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Effects of four-phonon scattering on phonon hydrodynamics in monolayer graphene
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Prior theoretical studies found a large temperature window around 100 K for hydrodynamic phonon transport
to occur in monolayer graphene and other layered materials due to dominant momentum-conserving normal
scattering processes. However, these studies have yet to account for high-order phonon scattering processes,
especially four-phonon scattering that may play an important role and limit the thermal conductivity of graphene
at temperatures above 300 K based on some recent predictions. Here, the predicted four-phonon scattering
rates are incorporated into a deviational Monte Carlo solution of the Peierls-Boltzmann equation of phonons
in monolayer graphene. The results reveal the apparent weakening of hydrodynamic features, including phonon
Poiseuille flow and second sound behaviors, even at 100 K temperature. This effect is connected to the predicted
increase of momentum-destroying Umklapp scattering in the calculated four-phonon processes. These findings
point to the need for further studies of the effects of high-order phonon scattering, including second-order
perturbation theory of three-phonon processes, of various materials in non-Fourier lattice thermal transport
phenomena.

DOI: 10.1103/pp9w-jyb3

Introduction. One of the major advances in the recent
studies of nanoscale thermal transport has been made in theo-
retical predictions and experimental findings of hydrodynamic
phonon transport phenomena at temperatures above the boil-
ing point of liquid nitrogen [1–5]. Hydrodynamic phonon
transport occurs when phonons, the energy quanta of lattice
vibration and primary heat carriers in nonmetallic solids,
exhibit fluid-like collective quasiparticle transport behaviors,
which are distinctly different from common heat carrier diffu-
sion behaviors described by Fourier’s law, ballistic transport at
a low temperature, and rarely observed phase-coherent inter-
ference phenomena of thermal phonons. Similar to molecular
flows with momentum (q)-conserving intermolecular scatter-
ing processes, this transport regime emerges under conditions
where phonon-phonon scattering is dominated by momentum-
conserving normal (N) processes among small-momentum
phonons instead of momentum-destroying Umklapp (U)
processes involving large-momentum modes [6]. Peculiar
phenomena such as the phonon Poiseuille flow and second
sound have now been observed at significantly higher temper-
atures in various materials including graphite [4,7–9], SrTiO3

[10], and germanium [11] than previous reports for solid he-
lium [12,13] and sodium fluoride [14–16].

These experimental observations were motivated by earlier
theoretical prediction of phonon hydrodynamics in two-
dimensional (2D) materials such as graphene [1,2] and its
carbon nanotube cousin [17]. These nanostructures pro-
vide a relatively simple model systems for the theoretical
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understanding of non-Fourier transport phenomena, how-
ever, the observation of hydrodynamic phonon transport in
graphene and nanotubes has remained an experimental chal-
lenge due to the difficulty in transport measurements. In
addition, these past theoretical computations of hydrody-
namic phonon transport were based on first-order perturbation
theory of three-phonon (3-ph) scattering [1,2,18–24] and ne-
glected high-order processes, especially four-phonon (4-ph)
processes [25,26].

While such 3-ph scattering theory has been considered ade-
quate for explaining phonon transport phenomena below room
temperature, recent theoretical and computational studies
demonstrated the significant impact of 4-ph scattering on ther-
mal transport in some materials such as boron arsenide (BAs)
[26,27]. Meanwhile, recent calculations [28,29] reported
that 4-ph processes could play a leading role in mono-
layer graphene at room temperature and above. Compared
to graphite, graphene exhibits unique reflection symmetry
that eliminates anharmonic interatomic force constant (IFC)
terms with an odd number of out-of-plane displacement
components, forbidding the scattering of an odd number of
out-of-plane polarized flexural phonons and increasing the
calculated thermal conductivity when only 3-ph processes
are considered [30]. However, the absence of interlayer in-
teraction in graphene gives rise to a high density of states
of low-frequency gapless flexural phonons [31], resulting in
high 4-ph scattering rates. Consequently, inclusion of 4-ph
processes in first-principles calculation reduces the thermal
conductivity of a suspended monolayer graphene at 300 K
below the measurement values for graphite [29], opposite to
the findings from prior 3-ph calculations [30,32]. Because
several studies [33] have recognized the lack of accurate
experimental thermal conductivity data of clean suspended
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graphene due to experimental challenges, it is premature to
use existing measurement results to invalidate this predicted
thermal conductivity reduction for monolayer graphene com-
pared to graphite.

This surprising prediction is connected to an increased
role of U processes in 4-ph scattering, which may produce
large-momentum phonons, compared to the 3-ph case around
room temperature in graphene. It is unclear, however, whether
4-ph U processes are still important as the temperature de-
creases toward the liquid nitrogen range, raising an essential
question whether or not 4-ph processes calculated by this
recent theoretical method may also alter phonon hydrody-
namics around 100 K in graphene compared to prior 3-ph
predictions.

