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a b s t r a c t

Training of recurrent neural networks (RNNs) is known to be a very difficult task. This work proposes a

novel constructive method for simultaneous structure and parameter training of Elman-type RNNs

using a combination of particle swarm optimization (PSO) and covariance matrix adaptation based

evolutionary strategy (CMA-ES). The proposed method allows the imposition of certain stability

conditions, which can be maintained throughout the constructive process. The examples reported show

a monotonic decrease in training error throughout the constructive process and also demonstrate the

efficiency of the proposed method for structure and parameter training of RNNs.

& 2010 Elsevier B.V. All rights reserved.

1. Introduction

Recurrent neural networks (RNNs) are artificial neural net-
works with feedback connections and have the capability to
model spatial as well as temporal dependencies between input
and output sequences. RNNs with appropriate structure can
approximate any dynamical system with arbitrary precision [19]
and this makes them suitable for a wide range of applications
including time series prediction, dynamic process modeling,
process control, dynamic optimization and creation of associative
memory banks. However, the presence of feedback connections
makes the training of RNNs much more difficult as compared to
static neural networks. Hence, the theoretical guarantees about
the capabilities of RNNs do not always ensure good results in
practice and a good, automated algorithm for determining
appropriate architecture, structure and parameters from input/
output observations would be an important tool in alleviating this
problem.

The architecture of a network defines the important properties
of an RNN such as the nature of feedback connections considered,
the number of time lags considered and the division of network
nodes into input, output and hidden nodes. Based on the type of
connections, RNN architectures may be divided into fully
connected and partially connected nets [15]. Partially connected
nets allow the description of RNNs as a generalization of
multilayer feed-forward networks with distinct input, output
and hidden nodes, whereas fully connected networks do not

distinguish between various nodes or layers. Two simple and
popular partially connected architectures, which add feedback
into a feed-forward multilayer neural network, are the Elman
network [4] and the Jordan network [11]. The Elman network
introduces feedback from the hidden layer to a set of context
nodes, whose output is then used as an input to the hidden layer
in the next iteration. Context nodes are simply used for storage of
the hidden node outputs at the previous iteration. Jordan
networks use feedback from the output layer to a set of context
nodes. While a number of other architectures with feedback
delays greater than one [20] have been considered, this work
considers only the Elman network architecture as it is shown to
be sufficient to approximate the characteristics of any dynamic
system that can be represented in the state space form.

For a given architecture, the structure of the RNN defines the
number of inputs, the number of hidden layers, the number of
nodes in each hidden layer and the number of outputs. Finally, the
parameters of an RNN are the weights associated with the
connections and the nodes. Generally, for a given application,
the architecture of an RNN is either chosen randomly or based on
user’s experience. A number of algorithms have been developed
over the years for parameter learning assuming a fixed structure.
These include various gradient based methods [16,18,22,23] and
filter-based methods [9,17]. The use of these algorithms involves
the user trying a large number of structures for the selected
architecture and then learning the parameters for each of the
chosen structures using one of the above methods. This is
obviously an extremely tedious procedure and involves signifi-
cant user expertise and involvement. Moreover, many of these
algorithms involve the use of gradient based methods, which for
some architectures are unable to learn long term temporal
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dependencies as the errors flowing back in time either decay
exponentially or blow up [10].

More recent works on RNN training have focused on
simultaneous structure and parameter learning using derivative
free direct optimization methods in an attempt to automate the
training process to a larger extent. These methods also have a
higher probability of finding the global optimum of the error
function and can overcome to a certain degree the problem of
error decay/blow up in RNNs since they do not depend on the
derivatives. Different methods such as evolutionary algorithms
[1,5], particle swarm optimization (PSO) and their hybrids [2]
have been used to solve the optimization problem. The objective
function to be minimized could just be the training error or it
could be a combination of the training error and a measure of the
complexity of the network for simultaneous structure and
parameter learning. It is also possible to make use of multi-
objective optimization achieve tradeoffs between network com-
plexity and accuracy [3]. Although the results from these works
indicate that direct optimization using derivative free methods is
superior to gradient based methods for training RNNs, the
computational cost of these algorithms can prove to be prohibi-
tive for large problems. This is because the increase in the
dimension of the optimization problem is at least proportional to
the square of the number of hidden nodes and this not only
increases the computational cost of the direct optimization based
methods but could also result in decreasing their robustness to
network initialization.

