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ABSTRACT
Enhanced laser cooling performance of rare-earth ion

doped nanocrystalline powders is predicted, using Yb3+:Y2O3
as the model material. This is achieved by enhancing the anti-
Stokes off-resonance absorption, which is proportional to the
three factors considered in this paper: dopant concentration,
pumping field energy, and anti-Stokes transition rate. The con-
cept of the optimum dopant concentration for cooling is proposed
based on the fact that higher concentration increases absorp-
tion while decreases quantum efficiency. Using the concentra-
tion quenching theory of energy transfer, the optimum concen-
tration, which gives the maximum cooling power, is found to be
larger than the currently used value, suggesting noticeable en-
hancement effects for laser cooling. The pumping field energy
is enhanced in random nanopowders compared with bulk crys-
tals under the same irradiation, due to the multiple scattering
of photons. Photons are thus localized in the medium and do
not propagate through, increasing the photon absorption of the
pumping beam. This also contributes significantly to laser cool-
ing enhancement. Using molecular dynamics simulations, the
phonon density of states (DOS) of the nanopowder is calculated,
and found to have extended, small tails at low and high frequen-
cies. The second-order electronic transition rate for the anti-
Stokes luminescence is calculated using the Fermi golden rule,
which includes the influence of this phonon DOS, and is shown
to have enhancement effects on the laser cooling efficiency us-
ing nanopowders. Finally, it is concluded that these three en-
hancement mechanisms are exactly equivalent to increasing the
number of the three participating carriers (electron, photon, and

∗Address all correspondence to this author.

phonon) in the interacting volume.

NOMENCLATURE
ai−p ion-phonon coupling constant
Be,a excitation coefficient (1/(s-J/m3))
co speed of light in vaccum (m/s)
Dp phonon density of states (1/m3)
ds diameter of the solid particle (m)
E complex electric field (V/m)
Ė energy flow rate (W)
Epump pumping energy (J)
ee electron charge (C)
eph,i energy density of the pumping field (J/m3)
eeeα unit photon polarization vector
fp, fph phonon, photon distribution function
H Hamiltonian (J)
I intensity (W/m2)
k wave vector (1/m), thermal conductivity (W/m-K)
L optical pathlength, (m)
l index of the layers
M interaction matrix
m f ,ms complex refractive index of fluid, solid
N number of layers
Np number of phonons
na, nb electronic population at the ground and excited states

(cm−3)
nd dopant concentration, (cm−3)
n f ,ns refractive index of fluid, solid
Q power (W)
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q charge (C)
r interatomic distance (m)
ṡ energy conversion per unit volume (W/m3)
Ṡ energy conversion (W)
T temperature (K)
t time (s)
uiβ velocity of particle iβ (m/s)
up, uph speed of phonon, photon (m/s)
V volume (m3)

Greek symbols
αph,i absoptance
Γ velocity autocorrelation function
γ̇ transition rate (1/s)
γ̇e,a transition probability per unit time per unit energy density

[1/s/(J/m3)])
εe electronic permittivity (F/m)
ε porosity
ηc cooling efficiency
ηe−ph quantum efficiency
κs index of extinction of solid
λ wavelength (m)
lm photon mean free path (m)
µ magnetic permeability (H/m)
µµµe electronic transition dipole moment (C m)
ρ mass density (kg/m3)
σph,a absorption coefficient (1/m)
τ lifetime (s)
ϕ potential energy (J)
ψ wave function
ω angular frequency (rad/s)

Subscripts
a absorption, ground state
b excited state
C Carnot
c critical
d decay, dopant
E energy
e emission, electron
F flux
f fluid, final state, fluorescence
i incident, initial state
ion ion
m mediate
nr non-radiative
o free space
p phonon
ph photon
r radiative, real part of a complex number
S entropy

s solid
t thermal
0 incident frequency ω0

Superscripts
o equilibrium

1 INTRODUCTION
The concept of laser cooling (optical refrigeration) of solids

dates back to 1929, when Pringsheim recognized that thermal
vibrational energy (phonon) can be removed by the anti-Stokes
fluorescence, i.e., the photons emitted by an optical material have
a mean energy higher than that of the absorbed photons [1]. Ini-
tially, it was believed that optical cooling by the anti-Stokes flu-
orescence contradicted the second law of thermodynamics. Pre-
dictions suggested that the cycle of excitation and fluorescence
was reversible, and hence the optical cooling would be equiva-
lent to the complete transformation of heat to work [2,3]. This is-
sue was cleared by Landau by assigning entropy to radiation [4].
It was shown that the entropy of a radiation field is proportional
to its frequency bandwidth and also to the solid angle through
which it propagates. Since the incident laser light has a very
small bandwidth and propagates in a well-defined direction, it
has almost zero entropy. On the other hand, the fluorescence is
relatively broadband and is emitted in all directions, and there-
fore, it has a comparatively larger entropy. In this way, the sec-
ond law of thermodynamics is satisfied. A detailed, up-to-date
analysis is given in the Appendix for reference.

In Fig. 1(a), the fundamental energy carriers involved in the
laser cooling process are shown. There is a host crystal lattice,
idealized as transparent to the pumping laser. Some of its atoms
are replaced by optically active, doped ions (eg., Yb3+). The ion
is represented by an effective transition dipole moment, defined
as a quantum mechanical spatial integral of the classical dipole
moment eerrr, i.e.,

µµµe =

∫

ψ∗
f eerrrψid3r. (1)

where, ee is the electron charge, rrr is the position vector, and ψi
and ψ f are the initial and final state wave functions of the two
level system. The electromagnetic field, which has a polarization
vector eeeα, may interact with the ion if the coupling factor eeeα ·µµµe
is nonzero (i.e., they are not orthogonal). Shown in Fig.1(b) are
the principles of the photon-electron-phonon interactions which
result in the cooling effect in the solid. When the medium is irra-
diated by laser light with a frequency ωph,i that is below the res-
onance frequency ω0 (10,250 cm−1 for Yb3+ ion in Y2O3), the
electron may be excited by absorbing a photon from the pumping
field and a phonon with a frequency ωp from the host, such that
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Figure 1. (a) Three fundamental energy carriers in rare-earth ion doped
solids irradiated by laser light: photons from the pumping fields,
phonons from the host crystal, and electrons of the doped ions. (b) Prin-
ciples of laser cooling in rare-earth ion doped crystal. The electron is
excited by absorbing a photon and one or more lattice phonons, and
then decays by emitting a higher energy photon.

ωph,i +ωp = ω0. The electron then decays by emitting a photon
with a frequency ωph,e and, possibly, phonons. If the average
emitted photon frequency ω̄ph,e is larger than ωph,i, the medium
loses thermal energy and is cooled.