In this Letter, we report that hydrodynamic features, in-
cluding both the phonon Poiseuille flow and second sound, are
considerably weakened by the inclusion of the predicted 4-ph
scattering rates in a deviational Monte Carlo (MC) solution
of the Peierls-Boltzmann equation (PBE) of phonon quasipar-
ticles in monolayer graphene. We start with first-principles
calculations based on density functional theory using the
Vienna Ab Initio Simulation Package [34–36] together with
a temperature-dependent effective potential (TDEP) method
[37] for temperature-dependent interatomic force constants
(IFCs). With the computational method and convergence test
described in the Supplemental Material [38] (see also Refs.
[39–41] therein), the deviational MC method [7,20,24,42,43]
is a numerical solution of the PBE with the use of the
phonon dispersion and the full scattering matrix that describes
the transition rates between any two phonon modes. The
full scattering matrix is calculated from first-order pertur-
bation theory with in-house modified ShengBTE [44] and
FourPhonon [45] codes. The diagonal components of the ma-
trix are inversely proportional to the single-mode relaxation
time (SMRT), while the off-diagonal elements connect the
scattering rate of one mode with nonequilibrium distributions
of other modes. Neglecting the off-diagonal components is
equivalent to the SMRT approximation, which ignores the
nonequilibrium distribution of other modes and is inaccurate
when dominant N processes produce a nonzero drift veloc-
ity for different interacting phonon modes. Without making
the SMRT approximation, the MC method uses the obtained
nonequilibrium phonon distribution function in real space, re-
ciprocal space, and time domain to calculate temperature and
heat flux distributions so as to investigate the size-dependent
phonon Poiseuille flow and time-dependent second sound
features.

Results and discussion. Figures 1(a) and 1(b) show the
calculated 3-ph and 4-ph scattering rates associated with the
diagonal elements of the scattering matrix, which are divided
into 3-ph and 4-ph processes with N and U characteristics.
At both 100 and 300 K, the calculated scattering rate is
larger for the 4-ph N processes than for the 4-ph U processes.
However, the difference between the two is smaller than the
corresponding N-U separation in the 3-ph scattering rates.
While the scattering rates of 4-ph N and 3-ph N processes are
on the same order of magnitude, the scattering rates are much
higher for 4-ph U processes than for the 3-ph U processes
for frequencies below about 4 THz. This result is primarily
due to the largely increased U scattering rates for low-lying

FIG. 1. Calculation results of 3-ph and 4-ph scattering rates at (a)
100 K and (b) 300 K with first-principles IFCs renormalized at the
corresponding temperatures. The arrows in (a) and (b) identify the
difference between N and U scattering rates for either 3-ph or 4-ph
processes. The legend in panel (b) is also applicable to panel (a).

flexural phonon modes that participate in 4-ph processes [29].
Because these flexural modes make an important contribution
to the lattice thermal conductivity, inclusion of 4-ph scattering
decreases the calculated thermal conductivity compared to the
case with only 3-ph scattering, as shown in Figs. 2(a) and 2(b)
for 10-µm-wide graphene ribbons, even as the temperature
decreases to 70 K. For these thermal conductivity calculations
with a finite q mesh size and finite-width graphene, the results
become sensitive to the temperature used for renormalizing
the IFCs when 4-ph scattering is accounted for, revealing a
more significant effect of the renormalization process on the
4-ph scattering rate than on the 3-ph scattering rate, as shown
in Fig. S2 [38]. This finding underscores the importance of ob-
taining accurate IFCs for accurate quantification of the effects
of 4-ph processes. It is worth noting that the finite supercell
size (10 × 10 × 1) used in TDEP calculation is insufficient to
capture the predicted linearization effect of long-wavelength
ZA dispersion [46]. While it remains an outstanding question
whether this effect could increase the thermal conductivity of
infinitely large suspended graphene above those calculated in
a recent work [29], the effect is negligible for the current study
of graphene with a finite characteristic size that diminishes the
contributions from these long-wavelength modes, as shown in
the Supplemental Material Sec. VI [38].

MC simulations of three different configurations are used
to investigate the effects of the reduced N-U gap by 4-ph
processes on phonon hydrodynamic features, including the
phonon Poiseuille flow and second sound. In the first con-
figuration illustrated in Fig. 2(a) for studying a steady-state
phonon Poiseuille flow, phonon transport in a graphene rib-
bon with infinite length and finite width is simulated with a
periodic heat flux boundary condition along the length (L)
direction and an adiabatic boundary condition in the width
(W) direction. The calculated temperature-dependent thermal
conductivity for finite-width graphene is shown in Fig. 2(b),
where the thermal conductivities peak at a temperature in the
range between 80 to 100 K because the finite width limits the
phonon mean free paths via diffuse edge scattering. Compared
to the calculation that accounts for only 3-ph scattering, both
phonon-isotope and 4-ph U scattering decrease the thermal
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FIG. 2. (a) Schematic illustration of the Monte Carlo simulation domain for investigating phonon transport in a graphene ribbon with
adiabatic and diffuse side walls and periodic heat flux (q”) condition along the length direction. (b) Calculated temperature-dependent thermal
conductivity for graphene ribbons with an infinite length (L), 10-µm width (W), and naturally (nat.) abundance of isotopes or pure 13C isotope.
The calculations at 50, 100, 200, and 300 K are performed with first-principles IFCs renormalized at each corresponding temperature. The IFCs
at 60 to 90 K and 150 K are obtained by linear interpolation. (c) Extracted temperature (T) dependence of thermal conductivity (κ) defined as
α = d(lnκ )/d(lnT ). The legends in panel (b) apply to both panels (b) and (c). The error bars in panels (b) and (c) are smaller than the symbol
sizes.

