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Abstract – The mean free paths (MFPs) of energy carriers are of critical importance to the nano-
engineering of better thermoelectric materials. Despite significant progress in the first-principles–
based understanding of the spectral distribution of phonon MFPs in recent years, the spectral
distribution of electron MFPs remains unclear. In this work, we compute the energy-dependent
electron scatterings and MFPs in silicon from first principles. The electrical conductivity accu-
mulation with respect to electron MFPs is compared to that of the phonon thermal conductivity
accumulation to illustrate the quantitative impact of nanostructuring on electron and phonon
transport. By combining all electron and phonon transport properties from first principles, we
predict the thermoelectric properties of the bulk and nanostructured silicon, and find that silicon
with 20 nm nanograins can result in a higher than five times enhancement in their thermoelectric
figure of merit as the grain boundaries scatter phonons more significantly than that of electrons
due to their disparate MFP distributions.

editor’s  choice Copyright c© EPLA, 2015

Nanostructuring has proven to be an effective strategy
to improve the figure of merit of thermoelectric materi-
als [1–11]. The figure of merit is proportional to the electri-
cal conductivity (σ), the square of the Seebeck coefficient
(S) and inversely proportional to the thermal conductivity
consisting of both phonon (kp) and electron (ke) contribu-
tions. The most effective nanostructuring approach so far
has been reducing the phonon thermal conductivity while
maintaining the electronic performance. For this strategy
to be effective, the nanostructures should be smaller than
the phonon mean free path (MFP) but larger than the
electron MFP so that phonons are more strongly scat-
tered than electrons. It is understood that both elec-
tron and phonon MFPs have a distribution over a certain
energy range. There has been good progress in predict-
ing the spectral phonon MFPs for a range of bulk sin-
gle crystals and alloys [12–24]. However, there has been
no discussion on the spectral electron MFPs from first
principles. Surprisingly, this status exists even for silicon,
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one of the most important materials. The existing knowl-
edge on electron scattering, relaxation time, and MFP, is
mostly based on analytical models derived from Fermi’s
golden rule assuming ideal electron and phonon disper-
sions [25,26]. Past work on the phonon MFP distributions
based on first-principles simulations, however, shows that
such semi-empirical treatments on scattering lead to large
error [13,21,23,27].

In this work, we compute the electron scattering rates
and MFPs in silicon from first principles and examine their
dependence on energy, doping concentration, and their
contributions to electronic conductivity and Seebeck coef-
ficient. We demonstrate quantitatively the large disparity
in the electron and phonon MFP distributions in silicon,
and use the information obtained to predict that nanos-
tructures with size of 20 nm can result in a higher than
five times enhancement in ZT for silicon, consistently with
past experimental results.

We consider n-doped silicon with carrier concentration
between 1016 and 1019 cm−3 in the temperature range
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Fig. 1: (Colour on-line) (a) Electron-phonon and electron-impurity scattering rates with carrier concentration between 1016 and
1019 cm−3 at 300 K. The chemical potential relative to the band edge is shown inside the parentheses. The numbers near the
curves indicate the exponent α in τ−1 ∝ E−α. (b) The combined electron-phonon and electron-impurity scattering rates.

from 100 to 400K. In this doping and temperature range,
the dominant mechanisms for electron scatterings are
electron-phonon and electron-impurity scatterings [28,29].
Both scattering rates are computed under the perturba-
tion framework following Fermi’s golden rule. The QUAN-
TUM ESPRESSO package [30] is used to perform all
density functional theory (DFT) calculations. In addi-
tion, the electron-phonon scattering is computed using the
electron-phonon Wannier (EPW) package based on max-
imally localized Wannier functions [31,32], which allows
accurate interpolation of electron-phonon couplings from
coarse grids to arbitrarily dense grids [33]. The electron-
impurity scattering is computed by explicitly accounting
for the long-range Coulomb tail for a screened ionized im-
purity, which was left out from previous first-principles–
based works [28,34]. The Coulomb tail is described using
a classical model with inputs from first principles. The in-
clusion of the long-range Coulomb tail is very important to
properly account for the effect of ionized dopants. The de-
tails of the computation of electron-phonon and impurity
scattering rates, as well as transport coefficients, are sum-
marized in the supplementary information given in [35].