Many attempts have been made to realize radiative refrigera-
tion experimentally, and the associated theoretical interpretations
have been discussed. The earliest experiment was performed by
Kushida and Geusic on Nd: YAG [5]. Reduced heating other
than net cooling was observed, which was conjectured to be a re-
sult of the impurities in the crystal and multiphonon decay across

Figure 2. A micrograph of ion-doped nanopowder. The length of
shown scale is 100 nm.

the optical transition. Later Djeu and Whitney laser cooled low-
pressure CO2 by 1 K from 600 K by using a CO2 laser for pump-
ing [6]. In 1995, Epstein et al. [7] reported the first successful ex-
periment of laser cooling in solids. A local temperature decrease
in a Yb-doped glass was detected by a photothermal deflection
technique, and the cooling efficiencies achieved (up to 2%) were
more than four orders of magnitude greater than those observed
in Doppler cooling of gases []. The cooling efficiency ηc is de-
fined as the ratio between the net cooling power and the absorbed
power. Since then, various Yb or Tm doped glasses and crystals
have been cooled [8–17]. Solids have been cooled by up to 92 K
below room temperature [17].

In the experiments, the pumping wavelength needs to be
tuned far from the absorption resonance, since it must be longer
than the mean emission wavelength to get cooling. As a result,
the laser cooling performance is intrinsically limited by the very
low absorption of the pumping photons. Here, we will theoret-
ically explore the possible enhancement of laser cooling by us-
ing nanopowders. A micrograph of the nanopowder is shown
in Fig.2. Due to the colloidal behavior, the porosity of the
nanopowder is rather large, compared to randomly placed larger
particles.

We will focus on the enhanced laser cooling of Yb3+:Y2O3
nanopowder, and compare the predictions to those for bulk crys-
tals. To start, we derive an expression for the total net cooling
power in terms of various limiting factors, in order to provide
some guidelines for cooling power enhancement. It is found that
the off-resonance, anti-Stokes absorption needs to be enhanced,
which can be achieved by increasing the number of absorbers,
the pumping field energy, and the transition rate. Nanopowders
are then proposed to have all these features for the enhanced per-
formance. Using the concentration quenching theory of energy
transfer, the optimum concentration is introduced and found to
be larger than the currently used value, suggesting noticeable en-
hancement effects for laser cooling. The pumping field energy
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Figure 3. The energy diagram for the laser cooling of a nanopowder.
The unabsorbed irradiation power includes the reflected, transmitted,
and scattered power.

is enhanced in random nanopowders than bulk crystals under the
same irradiation, due to the multiple scattering of photons in ran-
dom nanopowders. Photons are thus localized in the medium and
do not propagate through, which enhances the photon absorption
of the pumping beam. Using molecular dynamics simulations,
the phonon density of states (DOS) of Y2O3 nanoparticles is
calculated, and found to have extended, small tails at low and
high frequencies. The second-order, electronic transition rate
for the anti-Stokes luminescence is calculated using the Fermi
golden rule, which includes the influence of this phonon DOS,
and is shown to have enhancement effects on the laser cooling
efficiency using nanopowders. Finally, it is concluded that these
three enhancement mechanisms correspond to an increase in the
number of the three carriers (electron, photon, and phonon) in
the interacting volume, respectively.

2 Improving Laser Cooling Performance
In Fig. 3, an energy diagram is shown for the laser cool-

ing of nanopowders. The energy entering the control volume is
the irradiation power Qph,i, and those leaving the control vol-
ume are the luminescence emission power Qph,e and the unab-
sorbed irradiation power (1−αph,i)Qph,i. The latter includes the
reflected, transmitted, and scattered power. The energy conver-
sion is denoted as Ṡph−e−p. The porosity of the medium is ε
and the volume is V . The carrier interactions and energy con-
versions only take place in the volume of the solid phase, which
is Vs = (1− ε)V . However, the pores are important in that they
affect the photon transport and the phonon DOS, as will be seen
in later sections.

In order to relate the absorbed and emitted power, the popu-
lation dynamics of the ground and excited electronic states needs
to be established. Although the rate equation is not suitable for
describing atoms with any correlations between them (such as
in cooperative interactions or other interatomic couplings), it is
correct to describe the population dynamics of statistically inde-
pendent atoms. In the nanoparticles studied, cooperative effects
are negligible [18]. Hence, the rate equation for the two level

system shown in Fig.1(b) is

dnb

dt
=−γ̇e,dnb + γ̇e,ana, (2)

where nb and na are the populations at the excited and ground
states. Here, γ̇e,d is the total decay rate, contributed by both the
radiative decay (includes the spontaneous and stimulated emis-
sions) and nonradiative decay processes. The rate γ̇e,a is the ab-
sorption (or excitation) rate, and is proportional to the energy
density of the pumping field, as [19],

γ̇e,a = Be,aeph,i. (3)

Here, Be,a is the excitation coefficient, defined as the excitation
rate per unit energy density of the pumping field. It describes the
photon-electron coupling (may also be phonon assisted) strength.
Also, eph,i is the energy density of the pumping field inside the
nanopowder, given by the following expression for a monochro-
matic electromagnetic wave [20]

eph,i =
1
2

εe,r|E|2, (4)

where εe,r is the real part of the permittivity of the medium, and
|E| is the amplitude of the local electric field. Alternatively, from
the particle (photon) point of view, eph,i can be written as

eph,i = h̄Pωph,inph,i, (5)

where nph,i is the number density of the pumping photons. Equa-
tions (4) and (5) are equivalent, and clearly show the wave-
particle duality of light, which will be seen in later sections play-
ing a central role in understanding the enhancement mechanisms.

At steady state, Eq.(2) becomes

dnb

dt
=−γ̇e,dnb + γ̇e,ana = 0. (6)

Since one excitation transition leads to the absorption of one pho-
ton with the energy h̄Pωph,i from the pumping field, the local ab-
sorbed power per unit volume is given by

ṡph,a = h̄Pωph,iγ̇e,ana = h̄Pωph,iBe,anaeph,i. (7)

By definition, the absorption coefficient σph,i is given by

σph,i =
ṡph,a

Iph,i
=

ṡph,a

uph,ieph,i
, (8)
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where Iph,i and uph,i are the intensity and speed of the pumping
light. Substituting Eq. (7) into Eq. (8), we can write the absorp-
tion coefficient in terms of atomistic scale quantities as

σph,i =
h̄Pωph,iBe,ana

uph,i
. (9)

This indicates that the absorption coefficient σph,i is proportional
to the excitation coefficient Be,a, and the number density of ab-
sorbers na, as expected. The total absorbed power is then given
by

Qph,a =
∫

Vs

ṡph,adVs = h̄Pωph,i

∫

Vs

γ̇e,anadVs. (10)

The absorptance αph,i can then be calculated using

αph,i =
Qph,a

Qph,i
. (11)

Similarly, one radiative decay transition leads to the emis-
sion of a photon with a mean energy h̄Pω̄ph,e. The total emitted
power is thus given by

Qph,e = h̄Pω̄ph,e

∫

V
γ̇e,rnbdV. (12)

Here the radiative decay rate γ̇e,r is related to the total decay rate
γ̇e,d by

γ̇e,r = ηe−phγ̇e,d , (13)

where ηe−ph is the quantum efficiency, defined as the fraction of
the decaying electrons that undergo radiative decay. Substituting
Eqs. (6) and (13) into Eq. (12), we are able to write the emitted
power in terms of the absorbed power as

