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ABSTRACT

Despite its importance, a sophisticated theoretical study of thermal conductivity in bulk h-BN has been lacking to date. In this study, we pre-
dict thermal conductivity in bulk h-BN crystals using first-principles predictions and the Boltzmann transport equation. We consider three-
phonon (3ph) scattering, four-phonon (4ph) scattering, and phonon renormalization. Our predicted thermal conductivity is 363 and 4.88 W/
(mK) for the in-plane and out-of-plane directions at room temperature, respectively. Further analysis reveals that 4ph scattering reduces
thermal conductivity, while phonon renormalization weakens phonon anharmonicity and increases thermal conductivity. Eventually, the in-
plane and out-of-plane thermal conductivities show intriguing ~T~ %> and ~T~***® dependencies, respectively, far deviating from the tra-

ditional 1/T relation.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0210935

In recent years, two-dimensional (2D) materials have drawn great
interest in the scientific community due to their unique properties and
promising applications in nanoelectronics. Many interesting 2D mate-
rial systems with exceptional electrical, thermal, and mechanical prop-
erties are investigated. © Among these, hexagonal boron nitride
(h-BN) is of particular interest due to its intriguing properties, includ-
ing wide electronic bandgap, high thermal stability, and highly aniso-
tropic thermal and optical properties. h-BN has been widely used in

. 7-9 . : . 10,11 .
transistors,” ~ phonon-polariton nanophotonic devices,'”"" ultraviolet
. . 12 . 13 . : 14 g
light emitters, ~ single-photon sources, ~ lubrication, * radiative cool-
. 15
ing, ” etc.

The thermal conductivity (i) is critical in many applications of
h-BN. Originating from the strong intralayer covalent bonds and weak
interlayer van der Waal bonds, the thermal conductivity of h-BN is
highly anisotropic, which is favored in many applications including
the substrate for electronic devices'® and thermal interfacial materi-
als.'”* Therefore, it is important to develop a detailed understanding
of thermal transport properties in h-BN.

First-principles calculation based on density functional theory
(DFT) and Boltzmann transport equation (BTE) has been proven to
accurately predict thermal conductivity. The inception of the phonon
BTE can be traced back to the foundational work by Peierls,”" which
was subsequently extended through the development of three-phonon
(3ph) scattering theory by Maradudin and Fein.”* Building upon this

foundation, first-principles calculations were used to predict 3ph scat-
tering rates for the zone-center optical phonon linewidth;”*** Broido
et al. integrated these approaches with ab initio force constants to facil-
itate the first-principles prediction of thermal conductivity, thereby sig-
nificantly advancing the understanding of thermal transport
mechanisms.” ** Recently, Feng and Ruan developed the general the-
ory and computational method for four-phonon (4ph) scattering and
predicted its importance in a range of materials and temperatures.””’
The prediction on boron arsenide was subsequently confirmed by
independent experiments,”’  and it has been demonstrated that con-
sidering 4ph scattering would considerably reduce the thermal con-
ductivity in various materials.” " Furthermore, the force constants
can deviate from that given by the traditional perturbative approach at
0K due to the finite temperature effect that leads to the phonon
renormalization.” It was shown that both 4ph scattering and phonon
renormalization are important components in the accurate prediction
of thermal conductivity as temperature rises.”” "

A few first-principles calculations have been performed on bulk
hBN. Jiang et al.** considered 3ph scattering, and the thermal conduc-
tivity for the in-plane direction was overpredicted. Tang et al.*’ consid-
ered both the 3ph and 4ph scattering effects, while the 4ph scattering
rates are calculated with machine learning potentials to reduce the
computational cost. Their predicted result is lower than the experi-
mental value. Notably, the phonon renormalization effect has not been
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considered in these studies. It is imperative to gain a comprehensive
understanding of thermal transport phenomena in bulk h-BN that
considers all phonon interactions.

In this Letter, we study the thermal transport properties of bulk
h-BN based on the first-principles prediction over the temperature
range of 200-700 K. Our calculated result agrees well with the mea-
sured data reported in the literature. We then analyze the effect of 4ph
scattering and phonon renormalization on phonon transport. The
thermal conductivity is greatly reduced by 4ph scattering, while the
phonon renormalization weakens both 3ph and 4ph scattering
strength and subsequently increases the predicted thermal conductiv-
ity. In addition, despite the commonly established 1/T temperature
dependence of thermal conductivity for many materials, we found that
h-BN exhibits a weaker temperature dependence, which is attributed
to the contribution of high-frequency phonon modes. We also investi-
gate the size effect of phonon transport.