conductivity due to their momentum-destroying nature. How-
ever, the relevant temperature ranges of the two scattering
processes are different. Phonon-isotope scattering is effective
at low to intermediate temperatures where overall phonon-
phonon scattering is weak. In comparison, 4-ph U processes
are usually important at sufficiently high temperatures where
optical phonons and large-momentum acoustic modes are
thermally populated to participate in such processes and help
satisfy the energy and momentum selection rules. However,
the effect of 4-ph scattering in the calculated thermal conduc-
tivity of graphene is observable even at temperatures as low
as 80 K due to the large density of states of low-lying flexural
phonons.

To characterize the phonon Poiseuille flow, the exponent
of temperature (T) dependence of the thermal conductivity
(κ), defined as α = d(lnκ )/d(lnT ), is calculated and shown
in Fig. 2(c). In isotopically pure samples with only 3-ph
scattering accounted for, the calculated thermal conductivity
increases faster than the ballistic limit below 70 K. This pe-
culiar characteristic has been explained from a random-walk
picture [21] or by the concept of phonon viscous damping [20]
of a phonon Poiseuille flow, where momentum-conserving N
processes may increase the effective phonon-boundary scat-
tering mean-free path (MFP) when the sample width is larger
than the average MFP of N processes and smaller than the
mean free paths of U processes [47]. As a result, the heat
flux exhibits a parabolic profile across the width as shown
in Fig. S4 [38]. For natural samples with 0.1% of 13C, the
temperature exponent drops below the ballistic limit due to
the momentum-destroying phonon-isotope scattering. When
4-ph scattering is included, the temperature exponent also
decreases and drops close to or below the ballistic limit, and
the heat flux profile becomes relatively flat in Fig. S4 [38].
This result suggests that the decreased N-U gap by the 4-ph

processes diminishes the phonon Poiseuille flow behavior de-
spite the still larger scattering rate for the 4-ph N processes
than for the 4-ph U processes.

To guide the other two MC simulations, we calculate the
second sound dispersion and attenuation by solving the PBE
with the Callaway scattering model that makes the SMRT
approximation to evaluate normal and Umklapp scattering
rates separately (see details in the Supplemental Material
Sec. VIII [38]). Here, the SMRT results obtained from the
first-principles calculation in Fig. 1 are used in the Callaway
model. For the 3-ph only case, the optimal pulse width for
second sound to be observed is determined as 2 ns at 100
K and about 100 ps at 300 K as shown in Fig. S5 [38].
The inclusion of 4-ph scattering makes the conditions more
stringent for second sound to occur than the case with only
3-ph scattering.

In the second configuration shown in Fig. 3(a), MC sim-
ulations are performed to reveal the transient temperature
responses of a ring-shaped pump heating experiment for in-
vestigating second sound. Taking advantage of the circular
symmetry, only a quarter of the ring-shaped pump setup is
simulated with specular conditions at two inner boundaries
besides two isothermal outer boundaries that are assumed to
be thermally anchored to a heat sink. Changing the outer
boundaries to be adiabatic only leads to a small effect on
the simulation results, as shown in the Supplemental Material
Sec. IX [38]. The actual boundary condition in a possible
experimental configuration is expected to fall between the
isothermal and adiabatic boundary conditions. For this and the
following simulation, Gaussian profiles are used for simulat-
ing laser irradiation with parameters adopted from a recent
experiment [7]. Figure 3(b) shows the temporal temperature
profile at different positions at an ambient temperature of
100 K with a heating pulse duration (τ ) of 2 ns, which is
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FIG. 3. (a) Schematic illustration of a pump-probe thermal reflectance measurement with a 10-µm radius ring-shaped pump and center
probe focused on the natural graphene sample. The simulated box dimension is 15 µm by 15 µm. (b), (c) Calculated transient temperature
responses along the ring-shaped region and at the center of the graphene sample as a function of delay time after the pump pulse excitation
with a duration (τ ) of 2 ns at an ambient temperature of (b) 100 K and (c) 100 ps at 300 K. The legends in panel (b) apply to both panels (b)
and (c).

chosen as the inverse of the optimum second sound frequency.
When only 3-ph scattering is included in the simulation, the
calculated temperature at the center of the probe beam starts
to increase and peaks at a delay time near 4 ns. Subsequently,
the thermal pulse is reflected back at the center due to an
equivalent adiabatic boundary so that the temperature starts
to decrease. Interestingly, the temperature drops below the
ambient temperature and reaches a local minimum, suggesting
a lattice cooling effect, before it oscillates and decays to the
ambient temperature. Such lattice cooling effect upon laser
irradiation is due to the wave nature of heat propagation that
causes oscillation in the calculated phonon temperature below
and above the ambient temperature, similar to the appearance
of positive and negative pressure in a conventional sound wave
in air. Such an effect would only occur in the hydrodynamic
phonon transport regime but not in the diffusive or ballistic
regime. With only 3-ph scattering accounted for, the calcu-
lated lattice cooling and temperature oscillation in graphene
are similar to those predicted and observed in a recent pump-
probe measurement of graphite with such a ring-shaped pump
setup [7]. When 4-ph scattering is accounted for in the Monte
Carlo simulation, however, the cooling effect is much reduced
and delayed, showing a slower and more diffusion-like re-
sponse than the 3-ph only case. At 300 K with or without
4-ph scattering, the calculated temperature at the center probe
increases with the delay time initially, before it decreases back
to the ambient temperature according to the heat diffusion
theory after a relatively long delay time compared to the
100 K case.

