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We propose a method to generate a narrowband triphoton W state entangled in time (or energy) via two four-
wave mixing processes in cold atomic gas media. The calculation of such a triphoton W state is performed with
second-order perturbation theory. To characterize the optical properties of the state, we analyze the two-photon
and three-photon temporal correlations in the photon coincidence counting measurement. Considering the role
of determining the time coherence of triphotons between the nonlinear susceptibilities and phase matchings,
we concentrate on two regimes, damped Rabi oscillation and group delay, to look at the temporal correlations.
To further enhance the nonlinear interactions, it may be promising to consider cold atoms confined within hol-
low fibers or loaded into a high-Q cavity. © 2010 Optical Society of America

OCIS codes: 270.0270, 190.4380, 190.4410, 030.5260.

1. INTRODUCTION

Entangled photons of n =3 have attracted a great deal of
interest because of their roles in probing the foundations
of quantum theory and their potential applications in
quantum information processing, quantum communica-
tion, quantum cryptography, quantum computation,
quantum metrology, quantum imaging, and quantum li-
thography. In the past decades, experimental efforts in
the realization of multiphoton entangled states have
paved a new stage for the study of multipartite entangle-
ment. In entangled three-qubit states, two classes of
genuine tripartite entanglement have been known,
namely, the Greenberger—Horne—Zeilinger (GHZ) class [1]
and the W class [2]. The entanglement in the W state is
robust against the loss of one qubit, while the GHZ state
collapses down to a product of two qubits. It has been
shown that these two classes are intrinsically inequiva-
lent under stochastic local operations and classical com-
munications [3,4].

Up to date, the polarization-entangled triphoton GHZ
and W states have been well demonstrated in optical and
trapped ion experiments [5-12] by using either post-
selection from the spontaneous parametric downconver-
sion (SPDC) processes or SPDC biphoton state with an at-
tenuated coherent stated. The recent progress in
continuous-variable (CV) multiparticle entanglement
[13-15] promises the practical development of quantum
cryptography techniques, quantum communication, and
quantum information science. However, the CV analysis
involves the quadrature-type measurement, which is very
different from the direct photon-counting detection as
shall be presented in this paper. Very recently, the distinc-
tion of triphoton GHZ and W states entangled in time and
space has been reported by comparing the second-order
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and third-order correlation functions [16]. The results
showed that the |1,2) state is inequivalent to the |1,1,1)
state, where |i,j,l) represents i, j, and & photons with
modes £, Ej, and %, respectively, in the state. | 1,2) be-
haves as a GHZ state and is fragile to the loss of photons,
whereas |1,1,1) has properties of the W class and is resis-
tant to photon loss. Use of these states for quantum im-
aging has been presented in [17,18] where achieving spa-
tial resolution beyond the Rayleigh diffraction limit has
been explored. It has been pointed out that, although one
could use triphoton W state to mimic some properties of
three-photon GHZ state in the imaging system, the
Gaussian thin lens equations and the physics behind are
quite different [16].

Narrowband entangled photons are a key ingredient of
recently proposed protocols for (long-distance) quantum
communication and quantum information processing
based on coherent interaction between single photons and
atomic ensembles [19], which requires absorbing photons
efficiently and storing the entanglement. Paired en-
tangled photons produced from SPDC in nonlinear crys-
tals [20] are usually associated with very broad band-
width, typically about a few terahertz, which limits their
direct application to these protocols. The progress to-
wards obtaining narrowband biphotons has been made by
utilizing high-quality cavities to reduce the bandwidth of
SPDC photons. A bandwidth of about 10 MHz and a co-
herence time of about 50 ns have been reported in the lit-
erature [21-24]. In the past few years, an alternative
methodology to achieve narrowband biphotons in cold
atomic gases through the process of four-wave mixing
(FWM) has attracted a considerable interest from both
the theoretical side [25—-34] and the experimental aspect
[35-38]. With the assistance of two mature techniques,
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i.e., laser cooling and trapping [39] and electromagneti-
cally induced transparency (EIT) [40,41], paired photons
can be created near atomic resonance with long time co-
herence, high spectral brightness, and high conversion ef-
ficiency. The bandwidth of these biphotons typically
ranges from tens of megahertz down to hundreds of kilo-
hertz, which makes them ideal for atomic-ensemble-based
quantum memory and quantum communication proto-
cols.

