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The measurement of a quantum state wave function not only acts as a fundamental part in quantum
physics but also plays an important role in developing practical quantum technologies. Conventional
quantum state tomography has been widely used to estimate quantum wave functions, which usually
requires complicated measurement techniques. The recent weak-value-based quantum measurement
circumvents this resource issue but relies on an extra pointer space. Here, we theoretically propose
and then experimentally demonstrate a direct and efficient measurement strategy based on a δ-quench
probe: by quenching its complex probability amplitude one by one (δ quench) in the given basis, we can
directly obtain the quantum wave function of a pure ensemble by projecting the quenched state onto a
postselection state. We confirm its power by experimentally measuring photonic complex temporal wave
functions. This new method is versatile and can find applications in quantum information science and
engineering.
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Introduction.—A wave function describes an isolated
quantum system and the efficient and accurate measurement
of it is a cornerstone of quantum physics and lies at the heart
in developing practical quantum technologies. Unlike the
measurement of a classical quantity that relies on determin-
istic and accurate instrument readings, the measurement
outcomes of a quantum state are probabilistic [1] and follow
the Heisenberg uncertainty principle. As the projections on
one measurable basis give only real numbers, to determine
the complex quantum wave function of a quantum state
requires additional resources and is often challenging.
Conventionally, a quantum state can be reconstructed by

using quantum state tomography (QST) or weak-value-
based quantum measurement (WQM). QST is a conven-
tional way to estimate a quantum state and usually requires
plenty of projection measurements onto several bases sets.
For a general mixed quantum state, the state is typically
reconstructed using multiparameter estimation algorithms
[2–7]. If the state is pure, there exist simpler reconstruction
techniques [8–11], but these often require complicated
projection measurements that are difficult to implement on
certain degrees of freedom. Recently, an efficient WQM
[12–23] was developed to directly read the quantum wave
functions. This strategy relies on an ancillary pointer state
space and its coupling with the unknown quantum state,

which makes the strategy sometimes invalid [24,25] due to,
for example, the absence of a suitable pointer.
In this work, we propose and demonstrate a δ-quench

measurement (δ-QM) method, a new type of versatile
strategy for quantum wave function measurement. For
an unknown pure quantum state, we quench it by varying
one of its complex probability amplitudes in a measurement
Hilbert space and then project the quenched state onto a
postselection state that is nonorthogonal to all the basis
in the measurement space. The real and imaginary com-
ponents of its quantum wave function can be directly
obtained from the sequentially measured quench dependent
responses, as summarized in Fig. 1. As an example, we use
δ QM to experimentally measure photonic complex tem-
poral wave functions, which have, up to now, not yet been
directly measured [26–31]. Our experimental results verify
that this method is robust and efficient with limited
measurement resources.
δ-QM in continuous Hilbert space.—A given pure

quantum state jψi can be measured in a given Hilbert space
spanned by a complete orthogonal basis fjaig, in which we
aim to determine the complex quantum wave function
ψðaÞ ¼ hajψi. Themeasurement basis fjaig is the complete
eigenstate set of an observable operator Â, which satisfies
Âjai ¼ ajai. Usually projection measurements on fjaig
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give only the probability distribution fjψðaÞj2g. We here
propose a strategy for measuring the complex ψðaÞ
sequentially.
We first discuss our theoretical model by assuming the

Hilbert space to be continuous. We quench the quantum
state jψi by the following operator:

M̂ða; θÞ ¼ Î þ
Z

da0δða0 − aÞðeiθ − 1Þja0iha0j; ð1Þ

where Î is the identity operator, and θ is a real phase.
δða − a0Þ is the Dirac delta function and hence we name this
method δ QM. Then we project the quenched state onto a
postselection state jb0i, which is chosen from a basis that is
mutually unbiasedwith fjaig [16,17,32,33]. The probability
of postselection projection Prða;θÞ¼jhb0jM̂ða;θÞjψij2 is
given as

Prða; θÞ ¼ jhb0jψij2j1þ
ðeiθ − 1Þhb0jai

hb0jψi
ψðaÞj2: ð2Þ

It is critical to note that hb0jψi does not depend on θ or a, and
also hb0jai, which is known in advance for specific jb0i, is
independent of jψi. Therefore, the unknown complex ψðaÞ
can be yielded by just choosing different nonzero quench
phases fθ1; θ2g and detecting the corresponding response
factor of projection outcomes pða; θÞ ¼ 1 − Prða; θÞ=P0

with P0 ¼ jhb0jψij2 as the measurement outcome without
quench.