Qph,e = h̄Pω̄ph,eηe−ph

∫

V
Be,anaeph,idV

=
ω̄ph,e

ωph,i
ηe−phQph,a. (14)

The net cooling power Ṡph-e-p is then calculated as the dif-
ference between the absorbed and emitted radiation, i.e.,

Ṡph-e-p = Qph,a−Qph,e

=

(

1−
ω̄ph,e

ωph,i
ηe−ph

)

Qph,a

=

(

1−
λph,i

λ̄ph,e
ηe−ph

)

h̄Pωph,iBe,ana

∫

V
eph,idV. (15)

This result indicates that a negative value of Ṡph-e-p represents
cooling. As a result, only those λph,i larger than λ̄ph,e may result
in cooling, and this range is defined as the cooling regime. Also,
the quantum efficiency ηe−ph must be larger than λ̄ph,e/λph,i,
which is satisfied in cooling experiments on bulk crystals. Note
that we have assumed that the quantum efficiency of nanopow-
ders is the same as that of bulk materials. There are reports of
decreased quantum efficiency in nanocrystals, due to surface de-
fects, adsorbed gas molecules, and other quenching centers [21].

The off-resonance absorption in laser cooling experiments is
generally very small, and the system can thus be safely assumed
to be far from saturation, i.e., the electronic population of the
ground state is much larger than that of the excited state. As
such, the ground state population can be approximated as the
dopant concentration, i.e.,

na = nd . (16)

By defining a total pumping field energy inside the medium as

Epump =
∫

Vs

eph,idVs, (17)

the net cooling power becomes

Ṡph-e-p =

(

1−
ω̄ph,e

ωph,i
ηe−ph

)

h̄Pωph,iBe,andEpump. (18)

Thus, to enhance the cooling power using the same incident
energy, increases in the dopant concentration nd , the total pump-
ing field energy inside the nanopowder medium Epump, and the
excitation coefficient Be,a, are necessary. These effects will be
discussed, in the following sections for ion-doped nanopowders.

3 Optimum Dopant Concentration
A higher value of nd , the dopant concentration, is desir-

able in laser cooling experiments, since more absorbers are avail-
able, which will compensate for the low absorption cross section.
However, ions will be closer to each other, and the excitation en-
ergy may hop around neighboring ions until it finds a quenching
center to decay nonradiatively. This energy transfer mechanism
leads to a drop in the quantum efficiency ηe−ph, and is an effect
called the concentration quenching. Hence, an optimum dopant
concentration, corresponding to a balance between the increase
in nd and the decrease in ηe−ph, should exist. However, due to
the prior lack of a theory to describe this optimum concentra-
tion, arbitrary concentrations of 1 wt.% (corresponding to 2.42
cm−3) and 2 wt.% have been used in most of the existing exper-
iments. In this section we suggest a criterion for determining the
optimum concentration.
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In highly pure Yb3+-doped crystals, which are preferred
in laser cooling experiments, nonradiative processes should be
rather weak, and they essentially come from the self-generated
quenching processes [22, 23]. In such an event, one excited
ion transfers its excitation energy to its identical neighbor at
the ground state, through a multiphonon relaxation process, as
shown in Fig.4. As the dopant concentration increases, the radia-
tive decay rate remains unchanged, while the nonradiative decay
rate increases due to the increase of the self quenching rate γ̇12,
and as a result, the total decay rate is increased. This mechanism
results in a decrease in both the lifetime of the excited state and
the quantum efficiency.

Another mechanism, reabsorption, may also be responsible
for a reduction in the quantum efficiency at high concentration.
In this case, the luminescent photons are reabsorbed by ions in
their ground state, and are then re-emitted. As a result, the effec-
tive radiative decay rate is decreased, the nonradiative decay rate
remains unchanged, and thus the total decay rate is decreased. In
this case, the quantum efficiency will decrease, while the lifetime
of the excited state will increase. The former is similar, while the
latter is contrary, to the behaviors of energy transfer described in
last paragraph. This is very useful to distinct the effects of energy
transfer and reabsorption, which both contribute to the observed
concentration effect. As the concentration increases beginning
from zero, the lifetime first increases, indicating that the con-
centration effect is dominated by the reabsorption. The lifetime
then decreases, indicating that the concentration effect is domi-
nated by the energy transfer [23]. The amount of reabsorption
is highly dependent on the geometry of the sample, and can be
avoided experimentally by using an optically very thin sample,
such as the thin fiber used by Gosnell [11]. In the following
discussion, for the sake of simplicity, we assume that the reab-
sorption effect is absent, and only consider the effect of the self
quenching process.

Based on the energy transfer theory, the excited state lifetime

as a function of dopant concentration is [22]

τ(nd) =
τ(nd = 0)

1+1.45(nd/nd,c)exp(−β∆Ee/4)
, (19)

where τ(nd = 0) is the lifetime at extremely low concentration,
nd,c is defined as a critical concentration intrinsically dependent
on the ion-host coupling, ∆Ee is the energy gap between the two
levels, and β is an energy transfer coefficient. Here for Yb3+:
Y2O3, β is given by the following expression

β =
ln[4.077/(1+ f o

p,e)]

h̄Pωp,e
, (20)

where ωp,e is the effective phonon frequency involved in the self
quenching process, and f o

p,e is the equilibrium distribution func-
tion of phonon (the Bose-Einstein distribution), given by

f o
p,e =

1
exp(h̄Pωp,e/kBT )−1

. (21)

Note that here we made an assumption of involving only one ef-
fective phonon mode ωp,e in the self quenching process. This
approximation has proven very useful in understanding the mul-
tiphonon radiationless energy transfer processes of many rare-
earth-doped solids, especially for systems involving weak cou-
pling like Yb3+: Y2O3 considered here. However, it must be
noted that the frequency spectrum of phonons for any solid has a
significant amount of structure in its DOS, and they may all con-
tribute to the electron-phonon coupling. For physical systems
involving strong coupling, the specific structure of the phonon
spectra must be taken into account [24].

Equation (19) predicts that the lifetime decreases as the
dopant concentration increases. Since the lifetime is the recip-
rocal of the transition rate, One can rewrite Eq. (19) as

γ̇e,d(nd) = γ̇e,d(nd = 0)[1+1.45(nd/nd,c)exp(−β∆Ee/4)],

(22)

where, based on the process shown in Fig.4, we have

γ̇e,d(nd = 0) = γ̇r + γ̇nr, (23)

and

γ̇e,d(nd) = γ̇r + γ̇nr + γ̇12. (24)
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It is predicted in Eq. (22) that an increase in nd results in the
increase in the total decay rate γ̇e,d , compared to that for an iso-
lated ion, due to the presence of the self-generated, non-radiative
decay rate γ̇12.