The temporal temperature profiles along the ring-shaped
pump beam are also shown in Figs. 3(b) and 3(c). Upon laser
irradiation, the temperature at the location of the pump beam
initially increases. When only 3-ph scattering is included at
100 K, the temperature at the pump decreases and oscillates
at the end of the 2-ns pump pulse, leaving a local minimum at
around 4 ns as shown in Fig. 3(b). The local minimum position

is the same as the peak position of the temperature at the cen-
ter probe location, showing that a heat wave is formed across
the 10 µm length. When 4-ph scattering is included in the
simulation, in comparison, the temperature reaches the peak
and gradually decreases with only small oscillations without
exhibiting clear local minima. Such a thermal response is
similar to a diffusive thermal decay, which is very clearly
shown in Fig. 3(c) at 300 K due to increased U scattering
rates.

Monte Carlo simulation is also carried out for the third
configuration shown in Fig. 4(a), which represents a transient
thermal grating (TTG) measurement of graphene. Figures 4(b)
and 4(c) show the calculated temperature responses of the
grating pump as a function of delay time upon the pump
excitation. When only 3-ph scattering is considered in the
simulation at 100 K, the calculated temperature responses
at both the peak and valley pump intensity locations exhibit
significant oscillating behavior of a heat wave, as shown in
Fig. 4(b). The oscillations at the peak and valley intensity
locations are out of phase in Fig. 4(b). When the temperature
at the peak location reaches a local maximum, the temperature
at the valley location shows the local minimum and vice
versa. This observed oscillation implies a shift of the peak
and valley positions of a standing thermal wave, which can be
observed in experiments from the flip of the TTG signal [4,8].
The oscillation is clearly different from a typical monotonic
temperature decay at the peak position and increase at the val-
ley location in the diffusive phonon transport regime, which
are shown in the calculation results of Fig. 4(c) for 300-K
ambient temperature. When 4-ph scattering is accounted for
in the simulation, the oscillation amplitude in the calculated
temperature responses at 100 K are reduced appreciably and
decay to a constant value relatively fast. Just like the sim-
ulation results for the ring-shaped pump measurement, this
latter result again reveals that the reduced N-U gap by 4-ph
scattering considerably suppress the second sound feature in
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FIG. 4. (a) Schematic illustration of the Monte Carlo simulation domain for a transient thermal grating measurement of graphene. The
simulated box dimension is 5 µm by 10 nm. (b), (c) Calculated transient temperature responses of natural graphene at the peak and valley
excitation intensity locations of the grating as a function of the delay time from the pulse excitation with a duration (τ ) of 2 ns at a temperature
of (b) 100 K and (c) 100 ps at 300 K. The legends in panels (b) and (c) apply to both panels (b) and (c).

graphene. These MC results at 100 K agree with analytical
solutions of the TTG amplitude [48], which we calculated
with our ab initio inputs for 3-ph and 4-ph scattering (see de-
tails in the Supplemental Material Sec. X [38]). The specular
reflection boundaries are used in the TTG simulations due to
the one-dimensional periodic heating condition. Thus, there
is not a heat sink to absorb the energy from irradiation and
the temperature rise in the system would approach a nonzero
value as shown in Figs. 4(b) and 4(c).

Conclusion. The Monte Carlo simulation results for these
three different configurations consistently show that inclu-
sion of the recently predicted 4-ph scattering rates weakens
phonon hydrodynamic features in graphene. Because of the
large density of states of flexural phonons, the calculated
4-ph scattering rate is still important in graphene even at
temperature as low as 50 K, increasing the Umklapp scattering
rate toward the normal scattering rate. Such an increase not
only reduces the calculated thermal conductivity below the
measured value of graphite, but also weakens the temperature
dependence compared to the ballistic limit and the 3-ph case at
temperatures near 50 K. Moreover, inclusion of the predicted
4-ph scattering rates considerably reduces lattice cooling and
suppress the thermal wave oscillation at 100 K in two second
sound measurement configurations, suggesting an important
role of 4-ph scattering on examining the possibility of observ-
ing phonon hydrodynamics in graphene.