As an example, we further describe how to measure
temporal complex wave functions of photons ψðtÞe−iω0t,
whereω0 is the carrier optical angular frequency and ψðtÞ is
complex envelop. Here, we take jb0i ¼ jω0i for the sake of
simplicity and this experimental postselection projection
measurement is realized by a fixed optical frequency filter.
To measure ψðtÞ at a time instant t0, the phase quenches
θ ¼ fπ=2;−π=2g are applied at t0, and the corresponding
response factors pðt0; θÞ ¼ 1 − Prðt0; θÞ=P0 are denoted as
fp1; p2g, respectively, where P0 is the projection outcome
without quench and thus independent of t0. We can derive
the real and imaginary parts of the wave function envelope
as below by omitting a normalization factor

ffiffiffiffiffiffi
P0

p
=4 (See

Supplemental Material [34] for general results):

Re½ψðt0Þ� ¼ 2 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð1 − p1 − p2Þ − ðp1 − p2Þ2

q
;

Im½ψðt0Þ� ¼ p1 − p2: ð3Þ

By stepping t0 sequentially, we are able to obtain the whole
wave function following the same procedure.
From the above detailed theoretical model description, it

is obvious that this δ-QM method can directly obtain the
quantum wave function. This method can be applied to the
measurements of various quantum systems, such as spatial
wave functions, photonic polarization states, etc.
δ-QM in discrete Hilbert space.—We now extend

this method to a discrete Hilbert space. A given pure
quantum state can be denoted as jψi ¼ P

u ψujaui (withP
u jψuj2 ¼ 1) in a discrete Hilbert space with complete

orthonormal basis fjauig. Here the discrete measurable
basis fjauig contains all the eigenstates of an observable
operator Â, which satisfies Âjaui ¼ aujaui. To determine a
particular ψn, we quench the quantum state jψi by the
operator

M̂nðθÞ ¼ Î þ
X
u

δn;uðeiθ − 1Þjauihauj; ð4Þ

where Î is the identity operator, θ is a real phase, and δn;u
denotes the Kronecker delta function. The success prob-
ability of projecting the quenched state onto a fixed
postselection state jb0i is PrnðθÞ ¼ jhb0jM̂nðθÞjψij2, and
we obtain

PrnðθÞ ¼ jhb0jψij2j1þ
ðeiθ − 1Þhb0jani

hb0jψi
ψnj2;

where jb0i can be chosen from the mutually unbiased bases
of fjauig and thus makes hb0jani an aforehand known
nonzero factor before measurement. Furthermore, hb0jψi is
independent of n and θ and can also be chosen nonzero.
Therefore, the unknown complex ψn can be yielded by
detecting the corresponding response factors of projection
outcomes pnðθÞ ¼ 1 − PrnðθÞ=P0 in the following way.

FIG. 1. Schematic comparison of quantum measurement strat-
egies. To determine the wave function in the basis fjaig,
conventional quantum state tomography (QST) needs a collection
of projection measurement in fjaig and its mutually unbiased
bases (MUB) f::; fjbvig;…g followed by a multiparameters
fitting process. Weak-value-based quantum measurement couples
(Ûπ̂a;p̂ with π̂a ¼ jaihaj) the quantum state with a pointer state
(j0ip̂) then directly reads ψðaÞ from the pointer state measure-
ment conditioned on a postselection projection. Our proposed δ-
quench measurement (δ QM) directly reads ψðaÞ sequentially by
first quenching the quantum state with the operator M̂ða; θÞ and
then analyzing the response in projection measurement of the
quenched state onto one fixed postselection state(jb0i) belonging
to a MUB of basis fjaig.
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Here, P0 ¼ jhb0jψij2 is the measurement outcome without
quench. Especially, by choosing jb0i ¼ B0Σujaui with B0

