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Optical reflectance spectra of three disordered silicon nanowire mats with average diameters of 40,

60, and 80 nm are investigated both experimentally and theoretically. The total hemispherical

reflectance spectra from 200 to 1600 nm wavelength are first measured. All three samples exhibit

reflectance about 15% to 20% within the ultraviolet band. As the wavelength becomes longer, the

reflectance will first increase to around 50% and then decrease to below 20%. Such reflectance

spectra are attributed to the combined effect of silicon dielectric function, the nanowire geometry,

and the volume fraction of the mats. An analytical method based on Mie scattering theory and two-

flux model is proposed to predict the reflectance spectra of the NW mats using only the physical

quantities including dielectric function and structural parameters of the nanowire mats. The

experimental reflectance spectra can be well reproduced by this method. VC 2012 American Institute
of Physics. [http://dx.doi.org/10.1063/1.4768913]

I. INTRODUCTION

Silicon nanowire (NW) has recently received consider-

able attention, due to its interesting optical properties and the

potential applications for photovoltaics,1–4 nano antenna,5

and photo detectors,6 etc. Recent investigations of the optical

properties of silicon NW can be categorized into three differ-

ent types, including the study of an individual NW, vertically

aligned NW arrays, and disordered NW mats. For an individ-

ual NW, Cao et al. have experimentally demonstrated its

frequency-selective optical absorption and scattering proper-

ties, which show a quantitative agreement with the predic-

tion of Mie scattering theory.5,6 For vertically aligned silicon

NW arrays, the theoretical works generally employ full-

wave numerical electromagnetic simulations,2,7 and it has

been shown that the arrays have extremely low reflectivity.

The reflectance measurements confirm such simulation

results.8 Disordered NWs, in contrast, have received less

attention. We have previously applied finite-different time-

domain simulations to examine the optical properties of

aligned NWs with random NW position, diameter, and

length.4 It has been shown that the “partial randomness” can

enhance the optical absorption. The completely disordered

NW mats with random orientations, however, are too com-

plicated to be investigated by such simulations.

Experimental studies reveal that completely disordered

NW mats have much larger reflectance than vertically aligned

NWs. But the spectral features of the optical reflectance are

quite different, depending on how the NW mats are fabricated.

For example, Convertino et al. have experimentally studied

the optical reflectance of NW mats which are grown using Au

films as the catalyst.9 Their NWs are tapered, which have a

thicker bottom and thinner tip. Depending on the average

length and diameters of NWs in a sample, the reflectance

spectra either show an oscillation with respect to wavelength

or show a single maximum.9 The features in these reflectance

spectra are attributed to the optical scattering and the Fabri-

Perot effect. Streets et al. measured the total reflectance of the

two NW mats samples which contain NWs with different

diameters from 50 to 200 nm.10 Their NW mats have a yellow

or brown color and each shows a single reflection maximum

within 600–800 nm wavelength range. They explained such a

curve shape by the different optical characteristics in different

spectral regimes, including strong absorption in the short

wavelength regime, medium absorption and strong scattering

regime in the middle, and low absorption and significant trans-

mission in the long wavelength regime. The different maxima

locations in different samples are explained by different con-

tributions of the three effects. An analytical model was also

provided.10 However, the model has too many fitting parame-

ters and the physics is only partly clear. Recently, Br€onstrup

et al. proposed a statistical model based on random-walk

approach and Mie-scattering theory which can fit the experi-

mental optical property in the visible range with only three fit-

ting parameters.11 Actually, the reflectance spectra of silicon

NW mats are the complicated results of many factors, includ-

ing the dielectric property of silicon, NW diameter and distri-

bution, and volume fraction, etc. It is highly desirable to

develop a unified predictive model that only uses these physi-

cal quantities to calculate optical properties of disordered NW

mats.

In this work, the investigations of the total reflectance of

disordered silicon NW mats are performed both
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experimentally and theoretically. Three samples with differ-

ent average diameters are fabricated and their optical reflec-

tance spectra are measured. Also, a model based on radiative

transport equation (RTE) and Mie scattering theory is pro-

posed to predict the optical reflectance of disordered silicon

NW mats. The theoretical and experimental results are com-

pared and discussed.