These findings call for further theoretical calculations and
experiments to investigate the effects of high-order phonon
scattering processes on hydrodynamic phonon transport in
graphene and other systems. First-order perturbation theory

has been used in this and related works [29] to treat both 3-ph
and 4-ph processes. Further studies in second-order pertur-
bation theoretical computation of 3-ph processes are needed
to quantify whether this additional second order effect is
negligible or not compared to the calculated 4-ph scattering
rate [31,49–51], which is also a second-order effect. Further
advances are required to overcome the challenges in theoret-
ical computations to account for these and other high-order
effects on phonon transport calculations of not only mono-
layer graphene but also multilayer graphene and graphite, for
which experimental data are more available and accepted than
for suspended monolayer graphene. Ultimately, the effects of
four-phonon scattering and other high-order processes on the
thermal transport properties of graphene and related materials
will remain an open problem until innovations are made to
obtain accurate thermal transport measurement data of this
intriguing class of materials.
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I. Details of the Monte Carlo simulation 

 Phonon transport in graphene can be simulated by solving the Peierls-Boltzmann equation 

(PBE) with a full scattering matrix, 

𝜕𝑓𝑖(𝐫,𝑡)

𝜕𝑡
+ 𝐯𝑖 ∙ ∇𝐫𝑓𝑖(𝐫, 𝑡) = ∑ 𝐶𝑖𝑗𝑓𝑗(𝐫, 𝑡)𝑗                (S1) 

where 𝑖  indicates a phonon state, 𝑓 is the phonon distribution function, 𝐯 is the phonon group 

velocity, 𝐫 is the position vector in the two-dimensional real space, 𝑡 is time, and 𝐶𝑖𝑗 is the element 

of scattering matrix 𝐂. The PBE is solved by a deviational Monte Carlo method with inputs of 

phonon dispersion and scattering matrix from first-principles calculations, which has been used to 

study steady-state thermal transport in two-dimensional graphene ribbons [1–3] and three-

dimensional graphite [4], and transient simulation of second sound in three-dimensional 

graphite [5]. The details of the algorithm can be found in these prior reports. 

The first Brillouin zone of the reciprocal space is discretized with a 40401 grid for all 

calculations. For the steady-state calculation of thermal conductivity of finite-size ribbon, the real 

space is discretized into 110 control volumes. The time space is discretized with a time interval 

ranging from 8 ps at 50 K to 1 ps at 300 K. For the second sound simulations, the samples are two-

dimensional graphene ribbons with boundary conditions shown in Fig. 4(a) for the pump-probe 

simulation and Fig. 5(a) for the transient thermal grating simulation. The real space is discretized 

into 1515 control volumes for the pump-probe simulation and 101 control volumes for the 

transient thermal grating simulation. The time space is discretized with a time interval of 5 and 1 

ps at 100 and 300 K, respectively,  

The heating by the pump laser is simulated by applying a heat source to the control volumes 

for a certain time duration. The intensity of the heat source follows the Gaussian distribution with 

a full width at half maximum value of 6 μm  along the radial direction for the pump-probe 

simulation and the x direction for the transient thermal grating simulation. In the process of heating, 

phonons are generated following the equilibrium Bose-Einstein distribution at the local 

temperature. The time- and space-dependent phonon distribution function is calculated to sample 

the local temperature. 
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II. Construction of the full scattering matrix 

 The three-phonon scattering rates Γ𝑖𝑗𝑘
±  and four-phonon scattering rates Γ𝑖𝑗𝑘𝑙

±±  are calculated 

as in the ShengBTE [6] and FourPhonon [7] packages with changes in evaluating the delta function 

in the adaptive Gaussian broadening scheme. The delta function is approximated as in Eqs. (16-

18) of the ShengBTE [6] package, except that the summation over reciprocal vector components 

is carried out only for the in-plane directions in Eq. (18) due to the two-dimensional nature of 

graphene. 

The matrix elements are calculated as [8] 

𝐶𝑖𝑗
3ph

= ∑ {[−𝛤𝑖𝑗𝑘
+ − 𝛤𝑖𝑗𝑘

+ 𝑓𝑖
eq

(𝑓𝑖
eq

+1)

𝑓𝑗
eq

(𝑓𝑗
eq

+1)
+ 𝛤𝑖𝑗𝑘

+ 𝑓𝑖
eq

(𝑓𝑖
eq

+1)

𝑓𝑘
eq

(𝑓𝑘
eq

+1)
] +

1

2
[𝛤𝑖𝑗𝑘

− + 𝛤𝑖𝑗𝑘
− 𝑓𝑖

eq
(𝑓𝑖

eq
+1)

𝑓𝑗
eq

(𝑓𝑗
eq

+1)
+𝑘

𝛤𝑖𝑗𝑘
− 𝑓𝑖

eq
(𝑓𝑖

eq
+1)

𝑓𝑘
eq

(𝑓𝑘
eq

+1)
]}.           (S2) 

for three-phonon scattering, and 

𝐶𝑖𝑗
4ph

= ∑ {
1

2
[−Γ𝑖𝑗𝑘𝑙

++ − Γ𝑖𝑗𝑘𝑙
++ 𝑓𝑖

eq
(𝑓𝑖

eq
+1)
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++ 𝑓𝑖
eq

(𝑓𝑖
eq

+1)

𝑓𝑘
eq

(𝑓𝑘
eq

+1)
+ Γ𝑖𝑗𝑘𝑙

++ 𝑓𝑖
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eq
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for four-phonon scattering. The energy and momentum conservations of the scattering matrix are 

enforced by a Lagrange multiplier optimization scheme [9] to eliminate numerical errors that 

originate from calculations of interatomic force constants and discretization of reciprocal space. 