For an isolated Yb3+ ion in Y2O3 host, the nonradiative de-
cay rate γ̇nr is negligible compared to the radiative decay rate γ̇r,
below the room temperature (< 300 K). Thus we can make an
approximation

γ̇r

γ̇r + γ̇nr
' 1. (25)

This indicates that the total decay rate at low concentration is
taken as the radiaitve decay rate, and all nonradiative decay
events come from the energy transfer processes.

Using Eqs. (22)-(25), the quantum efficiency ηe−ph can be
written as a function of the concentration as

ηe−ph =
γ̇r

γ̇e,d(nd)
=

γr

γ̇r + γ̇nr

γ̇r + γ̇nr

γ̇e,d(nd)

= [1+1.45(nd/nd,c)exp(−β∆Ee/4)]−1. (26)

It is predicted in this relation that the quantum efficiency de-
creases as the dopant concentration and temperature increase, as
expected. The temperature effect is due to that more phonons are
excited and participate in the nonradiative processes. The total
cooling power given by Eq. (15) is now written as a function of
the concentration, i.e.,

Ṡph-e-p =

(

1−
ω̄ph,e

ωph,i

)[

1+1.4
nd

nd,c
exp(−β∆Ee/4)

]−1

h̄Pωph,iγ̇e,ana

∫

V
eph,idV. (27)

The maximum cooling power is reached when

∂Ṡph-e-p

∂nd
= 0, (28)

which yields the optimum concentration

n∗d,o =
nd,o

nd,c
= A

(1−B)1/2

1− (1−B)1/2 , (29)

where A and B are

A =
1

1.45
exp(β∆Ee/4), B =

λph,e

λ̄ph,i
. (30)
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Figure 5. (a) Variation of the quantum efficiency as a function of
dopant concentration. (b) Variation of the normalized cooling power
as a function of dopant concentration. The Gosnell nd,G, critical nd,c,
optimum nd,o, and transition nd,t dopant concentrations are shown.

It is evident in Eq. (29) that the critical concentration nd,c is
the only parameter that needs to be specified before the optimum
concentration can be determined. Note that nd,c is an intrinsic
property depending on the ion-dopant pair and the temperature,
and may be calculated using quantum mechanics. Here, we use
a more practical approach, namely, fitting Eq. (19) or Eq. (26) to
experiments, as reported in [22].

In an experiment [11], a Yb3+ doped ZBLANP fibre was
cooled by 65 K from the room temperature, with a concentra-
tion nd = 2.42×1020 cm−3, and a measured quantum efficiency
ηe−ph = 0.998. Using Eq. (26), the critical concentration is read-
ily calculated to be nd,c = 2.51× 1020 cm−3. Then, by using
Eq. (26), the variations of the quantum efficiency is plotted as a
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function of the concentration, for three temperatures, as shown
in Fig.5(a). The results show that the quantum efficiency ηe−ph
decreases monotonically with the dopant concentration and tem-
perature. By using Eq. (27), the variation of the normalized
cooling power is plotted as a function of the concentration in
Fig.5(b). The results show that the cooling power first increases
and then decreases, as nd increases. At an optimum concen-
tration nd,o = 1.13× 1021 cm−3, which is three times higher
than that used by Gosnell [11], the maximum cooling power is
achieved and is 2.6 times that obtained in that investigation [11].
Note that if the concentration becomes higher than a transition
value nd,t , which is 2.05×1021 cm−3, the cooling effect is elim-
inated (See Fig.5(b)). This is expected, due to the resulting low
quantum efficiency.

To examine the dependence of the optimum concentration
on temperature, we use Eq. (29) and the results are shown in
Fig.6. Since the quantum efficiency increases as the tempera-
ture decreases, we expect the optimum concentration to also in-
crease. This is true, as shown in Fig.(29), if we assume that the
mean emission wavelength λph,e is not dependent on tempera-
ture. However, in reality the mean emission wavelength λ̄ph,e
increases as the temperature decreases, since the electrons in the
excited state are more likely to reside in the lowest sublevels, re-
sulting in emission photons with lower energy and longer wave-
length. An experimental study was performed on the relation be-
tween λ̄ph,e and T [25], and the data are fitted by us using an em-
pirical relation, which reads λ̄ph,e = 1003+(996−1003)/(300−
100) ∗ (T − 100) nm. Taking into account this dependence,
the variation of the optimum concentration with temperature is
shown in Fig.(29). Interestingly, it first increases, but then de-
creases, as the temperature decreases. The reason is that, at very
low temperatures, the mean emission wavelength increases, lead-
ing to a reduction of the cooling ability per ion. As a result, the

cooling effect is more likely to be destroyed by the nonradiative
decays which can be caused by large concentrations. This vari-
ation of the optimum concentration with the temperature reflects
the competition and balance between the quantum efficiency and
the mean emission wavelength.

4 Enhanced Total Pumping Energy by Photon Local-
ization
In this section, we will discuss how to use the unique photon

transport properties of nanopowders to enhance Epump, the total
pumping energy inside the medium. Shown in Fig.7 are differ-
ent regimes of photon scattering in nanopowders [26]. When the
photon mean free path lm is much larger than the laser wave-
length, photons may experience a single scattering event and the
transport is diffusive [27]. As lm decreases, photons begin to
undergo multiple scattering events. When lm is comparable to
or smaller than the laser wavelength, recurrent scattering takes
place, i.e., photons return to the original place after being scat-
tered many times. In this case, photons don’t propagate through
the medium, but are confined in a small spatial region, form-
ing a cavity. This phenomenon, termed photon localization, is
the counterpart of the electron localization suggested by Ander-
son [28]. The electromagnetic field of the localized light, as
shown in Figure 7(d), can be orders of magnitude higher than
the incident field [29]. As a result, photon absorption can be
enhanced considerably, due to this high photon density (or alter-
natively, electromagnetic field energy density eph,i).

Here, we consider a simple nanostructure model of Yb3+-
doped Y2O3 particles: parallel solid layers with random thick-
nesses, as shown in Fig.8(a). The dielectric solid material has a
complex refractive index ms (= ns + iκs), while the fluid is as-
sumed to be air and has a refractive index m f (= n f = 1). To
solve the internal field subject to a normal laser irradiation, we
start with the Helmholtz equation

d2E(x)
dx2 + k2

om2
l E(x) = 0, (31)

where ko is the vacuum wave vector, and ml is the local com-
plex index of refraction at the incident frequency. This is the
electromagnetic wave equation in a source-free medium, and is
equivalent to the Maxwell equations in the multilayer system.
For the medium shown in Fig.8(a), the solution of Eq. (31) at a
particular location xl in the l-th layer is given by

E(x) = E+
l eikl(x−xl) +E−

l e−ikl(x−xl),

l = 1,2, ...,N +1. (32)

where kl = mlω0/co is the wave vector, and co is the speed of
light in vacuum. The field in the medium is divided into two
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Figure 7. (a) Single, (b) multiple, and (c) recurrent photon scattering
trajectories in a system of random scatterers, and (d) a rendering of the
electromagnetic field distribution for case (c), i.e., as photon localization
takes place [26].

components, the forward (transmitted) component E+
l and the

backward (reflected) component E−
l . The boundary conditions

require that the tangential electric and magnetic fields be contin-
uous across each interface. Thus the amplitudes of the l-th and
(l+1)-th interfaces are related by a transfer matrix M [29, 30].
Then, the full fields E are solved using this transfer matrix ap-
proach, subject to a uniform, normal incident field Ei. A detailed
solution procedure can be found in [29, 31]. A typical field dis-
tribution is shown in Figure 8(b), where the dimensionless elec-
tric field |E|∗ is normalized against the incident field. The phe-
nomenon of field enhancement is evident, i.e., the peaks of the
field distribution inside the medium can be much larger than the
incident field, for this realization [29]. Thus, the energy density
of the electric field can be two or even more orders of magni-
tude larger than the incident value. The physical basis of field
enhancement is electromagnetic wave interference. In this ran-
dom multilayer system, the waves will multiply transmit and re-
flect at all the interfaces, and interfere with each other. At some
locations (for some realizations), the interference is so ideally
constructive that it results in extremely large fields.