In this paper we propose a method to generate a nar-
rowband triphoton W state entangled in time-energy (and
space) from cold atomic gas media via two FWM pro-
cesses. These narrowband triphotons may have important
applications in long-distance quantum communication
and quantum information processing. It is worthwhile to
mention that the methods to create polarization-
entangled GHZ and W states [6—12] are not useful to
study the temporal correlations of these triphotons, be-
cause of identical mode selection among three photons.
We note that there are other ways to produce such a W
state in the literature. One way is the cascade configura-
tion in which a pump photon is downconverted into three
daughter photons [42]. The other way is proposed by
Keller et al. [43] with use of two parametric downconver-
sions followed by one upconversion. Due to the inefficient
nonlinear interaction, however, it makes these schemes
impractical and experimentally challenging. Taking ad-
vantage of enhancing nonlinear interaction with EIT, our
proposed scheme might be doable in current labs. Num-
ber of new features can be found in the current scheme.
One feature is that almost maximal entanglement exists
even in two-partite subsystems of triphotons, which gives
a strong contrast with polarization-entangled W state
where only partial entanglement can be achieved in two-
partite subsystems. This property is of importance for the
application where photon loss is a severe issue. Another
feature is that by manipulating the EIT slow-light effect,
triphotons with subnatural linewidth can be achieved in
analogy with the paired photons case [38]. The long coher-
ence time obtained here offers a way to (arbitrarily) shape
triphoton waveform, which is useful for quantum infor-
mation processing. To further improve the nonlinearity
and confine the photons, either hollow fibers doped with
cold atoms [44] or high-Q cavities loaded with cold atoms
[45] may offer an excellent environment for these studies.

We shall model the generated three-photon state by us-
ing second-order perturbation theory. We find that the op-
tical properties of such a triphoton state are determined
by both the nonlinear susceptibilities and phase-matching
conditions. Alternatively, the time coherence of these
triphotons is governed by both the third-order nonlinear
susceptibilities and the phase matchings, similar to bi-
photon generation [25,27—29,32]. This method provides a
way to look at the physics in different regimes by noticing
which one is dominant in controlling the temporal coher-
ence between nonlinear susceptibilities and phase match-
ings. We therefore focus on two simple cases, damped
Rabi oscillation regime and group-delay regime, which
yields insights into the process of triphoton generation.
Our results show that in the damped Rabi oscillation re-
gion, the feature of damped Rabi oscillations in two FWM
processes has been imprinted into the three-photon coin-
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cidence counts. The conditional three-photon coincidence
counts reveals the same curvature as the two-photon co-
incidences. In the group-delay regime, we find that the
mechanism of triphoton generation is washed out by the
longer coherence time due to the phase matchings. In
such a case, the pattern of conditional three-photon and
two-photon coincidence counting rates is a (decayed)
square wave similar to that observed in the conventional
SPDC photons. The frequencies created out of the phase
matching may yield the three-photon precursor phenom-
enon. For simplicity, we focus here on the temporal behav-
ior of triphotons and ignore the transverse correlations,
which may be useful for quantum imaging and lithogra-
phy. The transverse effects can be analyzed by following
the treatments presented in [17,18,25,26]. To simplify the
discussion, the atoms are assumed to be laser cooled, and
therefore Doppler effects can be neglected. Since we are
interested in coincidence counting, nonpaired photons
will not contribute to the correlation measurement and
can be ignored for simplicity. Other degrees of freedom of
photons (e.g., polarizations) are not the focus of this paper
and will not be specified here either.

The paper is organized as follows. In Section 2, we de-
scribe the triphoton W state generated from two FWM
processes using second-order perturbation theory. To
characterize optical properties of the temporal correla-
tion, in Section 3 we evaluate the second-order and third-
order correlation function in photon-counting measure-
ments. We concentrate on two regimes, damped Rabi
oscillation and group delay, to discuss the two-photon and
three-photon coincidence counts. Finally, we draw our
conclusion in Section 4.

2. GENERATION OF TRIPHOTON W STATE

We illustrate the basic idea of generating a three-photon
W state in Fig. 1(a), where three input beams, one pump
(E,) and two controls (E.; and E,y), are assumed to be
monochromatic plane waves, and their angular frequen-
cies and wave numbers are (w,,k,), (w.1,k.1), and

Photon (1)

T

Fig. 1. (Color online) Generation of a triphoton W state en-
tangled in time-energy (and space). (a) Schematic of triphoton W
state generation and detection in the backward geometry. Two
counterpropagating weak pump field (w,) and strong control field
(w.1) induce spontaneous emission of paired Stokes (w;;) and
anti-Stokes (w,,;) photons in the first atomic ensemble. By send-
ing the w,; photon with another strong control laser (w,) into the
second ensemble, another paired Stokes (wy) and anti-Stokes
(wqs9) Photons are created. This completes the three-photon state
formation. (b) Four-level double-A EIT configurations for tripho-
ton generation.
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(wea,ke0), respectively. As illustrated in Fig. 1(a), the first
FWM offers a pair of entangled Stokes and anti-Stokes
photons (E;,E ) by absorbing one input w, pump and
one w,; control photon. By sending the Stokes photon
(E41) produced from the first FWM as a pump field to trig-
ger the second FWM, another pair of entangled Stokes
(E9) and anti-Stokes (E,.9) photons is initiated from the
second atomic ensemble by annihilating simultaneously
the input Stokes photon (E,;) and one control photon
(E.2). This completes the three-photon state generation.
The angular frequencies and wave vectors associated with
the generated weak fields are represented by (wj,l%) with
the subscript j running among (s1,as1,s2,as2). We will
use (w;,Kj) to stand for the central angular frequency and
central wave number of the generated field. The atomic-
level configurations under consideration are, for simplic-
ity, taken as two four-level double-A EIT systems as
shown in Fig. 1(b). We also assume that all the population
in both systems are initially distributed in the ground
state |1>j where the subscript (j=1,2) represents two en-
sembles. The input weak pump and Stokes field are tuned
to the atomic transition |1);—[4); with detunings A,=w,
—wy1,1 and A= w;— w4 9, Where wy, ; is the corresponding
transition frequency of the jth medium. Two control lasers
(E.1,E.9) are tuned resonant with their corresponding
atomic transitions. Three single-photon detectors are ar-
ranged that detector D; detects the w,s; photons, Dy col-
lects the w, photons, and Dj fires the w,y photons. For
simplicity, we will focus on the counterpropagating geom-
etry in the photon-counting measurement (see Fig. 1(a)).
One advantage of this experimental configuration is that,
in such a scheme, the input and output beams can be eas-
ily separated.