We first show the energy dependence of electron-phonon
and electron ionized impurity scattering in fig. 1(a). The
Fermi level corresponding to each carrier concentration
is given in the corresponding legend. For silicon with
n-type doping of ∼ 1019 cm−3, the Fermi level is about
right at the conduction band edge at 300K. Hence, we
plotted only results near the band edge. In semiconduc-
tors, the electron-phonon scattering is usually assumed
to be of the form E1/2 for acoustic phonon scattering [29]
and fig. 1(a) shows that this approximation starts to break
down for an electron energy larger than 0.2 eV and smaller
than 0.05 eV. The discrepancy for energies less than
0.05 eV is due to the omission of phonon energy in the
energy conservation requirements in deriving the analyti-
cal expression [36], which leads to scattering rates that are
proportional to the diminishing electron DOS near CBM.
With phonon energies explicitly considered in this work,

a finite scattering rate results instead. The discrepancy for
energy larger than 0.2 eV relates to the deviation from the
parabolic band structure. The electron-phonon scattering
also differs from analytical predictions for metals, which
is of the form E−3/2 [37]. The ionized impurity scattering
for free-electron scattering from a weakly screened ion-
ized impurity is predicted to be of the form E−3/2 while
the first-principles results show that the exponent varies
from −0.5 to −3.6, in comparison to −1.0 to −1.5 from
empirical modeling [26], depending on the carrier concen-
tration. The total electron scattering rate is obtained by
summing both scattering channels following Matthiessen’s
rule τ−1

el = τ−1
el-ph + τ−1

el-imp, and is shown in fig. 1(b). The
total scattering rate follows the energy dependence of im-
purity and phonon scattering at low and high energies,
respectively. At intermediate energy regimes, the energy
dependence shows a continuous transition from impurity
to phonon scattering rates. The transition regime shifts to
the high energies as impurity density increases. As tem-
perature increases, more phonons are generated and the
total scattering rate increases as well.

We compute thermoelectric transport properties based
on the Boltzmann transport equation (BTE) and the ob-
tained scattering rate. For example, the electrical conduc-
tivity can be expressed as [38]

σ(T ;μ) =
1
V

∫ ∑
nk

wke2Λnkvnkδ(ε − εnk)

×
[
−∂fμ(T ; ε)

∂ε

]
dε, (1)

where V is the crystal volume, w is the weighting factor,
e is the elementary charge, ε is the electron energy, f is
the Fermi-Dirac distribution, T is the temperature, and
μ is the chemical potential. Λ is the energy-dependent
electron MFP obtained by multiplying the electron group
velocity v and the energy-dependent relaxation time τ :

Λnk(ε) = vnk(ε) · τnk(ε). (2)
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Fig. 2: (Colour on-line) Per-energy interval contribution to electrical conductivity. (b) Per-energy interval contribution to
the numerator of the Seebeck coefficient divided by the corresponding electrical conductivity. (c) Percentage accumulation to
electrical conductivity. (d) Percentage accumulation to the Seebeck coefficient.

We plot in fig. 2 the dependence of the integrand in eq. (1)
for the electrical conductivity (fig. 2(a)) and other ther-
moelectric properties. At higher temperatures, a wider
span of electronic states contributes to transport due to
the smearing of the Fermi surface. For the electrical con-
ductivity, the increase in carrier concentration dominates
as carrier concentration increases, despite the increased
electron scattering rate due to increased electron-impurity
scattering. At higher impurity densities, the chemical po-
tential shifts upwards. This leads to lowered average ther-
mal energy for the carriers and, as a result, an overall
decrease in the Seebeck coefficient, as seen in fig. 2(b).
The double peak in the Seebeck contribution at 100K near
0.008 eV is due to a numerical error from the band-crossing
and it does not affect the results, as seen in fig. 2(d).
From fig. 2(c) and (d), it can be seen that the transport is
mostly contributed from electronics with energies within
0.2 eV from CBM. The dominant contribution shifts to
higher energies as temperature and carrier concentration
increase.

The energy-dependent electron MFPs are shown in
fig. 3. In general, the electron MFPs depend strongly
on both temperature and carrier concentration. The
MFPs monotonically decrease with increasing tempera-
tures mainly due to increased electron-phonon scattering
rates, which become less important at higher impurity
densities. The increase in carrier concentration leads to
a monotonic decrease in the MFPs due to the domina-
tion of electron-impurity scattering. As seen in fig. 3,

Fig. 3: (Colour on-line) Electron MFP as a function of impu-
rity density and temperature. Thin to thick curves indicate
temperatures from 100 to 400K.

at low temperature and low carrier concentration, the
electron MFPs can go up to about 100 nm in silicon at
100K. The MFPs reduce to about 20 nm with carrier
concentration of 1019 cm−3 at 400K. The MFPs vanish
as electron energy approaches CBM. This is because the
band structure is parabolic near CBM in silicon so that
the band velocity approaches zero as the electron energy
approaches CBM, leading to vanishing MFPs. It should
also be pointed out that, unlike the distribution of phonon
MFP, which spans several orders of magnitude in silicon
and tends to diverge at low phonon frequencies [13], the
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Fig. 4: (Colour on-line) Electrical and lattice thermal conduc-
tivity accumulation with respect to MFPs. Thin to thick curves
indicate temperatures from 100 to 400K.

electron MFP in silicon shows much narrower span and
does not diverge throughout the energy range relevant to
the electron transport.