 

III. Details of the first-principles calculations 

The first-principles calculations are the same as in a previous work [10] that considered 

monolayer graphene with naturally occurring isotope concentrations and a vacuum space of 14 Å 

between graphene layers. We employ VASP package [11–13] and use Perdew-Burke-Ernzerhof 
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parameterization of the generalized gradient approximation for exchange and correlation 

functionals [14]. The plane wave cutoff is 600 eV. For the ground state, we construct 8 × 8 × 1 

supercells and use 3 × 3 × 1 k-mesh to calculate interatomic force constants (IFCs) and consider 

the tenth and second nearest neighboring atoms for third-order IFCs and fourth-order IFCs, 

respectively. We use Temperature Dependent Effective Potentials (TDEP) to account for phonon 

renormalization effect with stochastic sampling of the potential surface [15]. For the 300 K case, 

we have employed a 10 × 10 × 1 supercell of graphene, iterated the calculations using 100 

thermally perturbed snapshots and the last iteration is done using 400 snapshots to ensure 

convergence. Three iterations are sufficient to achieve convergence in our calculations. 

Anharmonic temperature-dependent IFCs have the same number of many-body interactions as the 

ground-state IFCs. For the 100 K case, it is relatively difficult to reach the convergence, indicated 

by the self-consistent loop of phonon self-energy compared to previous simulations at 300 K and 

above, so that we take a different approach based on a geometric series with pre-conditioned 

iterations [16]. The convergence at 100 K is achieved at seventh iterations with 128 configurations. 

 

IV. Convergence of calculation results on q mesh 

 The 40401 grid in the reciprocal space is used for all Monte Carlo calculations. We test 

the q mesh convergence by using the iterative solution to calculate the thermal conductivity of an 

isotopically pure graphene ribbon with only 3-ph scattering included at 50 K. As the iterative 

solution for the 3-ph only case at low temperatures is known to diverge, we add an empirical 

boundary scattering with a width of 10 μm. The boundary scattering rate is calculated as 

𝜏𝑖,b
−1 =

2|𝑣𝑖,𝑦|

𝑊
      (S4) 

where 𝑣𝑖,𝑦 is the group velocity in the y direction for phonon mode i. The thermal conductivity 

calculated with different q meshes is shown in Fig. S1. Under the constrain of boundary scattering, 

the variation in thermal conductivity is below 5% when the q mesh size is larger than 35351. 

Thus, we choose 40401 q mesh for all the Monte Carlo calculations, because the additional 

considerations of 4-ph scattering, isotope scattering, or increased temperature are expected to 

speed up the convergence compared to the convergence test for the 3-ph only case here.  
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Figure S1. Calculated thermal conductivity for a 10-m-wide, infinitely long graphene ribbon as 

a function of the number (N) of NxNx1 phonon wavevector (q) meshes. 

 

IV. The effect of renormalized interatomic force constants 

 

Figure S2. Monte Carlo calculations of temperature-dependent thermal conductivity for 

isotopically pure graphene ribbons with an infinite length and 10 μm width with IFCs 

renormalized at 0, 100, and 300 K. 

 

VI. Effect of quadratic dispersion of flexural modes at small wavevector limit 

According to the theoretical analysis [17], coupling of in-plane and out-of-plane atomic 

motions can result in linearization of the ZA modes to follow a 𝑞3/2 instead of 𝑞2dependence of 

the phonon frequency when the wavevector q is below a value 𝑞𝑐. The calculated 𝑞c is about 1 nm-
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1 at 100 K and 1.8 nm-1 at 300 K. In comparison, TDEP calculations of the interatomic force 

constants from first principles are currently limited to a supercell size of just (10 × 10 × 1) for the 

graphene system due to the high computational cost. The smallest accessible wavevector with this 

finite simulation supercell size is 2.55 nm-1, thereby excluding the long-wavelength flexural 

phonons that may be linearized. As a result, we do not expect that the fitted harmonic IFCs can 

capture the linearization of flexural phonon modes below 𝑞𝑐. Figure S4 shows the comparison of 

ZA phonon mode dispersions calculated at 0 K from DFPT and 100 and 300 K from TDEP. The 

x axis is along the high-symmetry path from Γ  to M - for a length of 𝑞c = 0.06𝑞Γ→M . The 

calculated dispersions still exhibit a rather quadratic behavior for q below 𝑞c, deviating from the 

predicted 𝑞3/2 trend.  

 

Figure S3. Comparison of phonon dispersions for flexural modes calculated at 0 K from DFPT 

and 100 and 300 K from TDEP. 

 

While it remains an outstanding question whether the linearization of the long-wavelength 

ZA modes could increase the thermal conductivity of infinitely large suspended graphene, the 

contribution of these long-wavelength ZA modes is diminished by the finite characteristic size of 

the graphene samples considered in our study of phonon hydrodynamics. The width for the 
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graphene ribbon reported in Fig. 2 is 10 m, whereas the radius of the ring-shaped pump in Fig. 4 

and the grating period in Fig. 5 are also 10 m. Ballistic transport is expected in the three 

configurations for phonons with phonon-phonon scattering mean free paths larger than 10 m, 

limiting the thermal transport contribution of these ballistic phonons.  Below we provide additional 

calculation results to show that neglect of linearization of the flexural modes below 𝑞c produces 

negligible effects on our calculation results for the finite-size samples.  