II. EXPERIMENTAL DETAILS

Silicon NW mats are synthesized by the chemical vapor

deposition method with silane as the precursor. Au nanopar-

ticles with uniform diameters are deposited on Al2O3/Si sub-

strates as catalyst. The growth is performed with 10 sccm of

SiH4 (10% in H2) and 40 sccm H2 at a total pressure of

100 Torr at 460 �C for 10 min. This method allows a quite

precise control of the NW diameter and generates NW mats

with random orientation and nearly uniform diameter.12 In

one batch, we fabricate three samples with average diameters

of 40, 60, and 80 nm, respectively. The SEM images of the

80 nm sample are shown in Fig. 1. Clearly the NWs are not

tapered and all NWs in the sample have similar diameters.

The thickness of the mat is within the range of 10–20 lm,

depending on the location we examined. The 40 and 60 nm

NW mats are similar and thus not shown here. To investigate

the optical property of the samples, the total hemispherical

reflectance spectra of the NW mats are measured by a Perki-

nElmer Lambda 950 spectrometer with a spectralon coated

integrating sphere.

III. MODEL

Unlike the highly ordered structures,4,13,14 the disordered

NW mats with random orientations are too complicated to be

studied by full-wave electromagnetic simulations. The investi-

gation of completely random materials is more difficult. The

transport theory is often used to obtain an understanding of

the light propagation in random media.15,16 The theory starts

by solving the rigorous Maxwell’s equations to obtain the

scattering and absorption cross sections (rs and ra) of individ-

ual particles. The cross sections characterize the amount of

light that is scattered (for rs) or absorbed (for ra) by the parti-

cle. These quantities can then be used as input parameters in

RTE. RTE is equivalent to the Boltzmann transport equation,

which describes transport of energy through a medium

containing particles. The transport theory has been very suc-

cessful to describe light transport in random media, such as

the optical fiber oximeter of blood,15 polytetrafluoroethylene

films,16 and fibrous materials.17 Here, the transport theory

approach is followed: the NWs are treated as infinitely long

circular cylinders with certain diameters and a dielectric func-

tion, and the scattering and absorption cross sections are cal-

culated; RTE is then approximately solved to obtain the

optical properties of NW mats.

For an infinitely long circular cylinder, the calculation

of scattering and absorption cross sections is based on the

Mie scattering theory, which is described in textbooks.18

Simply speaking, one needs to expand the incident and scat-

tered waves into vector cylindrical harmonics and find the

expansion coefficients that match the boundary conditions.

The expansion coefficients of the scattered wave are anI; bnI

and anII; bnII, where I and II denote the light polarization par-

allel and perpendicular to the cylinder axis, respectively. For

unpolarized incident light, the scattering and extinction effi-

ciencies (Qs and Qe) can be written in terms of these expan-

sion coefficients

Qs ¼
4D

k0

1

2
ðjb0Ij2þ ja0IIj2Þ þ

X1
n¼1

ðjbnIj2þ janIIj2þ 2janIj2Þ
" #

;

(1)

Qe ¼
2D

k0

Re
X1

n¼�1
ðbnI þ anIIÞ; (2)

where D is the diameter of the cylinder and k0 is the wave

vector of the incident light. The absorption efficiency is then

calculated by Qa ¼ Qe � Qs. These equations have been

applied to calculate the scattering and absorption efficiencies

for individual silicon NWs, and the results are fairly accurate

compared with experiments.5 The scattering and absorption

cross sections per unit length of the infinite cylinder can be

calculated from the scattering efficiencies,

ri ¼ QiD; (3)

where i¼ s or a (denotes scattering or absorption). They are

functions of wavelength k, NW diameter D, incident angle h,

and dielectric function of the cylinder and surrounding

medium.

For random NW mats, it is difficult to investigate the

incident and scattering angle of each scattering event, so

proper angular averaging needs to be performed. Here, it is

assumed that the NWs are randomly oriented in space, and

the effective scattering and absorption cross sections can be

calculated by averaging all the possible incident angles, i.e.,

ravg
i ðk;DÞ ¼

ðp
2

0

riðk;D; hÞsin h dh; (4)

where i¼ s or a. Note that a similar equation was used in

Ref. 11 to obtain angular averaged cross section. However,

the authors failed to include the weighting factor sin h, which

is the probability of finding a NW oriented at the zenith

angle h.
FIG. 1. The SEM images of the NW mats with 80 nm diameter, (a) top view

and (b) side view.
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To obtain the optical properties of NW mats, we further

consider a plane-parallel problem, as shown in Fig. 2. The

random NW mat is modeled by a medium with thickness L,

which contains many isotropic scatterers with the effective

scattering and absorption cross sections as in Eq. (4). The

volume average scattering and absorption coefficients of the

medium are defined as

hrii ¼ Nsr
avg
i ; (5)

where i¼ s or a and Ns is the number of scatterers per unit

volume. The RTE for such a plane-parallel problem can be

approximated solved by the two-flux model, which divides

the radiation into forward Iþ and backward I� components.

