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Application of Symmetries for Calculating Space-Charge-Limited Current 

Abstract 

Many fundamental problems based on deceptively simple differential equations 

are not amenable to analytic solutions, necessitating numerical approaches that 

may be computationally expensive and hinder the derivation of scaling laws that 

may provide important physical insight. This seminar reports methods for 

solving such problems by leveraging geometric principles and symmetries and 

applies them to general problems in electrostatics, focusing on space-charge 

limited current (SCLC), which is the maximum current that may be emitted into 

a diode. SCLC is a critical quantity for numerous applications, including fusion, 

high-power microwave, thermionic converters, and semiconductors.  

We first present a simple problem from basic electric circuit theory to 

demonstrate that Kirchhoff’s circuit laws are incomplete without a symmetry 

axiom. We next apply conformal mapping to solve for SCLC in various one-

dimensional (1D) geometries. Gauss’s Theorema Egregium (the remarkable 

theorem) of differential geometry is used to show that the conformal map of a 

hyperboloid tip onto a plane creates a non-Euclidean disk (Poincaré disk). 

Identifying nontrivial symmetries using Lie symmetries allowed us to solve for 

SCLC with monoenergetic emission of electrons from the cathode for any 

orthogonal 1D geometry. We next apply this knowledge to derive a general 

equation for SCLC that is true for any multidimensional diode as long as one can 

calculate the vacuum capacitance for many geometries. The exact closed form 

solution for a 2D planar diode has elliptical integrals because of the elliptical 

fringing fields that form on the electrode edges, which increase the current 

densities at those locations and damage the cathodes, as demonstrated 

experimentally by the Air Force. Particle-in-cell simulations agreed with the 

theoretical predictions in 2D diode with a maximum error of 13% for field 

emission and 7% for monoenergetic emission. Future work will assess relativistic 

diodes, non-vacuum conditions, and complicated cathode geometries.   