We first calculate the ballistic thermal conductivity with an effective phonon mean free 

path of 10 μm  for ZA phonons with a dispersion relation 𝜔 = 𝑎𝑞𝑛  up to 𝑞c . The calculated 

ballistic thermal conductivity contribution at 100 K is 8.24 Wm-1K-1 for a linear dispersion 

(𝑛 = 1), 9.89 Wm-1K-1 for 𝑛 = 1.5, and 10.99 Wm-1K-1 for a quadratic dispersion (𝑛 = 2). 

Representing the upper limit of the contribution of ZA phonons with q below 𝑞c, these values are 

expected to be larger than the error caused by an inaccurate dispersion in the calculated actual 

direct contribution of these long-wavelength modes. Hence, this error is negligibly small compared 

to our calculated thermal conductivity results in Fig. 2.  

We further evaluate the effect of linearization of the long-wavelength flexural modes on 

the thermal conductivity contribution of other modes. Compared to a quadratic ZA dispersion, the 

reduced density of states of the linearized ZA modes can potentially reduce their scattering of other 

modes. We consider an extremely limit of the reduced density of states by completely removing 

flexural phonons with q below 𝑞c in the calculation of the scattering rates and thermal conductivity 

contributions of other modes. Even at this extreme limit for infinitely large graphene, the increase 

in the thermal conductivity contribution calculated for other modes with a 40 × 40 q mesh is less 

than 1% when only 3-ph scattering was considered and less than 5% when both 3- and 4-ph 

scattering events were included. With a 10 μm boundary scattering mean free path included in the 

iterative solution, the change due to removing flexural phonons with q below 𝑞c becomes around 

1% for both 3-ph only case and 3- and 4-ph case. 

These two calculation results show that neglecting the linearization of the long-wavelength 

ZA modes are not expected to change our conclusion on the phonon transport behaviors in these 

finite samples. They provide further support of our use of a 40 × 40 q mesh in the calculation 

reported in the main text. Although only the smallest 𝑞 point falls below 𝑞c, the numerical error is 
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expected to be negligible because of the negligible direct and indirect contributions of these long-

wavelength modes in thermal transport in the finites-size graphene samples. 

VII. Heat flux profiles at 100 K 

  

Figure S4. Heat flux profiles at 100 K for 10 μm -wide graphene ribbons under different 

calculation conditions. 

 

VIII. Second sound dispersion and attenuation 

 The second sound dispersion and attenuation are calculated by solving the PBE with the 

Callaway scattering model that makes the relaxation time approximation to calculate normal and 

Umklapp scattering rates separately. The momentum and energy balance equations are derived 

from the PBE by multiplying phonon momentum and energy on both sides, respectively [18]. The 

balance equations are then solved with the Chapman-Enskog expansion of the distribution to first 

order in the Knudsen number. Assuming the displacement and temperature fields fluctuate in the 

form of a plane wave, the dispersion relation and attenuation of second sound are calculated [18] 

and shown in Fig. S5, which can be used to estimate the frequency windows and sample sizes for 

the second sound to be observed. For the existence of second sound, the frequency (real part of the 

solution) should be larger than attenuation (imaginary part of the solution) in Figs. S5(a,c). In Figs. 

S5(b,d), the relaxation length needs to be larger than the wavelength for the second sound to be 

observable in samples with a size within the gap between these two fundamental length scales. 
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Based on Fig. S5(a) with only 3-ph scattering at 100 K, the frequency window for second sound, 

which is the frequency difference between the two intercepts between the solid and dashed curves, 

is large, ranging over two orders of magnitude from 10 MHz to 3 GHz. The difference between 

the real and imaginary solutions is maximized at a frequency of approximately 0.5 GHz, which is 

optimal for second sound to be observed and used to choose the pulse width as the inverse of this 

frequency in subsequent MC simulations. Inclusion of 4-ph scattering significantly narrows the 

frequency window and reduces such difference, making the conditions more stringent for second 

sound to occur than the case with only 3-ph scattering. At 300 K, in comparison, inclusion of 4-ph 

scattering eliminates the window for observing second sound, which is theoretically possible over 

a small frequency range around 10 GHz when only 3-ph scattering is considered, as shown in Figs. 

S5(c,d). 

 

Figure S5. Second sound dispersion relation (a,c) and relaxation length (b,d) at 100 K (a,b) and 

300 K (c,d). Solid curves are the real part of the solutions representing second sound dispersion in 

(a,c) and wavelength in (b,d). Note that the solid lines in (b,d) overlap with each other for all the 

four calculations specified in the legend of (a,c). Dashed curves are imaginary part of the solutions 
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representing the attenuation in (a,c) and relaxation length in (b,d). The optimal second sound 

frequency is 0.5 GHz and 10 GHz at 100 K and 300 K, corresponding to optimal pause duration 

of 2 ns and 100 ps, respectively. 

