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Measuring the Biphoton Temporal Wave Function with Polarization-Dependent
and Time-Resolved Two-Photon Interference
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We propose and demonstrate an approach to measuring the biphoton temporal wave function with
polarization-dependent and time-resolved two-photon interference. Through six sets of two-photon
interference measurements projected onto different polarization subspaces, we can reconstruct the
amplitude and phase functions of the biphoton temporal waveform. For the first time, we apply this
technique to experimentally determine the temporal quantum states of the narrow-band biphotons
generated from the spontaneous four-wave mixing in cold atoms.
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Photons are described by their discrete polarization states
and field amplitude distribution in continuous time-space
domains. The state density matrix in a discrete Hilbert
space can be reconstructed using the well-developed
quantum-state tomography [1-4]. To describe the temporal
modes of photons, one needs a continuous-variable
quantum-state tomography characterizing both the ampli-
tude and the phase functions. Homodyne detection has
been proven an efficient probe to characterize photonic
(unentangled) Fock and coherent states [5—10]. However,
most homodyne measurements of bipartite states have only
aimed at verifying the entanglement [11-15]. A complete
optical homodyne tomography for the time-frequency
entangled two-photon (amplitude and phase) temporal
waveform still remains a technical challenge [8].

There is an increasing interest in fully characterizing
narrow-band biphotons because of their applications in
realizing efficient light-matter quantum interfaces [16—19].
Using spontaneous four-wave mixing (SFWM) in cold
atoms [20], the sub-MHz biphoton generation with a
coherence time on the order of microseconds has been
demonstrated [21-23]. Such a long coherence time of
single photons allows manipulating their temporal wave-
forms [24-26] and their interaction with atoms in the time
domain [27-29]. Owning to the nanosecond time resolution
of commercially available single-photon counting modules
(SPCM), the biphoton amplitude temporal profile can be
directly measured from the coincidence counts. However,
the coincidence counting does not distinguish between a
time-frequency entangled state and a temporal-probability
mixed state because it does not measure the phase dis-
tribution. Although additional evidences, such as the
violation of the Cauchy-Schwarz inequality [30] and the
antibunching of heralded single photons [31] can indicate
the nonclassical properties, they do not provide a complete
state information. It is believed that the time-frequency
entanglement of biphotons generated from a continuous-
wave SFWM is naturally endowed by the energy
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conservation [32], but this claim has not been confirmed
experimentally.

In this Letter, we propose and implement a technique
to measure the temporal wave function of SFWM narrow-
band biphotons. Using six sets of symmetrized time-
resolved two-photon interference measurements in different
polarization bases, we reconstruct the biphoton temporal
amplitude and phase functions.

The experimental setup for the narrow-band biphoton
generation and the waveform measurement is shown in
Fig. 1. We work with right-angle SFWM in laser-cooled 3 Rb
atoms loaded in a magneto-optical trap [33]. The energy
difference of the two hyperfine ground states |1) = |55 5,
F=2) and [2) =[5S,5,F =3) is hl,, with Ay =
27 x 3036 MHz. The other two atomic energy levels are
13) = |5P3),, F = 3) and |4) = |5P5),, F = 2). The pump
laser (w),) is far detuned from the transition |1) — |3) by A,
and the coupling laser (@) is near resonance on the tran-
sition |2)<>|3) (with an adjustable detuning A.). The Stokes
(wy) and anti-Stokes (w,,) photons are spontaneously gen-
erated from the transitions |3) — |2) and |3) — |1), respec-
tively. The atomic optical depth is about 3 on the anti-Stokes
transition. With linearly polarized, counterpropagating

FIG. 1 (color online). Experimental setup for measuring the
temporal wave function of narrow-band biphotons generated
from backward-wave SFWM in the right-angle confirmation.
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pump and coupling laser beams, the phase-matched back-
ward paired Stokes and anti-Stokes photons are collected ata
right angle with respect to the pump-coupling direction. The
single-spatial-mode biphoton temporal (complex) wave
function at the source output is

\Il(t.w [as) = <O|&s(ts)&as(tas)|\Ils.as>
e e_iw\'()lxe_iwus()lasl//(l’as —_ [S)’ (1)

where o, and w, are the central optical angular frequencies
of Stokes and anti-Stokes photons, respectively. The relative
biphoton waveform y (7., — #,) can be written as
l//(tas - ts) = A<tas - ts)e[q&(tas_mv (2)
which is completely determined by the amplitude function
A(t, — t,) and the phase function ¢(t,s — ;). Because of
the time ordering of the SFWM process and the slow-light
effect on the anti-Stokes photons, A is nonzero only at
t,s — ty > 0 [32]. That is, the anti-Stokes photon is always
generated after its paired Stokes photon. The amplitude
function can be determined from the two-photon coinci-
dence measurement. In particular, the amplitude function
is directly related to the Glauber correlation function
G (ty,s—1t;) = A%(t,s—1,). The phase function ¢ (1, — 1),
as shown in this Letter, can be determined by the
polarization-dependent two-photon interference.
|