The pumping energy Epump inside the nanopowder medium
is then calculated using Eq. (9), and compared to that for the
bulk crystal with the same apparent volume (note however that
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Figure 8. (a) A one-dimensional random multilayer system. The layer
thickness follow a uniform distribution between 〈ds〉 ± ∆ds, and the
porosity is prescribed. (b) A typical electromagnetic field distribution,
in which a field enhancement up to 7 folds can be seen [31].

the volume of the solid phase for nanopowder is smaller than that
for the bulk crystal), as shown in Fig.9. Note also that for a model
composite given the porosity ε and the particle size distribution,
there are an infinite number of realizations, and hence, the en-
semble average of a sufficient number of realizations is taken in
calculations, and used for that model composite. The ratio of the
total pumping energy, with respect to porosity ε for different par-
ticle mean diameter 〈ds〉, is shown in Fig.9. For high porosities,
the ratio may be as large as 1.5 to 1.7, indicating an enhance-
ment of the total pumping energy Epump by 50% to 70%. Fig.9
also provide the guidelines for the optimum porosity and mean
particle size.

In this section, we have used the classical wave theory of
light to show its interference effect, which is a signature of the
wave nature of light. Quantum theory is also capable of captur-
ing this effect, but the formulation is much more cumbersome
than the classical wave theory. However, as electronic transitions
are involved, the quantum theory must be used to address the
problem correctly. This will be discussed in the next section.
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Figure 9. Variation of the scaled pumping energy inside the medium
(nanopowder to the bulk crystal), with respect to porosity. The total
pumping energy of nanopowder can be enhanced by 50%-70%, at high
porosities.

5 Enhanced Transition Probability for Nanopowders
5.1 Phonon DOS of the nanopowder

To analyze photon-electron-phonon interactions, the phonon
DOS needs to be known. The Debye DOS is often assumed for
bulk materials [32]. It shows a parabolic distribution which re-
sults from an assumption of an isotropic medium with no disper-
sion, or effects of optical phonons. The phonon DOS of nanos-
tructures may, however, deviates from that for bulk crystals, due
to quantum size effects [33]. Since the phonon DOS is not avail-
able for Y2O3, it is calculated here using the molecular dynamics
simulation.

With molecular dynamics simulations, the phonon DOS
may be calculated using three different methods [34]. In the
first, the velocity autocorrelation function is calculated for each
species and the partial phonon DOS is then obtained by taking
the Fourier transforms of this autocorrelation function. In the
second, the displacement autocorrelation function is calculated
by the equation-of-motion method. In the third, the dynamical
matrix is directly diagonalized. The results of these three ap-
proaches have been found to agree with one another at low tem-
peratures [34], as expected. However, at high temperature the
third method is not suitable since it is harmonic. Therefore, here
we use the first method to determine the phonon DOS at 300 K.

In a molecular dynamics simulation, the phase-space trajec-
tory of a system of particles is predicted by solving the Newton
equations. The required inputs are an atomic structure and a suit-
able interatomic potential, which can be obtained from experi-
ments and/or ab initio calculations [35].

The X-ray diffraction [36] and neutron diffraction [37] ex-
periments have shown that Y2O3 has a face-centered cubic struc-
ture, which is retained in nanocrystals [38]. Eight metal ions are
in the positions (1/4,1/4,1/4); the remaining twenty four oc-

Y

O

O

O

O

O

O

2.354

2.3542.278

2.278

2.260
2.260

(a)

(b)

O

Y

Figure 10. Crystal structure of Y2O3. (a) The oxygen ions are arranged
in distorted octahedra around the Yttrium ions. The listed measured
equilibrium bond lengths are in Å. (b) The structure of a cubic unit cell.

cupy the sites (u,0,1/4). The forty-eight oxygen ions are in gen-
eral positions (x,y,z), arranged in distorted octahedra around the
metal ions, the metal-oxygen bonding distances being unequal.
The values of u,x,y,z are listed in [36, 37]. The crystal structure
is shown in Fig.10

The interatomic potential can be assumed to be in the form

ϕ(ri j) =
qiq j

ri j
+Ai j exp

[

ri j

ro,i j

]

+
Ci j

r6
i j

, (33)

where ϕ(ri j) is the interaction energy of atoms i and j, which
consistes of a Coulomb term and a covalent (short range) con-
tribution, cast into the usual Buckingham form [39]. Here qi
is an effective charge of the ith atom, ri j is the interatomic dis-
tance between atoms i and j, Ai j, (ro,i j and Ci j are parameters for
covalent interactions. For ionic materials, this Buckingham in-
teratomic potential model has been shown to perform well. The
parameters in Eq. (33), obtained from [40, 41], are listed in Ta-
ble 1. This potential set has been verified to reproduce the bulk
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properties (lattice constant, lattice position, bulk modulus, elastic
constant, etc) well [42].

Table 1. Parameters used in the Buckingham potential

Atomic charges: qY = 3, qO =−2

Atom-Atom Ai j, eV ro,i j, Å Ci j, eV-Å References

Y-Y 0 1 0 [41]

Y-O 1345.6 0.3491 0 [40, 41]

O-O 22799 0.149 27.93 [40, 41]

To determine the DOS of the bulk crystal, molecular dynam-
ics simulations are carried out in a cubic computation domain
which contains 2×2×2 = 8 unit cells and N = 640 atoms (256 Y
and 384 O). Periodic boundary conditions are applied in all direc-
tions. For the nanopowder, the computation domain is a sphere
of diameter ds, which is cut from a much larger bulk crystal, as
shown in Figure 11. It should be noted that a nanopowder gen-
erated in this way may not be neutral in charge, thus some atoms
at the surface may need to be removed accordingly, to eliminate
any net charge of the nanopowder. Also, since the center of the
sphere can be randomly selected, we have many possible config-
urations given the diameter. As such, a number of spherical par-
ticles with different configurations are considered in this study,
and their behaviors are compared. The free boundary condition
is used.