as a normalization factor, hb0jaui becomes a real constant.
Denoting p1¼1−Prnðπ=2Þ=P0 and p2¼1−Prnð−π=2Þ=P0,
we have below detailed response factors:

p1 ¼ 1 − j1þ ði − 1ÞψnB0=hb0jψij2;
p2 ¼ 1 − j1 − ðiþ 1ÞψnB0=hb0jψij2: ð5Þ

With the normalization condition of jψi, the real and
imaginary components of ψn in discrete Hilbert space
can be easily obtained as the same forms with Eq. (3) for
the continuous Hilbert space by omitting the constant
normalization factor

ffiffiffiffiffiffi
P0

p
=ð4B0Þ and a global trivial

reference phase factor hb0jψi=jhb0jψij.
Experimental results.—The detailed experimental setup

for measuring the photonic temporal wave function using
the δ-QM method is sketched in Fig. 2. Photons attenuated
from a laser beam are first prepared with a test complex
temporal wave function ψðtÞe−iω0t and then phase
quenched by an electro-optic phase modulator (EOPM)
driven by a δ-like impulse in time domain. A high-finesse
optical cavity with resonance angular frequency at ω0 is
used as a fixed optical frequency filter (See Supplemental

Material [34]) to make the postselection projection meas-
urement. The projection measurement outcomes Prðt; θÞ
are detected using a fast avalanche photon detector (APD)
that is placed after the optical cavity. By changing the depth
(θ ¼ f0;�π=2g) of the δ quench and also stepping the
relative time instant of quench (t0), the real and imaginary
components of the temporal wave function can be obtained.
We demonstrate the δ-QM method by measuring

four different test temporal wave functions, as plotted in
Fig. 3. We first sequentially measure the response factors
p1 and p2 at each quench instant t0, which are shown in
Figs. 3(a1)–3(d1). Following Eq. (3), we may directly
calculate the real and imaginary parts of the temporal
wave function ψðtÞ, as presented in Figs. 3(a2)–3(d2).
Straightforwardly, the normalized intensity envelopes
jψðtÞj2 and the phase envelopes φðtÞ can be directly
obtained, as plotted in Figs. 3(a3)–3(d3) and 3(a4)–3(d4),
respectively. The measurement results (markers) agree well
with the prepared test (solid curves) wave functions. Here,
the prepared intensity waveforms are measured with APD
and the prepared phase envelopes are derived from the
electric waveforms that drive EOPM.
Although Eqs. (3) theoretically work for arbitrary

quench depths fθ1; θ2g, in reality the quench response
factors p1 and p2 are required to be larger than the

(a) (b)

FIG. 2. Experimental setup for the δ-quench measurement of the temporal wave function. (a) Signal photons are produced by
attenuating a laser beam with central wavelength λ ¼ 780 nm (carrier frequency ω0 ¼ 2πc=λ with c as the light speed) and linewidth of
around 50 kHz. The average power of the photon stream is about 10 μW. In the state preparation stage, we use an acousto-optic
modulator (Brimrose, TEF-110-30-780, not shown in the figure) for preparing the amplitude of complex envelope jψðtÞj, and a fiber
electro-optical phase modulator (modulation bandwidth 20 GHz, EO-Space, PM-0K5-20-PFU-PFU-795-UL, not shown in the figure)
for the phase envelope φðtÞ. A second EOPM of the same model is used to realize the δ-like phase quench (eiθ). The postselection
projection measurement is conducted with a high finesse optical cavity (finesse F ¼ 20 000, linewidth of 72 kHz, customized by Stable
Laser System), whose resonance frequency is tuned to be ω0. The transmitted photons are eventually detected by an avalanche photon
detector (Thorlabs, APD120A/M) and then recorded by an oscilloscope (Tektronics, DPO4104B). (b) The temporal length of the
photonic quantum wave function is 2 μs and the measurement time-bin width is 0.1 μs. EOPM: electro-optical phase modulator, APD:
avalanche photon detector.
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normalized background fluctuation Δp0 ¼ ΔP0=P0, where
ΔP0 is the standard deviation of P0. In our experiment Δp0

is around 0.002, which is contributed by the electronic
noises from APD and oscilloscopes, the transmission drift
of the optical cavity and power fluctuation of the laser.
Therefore, we here also study the dependence of meas-
urement fidelity on the quench depth θ, which characterizes
the performance of this method.
The fidelities of the measured amplitude envelopes [FA ¼R jψðtÞjjψmðtÞjdt], phase envelopes [FP ¼ R