To calculate the three-photon state at the output sur-
faces of the media, we shall work in the interaction pic-
ture and start with the effective interaction Hamiltonians
[25,32], which are

asl

Hi(ty) = f dPreoxVEVESETES), + Hee.,
V.

1

Hy(ty) = f d*reoxy EVEYEGE ), +He.,, (1)
V.

2

where the integrals are performed over the interaction
volume (V) of the medium illuminated by two input
fields, Xj(fq') (j=1,2) is the third-order nonlinear susceptibil-
ity, and H.c. means the Hermitian conjugate. The electric
fields of the generated beams for Stokes and anti-Stokes
(j=s1,as1,s2,as2) are described by the quantized fields

EJ(-+) _ E Eja(Ej)ei(Efr‘—wjt), (2)
k

where a(k ;) is the annihilation operator for the mode with
wave vector k?j and angular frequency w;. The dispersion
relation inside the medium is |k,|=wn;/c=kj, n; is the in-
dex of refraction,
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and V, is the quantization volume. The creation and an-
nihilation operators are normalized so that the common
commutation relationship is satisfied:

[a(E),a’ (b)) = 3, ()

We take three input beams, one weak pump (E,), and two
strong control (E. o) fields, to be classical plane waves:

EI(7+) = Epei(kp27wpt1)7 E((:;—) = EC]eii(kch+ijtj) ’ (5)

where E; is the strength of the field amplitude, and the +z
direction is assumed to be pointed along the propagation
direction of the input w, (or ws;) beam.

The state vector of triphotons generated from the
scheme shown in Fig. 1 can be derived from second-order
perturbation theory. That is,

L\ 2 A .
|‘P>=<—%)f dtzf dt T Hy(t2)H,(£1)]/0),  (6)

where 7 is the time-ordering operator and |0) is the ini-
tial vacuum state. By using Egs. (1)—(6) and keeping only
the terms of interest, the triphoton state vector (6) be-
comes

|\I,> = E E 2 F(Easl,k)sZ:EasQ)a+(Eas1)a1l-(1552)a#(]€a52)‘O>,
Igasl }gs2 ];IZSZ

(7

where the three-photon spectral function F is given by

F(EaSI’ESZ’EaSZ) = E ,BX(13)X(23)‘1)1(N‘31L1)®2(Ak2L2)Htr1(0731
};sl

+ &asl)HtrZ(&sl - &as2 - C—&32) X 5(wp + w1
S wasl) 5(ws1 + Weg — Wgp — wasZ)' (8)

In Eq. (8), two Dirac 6 functions come from time integrals
in the steady-state approximation, and physically they as-
sure the energy conservation in the processes. From the
point view of atomic populations, the energy conserva-
tions indicate that after completing the generation pro-
cesses, the populations return to their initial conditions.
®;(Ak;L;) (j=1,2) is called the longitudinal detuning func-
tion:

1—e 8k ARL;\
®,(AkL;) = ———— =sinc| —— |e7 242 (9)

and is the z integration from -L; to 0 over the length of
the medium. Here Aki=k,—k.1—ks1+ke1 and Akg=Fky
—keo—kso+k,so are the phase mismatchings along the lon-
gitudinal direction, and their forms will be specifically
evaluated below. The natural spectral width of the tripho-
ton wave packet is determined by these longitudinal func-
tions. Accordingly, H,; (j=1,2) is called the transverse de-
tuning function and is defined by

Htrl(&sl + &asl) = dzpe_i(§81+da31)'ﬁ,
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Htr2(&sl - &32 - &aSZ) = d2pei(d51_d52_&a52).ﬁ~ (10)

2A2

In the derivations of Eq. (10), the cross section area A; in-
dependent of z is assumed. @; is the transverse wave vec-
tor of the generated field (j=s1,as1,s2,as2). g is sitting in
the transverse plane perpendicular to the longitudinal
axis z. f:,BX(IS)X(;) is the so-called parametric gain index
and

