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Generalized theory of the photoacoustic effect in a multilayer material
Hanping Hu,a) Xinwei Wang, and Xianfan Xub)

School of Mechanical Engineering, Purdue University, West Lafayette, Indiana 47907

~Received 15 February 1999; accepted for publication 29 June 1999!

In this work, a generalized expression of the photoacoustic~PA! effect in a multilayer material is
derived. This expression takes thermal and optical properties and geometry of a multilayer structure,
as well as the thermal contact resistances between layers into consideration. In addition, a composite
piston model consisting of a thermal piston and a mechanical piston of the PA effect is developed
and interpreted from the viewpoint of thermodynamics. Mistakes occurring in the thermal piston
model and in the composite piston model developed before are pointed out and corrected. It is also
shown that the PA effect has an isochoric character for the thermal piston and a polytropic character
with a polytropic factor of (221/g) for the mechanical piston. The theory developed in this work
is in good agreement with the experimental results, and is applicable to a wide range of
photoacoustic problems. ©1999 American Institute of Physics.@S0021-8979~99!05519-X#
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I. INTRODUCTION

For the last two decades, the photoacoustic~PA! tech-
nique has attracted considerable attention, and has beco
valuable analytical and research tool used extensively
many aspects of science and technology. The PA techn
has the capability of analyzing the optical and thermal pr
erties and geometry of multilayer materials, and nondest
tive depth profiling because of critical damping of induc
heat conduction. A quantitative understanding of the PA
fect was first given by Rosencwaig and Gersho,1 known as
the RG model. Since then, many extensions and applicat
of the RG model have been developed, basically into t
directions. One was to further study the basic mechanism
the PA effect. By including mechanical vibration of th
sample surface, McDonald and Wetsel2 presented a compos
ite piston model, which was especially important for liqu
due to its high thermal expansion coefficient. The other
tempt was to generalize Rosencwaig and Gersho’s wor
multilayer samples due to the increasing importance of th
materials, especially in the microelectronics industry. T
majority of these studies were limited to two or thr
layers.3,4 Solutions for multilayer systems5,6 were obtained
either for very special cases or under the assumption
incident light was entirely absorbed at the surface of sam
In a multilayer sample, light can be absorbed by the lay
beneath the surface, even by the backing material~the sub-
strate!. Moreover, almost all these works took the therm
contact resistance between layers out of consideration.
cently, Cole and McGahan7 developed a general solution fo
the temperature distribution of a multilayer system, wh
accounted for optical absorption in any layer as well as
contact resistances. To use their solution to calculate
temperature field, numerical integration is required.
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In this article, a generalized PA model for multilaye
samples is developed and the solution of the PA effec
derived in matrix expressions. No numerical integration
needed. This solution takes thermal and optical proper
and geometry of a multilayer structure, as well as the ther
contact resistance between layers into consideration. E
layer, including the backing material can be light absorbi
In addition, it is pointed out that the dual-piston model of t
photoacoustic effect is a result of thermodynamics pr
ciples. The physical meaning of each piston is interpret
and the mistakes that occurred in Rosencwaig and Gers
thermal piston model and McDonald and Wetsel’s compo
piston model are recognized and corrected. The theory
veloped in this work is verified with a number of PA me
surements.

II. GENERALIZED PA SOLUTION

A typical PA apparatus is shown in Fig. 1. The heati
source, usually a laser, is modulated either internally or b
mechanical chopper. The laser beam is directed onto
sample mounted at the bottom of a PA cell. The perio
change of the temperature in the gas cell causes a per
change of pressure in gas, which can be sensed as an aco
wave. The pressure change of the gas is also induced by
mechanical vibration at the target surface due to thermal
pansion. A microphone senses the acoustic signal and tr
fers it to a lock-in amplifier, which measures the amplitu
and phase of the acoustic signal at the modulation freque

In this work, the development of a generalized soluti
of the PA pressure signal is based on two guidelines. On
generality, the model should be applicable to as many ca
as possible; the other is simplicity, the resulting expressio
not too complex to use. In this session, the expression for
temperature variation in the multilayer sample and gas du
heating of the laser beam is first derived. Then the expres
for the PA signal due to the temperature change and
surface expansion is developed.

r-

il:
3 © 1999 American Institute of Physics
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A. Temperature distribution in multilayers

The temperature change in the gas cell is due to
effects: one is conduction heating through the contact w
the sample surface, the other is mechanical work impose
the gas medium due to vibration of the sample surface.