φðtÞφmðtÞdt],
and the overall wave function [FW ¼ j R ψðtÞψ�

mðtÞdtj] as a
function of the quench depth are plotted in Figs. 4(a)–4(c),
where ψmðtÞ [ψðtÞ] is the measured (prepared) normalized
wave function and φmðtÞ [φðtÞ] is the normalized phase
envelope of the measured (prepared) wave function. At a
large quench depth (θ ≥ π=4), both the fidelities of mea-
sured amplitude and phase are maintained as high as nearly
unity. The overall fidelity behaves similarly, as shown in
Fig. 4(c). When the quench depth is smaller, all the above

measurement fidelities decrease and showbigger fluctuation,
which can be attributed to the lower signal-to-noise ratio
p1;2=Δp0.
The detailed relation of response factor and quench

depth that determines the measurement fidelity is further
investigated numerically. The response factor pðt; θÞ as a
function of quench instant t0 and quench depth θ is
calculated with a time-bin width of 0.1 μs for the temporal
wave function shown in Figs. 3(a1)–3(a4). We plot the
absolute value of calculated response factors jpðt; θÞj in
Fig. 4(d). It is obvious that the response factor shows a
trend of being positively proportional to the quench
depth and the maximum response factor can be beyond
0.2 when the quench depth reaches π=2, which is
100 times larger than the minimum resolvable response
factor (Δp0 ¼ 0.002). Considering the results in
Figs. 4(a)–4(c), a large range of quench depth can be
chosen to keep a high measurement fidelity, which implies
the robustness of this strategy.

(a1) (b1) (c1) (d1)

(a2) (b2) (c2) (d2)

(a3) (b3) (c3) (d3)

(a4) (b4) (c4) (d4)

FIG. 3. The measured response factors and temporal wave functions. (a1)–(d1) Experimentally measured response factor p1;2 for the
prepared temporal wave function with different envelopes. (a2)–(d2) Directly calculated real and imaginary components of temporal
wave function Re½ψðtÞ� (pink triangles) and Im½ψðtÞ� (green diamonds). (a3)–(d3) Normalized intensity envelopes of temporal wave
function jψðtÞj2. (a4)–(d4) Phase envelopes obtained by equation φðtÞ ¼ arctanðIm½ψðtÞ�=Re½ψðtÞ�Þ. Dashed lines in (a1)–(d1) and
(a2)–(d2) are just guide lines to connect neighboring data points. Solid lines in (a3)–(d3) are the normalized intensity profiles of
quantum state measured before being quenched. Solid lines in (a4)–(d4) are the theoretical phase envelopes derived from the preparation
equipments. Only the measured phases in the nonzero amplitude region are presented in (a4)–(d4) considering that the phase is not well
defined when the amplitude is zero. Measurement experiments are repeated 8 times and the error bars denote the statistical variance
of 1 s.d.

PHYSICAL REVIEW LETTERS 123, 190402 (2019)

190402-4



Conclusion.—In summary, we have proposed and dem-
onstrated the δ QM of quantum wave functions as a new
versatile measurement method. By sequentially quenching
the phase of the basis, the quantum wave function can be
obtained using one fixed postselection state. We have
applied this method to measure various photonic temporal
wave functions and achieved a measurement fidelity
around 99%. This δ-quench protocol can also be used to
measure wave functions in other Hilbert spaces, such as the
spatial, polarization, and orbital angular momentum degree
of freedom. As an outlook, it is important to extend the δ-
QM method to mixed quantum states measurement, which
is however beyond the scope of the current Letter.
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