W1\ T2, hw,
B=- i7T2E01E52Ep slz\ s2Was2 \/ 2asl . (11)
N1 Mol gs2 280naslvq

For the atomic gas media discussed here, the indices of re-
fraction are almost unity and, therefore, we will take all
n;=1 from now on. From the expression of Eq. (11) we see
that to obtain a higher triphoton generation rate, it is
critical to achieve a larger single-photon electric field in
the second medium. This may be achievable using hollow
fibers to confine the cold atoms or loading cold atoms into
a high-Q cavity. The parametric gain ¢ is generally
frequency-dependent because of XJ(»‘Q’). If XJ(?’) varies
smoothly within the range of allowable frequencies, they
may be pulled out of the integrals and treated as a con-
stant as routinely done in biphoton generation using non-
linear crystals (e.g., BBO crystals) [46-48].

As seen from Egs. (7) and (8), the three-photon state is
entangled in frequency and wave number but is not en-
tangled in polarization. In frequency space, the entangle-
ment is the result of the frequency phase-matching condi-
tion, which implies that detections of two photons at
frequencies w,,; and w,. require the detection of the
third one at frequency wy,+ w,1+weo— w51~ Wgso. The fre-
quency correlation has interesting consequences for the
temporal behavior of the tripartite system, as we shall
study in the following section.

From Eq. (8), it is obvious that ®/s and H,,/’s become &
functions in the limit of the media with infinite length
and cross sectional area. Plus the energy conservation &
functions, they together form perfect phase-matching con-
ditions:

a)p t W] = Wg + Wyg1, Ws1 T Wpg = Wgg + W2,

kp _kcl=]€sl_]€aslv Esl_k52=ESZ_Ea52'

The natural spectral width of the triphoton wave packet
is usually controlled by the longitudinal detuning func-
tions, ®;, through manipulating the light propagations in-
side the materials. Before proceeding, it is instructive to
look at the phase mismatching in the longitudinal axis.
We first approximate the frequencies as small deviations
around the corresponding central frequencies, i.e., wg;
=w,s+v; (j=1,2), where the range of frequencies reach-
ing each detector, v;, is limited so that [vj| < w,y. From
the energy conservation, automatically we have w,y=w,,
—v;—v9. We then expand the wave numbers to first order,
ie., kqgj=Kgg+vj/v,gj, where v, is the group velocity of
the anti-Stokes w,,; photon traversing through the jth en-
semble. To maximize the output efficiency of the interac-
tion, we arrange the system to satisfy, for j=1,2:

Wen et al.
Ksl_Kaslzkp_kclﬂ Ks2_Ka32=Ksl_kc2’

Ws1+ Was1 = wy, t W1, Wsot+ Wyso = W1 + Wea. (12)

With these approximations the phase mismatching Ak;
can be evaluated as

1 1
Ay = vy — 4+ — |,
' ' Ug{) Vasi

1 1 1 1
Ak2=V1 T + V| —+— |, (13)
Us2 Ugl) Us2  Ugs2

where vg’l) is the group velocity of the Stokes (wy;) photon
propagating in the jth atomic ensemble, and vy is the
group velocity of the wsy photon. It is known that in the
four-level double-A EIT system, because of far-detuning
for input pump (and Stokes) field only the anti-Stokes
photons experience ultraslow light effect [32,35], and
other electromagnetic fields propagate at almost the
speed of light in vacuum. Equation (13) hence simplifies
as

41 [$)
Ak1= I Ak2= I (14:)

Vasi Vas2

This simplification has an important influence to the op-
tical property of triphotons discussed here. It results in
the conditional three-photon coincidence counting rate
sharing the same functional shape with the two-photon
coincidence counting rate in the group-delay regime (see
the next section). This is different from the nonlinear
crystal case, where the difference between the group ve-
locities associated with photons is relatively small so that
one has to take into account all the group velocities
[16,43].

The transverse properties of triphotons are governed by
the transverse detuning functions, H,;. The transverse
correlation of entangled photons has practical applica-
tions in quantum imaging, quantum lithography, and
quantum sensors. In this paper, the temporal correlation
of entangled photons is of our primary interest and we
will ignore the spatial effects. The transverse effects of
the generated triphotons proposed here can be examined
by following the analysis presented in [17,18,25,33]. By
assuming that the intersections between the input beams
are large enough, we can approximate the transverse de-
tuning functions, H,;, as Dirac & functions and accord-
ingly replace the wave vectors by the wave numbers.
From Eqgs. (7) and (8) we also notice that the state prop-
erty and the spectral function are characterized by both
the nonlinear susceptibilities and the phase-matching
conditions. As a consequence, this plays a major role in
the temporal correlation as shall be discussed in the fol-
lowing section.