1. Temperature variation due to heat conduction

The cross-sectional view of a multilayer sample
shown in Fig. 2. The light source is assumed to be a sinu
dally modulated monochromatic laser beam of wavelengtl,
incident through the nonabsorbing gas on the sample w
flux I 5I 0(11cosvt)/2, wherev is the modulated angula
frequency of the incident light. The sample is composed oN
layers with indices 1 throughN. The indices of the backing
material and gas are 0 andN11, which also take the sub
scriptsb andg, respectively. Layeri, with the rear and front
interface located atl i 21 and l i , has a thickness ofLi5 l i

2 l i 21 , thermal conductivityki , specific heatcpi
, thermal

diffusivity a i and optical absorption coefficientb i , where
i 50,1,...,N11. Some other parameters used in the deri
tion are the thermal diffusion lengthm i5A2a i /v, thermal
diffusion coefficient ai51/m i , and thermal contact resis
tance between layeri and (i 11), Ri ,i 1 l . Multiple reflections
between interfaces and convective heat transfer in the
cell are neglected.bN11 andRN,N11 are taken as 0 in the ga
layer. To eliminate resonance in a PA experiment, the mo
lation frequencyv and the typical dimension of the gas ce
Lg should be selected so thatLg,Ls/2, whereLs is the
minimum wavelength of the sound wave in the gas cell c
culated by the maximum frequency used in the measurem

It has been recognized that the one-dimensional h
transfer model is adequate for describing the tempera
variation under typical experimental conditions when t
thermal diffusion length in gas and in the target is much l

FIG. 1. Schematic of a photoacoustic apparatus.

FIG. 2. Schematic of aN-layer sample.
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than the diameter of laser beam. Therefore, the thermal
fusion equation in layeri can then be expressed as

]2u i

]x2 5
1

a i

]u i

]t
2

b i I 0

2ki
expS (

m5 i 11

N

2bmLmD
3eb i ~x2 l i !~11ej vt!, ~1!

whereu i5Ti2Tamb is the modified temperature in layeri,
andTamb is the ambient temperature. The solutionu i of the
above thermal diffusion equation set consists of three pa
the transient componentu i ,t , the steady dc componentū i ,s ,
and the steady ac componentũ i ,s . Therefore,

u i5u i ,t1 ū i ,s1 ũ i ,s . ~2!

Because in a PA measurement, the lock-in amplifier o
picks up the ac components, onlyũ i ,s needs to be evaluate
here. ũ i ,s is resulted from the periodic source ter
2(b i I 0/2ki)exp((m5i11

N 2bmLm)ebi(x2li)ejvt in Eq. ~1!. When
this source term is considered, Eq.~1! has a particular solu-
tion in the form of 2Eie

b i (x2 l i )ej vt, where Ei5Gi /(b i
2

2s i
2) with Gi5(b i I 0/2ki)exp(2(m5i11

N bmLm) for i ,N,
GN5bNI 0/2kN , and GN1150. s i is defined as (11 j )ai

with j 5A21. The general solution ofũ i ,s can be expressed
in the form of

ũ i ,s5@Aie
s i ~x2hi !1Bie

2s i ~x2hi !2Eie
b i ~x2hi !#ej vt, ~3!

whereAi andBi are the coefficients to be determined, andhi

is calculated ashi5 l i for i 50,1,...,N, andhN1150.
In most PA experiments, the modulation frequency

greater than 100 Hz, thus the thermal diffusion length in g
and in the backing material is less than 0.3 mm. It is the
fore reasonable to assume that the gas and the backing
are thermally thick, meaningus0L0u@1 and usN11LN11u
@1. Based on this assumption, the coefficientsAN11 andB0

can be taken as zero. The rest of the coefficientsAi andBi

can be determined by using the interfacial conditions
x5 l i

ki

]ũ i ,s

]x
2ki 11

]ũ i 11,s

]x
50, ~4a!

ki

]ũ i ,s

]x
1

1

Ri ,i 11
~ ũ i ,s2 ũ i 11,s!50. ~4b!