For both bulk and nano crystals, an initialization period of
5× 104 time steps is used, with the time step being 1.6 fs. The
system is run in the NV T (constant mass, volume and tempera-
ture) ensemble. To set the temperature for the NV T ensemble,
the potential energy of the system is monitored every time step.
When it reaches a value within 10−4% of the desired value, the
ensemble is switched to NV E (constant mass, volume and en-
ergy), and the system is run until the total number of time steps
is 1.5×105.

The normalized velocity-velocity autocorrelation function
for the βth species (β = Y, O) is

Γβ(t) =

〈 Nβ

∑
iβ=1

uiβ(t)uiβ(0)

〉

/

〈 Nβ

∑
iβ=1

uiβ(0)uiβ(0)

〉

,

with β = Y,O, (34)

where Nβ is the number of atoms of species β, uiβ is the velocity
of atom iβ and 〈〉 is an ensemble average. The frequency spec-
trum of the normalized velocity autocorrelation function gives

ds = 3.0 nm

O

Y

Figure 11. The structure of the spherical Y2O3 nanoparticle (cluster)
used in the molecular dynamics simulations. The diameter is 3 nm
(about 1,000 atoms) and the boundary is free.

the partial phonon DOS Dp,β(ω), as

Dp,β(ω) =
∫ τ

0
Γβ(t)cos(ωt)dt. (35)

The total phonon DOS is obtained by summing over the partial
DOS weighted with the population, i.e.,

Dp(ω) = ∑
β

cβDp,β(ω), (36)

where cβ is the population of the βth species in the molecular
dynamics system. Here, for Y2O3 they are cY = 2/5, and cO =
3/5.

The partial phonon DOS Dp,β(ω) of Y and O atoms are cal-
culated for the bulk and nanoparticle Y2O3 crystals, and are nor-
malized, i.e.,

∫ ∞
0 Dp,β(ω)dω = 1. This normalization is needed

to compare the partial and total DOS of MD systems with differ-
ent number of atoms. The total DOS, calculated using Eq. (36),
is then shown in Fig.12. As mentioned before, there are many
different configurations for the nanopowder, each having its own
phonon DOS. However, calculations review that they share simi-
lar characteristics. Therefore, here we only show the DOS of one
representive configuration. It can be seen that the phonon DOS of
nanocrystals is distinct from that of the bulk crystal, in its broad-
ened peaks, and extended tails at low and high frequencies. The
bulk crystal has sharp, well-defined peaks (or modes) related to
the rigorous periodic structure, while these peaks are broadened
in the nanocrystal, due to the loss to some extent of this peri-
odicity. The high frequency tail in the nanocrystal phonon DOS
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Figure 12. Comparison of the phonon DOS of the bulk crystal and
nanocrystal for Y2O3. The nanocrystal DOS possesses extended low-
and high-frequency tails.

is believed to result from the surface atoms. Due to the loss of
the attraction from their outer neighbors, these atoms have con-
tracted bonds with their inner neighbors, compared to the bulk
crystal. This leads to a ”harder” surface and the increased vibra-
tional frequencies.

5.2 Anti-Stokes transition rate: a Fermi golden rule
calculation

As the pumping wavelength is tuned to the red side of
the resonance, the probability of a purely electronic transition
between electronic sublevels, a first order process, becomes
smaller. On the other hand, the phonon-assisted transition, a
second-order process, begins to contribute to absorption signifi-
cantly. As a result, the absorption turns out to be a combination
of the first- and second-order transitions. Since a much longer
pumping wavelength than the resonance is used in laser cooling,
the total transition is believed to be dominated by the second-
order process. Therefore, only the second-order process will
be analyzed here for the purpose of understanding the role of
phonons in laser cooling.

In the second order process, the ion in its ground state ab-
sorbs a photon from the irradiation and simultaneously a phonon
from the lattice, and goes up to the excited state. The probabil-
ity per unit time of such a process can be evaluated using the
perturbation theory. The Hamiltonian for the physical system
considered is given by [12]

H = Hion +Hp +Hph +ϕion−ph +ϕion−p. (37)

The first term is

Hion = h̄Pωe,ga+a, (38)

i.e., the Hamiltonian of the ion electronic levels, where h̄Pωe,g is
the energy difference between the optically active energy levels
of the dopant ion (considered as a two-level ion) and a+(a) is the
creation (annihilation) operator of an electronic excitation. The
second term is

Hp = ∑
p

h̄Pωpb+
p bp, (39)

i.e., the phonon field Hamiltonian, where ωp is the phonon fre-
quency and b+

p (bp) is the creation (annihilation) operator of a
phonon in mode p. The third term is

Hph = h̄Pωph,ic+c, (40)

i.e., the electromagnetic laser field Hamiltonian, where ωph,i is
the pumping frequency and c+

p (cp) is the creation (annihilation)
operator of a photon. The fourth term is

ϕion−ph = −eeeα ·µµµe

(

h̄Pωph,i

2εoVs

)1/2

(a+ +a)(c+ + c)

= Cph(a+ +a)(c+ + c),

Cph = −eeeα ·µµµe

(

h̄Pωph,i

2εoVs

)1/2

, (41)

i.e., the ion-photon interaction Hamiltonian, where as mentioned
before, eeeα is the polarization factor of the photon, µµµe is the
dipole moment of the electronic transition, εo is the vacuum per-
mittivity, and Vs is the interacting volume. Note that the term
[

h̄Pωph,i/(2εoVs)
]1/2 is the electric field per photon []. The fifth

term is

ϕion−p = ai−p

(

h̄Pωp

2ρu2
p

)1/2

a+a(bp−b+
p )

= Cpa+a(bp−b+
p ),

Cp = ai−p

(

h̄Pωp

2ρu2
p

)1/2

, (42)

i.e., the ion-phonon interaction Hamiltonian, where ai−p is the
ion-phonon coupling constant, up is the speed of sound, and ρ is
the mass density.
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The transition rate γ̇e,a is given by the Fermi golden rule [12]

γ̇e,a = ∑
f

γ̇e,i- f =
2π
h̄P

∑
f
|M f i|

2δ(E f −Ei), (43)

where Ei and E f are the initial and final energies of the system.
The M f i matrix can be expanded as the following series [12]

M f i = 〈 f |ϕint |i〉+∑
m

〈 f |ϕint |m〉〈m|ϕint |i〉
ET

e,i−ET
e,m

+

∑
m,n

〈 f |ϕint |m〉〈m|ϕint |n〉〈n|ϕint |i〉
(ET

e,i−ET
e,m)(ET

e,i−ET
e,n)

+ ..., (44)

with ϕint = ϕion−ph +ϕion−p. The summations on m and n include
all the intermediate phonon and photon states.