3. TEMPORAL CORRELATION OF
TRIPHOTONS

Optical properties of triphotons are revealed by studying
the photon statistics in the photon-counting measure-
ment. In this section, we will study the temporal correla-
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tion by analyzing the second-order and third-order corre-
lation functions. In Ref. [16] the distinction between GHZ
and W three-photon states was demonstrated by compar-
ing the second-order [G?] with third-order [G®] coher-
ence functions. It is proven that a partial entanglement
can, indeed, exist between two particles in triphoton W
state |1, 1, 1), which indicates the robustness against loss
of one particle. Hence here we shall examine the two-
photon coincidence counts and three-photon coincidence
counts. We assume that the w,,; photon goes to detector
D, the wgy goes to detector Dy, and the w,z to Ds, as
shown in Fig. 1(a). Again, we will ignore the polarization
property of the generated weak fields.

Using Glauber’s theory, the averaged triphoton coinci-
dence counting rate is

T

1 T T T
Ry =lim — J dt, f dty f dts(V|E\(r)ES (r)EY)
T 0 0 0

X (15)ES (15)ES () ESY (1) | W), (15)

and the two-photon coincidence counting rate is

1 T T
R =lim — f dt, f dto(VIET(1)ES (1) ES (1)
0 0

T

XEY (r)|[¥), (16)
and the singles counting rate is given by
1 T
R, = ;im 7 f dt(VIED (r)EY ()| W). (17)
—00 0

Here E](-+) (j=1,2,3) is the positive frequency part of the
free-space electromagnetic field evaluated at the jth de-
tector’s spatial coordinate r; and trigger time ¢;, and 7;
=t;-r;j/c, respectively. For simplicity, we shall take all
single-photon detectors’ efficiencies to be 100%. In this pa-
per we are interested in narrowband triphoton genera-
tion, and the bandwidth of these triphotons is comparable
with or even smaller than the spectral width of single-
photon detectors used in current labs. Therefore, the
three-photon coincidence counting rate (15) can be further
simplified as

Ry = [(0ES (r) B (1) BT (7)) | W) = |Ag(ry, 72, 75)|*.
(18)
Ajs(7) is usually referred to as the three-photon amplitude

or as the triphoton wave packet. Similarly, the two-photon
coincidence counting rate (16) becomes

R,y = E ‘<0|a(]€3)E(2+)(T2)E(1+)(7'1)|‘I’>|2 = E |A2(7'1, 7'2)|2‘

kg ks
(19)

The singles counting rate (17) may be written as
Ry=2 X [0lakyak)EP WP =3 3 1A, (20)
‘2 };3 ];2 }‘;3
From Eq. (20) it is easy to see that the singles counts are

not a function of time. So, we will concentrate on the two-
photon and three-photon coincidences. It is worthwhile to
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emphasize that A5(7) and A(7) are also the three-photon
amplitudes, although some subsystems are not detected
in the experiment.

Without taking into account filters inserted before de-
tectors, plugging Eq. (7) into (18) thus yields

Ag(my,7y,73)

=A302 E 2 e_i(waﬂfﬁwasz72+w5273)F(kas1,ksZ,kas2),

kasl kasZ ksZ

(21)

where all slowly varying terms and constants have been
absorbed into Asy. Next, we consider the two- photon co-
incidences with use of the triphoton entangled state (7).
As an example, we examine the case that only the wg and
wgo photons are detected while the wg,; remains un-
detected. Other possible arrangements can be calculated
following the same reasoning. By substituting Eq. (7) into
(19), we have

AQ(TZ,TS) =A202 E e_i(wa82T2+wszT3)F(kasl’ka329ks2)7

k52 kasZ

(22)

where we have grouped all the slowly varying terms and
constants into Agy. In addition, we have replaced the
wave vectors by wave numbers in Eqgs. (21) and (22). To
evaluate the Dirac § functions in the spectral function
F(kye1,kqs2,ks0), @ summation over a wave number will be
converted into an angular frequency integral as usual:

Vs dk; VY [ do
2 Hifdwj_J 7 _J (23)
no 2

T dw; 2w v;

A. Two-Photon Coincidences

We start with the two-photon temporal correlation using
the triphoton state given in Eq. (7). We continue examin-
ing our example mentioned above [see Eq. (19) or Eq.
(22)]. With use of Eqs. (7), (19), (22), and (23), after some
algebra it is not difficult to show that the two-photon co-
incidence counting rate is

[

2
viLy
X(13)(V1)Sinc< )
2

Ry(193) =Ry f dny

Vas1

V2L

2 )e—iy2(723+L2/2va32) (24)

X (v, vz)sinc<
Uqs2

where m3=7m— 73 and Ry is a grouped constant. As seen
from Eq. (24), Ry(793) is a function of 793, which means a
partial entanglement even between two particles in such
a triphoton state. This is clearly a signature of the prop-
erty of the tripartite W class. In Eq. (24), the first integral
gives a constant while the second integral inside the mod-
ule is a convolution between the nonlinear susceptibility
)((23) and the longitudinal detuning function ®,, which
takes the same format as the case for paired photon gen-
eration in atomic gases [25,27-29,32]. The functional
shape of Ry is generally determined by both X(23) and ®,.
The width of partial temporal coherence is consequently
governed by the linewidths of resonances appearing in
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X(23) and the natural spectral width from ®5. Therefore, in

the following we will look at Ry(793) in two cases: damped
Rabi oscillation regime and group-delay regime.

