
with conduction, according to soil characteristics.
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