We performed DFT calculations using the Vienna Ab initio
Simulation Package (VASP).” For the exchange-correlation function,
we employed the local density approximation (LDA)"” with the projec-
tor augmented wave (PAW) method."® LDA has also been used in pre-
vious studies investigating h-BN’s properties including phonon
dispersion,’ig’f’“ thermal conductivity,"l’i‘/15’51 and Raman linewidth.”” The
lattice constant is relaxed with the electron energy convergence thresh-
old of 10~* eV and the force convergence threshold of 10~ eV/A.

Following structural optimization, we calculated the harmonic
and anharmonic interatomic force constants (IFCs) with the perturba-
tive approach at 0 K. The DFT calculations of all the IFCs were per-
formed with a cutoff energy of 700V, utilizing a 5 x 5 x 2 supercell
and a 3 x 3 x 3 k-mesh for sampling the Brillouin zone. For the har-
monic calculations, we employed density functional perturbation the-
ory (DFPT)”" using PHONOPY.”* Non-analytical term correction was
applied to include the long-range dipole-dipole interaction, with the
Born effective charge tensor and high-frequency dielectric tensor
determined from DFPT. The anharmonic IFCs were calculated using
the finite displacement method with cutoff radii of 4.3 and 3.7 A for
third-order and fourth-order IFCs calculations, respectively. The dis-
placement value is chosen as 0.01 A. As Zhou et al.”” demonstrate that
the higher-order force constant is sensitive to displacement, we also
studied the influence of the displacement parameter on thermal con-
ductivity and found the impact on hBN to be small, which is shown in
Fig. SI.

We then considered the effect of phonon renormalization. We
acquired the lattice thermal expansion coefficients from simulation
conducted by Niu et al,”® which is based on quasi-harmonic
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approximation and has a good agreement with the experimental
results.”” To calculate the effective IFCs that can best describe the
interatomic potential, we employed a temperature-dependent effective
potential (TDEP) method.”® The effective IFCs were obtained through
an iterative process that begins with collecting datasets of force-
displacement pairs and subsequently minimizing the force differences
to refine the IFCs. The effective harmonic IFC can be obtained through
the following minimization procedure:

. 1 H)2

nc})lznAF = Nt; (F, F, ) , (1)
where @ is the effective harmonic IFC, N, is the size of the force-
displacement dataset, F¢ is the force calculated through DFT with cer-
tain displacement, and FI! is the force calculated using the effective
IFCs. The anharmonic IFCs can be obtained from a similar minimiza-
tion process. After reaching convergence, we obtained a set of effective
IFCs that can accurately describe the potential landscape at finite tem-
peratures. A detailed description of this method can be found in Refs.
38, 58, and 59. In this work, we conducted six iterations using 100
thermally perturbed snapshots generated from Bose-Einstein distribu-
tions at each iteration to ensure convergence of phonon dispersion
and thermal conductivity.

The thermal conductivity is predicted using the ShengBTE pack-
age integrated with FourPhonon module,”*" with a 22 x 22 x 12
q-mesh size. In this study, 3ph scattering was iteratively solved, while
4 ph scattering was solved under single mode relaxation time approxi-
mation (SMRTA). Calculating phonon scattering is known to be
highly computationally expensive, and several works have been done
to mitigate the computational cost, such as utilizing GPU parallel com-
puting ability”"’ and machine learning.”* Here, we adopted a
sampling-estimation approach where the 4ph scattering rates were
estimated from a subset of all phonon scattering events.”” The sample
size is chosen to be 10°.

Figure 1(a) shows the lattice structure of h-BN for our study.
Given that bulk h-BN is a layered material with various stacking possi-
bilities, we specifically adopted the AA’ stacking order, which has been
confirmed through atomic resolution imaging and is known for its sta-
bility.”> ®® A full structural optimization gives the lattice constants of
a=2.490 and c¢= 6476 A. Figure 1(b) shows the phonon dispersion
calculated with and without phonon renormalization at 300 K. The
calculated phonon dispersion has a good agreement with the experi-
mental measurement.”” We also provide the phonon dispersion at
600 K in Fig. S2.
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. FIG. 1. Lattice structure and phonon dis-
Tec” persion of bulk h-BN. (a) Lattice structure
of h-BN from a perspective view. The
black wireframe shows one unit cell.
(b) The phonon dispersion of bulk h-BN
calculated with (red lines) and without
(black lines) phonon renormalization at
300K compared with the experiment*’