Equations~4a! and ~4b! indicate that the heat flux at th
interfaces between layers is continuous, while the temp
tures are not when thermal contact resistances exist. F
Eqs.~4a! and~4b!, the recurrence formula of the coefficien
Ai andBi of Eq. ~3! is obtained in a matrix form as

FAi

Bi
G5UiFAi 11

Bi 11
G1ViF Ei

Ei 11
G , ~5!

where

Ui5
1

2 Fu11,i

u21,i

u12,i

u22,i
G ;Vi5

1

2 Fv11,i

v21,i

v12,i

v22,i
G , ~6a!

u1n,i5~16ki 11s i 11 /kis i7ki 11s i 11Ri ,i 11!

3exp@7s i 11~hi 112hi !#, n51,2, ~6b!
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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u2n,i5~17ki 11s i 11 /kis i7ki 11s i 11Ri ,i 11!

3exp@7s i 11~hi 112hi !#, n51,2, ~6c!

vn1,i516b i /s i ,n51,2, ~6d!

vn2,i5~217ki 11b i 11 /kis i1ki 11b i 11Ri ,i 11!

3exp@2b i 11~hi 112hi !#. ~6e!

The physical interpretation ofUi is the interfacial transmis
sion matrix of heat from layer (i 11) to i,8 and Vi is the
absorption matrix of light.

Based on Eqs.~5!–~6e!, along with AN1150 and B0

50, after some recurrent operations, the coefficientsAi and
Bi are obtained as

BN1152

@0 1#(m50
N ~P

i 50

m21Ui !VmF Em

Em11
G

@0 1#~P i 50
N Ui !F01G ; ~7a!

FAi

Bi
G5~Pm5 i

N Um!F 0
BN11

G
1 (

m5 i

N

~Pk5 i
m21Uk!VmF Em

Em11
G , ~7b!

wherePk5 i
i 21Uk is taken as@0

1
1
0#.

Substituting Eq.~7! into Eq. ~3!, the ac temperature dis
tribution ũ i ,s in layer i can be obtained. In particular, the a
temperature distribution in the gas can be found as:

ũN11,s5BN11e2sN11xej vt. ~8!

2. Temperature variation due to surface vibration

When the sample is heated by modulated laser light,
thermal expansion of the sample causes mechanical vibra
at its surface, which imposes work on the gas, causing
additional temperature changedũ i ,s . Computation of this ad-
ditional temperature change is described below.

The work done by the surface vibration on the gas
pambDxsS, wherepamb is the ambient pressure,S is the area
of the sample surface irradiated by the laser beam andDxs is
the displacement of sample surface due to the thermal ex
sion of sample, expressed asDx0ej vt1u lag, whereDx0 and
u lag are the amplitude and the phase shift of vibration,
spectively. The thermal diffusion equation in layeri can be
expressed as

]2~dũ i ,s!

]x2 5
1

a i

]~dũ i ,s!

]t
2

j vpambDx0

LgkN11
ej ~vt1u lag!

~ l N,x, l N11! for i 5N11, ~9a!

]2~dũ i ,s!

]x2 5
1

a i

]~dũ i ,s!

]t

~ l i 21,x, l i ! for i 50,1,2,... .N. ~9b!
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The interfacial conditions atx5 l i are the same as Eqs.~4a!
and~4b!. Since only the temperature variation in the gas is
interest, using the similar derivation procedure as above,
calculated as

dũN11,s52S @0 1#~P i 50
N21Ui !F11G

@0 1#~P i 50
N Ui !F01G e2sN11x21D

3
aN11pambDx0

LgkN11
ej ~vt1u lag!. ~10!

B. Photoacoustic signal

The photoacoustic signal is due to the acoustic wave
the gas cell induced by the incident light on the sample.
investigate the inherent mechanisms of the PA effect,
thermoacoustic response of the gas needs to be studied
cording to the basic principle of thermodynamics, there
relations among intensive thermodynamic properties, nam
the equations of state. For any substance, it is possibl
specify an intensive thermodynamic property by any ot
two intensive thermodynamic properties. Thus, for the ga
the PA cell, in terms of its pressurep, temperatureT and
volume V, the equation of state can be written asp
5p(T,V), from which the total differential pressure of ga
can be represented as

dp5S ]p

]TD
V

dT1S ]p

]VD
T

dV. ~11!