For non-emitting medium with isotropic scatterers, the fol-

lowing equations have been established:19,20

dIþ

dx
¼ �ð�rs þ �raÞIþ þ �rs I�; (6)

� dI�

dx
¼ �ð�rs þ �raÞI� þ �rs Iþ; (7)

where �rs ¼ 2Bhrsi and �ra ¼ 2hrai. Here B is the back scat-

tering factor which depends on the angular distribution of

the scattered wave. For isotropic scattering, B¼ 1/2, i.e., half

of the scattered wave propagates backward. These two equa-

tions can be solved analytically given appropriate boundary

conditions. At the frontal surface (x¼ 0), it can be assumed

that the incident light has unit intensity, so the boundary con-

dition is

Iþð0Þ ¼ 1: (8)

At the rear boundary, the boundary condition is related to the

optical properties of the substrate. In two-flux model, the

effect of the substrate is included by given the boundary con-

dition at the back substrate,

I�ðLÞ ¼ R0subIþðLÞ: (9)

where R0sub is the reflectance at the NW mats and substrate

interface. Note that this is different from the reflectance of

the substrate in air Rsub. Because the light propagation at the

NW-substrate interface is quite complicated, R0sub cannot be

directly obtained from experiments or theoretical predic-

tions. Here, we estimate the value from the measurable quan-

tity Rsub, which is shown in the inset of Fig. 2. The substrate

is an alumina coated silicon wafer, and Rsub is less than 20%

from 500 to 1600 nm. R0sub should be even smaller because

the dielectric contrast at the mat-substrate interface is

smaller than air-substrate interface. For wavelength shorter

than 500 nm, because silicon is quite absorptive in this wave-

length region, it can be expected that only a small amount of

light can penetrate the NW mats and interact with the sub-

strate. Therefore, it is reasonable to assumed that there is no

back propagating light at the rear boundary, which gives

R0sub ¼ 0: (10)

For the given boundary condition, the solution of Eqs. (6)

and (7) is

IþðxÞ ¼ ð1þ b2Þ sinh½cðL� xÞ� þ 2b cosh½cðL� xÞ�
ð1þ b2Þ sinhðcLÞ þ 2b coshðcLÞ

; (11)

I�ðxÞ ¼ ð1� b2Þ sinh½cðL� xÞ�
ð1þ b2Þ sinhðcLÞ þ 2b coshðcLÞ

; (12)

where

b ¼ ½hrai=ðhrai þ 2hrsiÞ�
1
2; (13)

c ¼ ½hraiðhrai þ 2hrsiÞ�
1
2: (14)

If we define

b0 ¼ ½ravg
a =ðravg

a þ 2ravg
s Þ�

1
2 ¼ b; (15)

c0 ¼ ½ravg
a ðravg

a þ 2ravg
s Þ�

1
2 ¼ c=ð2NsÞ; (16)

the reflectance of the NW mats can be written as,

R ¼ I�ð0Þ ¼ ð1� b02Þ sinhð2c0NsLÞ
ð1þ b02Þ sinhð2c0NsLÞ þ 2b0 coshð2c0NsLÞ

;

(17)

where b0 and c0 can be determined from Eqs. (15) and (16).

If NsL is known, the total reflectance of the silicon NW mats

can be calculated.

IV. RESULTS AND DISCUSSION

A. Scattering and absorption cross sections

Adopting the dielectric function of silicon suggested by

Palik,21 the scattering efficiency Qs and absorption efficiency

Qa can be calculated. To illustrate the dependence on inci-

dent angle, the Qs and Qa of an individual 80 nm silicon NW

with different incident angles are shown in Fig. 3. It can be

clearly seen that the scattering efficiency has quite strong de-

pendence on the incident angle. The absorption efficiency, in

contrast, has relatively small angular dependence. These

results are consistent with the experimental observations by

Cao et al.5 The absorption efficiency for wavelength longer

FIG. 2. A sketch of the plane-parallel problem. Inset: the total reflectance of

the substrate in air.
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than 800 nm is nearly zero and thus not shown here. This is

due to the small absorption coefficient of silicon in this

wavelength regime.