1. Damped Rabi Oscillation Regime

In the damped Rabi oscillation regime, the temporal co-
herence of triphotons is mainly determined inversely by
the linewidths of resonances appearing in nonlinear sus-
ceptibilities. In such a limit, the temporal coherence re-
sulting from the phase matchings is relatively so short
that it would not be observed in the photon-counting mea-
surement. Reaching this regime requires a medium with
small optical depth such that phase matching does not
play an appreciable role. The two-photon coincidence
counting rate (24) now becomes

2

R2(7'23)=R20JdV1|X(13)(V1)|2 de2X(23)(V1,V2)€_iVZTZ3

(25)

It is obvious that the second integral is a Fourier trans-
form of X(23)~ The pattern of Ry(75) depends on the exact
form of X(23)(V1, Vo).

Optical response of a four-level double-A EIT system
have been extensively studied over the past 15 years
[32,25,49,41]. For the configuration we discussed here,
the third-order nonlinear susceptibilities for the first and

second atomic ensembles, x(13> and X(Qg), are, respectively,

X(13)(V1) =
Nipispgotostar

4ﬁ380(Ap +iy10) (11 = Qe1/2 +19,1) (V1 + Qer/2 + iy,7) ’

(26)
X(23)(V1’ VZ) =
Noés18o3éa0éia

4h380(As =810 (Vg = Qoof 2 + 07,9) (Vg + Qo2 + i,9) '

(27

Here N; is the atomic density of the jth ensemble, u;; and
&; are the elements of dipole transition matrices, and ;4
and {y4 are dephasing rates. A;=wg;—v1—wy; 9 is the in-
put Stokes detuning from the transition |1)y—|4), of the
second medium. vy = w,g1 — w31 1 is the detuning of the anti-
Stokes (wgs1) photons from the transition |1); —|3);, and
we take w,41=w31; as the anti-Stokes central frequency;
similarly, vo=w,so— w312 is the detuning of the w,ss pho-
tons from the transition |1)3—[3)s, and we take w0
=ws319 as their central frequency. Q,;
=\, (y13;- v12,)* (7=1,2) is the effective control Rabi
frequency, where () ; is the Rabi frequency of the w,; con-
trol beam, y;3; and y;9; are dephasing rates of coherence
‘1>J<—> |3>J and |1>J<—> |2>J 7ej=(713,j+ 712,])/2 is the effective
dephasing rate or the linewidth of the resonances appear-
ing in y'®. This quantity sets a limit for the bandwidth of
temporal coherence of entangled photons in the genera-
tion mechanism. The physics of Egs. (26) and (27) has
been fully probed in [25,27—-29,32], and we will not repeat
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here. Interested readers please resort to those references
for details.

With the help of Eqgs. (25) and (27), it is easy to show
that

Ry(93) = Roge 272723[ 1 — €08(,0723) 10(703).  (28)

Again, Ryy has absorbed all the constants and slowly
varying terms. The heaviside step function O(7y3) is de-
fined as O(7y3)=1 for 73=0, and O(73)=0 for 753<0. One
may notice that Eq. (28) has the same feature except the
constant term as the biphoton generation case [see Eq.
(26) in [32]]. The physics therefore holds the same inter-
pretation as for the paired photon generation case, and it
shows the beating (or interference) between two types of
FWM processes occurring in the second atomic system.
The two-photon temporal correlation (28) exhibits
damped Rabi oscillations of period 27/(,5. The damping
rate is determined by the resonant linewidth 27y, in the
doublet. At 753=0, Ry vanishes and as 53—, R, also ap-
proaches zero. This indicates the photon anti-bunching-
like effect. If 7y, > .9, only the first oscillation is observ-
able and the other oscillations disappear due to the fast
dephasing rate 7,, [35]. This can be denoted as over-
damped Rabi oscillation region. Equation (28) thus proves
the existence of partial entanglement in two subsystems.
It is interesting to note that the width of time coherence
coincides well with the width of the conditional three-
photon coincidences, which shall be discussed thoroughly
below. The reason is that we assume far detuning for the
input wy field. This far detuning eliminates the effect of
v; shown in Eq. (27) and decouples the second FWM pro-
cess from the first FWM influence. In the counterpropa-
gation geometry, Ry may become a symmetric distribution
about 753=0 if £ +£.0=0 is satisfied, because spontane-
ously emitted w,o and w,.e photons can trigger both detec-
tors Dy and D3 [36]. In Fig. 2(a) and 2(b) we have simu-
lated R, as a function of 793 in both damped and
overdamped Rabi oscillation regimes.