Assuming the gas is ideal, then

S ]p

]TD
V

5
p

T
,S ]p

]VD
T

52
p

V
. ~12!

Since the design of PA cell requiresLg,Ls/2, p is uniform
in the entire domain of the gas cell. However, there is
temperature distribution in the gas arising from radiation
incident light on the surface of the sample. For this reas
along with considering Eq.~12!, Eq. ~11! can be rearranged
as

dp5
p

T
^dT&2

p

V
dV, ~13!

where^dT& is the volume average of temperature variation
the gas in the cell. Physically,dp produces the acoustic sig
nal. dT5 ũN11,s1dũN11,s , dV52DVs , with DVs , the
volumetric thermal expansion of the sample,p5pamb, T
5Tamb, andV5Vg , the total volume of the gas cell. There
fore, Eq.~13! can be rewritten as

dp5
pamb

Tamb
^ũN11,s&1Fpamb

Vg
DVs1

pamb

Tamb
^dũN11,s&G . ~14!

Although no piston concept is employed in the above de
vation, Eq.~14! gives the expression of the composite-pist
model, but is derived from the view point of thermodynam
ics. The first term on the right-hand side of Eq.~14! repre-
sents the thermal piston effect resulting from the therm
expansion of gas heated by the sample, which only occur
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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TABLE I. PA signal from a carbon-black sample in a gas cell filled with Ar, N2, or CCIF3.

i g i

Si ~mV!
@experiment~Ref. 10!#

SAr /Si

@experiment~Ref. 10!#
SAr /Si

~RG model!
SAr /Si

~the current model!

Ar 1.67 7.860.2 1 1 1
N2 1.40 7.9 0.99 1.15 0.96
CCIF3 1.17 3.560.1 2.23 3.16 2.21
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a narrow layer in the gas adjacent to the sample and pu
the rest of gas just like a piston. The term in the bracket
be interpreted as a result of the mechanical piston effect
to the thermal expansion of the sample.

The pressure variation caused by the thermal pis
dpt , is calculated by averaging the temperature chang
the gas as

dpt5
pamb

Tamb
^ũN11,s&5

pamb

TambLg
E

0

Lg
BN11e2sN11xdxej vt

5
pambBN11

&TambLgag

ej ~vt2p/4!. ~15!

Compared with the result by Rosencwaig and Gersho,1 dpt

5(gpambBN11 /&TambLgag)ej (vt2p/4), Eq. ~15! does not
includeg(5cp /cv).

The pressure variation caused by the mechanical pis
dpm , is calculated as

dpm5
pamb

Vg
DVs1

pamb

Tamb
^dũN11,s&

5
pamb

Lg
Dxs1

pamb

Tamb
^dũN11,s&. ~16!

Substituting Eq.~10! into Eq.~16!, dpm can be calculated a

dpm5
ñpamb

Lg
Dxs , ~17!

where

ñ512S @0 1#~P i 50
N21Ui !F11G

@0 1#~P i 50
N Ui !F01G

e2~p/4%j

&Lgag

21D aN11pamb

TambkN11
.

~18!

ConsideringkN11sN11!kNsN and Lgag@1, and substitut-
ing Eq.~6! into Eq.~18!, the expression forñ can be simpli-
fied asñ5221/g. Therefore, Eq.~17! can be rewritten as

dpm5S 22
1

g D pamb

Lg
Dxs . ~19!

The result by McDonald and Wetsel2 and McDonald,9 dpm

5(gpamb/Lg)Dxs , is different from Eq.~19! since 1,ñ
,g. The reason for the difference between Eq.~15! and
Rosencwaig and Gersho’s1 model, and the difference be
tween Eq.~19! and McDonald’s2 model lies in the assump
tion of the gas compressing process. In the previous mod
both the thermal and mechanical compressing processe
pr 2002 to 128.46.184.6. Redistribution subject to AI
es
n
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n,
in
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ls,
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the gas cell are assumed to be adiabatic, however, the
cess is isochoric for the thermal piston and polytropic for
mechanical piston as shown in this work.