We will calculate the transition probability γ̇e between the
initial |i〉= |ψi, fph +1, fp +1〉 and final | f 〉= |ψ f , fph, fp〉 states
of the system, where the first ket element, ψi, refers to the ion
state, the second one, fph, to the photon number in the interact-
ing volume Vs, and the third one, fp, to the phonon distribution
function. This type of processes only appears in the second order
perturbation expansion of the M f i matrix, which is [24, 43]

M f i,2nd = ∑
m

〈 f |ϕint |m〉〈m|ϕint |i〉
ET

e,i−ET
e,m

= ∑
m

[

〈ψ f , fph, fp|ϕion-ph|ψm, fph +1, fp〉×

Ei− (Em− h̄Pωp)

〈ψm, fph +1, fp|ϕion-p|ψi, fph +1, fp +1〉

+
〈ψ f , fph, fp|ϕion-p|ψm, fph, fp +1〉×

Ei− (Em− h̄Pωph)

〈ψm, fph, fp +1|ϕion-ph|ψi, fph +1, fp +1〉
]

. (45)

The sum runs over all possible intermediate states of the system.
Substituting the expressions for the interaction Hamiltonians into
Eq.(45), we have

M f i,2nd ' ∑
m

〈ψ f , fph, fp|Cph(a+ +a)(c+ + c)|ψm, fph +1, fp〉×

Ei− (Em− h̄Pωp)

〈ψm, fph +1, fp|ai-pCpa+a(bp−b+
p )|ψi, fph +1, fp +1〉

= ∑
m

〈ψ f , fph, fp|Cph(a+ +a)(c+ + c)|ψm, fph +1, fp〉×

Ei− (Em− h̄Pωp)

〈ψm, fph +1, fp|Cpa+a(bp−b+
p )|ψi, fph +1, fp +1〉

= ∑
m

〈ψ f , fph, fp|Cph(a+ +a) f 1/2
ph |ψm, fph, fp〉×

Ei− (Em− h̄Pωp)

〈ψm, fph +1, fp|Cpa+a f 1/2
p |ψi, fph +1, fp〉

= ∑
m

Cph f 1/2
ph Cp f 1/2

p
〈ψ f |(a+ +a)|ψm〉〈ψm|a+a|ψi〉

Ei− (Em− h̄Pωp)
. (46)

where, the second term in Eq.(45) has been neglected since the
photon energy is much greater than the phonon energy [24].

Since the phonon energy h̄Pωp is much smaller than the en-
ergy gap, it cannot by itself induce an electronic transition. In the
perturbation theory, the intermediate wave function ψm is then
approximated as unperturbed, i.e., ψm = ψi, and Em = Ei. There-
fore Eq. (46) becomes

M f i,2nd = ∑
p

Cph f 1/2
ph Cp f 1/2

p
〈ψ f |(a+ +a)|ψi〉〈ψi|a+a|ψi〉

Ei− (Ei− h̄Pωp)

= ∑
m

Cph f 1/2
ph Cp f 1/2

p
〈ψ f |(a+ +a)|ψi〉〈ψi|a+a|ψi〉

Ei− (Ei− h̄Pωp)

= ∑
m

Cph f 1/2
ph Cp f 1/2

p
1

h̄Pωp
. (47)

Substituting Eq. (47) into Eq. (43), we have

γ̇e,a = ∑
f

γ̇e,i- f =
2π
h̄P

∑
p

(
CphCp

h̄Pωp
)2 fph fp

δ(h̄Pωph,i + h̄Pωp− h̄Pωe,g). (48)

In order to perform the summation on the phonon modes in Eq.
(48), we must introduce the phonon DOS Dp(Ep), where Ep is
the phonon energy given by Ep = h̄Pωe,g− h̄Pωph,i. In terms of
this distribution function, the transition rate, Eq. (48), becomes

γ̇e,a =
2π
h̄P

C2
ph fph

a2
i-p

2ρu2
p

∫ Emax

Emin

dEpDp(Ep)
f o
p(Ep)

Ep

δ(h̄Pωph,i +Ep− h̄Pωe,g)

=
2π
h̄P

C2
ph fph

a2
i-p

2ρu2
p

Dp(Ep) f o
p(Ep)

Ep
. (49)

This result implies that the excitation spectra can be associated
with the phonon spectra, as observed in [44]. We here have used
the equilibrium distribution functions for phonons. To compare
with Eq. (3), we rewrite Eq. (49) as:

γ̇e,a =
2π
h̄P

(eeeph,i ·µµµe)
2

2εo

a2
i-p

2ρu2
p

Dp(Ep) f o
p(Ep)

Ep
×

h̄Pωph,i
fph

Vs

=
2π
h̄P

(eeeph,i ·µµµe)
2

2εo

a2
i-p

2ρu2
p

Dp(Ep) f o
p(Ep)

Ep
eph,i. (50)
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This expression is found to be consistent with Eq. (3), as ex-
pected. Therefore, we are able to extract the excitation coeffi-
cient Be,a from Eq. (50), as

Be,a =
2π
h̄P

(eeeph,i ·µµµe)
2

2εo

a2
i-p

2ρu2
p

Dp(Ep) f o
p(Ep)

Ep
. (51)

Using the relations ω = 2πco/λ and Ep = h̄Pωe,g− h̄Pωph,i, the
above expression for Be,a can be written as a function of λph,i as

Be,a =
2π
h̄P

(eeeα ·µµµe)
2

2εo

a2
i-p

2ρu2
p

Dp(h̄P
2πco
λe,g

− h̄P
2πco
λph,i

) f o
p(h̄P

2πco
λe,g

− h̄P
2πco
λph,i

)

h̄P
2πco
λe,g

− h̄P
2πco
λph,i

. (52)

Using the resonance wavelength (λe,g = 980 nm) for Yb3+:
Y2O3 along with the phonon DOS determined in section 5.1, the
variations of the normalized (against the resonance) transition
coefficient B∗

e,a = Be,a(λph,i)/Be,a(λph,i = 980 nm), as a func-
tion of the pumping wavelength λph,i, are shown in Fig.13(a),
for bulk and nano crystals. Note that a singularity exists for
Be,a(λph,i) right on resonance λph,i = 980 nm, so we use the limit
Be,a(λph,i = 980 nm) = Be,a(λph,i → 980 nm). The transition co-
efficients show an exponential decay with the increasing wave-
length. Shown in Fig. 13(b) is the ratio of the transition rates for
nano- and bulk crystals. The transition rates may be enhanced
(the area above the dotted line) or reduced (the area below the
dotted line), depending on the pumping wavelength used. How-
ever, in the practical cooling range (λph,i = 1,020 to 1,030 nm)
used in most experiments, more enhancement is observed than
reduction.

6 Discussion and Conclusions
We have investigated the enhanced laser cooling of

nanopowders, using the optimization of the dopant concentra-
tion, the photon localization, and the phonon DOS size effect.
Taking a closer look at these three mechanisms, we notice that
they all facilitate to increase the carrier number in the interact-
ing volume: optimization of the dopant concentration for higher
electron number, photon localization for higher photon number,
and phonon DOS size effect for higher phonon number in the de-
sired range. This seems to be natural since the excitation is a pho-
ton induced, phonon assisted, electronic absorption. Thinking of
an interaction of only one photon, one phonon, and one electron
(ion) as the base system, to increase the number of each type of
carrier would independently enhance the excitation events pro-
portionally. This is an important yet intuitive finding that more
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Figure 13. (a) Variations of the normalized (against the resonance)
electronic transition coefficient B∗

e,a = Be,a(λph,i)/Be,a(λph,i = 980 nm)

with respect to the laser pumping wavelength, for the bulk and the
nanoparticle crystals, for Yb3+: Y2O3. (b) The ratio of the transition
coefficients for the nanocrystal and the bulk crystal.

carriers are needed to be put in the same interacting volume, to
enhance their interactions. The enhancement effects due to each
carrier are summarized in Fig.14.