1 ) )
(T, 1) = 508 a3 sin ay e+ [e0u(T) A (7 —

| o
+ 5 sina; cos aye'®[edTA(—

Here we define t=1,—1t; and 6, = w,y — w,. The
additional phases 6,7 and §,(r—T) result from the
central frequency difference J,, between the paired photons
and the relative time delay 7. We can determine the
Glauber correlation function as G%) o (T,7)=|w34(T,7)|%.
Using the two-photon detection efficiency #, the time-bin
width Af, and the total measurement time At,, we can
write the two-photon coincidence counts as Cpzps(T,7) =

GI(D23)P4(T’ 7)nAtAt,,. From Eq. (3), coincidence measure-
ments carry a combination of phase and amplitude in-
formation. Depending on the polarisers’ settings, one can
choose which information the measurement reveals. To
retrieve the phase function ¢(7), we measure six sets of
coincidence counts under the conditions as shown in Table I
and get [34]

[B(T.7) +1] C»+(T,7) = C ~(T.7)
24 /B(T7 7;) C//V(T, T) -+ C/\(T, T) ’
(4)

cos[A(T,7)] =

With the right-angle SFWM geometry shown in Fig. 1,
the photon pairs are spontaneously generated into two
symmetric paths (1 and 2): the Stokes photons go to port 1
and the anti-Stokes photons to port 2, and vice versa.
Therefore, there are Stokes and anti-Stokes photons in each
output port. After passing through the horizontal linear
polarizers, the photons are coupled into two polarization
maintaining (PM) single-mode fibers (SMF). The outputs
from the fibers are set to be horizontally (P; <) and
vertically (P, §, after a half-wave plate) polarized. The
relative (optical) time delay 7 between the two paths can be
varied by setting the length difference of the PM SMFs. The
photons are then combined together at a 50:50 beam
splitter (BS), whose output ports 3 and 4 pass the polarizers
(P5 and P,) and are detected by two SPCMs (D5 and D).
The coincidence counts between D5 and D, are recorded
with a time-bin width of 1 ns. The linear polarizer P;
consists of a half-wave plate and a polarizing beam splitter
(PBS). The polarizer P, consists of a quarter-wave plate, a
half-wave plate, and a PBS.

The two-frequency-mode field operators at the source
outputs can be written as d;., = Q5. + dj450 and ayy =
Qg4 + Gygp- The BS has the transformation as = (@, —
i&%)/\/i and a4 = (ia,., + &%)/ﬂ. The projection of
the polarizers can be characterized as ap,, = a,,., cosa,, +
4y sina,, e (m =3, 4). The two-photon relative wave
function at the two detectors can be derived as [34]:

T)e# ) 4 A(=7 + T)e(T)]

7 —=T)e=7T) 4 ¢=0uTA(7 4 T)e(*+71)], (3)

C 10,(T,7)=C (T,
Sln[A(T,T)]: [B(T’T)+1] /O( T) /'(.5( T)’ (5)
—2/B(T.7)C so(T.7) + C »(T.7)
where B(T,7) = Cy,(T,7)/Cy(T,7), and A(T,7) =
=(T,7) + Ag. Ay is the residual phase constant caused

TABLE 1. Polarization projection configuration for the two-
photon coincidence measurement after the beam splitter.
Vertically polarized; <> Horizontally polarized; , 45° linearly
polarized; N\, —45° linearly polarized; O right-circularly polar-
ized; O left-circularly polarized. For the optical polarizations, we
take the convention where the wave is observed from the point of
view of the source.

# Coincidence counts P5(a3,65) Py(ay,0,)

1 Cyo(T.7) +(n/2,0) - (0,0)

2 Coy(T,7) < (0,0) $(z/2,0)

3 C, (T.7) (7/4,0) (7/4,0)
4 C o (T.7) (n/4,0) \(=7/4,0)
5 C o) (T.7) A(n/4,0) O(n/4,7/2)
6 C (T, 7) (n/4,0) O(n/4,—x/2)
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by imperfections of the optical components. The combined
phase difference is defined as Z(7T,7) =¢(z+T)-
¢(z-T)—-6,T for t>T, and Z(T,7) = p(—7—T) —
¢(—t+T)+6,T for = <—T. Because ¢(r) = ¢p(—7),
there is Z(T,7) = —=(T, —7). The residual phase constant
can be determined by Ay = (1/21,) % A(T,7)]dr where
t. is the temporal duration of the two-photon correlation
function. Here we describe our algorithm for determining
the phase function (z > 0). After obtaining Z(7, 7), we get
Pp(z+T)=¢(r—-T)+5,T + =(T, 7). Setting a reference
phase point at 7y: ¢(7o > 0) = 0, we can obtain the phase
function by the following recursion:

¢(zg+2nT > T) = ¢ty + 2(n - 1)T| + 6,T
+E[T, 79+ (2n - 1)T],
(n=+1,42,...). (6)

Similarly, one can get ¢p(z < —T'). The temporal resolution
is 27T.