In most PA measurements, only the phase shift or
ratio of amplitudes of two samples obtained in the same
medium are used to determine the unknown propert
Therefore, different models actually provide the same
sults. The only experimental data that can be used to de
mine the compression process in the gas cell were given
Korpiun and Bu¨chner,10 who used Ar, N2, and CCIF3 as the
gas medium, each with a differentg value, and measured th
amplitude of the PA signalSi on carbon. The results of thei
measured amplitude of the PA signal, in millivolts, are list
in Table I. The ratios of the amplitudes using different gas
SAr /Si , are calculated from the experimental data by Ko
piun and Bu¨chner, by the RG model, and by Eq.~15!. Only
Eq. ~15! is used since for the solid sample, the PA signal d
to the thermal piston is much larger than that of the mecha
cal piston~see below!. It is seen from Table I that the RG
model is different from the experimental results by a fac
of g i /gAr . On the other hand, the signal ratio calculat
using Eq. ~15! agrees well with the experimental result
Therefore, the data by Korpiun and Bu¨chner confirmed the
isochoric character of the thermal piston; the PA signal d
not depend ong.

The calculation ofDxs in the expression ofdpm , Eq.
~19!, is related to the mechanical boundary conditions, a
shear and bulk moduli of multilayer materials. The detail
derivation involves dealing with a set of elastic wave equ
tions, which is more complicated than that of the temperat
distribution calculation. Fortunately, for solid samples, th
mal expansion is small enough to be neglected compa
with that of gas, which is shown as the follows. The infl
ence of the mechanical piston can be estimated as

udpmu5Uñpamb

Lg
DxsU<Uñpamb

Lg
(
i 50

N E
l i 21

l i
bT,i ũ i ,sdxU, ~20!

wherebT,i is the volumetric thermal expansion coefficient
layer i. Therefore,

Udpm

dpt
U<Uñ&Tambag

BN11
(
i 50

N E
l i 21

l i
bT,i ũ i ,sdxU. ~21!

Using Eq. ~21!, for most solid samples at modulation fre
quencies lower than 20 kHz,udpm /dptu can be estimated to
be less than 1%, and the phase shift caused by the mec
cal piston is less than 0.1°. Thus for solid materials,
mechanical piston effect can be neglected, and the total p
sure variation is only related to the thermal piston effect
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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dp5
pambBN11

&TambLgag

ej ~vt2p/4!. ~22!

According to Eq.~22!, the phase shift of the PA signal i
calculated as Arg(BN11)2p/4, and the amplitude is calcu
lated asupambBN11 /&TambLgagu. Considering surface re
flectivity r, the amplitude of the pressure variation should
computed asu(12r)pambBN11 /&TambLgagu.

The mechanical piston could have significant contrib
tion to the photoacoustic signal for a liquid sample. In th
case,dpm can be calculated using the following formula:

dpm5
ñpamb

Lg
(
i 50

N E
l i 21

l i
bT,i ũ i ,sdx. ~23!

III. EXPERIMENTAL RESULTS AND DISCUSSIONS

The formulas derived above can be used to determ
the thermal properties and geometry of either the front
buried layers, and thermal contact resistance between la
by fitting the experimental PA signals. When the surface
absorbing, these formulas can also be used to determine
optical properties. Based on the equations derived in
work, a computer code is developed to calculate the PA
sponses, and the least-square method is used to fit the ex
mental results and find the unknown properties. In orde
evaluate the theoretical model developed in Sec. II, pho
coustic signals are measured as a function of the modula
frequency for a number of samples, and the data are fitte
obtain their thermal properties.

FIG. 3. Amplitude as a function of the modulation frequency for 1-m
thick glass coated with 70-nm-thick Ni.

FIG. 4. Phase shift as a function of the modulation frequency for
Ni/SiO2 /Si sample.
Downloaded 22 Apr 2002 to 128.46.184.6. Redistribution subject to AI
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The first sample is a 1-mm-thick glass slide coated w
a 70-nm-thick nickel film. By fitting the amplitude of the PA
signal, the thermal conductivity of glass is found to
1.3820.07

10.05W/m K, close to the literature value of 1.
W/m K.11 The uncertainties in the thermal conductivity valu
is determined using numerical computation, by varying
experimental data in their uncertainty range. Results of
ting are shown in Fig. 3. It is seen that the measured am
tude of the PA signal can be well fitted with the resu
calculated from the theory. The relative mean-square de
tion is only 1.5%.