(black dots).
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The thermal conductivity from 200 to 700 K is then predicted, as
shown in Fig. 2. The green dashed line shows the result with only 3ph
scattering. The inclusion of 4ph scattering (red dash line) leads to a
notable reduction in thermal conductivity, in both the in-plane and
out-of-plane directions. Subsequently, when we consider the phonon
renormalization (red solid line), our predicted thermal conductivity
increases and agrees, coincidentally, with the results obtained solely
from 3ph scattering at 0K for in-plane direction. For the out-of-plane
direction, the predicted thermal conductivity becomes slightly higher
than that from 3ph scattering at 0 K. The temperature dependency of
thermal conductivity is strengthened after including 4ph scattering,
from ~T~ %% and ~T~%%** to ~T~%%? and ~T~"* for in-plane
and out-of-plane direction, respectively. After including the phonon
renormalization effect, the temperature dependency becomes weaker
and goes to ~T~"%*” and ~T %, respectively. We found that the
temperature dependency is much weaker than the well-known 1/T
relation, which will be discussed later. We also calculated the contribu-
tion of the diffuson-like phonons and found their contributions quite
small in general. Due to the much lower thermal conductivity in the
cross-plane direction than in the in-plane direction, the contribution
of diffuson-like phonons is relatively more important for the cross-
plane direction. Details can be found in Fig. S3 of the supplementary
material.

We compare our predicted result to experimental data from the
literature. After incorporating both 4ph scattering and phonon
renormalization into our calculations, our predicted in-plane thermal
conductivity demonstrates excellent agreement with the experimental
result reported by Sichel et al.”” Our result is slightly lower than those
reported by Jiang et al.** and Yuan et al.”' but close to the experimen-
tal error bars. In the out-of-plane direction, our result agrees well with
the experiments. It is worth noting that Salihoglu et al.” considered
the radiation heat transfer between different layers of bulk h-BN in
their out-of-plane thermal conductivity measurements, which is non-
negligible due to its hyperbolic dispersion characteristic. After elimi-
nating the contribution of radiation heat transfer from the total ther-
mal conductivity, our results closely match the thermal conductivity
attributed to phonon transport. Moreover, although the experimental
thermal conductivity has an apparent agreement with the predicted
result considering solely 3ph scattering at 0 K, the agreement is coinci-
dental. This agreement primarily arises from the omission of both 4ph
scattering and phonon renormalization, leading to an error-canceling
effect that conceals important physical details.

ARTICLE pubs.aip.org/aip/apl

Compared with other simulation results, Jiang et al.*" include
only the 3ph scattering effect. The predicted values match with our
3ph results for the out-of-plane direction. However, in the case of the
in-plane direction, their predictions exceed our results, potentially
attributable to a small in-plane cutoff radius when calculating IFCs.
Tang et al.”” include both 3ph and 4ph scattering. The results show a
slight deviation from our 3ph + 4ph results, which could be attributed
to the small q-mesh in solving BTE as well as the use of machine learn-
ing potentials to assess the 4ph scattering rates.

To gain a deeper understanding of the phonon scattering in
h-BN, Fig. 3(a) shows 3ph and 4ph scattering rates and how they are
affected by phonon renormalization. Both 3ph and 4ph scattering are
weakened after including the phonon renormalization, which is the
reason for the higher thermal conductivity prediction. Moreover, there
is a more substantial reduction in 4ph scattering rates, indicating that
the higher-order anharmonicity is affected more at finite temperatures.
Figure 3(b) shows the phonon scattering rates across a temperature
range spanning from 200 to 700 K, where 3ph and 4ph scattering and
phonon renormalization are included. As temperature increases, pho-
non scattering becomes stronger, primarily due to an increase in pho-
non population, which obeys the Bose-Einstein distribution:
nY = 1/(eM+/kT — 1). The rise in phonon scattering rates leads to the
reduction in thermal conductivity.

We now discuss the deviation of the temperature dependence of
both in-plane and out-of-plane thermal conductivity from the tradi-
tional x ~ 1/T law. This unusual dependency could be attributed to
the contribution of high-frequency phonons. Figure 4 illustrates the
thermal conductivity contributions from phonon modes with frequen-
cies higher than 15 THz and separately from the other low-frequency
phonon modes. 15 THz is chosen as the cutoff frequency since it sepa-
rates the acoustic and breathing phonon modes and the optical pho-
non modes, particularly near the I" point where acoustic and breathing
phonon modes have large group velocities. Additionally, the
frequency-accumulated thermal conductivity (Fig. S4) revealed that
15 THz serves as a dividing frequency for the contributions to the total
thermal conductivity. For both in-plane and out-of-plane thermal con-
ductivities, the low-frequency contributions follow the well-known 1/T
relation. However, as the temperature increases, the contributions
from high-frequency phonon modes increase, which suppress the 1/T
relationship in the total thermal conductivity. The different tempera-
ture dependence of thermal conductivity for different frequencies is
due to the competing effect of specific heat and phonon scattering.