 

IX. Effect of the outer boundary condition 

To examine the effect of the boundary condition at the two outer boundaries in the ring-

shaped pump-probe thermal reflectance simulation, we have performed additional Monte Carlo 

simulations with a diffuse and adiabatic boundary instead of an isothermal boundary for the two 

outer boundaries. Figure S6 shows the comparison of the results between isothermal and adiabatic 

boundary conditions. We do not observe noticeable changes in the temperature peaks, the cooling 

effect, and oscillations between the two different boundary conditions. Only the tails of the 

temperature decay is extended due to the diffusely reflected phonons that add to the background 

diffusion signals. This result shows that the choice of isothermal boundaries has minimal effect on 

our results and conclusions. 

 

Figure S6.  Transient temperature responses at the pump and probe locations at 100 K for (a) 

isothermal and (b) adiabatic boundary conditions. 
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X. Comparison with analytical solutions 

To compare our simulation results with analytical solutions, we have followed a recent 

report [19] to use a Green’s function solution to calculate the one-dimensional (1D) TTG 

amplitude. With a full scattering matrix and an arbitrary heat source, the Fourier transform of the 

temperature is given as [19] 

Δ𝑇̃ = 𝑄̃
∑ 𝐴𝑚,𝑛

−1 𝑝𝑛𝑚,𝑛

𝑖 ∑ 𝐴𝑚,𝑛
−1 𝑐𝑛(𝜔+𝐪∙𝐯𝑛)𝑚,𝑛

     (S5) 

where 𝑄̃ is the Fourier transform of the heat source, matrix 𝐴 is defined as 𝐴𝑚,𝑛 = 𝑊𝑚,𝑛
𝜔𝑚

𝜔𝑛
+

𝑖𝛿𝑚,𝑛(𝜔 + 𝐪 ∙ 𝐯𝑛) where 𝑊 is the scattering matrix, 𝜔𝑚 is the phonon frequency for mode 𝑚, 𝜔 

is the temporal frequency component of the Fourier transform, 𝐪 is the spatial wavevector from 

the Fourier transform, 𝐯𝑛 and 𝑐𝑛  are the phonon group velocity and heat capacity for mode 𝑛, 

respectively, 𝑝𝑛 is defined as 𝑐𝑛/ ∑ 𝑐𝑚𝑚 . Here we use 𝑚 and 𝑛 to represent phonon modes instead 

of previously used 𝑖  and 𝑗, to avoid confusion with the imaginary unit 𝑖 . Assuming a heating 

profile 𝑄 = 𝑄̅𝑒𝑖𝐪∙𝐫̅ 𝑠𝑖𝑛(𝜔0𝑡)

𝜋𝑡
, we obtain the amplitude of the thermal grating as a function of time by 

inverse temporal Fourier transform of Eq. S5: 

Δ𝑇(𝑡) =
1

2𝜋
𝑄̅𝑒𝑖𝐪∙𝐫̅ ∫

𝑒𝑖𝜔𝑡 ∑ 𝐴𝑚,𝑛
−1 𝑝𝑛𝑚,𝑛

𝑖 ∑ 𝐴𝑚,𝑛
−1 𝑐𝑛(𝜔+𝐪∙𝐯𝑛)𝑚,𝑛

𝑑𝜔
𝜔0

−𝜔0
.  (S6) 

Here, 𝜔0 is chosen as 2×109 Rad/s to obtain 2 ns as the full width of half maximum (FWHM) of 

the heat pulse. As 𝜔0  is increased further toward infinity, this expression of the heat pulse 

approaches the Dirac delta function. The normalized temporal TTG amplitude is then calculated 

as 

Δ𝑇(𝑡)

Δ𝑇(𝑡=0)
=

∫
𝑒𝑖𝜔𝑡 ∑ 𝐴𝑚,𝑛

−1 𝑝𝑛𝑚,𝑛

𝑖 ∑ 𝐴𝑚,𝑛
−1 𝑐𝑛(𝜔+𝐪∙𝐯𝑛)𝑚,𝑛

𝑑𝜔
𝜔0

−𝜔0

∫
∑ 𝐴𝑚,𝑛

−1 𝑝𝑛𝑚,𝑛

𝑖 ∑ 𝐴𝑚,𝑛
−1 𝑐𝑛(𝜔+𝐪∙𝐯𝑛)𝑚,𝑛

𝑑𝜔
𝜔0

−𝜔0

.    (S7) 

 Figure S7(a) shows the comparison between MC simulations and analytical solution from 

Eq. S7 for the TTG amplitude. The two results agree well with each other regarding the frequency 

of the oscillation. Both methods show that 4-ph scattering reduces the damping magnitude and 

causes a slight delay in the oscillation. Our MC results, however, show larger magnitude in the 
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oscillation than the analytical solution. We attribute this difference to the different pulse shape 

used in the MC simulation and the analytical solution. Specifically, our MC simulation considers 

a square pulse with a duration of 2 ns, which is more localized than the functional form used in 

our analytical solution to approximate the square pulse, as shown in Fig. S7(b). 

 

Figure S7.  (a) Comparison of normalized TTG amplitude from MC simulations and analytical 

solutions as a function of delay time from the pulse center for 3-ph only and 3-ph + 4-ph cases. (b) 

Schematic plots for the square and sin(𝜔0𝑡) /(𝜋𝑡) pulse functions used in the MC simulation and 

analytical solution, respectively. 
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