The thermal conductivity of a 484.5-nm-thick thermal
grown SiO2 film on a Si substrate is measured by fitting t
phase shift and the amplitude of the PA signal. The therm
conductivity of the SiO2 layer is found to be 1.52
60.08 W/m K by fitting the phase shift data and 1.4
60.1 W/m K by fitting the amplitude data. These results a
close to the thermal conductivity data of thermally grow
SiO2 films obtained by Okuda and Ohkubo,12 which is 1.55
W/m K. Results of fitting are shown in Figs. 4 and 5, with
mean-square deviation of 0.38° for the phase shift data a
1.5% relative deviation for the amplitude data.

For the two samples mentioned above, thermal con
resistances are also treated as variable parameters. It
found that the thermal conductivity and the contact res
tance influence the computational results independently
multiple solutions exist. Other parameters, such as the th
ness of the samples are fixed in the calculation since t
were accurately measured using other techniques. The
mal contact resistances in these two samples are found t

e

FIG. 5. Amplitude as a function of the modulation frequency for t
Ni/SiO2 /Si sample.

FIG. 6. Phase shift as a function of the modulation frequency for 1.03-mm-
thick Ni film coated on glass.
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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negligible~less than 1029 m2 K/W). Another sample used in
an e-beam evaporated 1.03-mm-thick Ni film on a 1-mm-
thick glass slide. For this sample, the thermal conductivity
the Ni film and the thermal contact resistance between the
film and the glass slide are treated as two variable par
eters. Using phase shift fitting, the thermal conductivity o
found to be 1.1760.08 W/m K, and the thermal contact re
sistance is found to be 5.3061.831027 m2 K/W. Validation
of these two values with literature data is not possible si
they strongly depend on sample preparation conditions.
fitting results are shown in Fig. 6, with a 0.2° mean-squ
deviation. Thermal conductivities of a number of other th
films are also obtained, all with good fitting between t
measured and theoretical data.13 Results of these measure
ments verified the validity of the theoretical model dev
oped in this work.

The PA model developed in this work can also be us
for a single layer having nonhomogeneous thermal or opt
properties. This is done by treating the nonhomogene
portion with a system of homogeneous plane layers.5,14 On
the other hand, in a multilayer thin film system, not all t
layers have to be considered if heat does not penetrate
all the layers. In fact, for thermally thick multilayer sample
numerical overflow can occur in the calculation. This pro
lem can be prevented by discarding all the layers after
first thermally thick layer.

The PA formula developed here is based on the assu
tion of uniform laser irradiation, however, it also can be us
for the case of arbitrary laser energy distribution. This
because the PA signal is independent of the energy distr
tion of the incident laser beam as long as thermal diffusion
the sample or gas is not beyond the wall of the gas cell.8,15

The limitations of the theoretical model developed
this work include that absorption of light in the sample mu
be treated as exponential, and multiple reflection and in
ference effects in the sample are neglected. The equation
PA signal are not expected to be valid when multiple refl
tion and interference occur. In practice, in order to perfo
PA measurements on samples with weak absorption or
internal reflection and interferences, the surface of
sample can be coated with an absorbing thin film in wh
the light can be completely absorbed. This treatment is e
cient, particularly for transparent samples or samples w
complex structures.
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IV. CONCLUSION

In this work, a generalized model for the photoacous
effect is developed. This model can be used for mater
with multilayers, all of which might absorb incident radia
tion, and between which thermal contact resistance can e
With this model, PA spectroscopy with the unique capabil
of performing depth-profile analyses can be used to its
potential in the study of multilayer, nonhomogeneous s
stances. In addition, the composite piston model of the
effect is derived based on the thermodynamics princip
which clarifies the physical meaning of the action of ea
piston. The compression process of the thermal piston is c
firmed to be isochoric by experimental data, and the co
pression process of the mechanical piston is found to
polytropic with a factor of (221/g). The model developed
in this work is verified by measuring thermal conductivi
and thermal contact resistance of a number of samples,
good agreements are obtained between the measured
and the available literature values.
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