To understand how energy carriers are affected by
nanostructuring, it is useful to make an accumulation plot
of electrical/thermal conductivity with respect to elec-
tron/phonon MFPs. The accumulation of phonon thermal
conductivity with MFP has been extensively studied and
has been documented elsewhere [13,39]. The contribution
to electrical conductivity from electrons with MFPs up to
Λ can be obtained according to eq. (1) by summing over
contributions from all electrons with MFPs less than that
of Λ:

σ(Λ) =
e2

NkV

Λnk<Λ∑
nk

[
−∂fμ(T ; ε)

∂ε

]
εnk

vnkΛnk. (3)

Here Nk is the number of k-points. The electron MFP
contribution is weighted strongly by the derivative of the
Fermi-Dirac distribution. As a result, only electrons with
energy falling into the Fermi window contribute mostly to
the electrical conductivity.

The accumulation plots for both electrons and phonons
in silicon are compared in fig. 4. The electron MFPs show
much narrower span in comparison to phonon MFPs. At
1019 cm−3 doping, the majority of the electrical conduc-
tivity contributions comes from electrons with MFPs less
than 10 nm. The trends of the temperature dependence
of the MFPs are opposite for carrier concentrations of
1016 and 1019 cm−3. At 1016 cm−3, the MFP shortens
at elevated temperatures due to the increased scattering.
At 1019 cm−3, the main contribution to electrical con-
ductivity shifts to longer MFP at higher temperatures.
This is due to the broadened Fermi window that includes
more contributions from electrons with longer MFPs.
Note that the phonon accumulation shown here only in-
cludes phonon-phonon scattering effects while electron-
phonon [40] and phonon-impurity [20] scatterings are not
considered in this work. The inclusion of electron-phonon

Fig. 5: (Colour on-line) Predicted enhancement in thermoelec-
tric figure of merit ZT due to nanostructuring. Experiments
are from ref. [41].

scattering can lead to a ∼7% reduction in the overall lat-
tice thermal conductivity at an electron concentration of
1019 cm−3 [40].

Good thermoelectric materials require low thermal con-
ductivity and good electrical conductivity. According
to fig. 4, nanostructures with size of about 20 nm can
be chosen to maximally scatter phonons while retaining
most of the electron transport at carrier concentrations
of 1019 cm−3. To evaluate the effect of nanostructuring in
Si, we re-compute the thermoelectric transport coefficients
by adding the boundary scattering rates (τ−1

b = v/D)
to the bulk scattering rates following Matthiessen’s rule
for both electrons and phonons. In fig. 5, we show the
simulated thermoelectric figure of merit for both bulk Si
and nanocrystalline Si, and compare it with the avail-
able experimental data. For nanocrystalline Si, we take
d = 20nm to be close to the experimentally reported aver-
age grain size. The figure shows that simulation results are
in reasonable agreement with experiments for both bulk Si
crystals and bulk nanocomposites [41]. The predicted ZT
of the nanostructured bulk Si is five times higher than that
of bulk single crystals. We point out that experimental
data are available for carrier concentration at 1020 cm−3

and our simulation can only reach 1019 cm−3 [35]. At the
carrier concentration of 1020 cm−3, less electrical conduc-
tivity reduction can be expected due to shorter bulk elec-
tron MFP and weaker boundary scattering, which may
translate into higher ZT.

In summary, we have computed electron scatterings
and MFPs in silicon from first principles, and found that
the energy dependence of ionized impurity scattering rate
differs significantly from the existing analytical expres-
sions. Our simulations show large disparity of electron
and phonon MFPs distributions that favor nanoengineer-
ing in silicon to improve the thermoelectric figure of merit
ZT. We predicted that nanostructures with size of 20 nm
can result in a higher than five times enhancement in
ZT for silicon doped at 1019 cm−3, owing to the strong
scattering of phonons and less-affected electron transport,
and the results are in reasonable agreement with the past
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experiment. Our work shows the potential of using first-
principles tools in engineering nanostructures for thermo-
electric energy conversion.
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