The average scattering and absorption efficiencies of

NWs with different diameters are calculated using Eq. (4)

and shown in Fig. 4. The scattering and absorption peaks in

NWs are due to the leaky mode resonance (LMR) in individ-

ual circular cylinders. LMR can be viewed as the effect of

multiple total internal reflections within the dielectric cylin-

der, which occurs when pðk=nÞ � pD,22 where p is a positive

integer and n is the refractive index of the dielectric material.

If a LMR is excited, the NW will respond strongly to the

external field. Either a scattering peak or an absorption peak

can be observed at such wavelengths. For example, a rough

estimation using n � 3:5 for silicon yields that the lowest

order LMR (p¼ 1) occurs at 450 nm for 40 nm NW, which is

corresponding to the scattering efficiency peak located at

470 nm. For a NW with 60 or 80 nm diameter, the lowest

order LMR occurs at longer wavelength because of the larger

NW diameter. From Fig. 4(a), the 60 nm NW has a scattering

peak at 600 nm and the 80 nm NW has a peak at 720 nm.

There are also other scattering peaks at shorter wavelengths

for 60 and 80 nm NWs due to the higher order LMR. In the

long wavelength region where the lowest order LMR cannot

be supported, the scattering approaches Rayleigh scattering

limit. For rods, the theory predicts a k�3 wavelength depend-

ence of scattering,23 which explains the decaying tail of scat-

tering efficiency in Fig. 4(a). Figure 4(b) shows the average

absorption efficiency for NWs with different diameters. Such

absorption behaviors of NWs are a combined effect of the

absorption coefficient of silicon and the geometry of the

NWs. For example, the small absorption efficiency in long

wavelength regime can be attributed to the small absorption

coefficient of silicon, while the absorption peaks can either

be attributed to the LMR or the large absorption of silicon.

B. Reflectance spectra

The measured spectral reflectances of the three NW

mats with different average diameters are shown as the solid

black curves in Fig. 5. The spectra of all three samples have

similar shapes but are also different. All the three samples

have relatively small reflectance within the ultraviolet re-

gime (200 to 400 nm), which can be attributed to the rela-

tively weak scattering and strong absorption of silicon NWs.

In the visible and near infrared band (from 400 to 1600 nm),

the reflectance of all the samples shows a first increase with

wavelength to around 50% and then decrease to below 20%.

The overall curve shapes are consistent with the results

obtained by Street et al.10 For 40, 60, and 80 nm NW mats,

the maximum reflection occurs at 556, 646, and 784 nm,

respectively. The maximum is located at longer wavelength

for the sample with a larger average diameter.

Combining the calculated scattering and absorption effi-

ciencies in Fig. 4 with the two-flux model Eq. (17), it is also

possible to calculate the optical reflectance spectra of NWs

mats with different diameters, shown as the dashed red

curves in Fig. 5. Note that the parameter NsL in Eq. (17) is

quite difficult to obtain from experiments in this case, so it is

treated as an unknown parameter and tuned to generate re-

flectance spectra that match the highest reflectance value of

the experimental results. As shown in Fig. 5, an overall

agreement with the experiment is seen in both curve shape

FIG. 3. The (a) scattering and (b) absorption efficiencies of an individual

NW with 80 nm diameter at different incident angles.

FIG. 4. The angular average (a) scattering and (b) absorption efficiencies an

individual NW with different diameters.

FIG. 5. The total hemispherical reflectance of the random nanowire mats

with different diameters: experimental results and the two-flux model.
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and reflectance values. The predicted reflectance maxima of

the NW mats are located at the similar position as the scatter-

ing maxima of the LMR corresponding to p¼ 1, with a little

shift towards longer wavelength. For example, for the 40 nm

NW sample, the reflectance maximum locates at 490 nm,

which is a slightly longer wavelength than the wavelength of

the scattering efficiency peak (470 nm). The predicted reflec-

tance maxima do not occur exactly at the wavelength of low-

est order LMR scattering peaks because the absorption is

larger at this wavelength. Even with the small peak shift, the

origin of the reflectance maxima can still be assigned to the

lowest order LMR of the individual NWs in the sample.

Based on our analysis, the different maxima locations in the

two different samples in Ref. 10 can be explained by differ-

ent NW diameter distributions in the two samples.