There is a problem for directly applying Eq. (6) with a
short 7' to some special cases. For example, if the waveform
has some nodes where the amplitude is zero, the phase at
the amplitude nodes can take any value and thus is totally
uncertain. In this case, the phase between the amplitude
islands (the regions between amplitude nodes) is discon-
nected and their phase difference cannot be resolved when
T is too short. By taking a long 7 we can bridge these
amplitude islands and determine their phase difference but
sacrifice the time resolution. To solve this problem, we
propose a two-step recursion algorithm. First, we use a
short 7', to obtain a high resolution tomography inside each
amplitude island. Next, we use a longer 7; to measure the
phase difference between the two islands without touching
the nodes. The two-step algorithm allows us to obtain a full
phase tomography with a resolution of 27. In this Letter,
we set Ty = 1.0 ns and 7; = 5.8 ns.

We first perform a waveform measurement for
degenerate biphotons (6,, = 0) by setting the parameters
A, = Ay —27xx3 MHz and A, = =27 x 10 MHz. The
pump and coupling lasers Rabi frequencies are €, =
27 x 164.3 MHz and Q, = 2z x 39.2 MHz, respectively.
The additional pump frequency detuning A, — Ay =
—27 x 3 MHz is for compensating the frequency shift
caused by the ac Stark effect Q2/(4A,) =
27 x 2.2 MHz and the residual magnetic-field-induced
Zeeman shift of the ground level |1). With these param-
eters, theory predicts that the biphoton waveform displays a
damped Rabi oscillation with z-phase flip across the
amplitude nodes [32]. The two-photon coincidence counts
C1»(7) « A%(7) + A%(—7) are shown in Fig. 2(a), where the
plotat 7 > 0 is the Stokes to anti-Stokes correlation [A?(7)]
and that at 7 < 0 is the anti-Stokes to Stokes correlation
[A%(—7)]. The measured combined phase-difference func-
tion excluding the residual phase constant (for 7; = 5.8 ns)
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FIG. 2 (color online). Degenerate biphoton (5,, = 0) waveform
with Rabi oscillation. (a) Two-photon coincidence counts before
the BS. (b) The measured combined phase-difference function
E(z) for T; = 5.8 ns. (c) The reconstructed phase ¢(7).

is shown in Fig. 2(b). Together with the data for
T, = 1.0 ns, we reconstruct the phase function ¢(z) shown
in Fig. 2(c), which clearly shows z-phase jumps across the
amplitude nodes at 7 = 25 and 50 ns. From the phase
jumps we determine the Rabi oscillation period of 25 ns,
which corresponds to an oscillation angular frequency of
27 x40 MHz. It agrees with the theoretical effective

coupling Rabi frequency +/Q? + A2 =27 x 40.5 MHz
We obtain the solid curves following the theory in the
interaction picture [32] that accounts for the effect of
the atomic energy level |4) on the SFWM process. The
experimental result agrees with the theoretical prediction
within the temporal correlation time of about 50 ns. The
phase data points near 7 = 50 ns have large deviations
because the amplitude is damped to near zero and the phase
becomes largely uncertain. We do not plot the reconstructed
phase points and the theoretical phase curve at |z| > 50 ns
where the amplitude approaches zero.

We next demonstrate that our method can be used to
measure the complex waveform of nondegenerate bipho-
tons (6, =27 x43 MHz) by setting the parameters
A, = Ay +27 x40 MHz, A, = -2z x 10 MHz, Q, =
27 x 164.3 MHz, and Q. = 27 x 42.6 MHz. The mea-
sured = is shown in Fig. 3(b), where the phase-difference
jump (20T;) across 7 = 0 is caused by the product of the
frequency difference J,, and the time delay 7; as predicted
from Eq. (6). The reconstructed phase function and the
theoretical plot are shown in Fig. 3(c) and agree well with
each other.