2. Group-Delay Regime
The group-delay regime is defined as the time coherence
from phase matching being greater than the time coher-
ence from the nonlinear susceptibility. Alternatively, the
third-order nonlinear susceptibilities can be treated as
constants over the phase-matching spectrum. As a conse-
quence, the mechanism of paired photon generation in
FWMs is erased by the longer group-delay time [37]. In
the group-delay regime, the triphoton temporal coherence
can be controlled by dynamically manipulating the (EIT)
slow-light effect. To experimentally observe the feature in
such a region, it is necessary to trap the atoms with high
optical depth (OD) so that the slow light is dominant in
the system. The two-photon correlation in this regime is
closer to the correlation with conventional SPDC photons.
The two-photon coincidence counting rate (24) now
reads
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R2(7'23) =R20 dV]_ sinc dV2
2Uasl
voLy . z
Xsine eive(723+L2/204s2) (29)
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The second integral in Eq. (29) is a Fourier transform of
the sinc function. Same as SPDC [46,50], this integral
yields a square wave with width Ly/v,.e. By manipulating
the ODs and the Rabi frequencies of the E; ., fields, as
the EIT bandwidth (AwEIT,]:|ch‘2/(2’}/l3,]\’OD)) is larger
than the phase-matching bandwidth, the anti-Stokes loss
can be ignored and the two-photon wave packet ap-
proaches a rectangular shape. However, if the EIT loss is
significant, R follows an exponential decay. The frequen-
cies generated out of the phase-matching spectrum, but
remaining within the allowable range of the optical re-
sponse, leads to a sharp peak in the leading edge of the
two-photon (and three-photon) coincidence counts. This
sharp peak is a signature of Sommerfeld—Brillouin pre-
cursor [51] in the quantum region. The first observed
Sommerfeld—Brillouin precursor at the biphoton level has
been recently reported in [52].

B. Three-Photon Coincidences

We now turn to look at the three-photon temporal corre-
lation for the experiment diagramed in Fig. 1(a). By ap-
plying Egs. (7) and (23), the three-photon amplitude (21)
becomes

A3(713,T23)=A30fd7/1)((13)

viLy

X(vl)sinc( 2

)e—iv1(7'13+L1/2Uas1)de2X(23)

asl

V2L

2 )e—iy2(723+L2/2va52)’ (30)

X (v, V2)sinc(
Vas2

where all the constants and slowly varying terms have
been grouped into Agy. The three-photon coincidence
counting rate (18) is module squared of As. It is easy to
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(Color online) Two-photon coincidences in the damped (a) and overdamped Rabi oscillation regions. The parameters are chosen

show that Eq. (30) is the joint convolution between the
third-order susceptibilities and the longitudinal detuning
functions. The temporal coherence is determined by the
nonlinear susceptibilities and the phase matchings. This
sets two simple regions that allow us to gain insight into
the underlying physics. The two regions are damped Rabi
oscillation regime and group-delay regime, as mentioned
in Subsection 3.A. In the following we will consider the
triphoton coincidence counts under these two regimes.

Before proceeding with the discussion, we note that by
performing conditional three-photon detections, i.e., set-
ting either 713 or 73 as a constant in Eq. (30), the three-
photon coincidences yield the same feature as the two-
photon coincidences except the rates. In other words, the
width of the time correlation in the conditional three-
photon measurement is the same as that in the two-
photon coincidences.

1. Damped Rabi Oscillation Regime

So, let us first look at the triphoton temporal correlation
in the damped Rabi oscillation limit. That is, the pattern
of the three-photon temporal coincidences is mainly con-
trolled by the third-order nonlinear susceptibilities. In
such a case, the phase matchings may be visualized as
poor spectrum (or frequency) filters. The triphoton ampli-
tude (30) then takes a simpler form:

A3(T13,Tz3)=A30JdVlX(13)(V1)€_iVITI3JdeX(23)(V1,V2)e_iV2723,

(31)

which is two-fold Fourier transforms of X(13) and X(23)' Un-

der the assumption of far detuning of the input w,; field,
Eq. (31) reduces to two independent Fourier transforms.
One may notice already that the two-photon coincidences
show maximal time-frequency entanglement as biphoton
generation in a four-level double-A EIT system [32,35],
and also share the same feature as the conditional three-
photon correlation. The reason is that the involved atomic
levels here are real energy levels, not virtual states.
These real atomic levels set the allowable frequency tun-
ing for w,s; and w,.e photons. From the energy conserva-
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tion, the frequency tuning of the w9 photon is determined
by the sum of those two photons’ tuning. Moreover, the far
detuning for the input w,; field releases X(23) from the de-
pendence on v;.