Comparing to our measurements, it can be noticed that

the predicted reflectance maxima located at slightly shorter

wavelengths. The reason for this small shift could be a com-

bination of a few different factors. First, it has been shown

that if multiple scattering effect is considered, the scatterer

(NWs in this case) could actually have larger effective cross

sections than the exact cross section of an individual scat-

terer.24–27 Second, we have assumed that the orientations of

NWs have equal possibility in any solid angle (Eq. (4)).

From Fig. 1, it can be observed that in the samples actually a

large number of NWs are in the horizontal direction, espe-

cially at the top surface. Those horizontal NWs generally

have scattering maxima at a longer wavelength. Therefore,

with the assumption that NWs are randomly oriented, we

could have underestimated the wavelength where effective

reflection maxima occur. There are also noticeable discrep-

ancies the reflectance value for 40 and 60 nm NWs, espe-

cially in the long wavelength regime. Note that since NsL is

obtained by matching the peak maximum, the discrepancy

when the real NsL value is used could be smaller in the long

wave length regime than it appears in Fig. 5, while the dis-

crepancy around the peak can be larger. It should also be

noticed that the discrepancy is larger when the wavelength is

longer and NWs are thinner. This could be partly attributed

to the multiple scattering effect that is not included in our

model.28 When the wavelength is longer, the interwire dis-

tance can be close to or even smaller than the wavelength, so

the multiple scattering effects can be more evident19 and the

scattering can be more efficient.29 The difference between

our model and experimental spectra could also be related to

the uncertainties in the experiments.

In addition, the volume fraction f of a NW mat is related

to Ns by the following equation:

f ¼ NspD2=4: (18)

By assuming the thickness of the NW mats to be 15 lm, the

volume fractions of the NW mats can be estimated based on

the two-flux model, which is listed in Table I.

Attempts have been made to experimentally obtain the

real volume fraction of our samples. However, the weight of

the NW mats is too small to be detected by the analytical

balance. Based on the SEM images shown in Fig. 1, the vol-

ume fractions in Table I should be reasonable.

C. Further discussion

The reasonable agreement between our predictions and

the observed results in the experiment validates our model-

ing. This indicates that the Mie scattering theory and the

two-flux model can be followed to estimate the optical prop-

erty of random NW mats. It is also possible to extend this

method to mats containing different NW diameters by per-

forming further averaging with respect to diameter. To do

that, one simply needs to rewrite Eq. (4) into

ravg
i ðkÞ ¼

ð1
0

ðp
2

0

riðk;D; hÞf ðDÞsinh dhdD; (19)

where f(D) is the diameter distribution function of the NWs.

Some limitations of our model have to be pointed out.

First, the Mie scattering theory is based on the solution of

rigorous Maxwell’s equations, so the wave effect is included

in the description of each scattering event. But RTE is an

equation describing the transport of energy rather than elec-

tromagnetic wave, so the wave effect is not considered dur-

ing the light transport process.15 It should be noticed that

Muskens et al. reported strong resonance and enhanced back

scattering in GaP NW mats.30 Those effects cannot be fully

captured by the transport theory used here. However, many

other NW samples reported in the literature,9,10,31 including

ours, have much smaller volume fractions, so we believe the

multiple scattering effect28 is not important and the transport

theory is still applicable. Second, each scattering event at an

individual NW is strongly anisotropic. The isotropic assump-

tion is made based on the fact that the NWs are randomly

oriented, so the average scattering effect could be close to

isotropic. To account for the angular dependence, more com-

plicated radiation models can be applied.17 However, we

believe it is unnecessary here considering all the other uncer-

tainties and approximations.

V. SUMMARY

In summary, the optical reflectances of the silicon NW

mats with 40, 60, and 80 nm average diameters are investi-

gated. In the 200 to 400 nm wavelength regime, it is

observed experimentally that all silicon NW mats have simi-

lar small reflectance, ranging from 15% to 20%. In the 400

to 1600 nm wavelength region, the reflectances of the NW

mats are larger. The spectral reflectance of each sample

shows a first increase with wavelength to a maximum value

and then decrease. Such experimental results can be well

reproduced by our analytical model based on Mie scattering

theory and two-flux model. This makes it possible to further

design the optical properties of NW mats based on physical

TABLE I. The volume fractions used in the two-flux model to match the

highest reflectance value of the experimental results.

Diameter (nm) f (%)

40 0.067

60 0.140

80 0.185
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quantities, including the dielectric function and the structural

parameters of disordered NW mats.
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