b 10 —— -
a 800 Previous simulation: Experiment:
\ This work: 9 ----Jiang et al,, 3ph v Sichel et al.
700 ~-—— 3ph = | e Tang et al., 3ph+4ph, f Jiang et al. FIG. 2. Lattice thermal conductivity as a
< N - 3ph+4ph z 8 ML potential J Yuanetal. function of temperature for h-BN. (a) In-
£ 600 —— Renorm. 3ph+4ph =7 4 Salihogluetal, plane direction. (b) Out-of-plane direction.
s . g, phonon contribution The results are compared with the measure-
=500 | Renorm. 3phdph, k=T | % . 3ph, k~T95% mert by Sichel et als‘j9 (in-plane only), Jiang
Q =
2 400 5 Renorm. 3ph+4ph, k~To% et al,* Yuan et al,”' and Salihoglu et al.”
2 S, (out-of-plane only, excluding radiation heat
< 300 IS transfer) and the simulations by Jiang
3 3 et al** (3ph scattering only) and Tang
200 2 et al* (3ph and 4ph scattering calculated
100 . 3ph+4ph, k~T07% using machine leaming potentials).

200 300 400 500 600
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a b
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e~ = 0% FIG. 3. Phonon scattering rate as a func-
g 2 tion of phonon frequency. (a) The 3ph and
Qo Qo 4ph scattering rates at 300K. Circle and
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2 . 3ph 2 . 600K calculated with and  without phonon
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The specific heat can be qualitatively estimated based on the Einstein
model,
2
T eTE/ T
C(T) =k <—> S — 2
( ) B T (eTE/T _ 1)2 ( )

where Ty is the Einstein temperature (Ty = fiw, /kg), which is a char-
acteristic temperature below which the thermal energy is insufficient
to excite the phonon mode beyond their ground state. Since the high-
frequency phonon modes have higher Einstein temperatures, they are
“frozen out” at low temperatures and gradually excited as temperature
increases. Consequently, their heat capacity exhibits a significant
increase with rising temperature (see Fig. S5). This phenomenon leads
to an initial increase in thermal conductivity at low temperatures due
to the rapid rise in heat capacity. However, at higher temperatures, as
the specific heat exhibits slower growth with temperature, the thermal
conductivity decreases due to the increased prevalence of phonon scat-
tering. In contrast, the low-frequency phonon modes are much easier
to excite due to a low Einstein temperature and their specific heat
already saturated at a low temperature. The temperature dependence
of thermal conductivity is dominated by the phonon scattering part
and shows a monotonically decreasing trend. This anomalous temper-
ature dependence of thermal conductivity has also been observed in
other 2D materials, including GaN,”" h-AIN,”” ZnO,” etc. However,
most of these studies focus on monolayer materials, where only the in-
plane thermal conductivity is considered. As for the previous study of
h-BN, Jiang et al.** observed the anonymous temperature dependence
only in the out-of-plane thermal conductivity, while the in-plane ther-
mal conductivity follows the 1/T dependence in their simulation

Frequency (THz)

results. The discrepancy with our result could again be attributed to
the small in-plane cutoff radius in their calculations. It is now shown
that in a bulk 2D material like h-BN, such weakened temperature
dependence of thermal conductivity exists in both in-plane and out-
of-plane directions.

When designing nanostructures or nanodevices based on h-BN,
effectively managing heat dissipation becomes crucial for ensuring
their reliable operation. One key parameter that provides valuable
insights into the size-dependent thermal conductivity is the phonon
mean free path (MFP). Figure 5 shows the accumulated thermal con-
ductivity with respect to MFP for both in-plane and out-of-plane
directions at various temperatures. The representative MFP, defined as
the MFP corresponding to 50% cumulative thermal conductivity,
decreases as the temperature increases. In addition, at 300 K, phonons
with MFPs under 586 and 278 nm contribute to 90% of the in-plane
and out-of-plane thermal conductivity, respectively. This shows that
for designing h-BN-based devices with characteristic lengths less than
around 600 nm, the size effect should be considered.

To summarize, we present a comprehensive study of the thermal
transport in bulk h-BN through first-principles calculation spanning
temperatures from 200 to 700 K. We include the mechanism of three-
phonon scattering, four-phonon scattering, as well as phonon renorm-
alization. Our predicted thermal conductivity exhibits good agreement
with the experimental result in the literature. We also investigate the
scattering rates, the anomalous temperature dependence of thermal
conductivity, and the size-dependent thermal conductivity. This work
provides fundamental insights into the microscopic mechanisms gov-
erning phonon transport in h-BN and contributes to a deeper under-
standing of thermal transport in highly anisotropic layered crystals.
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See the supplementary material for detailed information on the
impact of displacement parameter and diffuson-like phonon, phonon
dispersion, cumulative thermal conductivity, and temperature and fre-
quency dependency of heat capacity.
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