Last, we show that our technique can also be used to
measure the biphoton waveform without amplitude nodes.
We reduce the coupling laser detuning to zero (A, = 0) and
lower the coupling laser power (2. =2z x 19.6 MHz)
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FIG. 3 (color online). Nondegenerate biphoton (5, =
27 x 43 MHz) waveform with Rabi oscillation. (a) Two-photon
coincidence counts before the BS. (b) The measured combined
phase-difference function =(z) for 7, = 5.8 ns. (c¢) The recon-
structed phase ¢ (7).

to prolong the biphoton correlation time. As shown in
Fig. 4(a), the second oscillation period is completely
damped out. The measured combined phase-difference
function is shown in Fig. 4(b), whose step change
(20, T;) near 7 = 0 can be used to resolve the frequency
difference J, between the paired photons. The recon-
structed phase function is shown in Fig. 4(c) and agrees
well with the theory.
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FIG. 4 (color online). Nondegenerate biphoton (5, =
2z x 43 MHz) waveform with overdamped Rabi oscillation.
(a) Two-photon coincidence counts before the BS. (b) The
measured combined phase-difference function Z(z) for
T, = 5.8 ns. (¢) The reconstructed phase ¢ (7).

Furthermore, we measure the nonclassical properties
of the photon source by verifying its violation of the
Cauchy-Schwarz inequality [30]. Given the normalized

cross-correlation function g(;zgg(r) and the autocorrelation

functions g@ (7) and ggg?as(r), a classical source fulfills
the inequality CS = [g1%(2)]*/[9+7 (0)gi2ks (0)] < 1. The
violation of the Cauchy-Schwarz inequality in a quantum
light source is associated with the nonexistence of a
positive Glauber-Sudarshan P function [35]. The biphoton
source can be used to produce heralded single photons. We

confirm this by measuring the antibunching effect in the

autocorrelation function gﬂz) of the heralded photons [31].

A classical source always displays the bunching effect

gﬁ?) > 1. A two-photon Fock state gives gE.z) = 0.5 [36].

The measured CS,,,, and gE-z) of our biphoton source are
shown in Table II. In all cases, the Cauchy-Schwarz
inequality is violated, and g£.2>
photon threshold of 0.5.

In summary, we present a technique to measure the
temporal wave function of narrow-band biphotons gener-
ated from SFWM in cold atoms. In all three degenerate and
nondegenerate cases, our experimental results agree with
the theoretical predictions. For the first time, we exper-
imentally resolve the z-phase jumps in the Rabi oscilla-
tions. The degeneracy of the photon frequencies does not
need to be preassumed and the frequency difference can be
determined from the measured =(7,7). We find that the
major systematic errors are caused by the imperfection
from the BS and polarizers. We attribute the disagreement
between the experimental data and the theoretical curves,
especially at those amplitude nodes, to the presence of
multiple Zeeman substates which are not taken into account
by the simple SFWM theoretical model [32]. From the
determined amplitude and phase functions, we obtain that
the full widths at half maximum of the biphoton power
spectra for Figs. 2, 3, and 4 are 52, 47, and 22 MHz from
their respective Fourier transforms. With the experimen-
tally determined amplitude A(7) and phase ¢ () functions,
we can reconstruct the biphoton wave function W(z, t,) =
el gmiowtu A (1, — 1 )e'#(ls=) following Eqgs. (1) and
(2). Because the two-photon complex waveform cannot be
expressed as a product state in the time domain, we verify
the time (frequency) entanglement of the biphoton source.

is well below the two-

TABLE II. Violation of Cauchy-Schwarz inequality and the
measured conditional gﬁ” . CS,ax 1s measured at the peak of the
two-photon correlation function. g~ is integrated over the entire
waveform temporal length of 50 ns.

CSmax sl
Fig. 2 204 + 30 0.27 +0.05
Fig. 3 890+ 13 0.16 +0.07
Fig. 4 203 £+ 22 0.19 +0.02

010401-4



PRL 114, 010401 (2015)

PHYSICAL REVIEW LETTERS

week ending
9 JANUARY 2015

Although in the above demonstration we take advantage
of the right-angle geometry, our technique can be extended
to more general cases. The key is to have the Stokes and
anti-Stokes photons sharing the same spatial modes. For
example, in the case where the Stokes and anti-Stokes
photons are generated with a small angle to the pump-
coupling direction [21-23], we can follow the modified
configuration shown in the Supplemental Material [34],
where the phase-matched photon pairs are produced into
two symmetric paths and counteroverlapped by two mir-
rors. This method can also be applied to narrow-band
biphotons generated from cavity-enhanced spontaneous
parametric down-conversion [17].

The work was supported by the Hong Kong Research
Grants Council (Project No. 601113). C. S. acknowledges
support from the Undergraduate Research Opportunities
Program at the Hong Kong University of Science and
Technology.

Note added.—We became aware that during the review
process a work of measuring the biphoton temporal wave
function using a homodyne method was published [37].
Our method of polarization-dependent and time-resolved
two-photon interference is different and does not require
any external reference.
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