The optimum dopant concentration is pursued using the en-
ergy transfer theory. Although it is well known that an optimum
concentration for maximum cooling performance should exist
(since high concentration would result in a low quantum effi-
ciency), a quantitative analysis had been lacking. Here, we apply
the energy transfer theory and obtain an analytical expression for
the optimum concentration. For high purity doped solids, the
concentration quenching is identified as a self-generated multi-
phonon decay process, allowing to establish a relation between
the quantum efficiency and the concentration. The results show
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Figure 14. Enhancement of laser cooling power by (i) optimization of
the dopant concentration, (ii) photon localization, and (iii) phonon DOS
size effect. The base line is the experiment of Gosnell [11]. The cooling
and heating regimes are shown.

that the optimum concentration gives a 150% enhancement in
cooling power, as shown in Fig.14. This enhancement mecha-
nism applies to both the bulk and the nanoparticle crystals doped
with Yb3+.

The cooling performance in nanocrystals may also be en-
hanced compared to that of bulk crystals, due to photon local-
ization. Calculations based on the Maxwell equations show that
as the particle size decreases to the order of the pumping wave-
length, photons are localized in the interior of the powder media
due to recurrent scattering. As a result, the total pumping energy
(or the photon density) is enhanced, leading to an enhanced ab-
sorptivity. This mechanism is expected to have a 50% enhance-
ment on the cooling power for nanopowders, compared to the
bulk crystals, as shown in Fig.14.

The phonon DOS size effect is also considered. The phonon
DOS of nanoparticle crystal is determined using molecular dy-
namics simulations and the Fourier transform of the velocity au-
tocorrelation function. The DOS of nanocrystals possesses the
extended, small tails at low and high frequencies. Treating the
cooling process as a phonon-assisted transition, a second order
quantum mechanical calculation is performed to predict the tran-
sition rates. As shown in Fig.14, this mechanism may enhance
or reduce the cooling performance, depending on the pumping
wavelength used. In the practical cooling range (λi = 1,020 to
1,030 nm), more enhancement is shown than reduction. If the
broadening of the absorption spectra is taken into account, we
can conclude that the phonon size effect would generally enhance
the cooling performance.

Considering all these three mechanisms, the cooling power
is predicted to be enhanced by about 275%.
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7 Appendix: Thermodynamics Limit of Laser Cooling
of Solids
The theoretical limits of laser cooling are governed by the

second law of thermodynamics. An excellent analysis was given
by Mungan [45], in which the ideal cooling efficiency is calcu-
lated to be 20%. Here we briefly review the basic concepts and
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derivation.
A simple control volume is shown in Figure 15, in which the

energy flowing in and out (the pump laser, the external thermal
load, and the luminescence emission) are marked. For a narrow-
band radiation which is independent of the angular directions θ
and φ over a circular cone of half-angle δ, the energy flux density
is given by [45]

IĖ(ω) =
1

4π2 h̄Pc−2 f̄phω3
0∆ωsin2 δ, (53)

where c is the speed of light, f̄ph is the average photon distri-
bution function over the frequency range, ω0 is the central fre-
quency, and ∆ω is the bandwidth of the beam. The entropy flux
density is

IS =
1

4π2 kBc−2[(1+ f̄ph) ln(1+ f̄ph)− f̄ph ln f̄ph]

ω2
0∆ωsin2 δ. (54)

It is worth noting what happens if either the bandwidth ∆ω or
the divergence δ of the source collapses to zero. If its energy flux
density is to remain finite, then Eq. (53) implies that f̄ph →∞. In
this limit, Eq. (53) becomes

IS '
1

4π2 kBc−2[(1+ f̄ph) ln f̄ph− f̄ph ln f̄ph]ω2
0∆ωsin2 δ

=
kB

h̄Pω
IĖ

ln f̄ph

f̄ph
→ 0, as f̄ph → ∞. (55)

The entropy carried by monochromatic or unidirectional radia-
tion is zero, so that one can characterize an ideal laser beam as
pure work or high-grade energy.

To analyze the limiting efficiency of laser cooling of solids,
it is useful to define the flux temperature TF of the radiation,
which is given by

TF ≡
IĖ
IS

=
h̄Pω0

kB

f̄ph

(1+ f̄ph) ln(1+ f̄ph)− f̄ph ln f̄ph
. (56)

Again, for an ideal laser, we have

TF '
h̄Pω0

kB

f̄ph

ln f̄ph
→ ∞, as f̄ph → ∞, (57)

which is consistent with the zero entropy at a finite irradiance. It
can be further deduced by Eq. (57) that the flux temperature of
narrowband radiation propagating in a well-defined direction is
higher than that of broadband radiation propagating in all direc-
tions.

In laser cooling of solids, according to the first law of ther-
modynamics, we have

Ėout = Ėin +Q. (58)

The cooling coefficient of performance is defined in the usual
way for a refrigerator as

η =
Q

Ėin
. (59)

The maximum value of η is the Carnot limit, ηC, and is deter-
mined by the second law of thermodynamics. The entropy car-
ried by the fluorescence cannot be less than the sum of the en-
tropy withdrawn from the cooling sample and the entropy trans-
ported in by the pump laser, i.e.,

Ėout

Tf
≥

Ėin

To
+

Q
T

, (60)

where T is the steady-state operating temperature of the refriger-
ator, and Tf and To are the flux temperatures of the fluorescence
and pump radiation, respectively. The reversible Carnot limit is
obtained by choosing the equality sign in Eq. (60). By substitut-
ing Eqs. (58) and (59) into Eq. (60), we have

ηC =
T −∆T
Tf −T

, (61)

where ∆T = T Tf /To.
Consider an example using actual values relevant to laser

cooling of Yb3+:ZBLANP [45]. The temperatures of the pump
laser and the fluorescence are calculated, using Eq. (56), to be
To = 7×1011 K and Tf = 1,760 K, respectively. Thus the Carnot
efficiency of this optical cooler is about 20% at room tempera-
ture, and it diminishes approximately linearly to zero as T → 0.
However, the actual cooling efficiency achieved to date is only
around 3%, which indicates that much irreversibility has been
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introduced into the process. One might use a longer pumping
wavelength to obtain higher cooling efficiency, but the absorp-
tion coefficient of Yb3+ would become too small. As a result,
the trace impurity absorption will dominate over the Yb3+ ab-
sorption, and the cooling efficiency η decreases. To reduce these
irreversibilities introduced into this process, the sample should
be purified to suppress the trace absorption, and also the Yb3+

absorption coefficient should be enhanced.
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