By plugging Egs. (26) and (27) into Eq. (31), the three-
photon coincidence counting rate (18) is ready to be evalu-
ated as,

2
Ry(7y3,73) = Rao| [ 6727751 - cos(Q,;75)10(7), (32)

J=1

where R3q is a grouped constant. The physics of Eq. (32) is
easy to be understood based on the knowledge of paired
photon generation from the cold atomic ensembles
[25,27-29,32]. The feature of Rj3 is a product of the inter-
ference between two FWMs occurring in the first EIT sys-
tem times the interference between two other FWMs in
the second system. This also explains why only one inter-
ference is clearly observable in the conditional three-
photon measurement. By the increasing of y,; the damped
Rabi oscillations shown in triphoton coincidences will be
switched to the overdamped Rabi oscillation region. That
is, one can suppress the Rabi oscillations down to even
less than one complete oscillation period by introducing
the fast decay rate. In Fig. 3(a) and 3(b) we have plotted
R3, and both the damped and overdamped Rabi oscilla-
tions are obviously observable.

2. Group-Delay Regime

If the temporal coherence of triphotons is mainly deter-
mined by phase matching, then we reach the group-delay
regime. In such a case, as we have already done in Sub-
section 3.A.2, the nonlinear susceptibilities in Eq. (30) can
be considered as constants. The three-photon amplitude
(30) hence reduces to
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vily .
A3(7'13, 7'23) =A30 dVlsinC e_lvl(713+L1/2va51) dV2
2Uasl
voLiy .
Xsine e iva(T23+Lol2vgs2) (33)
Uqs2

Again, Agj has absorbed all the slowly varying terms and
constants. In this group-delay region, the three-photon
wave packet (33) turns to be two independent Fourier
transforms of sinc functions. This also explains why the
conditional triphoton coincidences share the similar pat-
tern with two-photon coincidence counts as discussed in
Subsection 3.A.2. Fourier transform of a sinc function
gives a rectangular function, and the width of the rectan-
gular function is determined by the maximal time delay,
L;/v,. As mentioned before, in this regime the mecha-
nism of entangled photon generation is washed out due to
the longer time coherence from the phase matchings. The
frequencies produced out of the phase-matching spectral
window but allowed in optical response would contribute
to the three-photon precursor phenomena. They will lead
to a sharp peak at the leading edge in the coincidences,
similar to the observed biphoton precursor [52]. If the EIT
loss could not be tolerant, the three-photon correlation
will follow exponential decays.

It is worthwhile to mention that if each photon experi-
ences appreciable group delay during the propagation
within the materials (e.g., nonlinear crystals), the condi-
tional three-photon correlation may have a narrower
width than the two-photon correlation, as shown in [16].
In such a case, only partial entanglement remains be-
tween two subsystems in tripartite W states.

Finally for this section, let us look at the suitable
atomic level structures for the experiment. Take the cold
Rubidium atoms as an example. The first ensemble may
choose the 8"Rb D, transition hyperfine levels for consid-
eration. |52S;,5,F=1) and |52Sy,,F=2) are set as two

- 60

7,5 (ns)

0

Fig. 3. (Color online) Triphoton coincidences in the damped (a) and overdamped Rabi oscillation regions. The same parameters are

chosen as in Figs. 2(b) and 2(b) plus Q,5=287y5;.
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ground levels |1); and |2)s, and accordingly, |52P,,F=1)
and |52P5,F'=2) are set as two excitation levels [4); and
|3);. The second atomic gas may choose the 8Rb D, tran-
sition hyperfine levels for the FWM process. |52S;5,F
=2) and [52Sy/,,F=3) are corresponding to two ground
levels |1)y and |2)9, and |52Py/5,F=2) and |52Py/,F=3) to
two excitation levels |4), and |3),, respectively. To increase
the nonlinearity, in principle, it would be better to have
the input w,; field closer to the transition |1)y— |4)s.

4. CONCLUSION

In this paper we have proposed a method to generate a
three-photon W state entangled in time (and space) using
two four-wave mixing processes in two cold atomic en-
sembles. To enhance the nonlinear interaction, confining
cold atoms with hollow fibers or high-Q cavities may pro-
vide an excellent environment for these studies. We have
adopted second-order perturbation theory to look at the
optical property of the three-photon state. To show the
(partial) entanglement between two subsystems in such a
state, we have studied both two-photon and triphoton co-
incidence counting rates. Considering the temporal coher-
ence determined by either the nonlinear susceptibilities
or the phase matchings, we have concentrated on two re-
gimes, damped Rabi oscillation and group delay, which al-
low us to get insight into the underlying physics. Since
these narrowband triphotons are produced near atomic
resonances with the assistance of EIT, they have proper-
ties of long time coherence and long coherence length,
which make them ideal for long-distance quantum com-
munication and quantum information processing. In prin-
ciple, the scheme proposed here could be extended to cre-
ate an N-photon entangled W state in time (and space)
[53]. It may be of interest to look at the feasibility of this
type of system for the creation of cluster states for the ap-
plication in quantum computing. Recent research in six-
wave mixing using EIT enhancement [54,55] might pro-
vide another way to generate triphoton W states in the
low light level.
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