Constructive methods, especially those based on least squares
methods, have enjoyed a lot of success in determining the
structure and parameters of feed-forward networks in a compu-
tationally efficient manner. After some initial attempts to extend
this for recurrent neural networks [6,7,14], this approach has not
been gaining a lot of attention as of late, with the focus having
shifted to the use of direct optimization of the entire network. The
main reason for this is that unlike static neural networks, the
addition of a node to the hidden layer of an RNN alters the outputs
of all the previously added nodes and hence the optimization of
the parameters of the additional node still requires the con-
sideration of its effect on the entire network. However, the
number of parameters to optimize during the constructive
procedure increases only linearly with the number of hidden
nodes and hence this approach has considerable promise for
finding fast and efficient solutions to the problem of automated
RNN training from data. In this paper, a novel constructive
procedure is proposed for simultaneous structure and parameter
training of RNNs using a combination of particle swarm
optimization (PSO) [12] for optimization during the constructive
phase with intermittent training of the entire network parameters
using covariance matrix adaptation based evolutionary strategies
(CMA-ES) [8]. Moreover, a specialized parameterization of the
network parameters, which makes use of the singular value
decomposition (SVD), is used to ensure certain stability condi-
tions throughout the training procedure.

Section 2 presents the network architecture, structure and
parameterization considered in this work. Section 3 presents the
hybrid optimization based structure and parameter learning
procedure. Results from the application of the proposed algorithm
to problems in time series prediction and dynamic system
modeling are presented in Section 4, while the conclusions and
scope for future work are given in Section 5.

2. RNN architecture and paramterization

The first issue to be addressed is the choice of a suitable
architecture for the constructive procedure. As mentioned earlier,

this involves the choice of the nature of connections allowed and
the type of nodes used. In this section, a suitable architecture is
derived based on its sufficiency to represent any dynamic system
that can be represented in the state space form. The RNN can be
represented in the state space form with all the measured
variables (including the measured states of the original system)
as outputs and the hidden node activations as the states. Assume
that the discrete state space equation representing the system is

xkþ1 ¼ f ðxk,ukÞ

yk ¼ hðxkÞ ð1Þ

where xkARn is the state vector, ykARp is the output vector, ukARm

is the input vector and f(xk,uk) is the non-linear plant model and
h(xk) is the non-linear observation equation. Using the capability
of feed forward networks with a single hidden layer with
sigmoidal hidden units to represent any Lipschitz continuous
function to an arbitrary degree of accuracy, the functions f and h

may be replaced by equivalent feed forward networks given in (2)
where s denotes the sigmoid function.

f ðxk,ukÞ ¼ VfsðWf xkþBf ukþhf Þ

hðxkÞ ¼VhsðWhxkþhhÞ ð2Þ

In order to relate (2) to the structure of an RNN, use the
following substitution:

Zx
k ¼Wf xkþBf ukþhf

Zy
k ¼Whxkþhh ð3Þ

Combining (2) and (3) the expressions given in (4) and (5) may
be obtained for the evolution of the newly defined states.

Zx
kþ1 ¼Wf xkþ1þBf ukþ1þhf

¼Wf f ðxk,ukÞþBf ukþ1þhf

¼Wf VfsðWf xkþBf ukþhf Þ
� �

þBf ukþ1þhf

¼Wf VfsðZx
kÞþBf ukþ1þhf ð4Þ

Similarly,

Zy
kþ1 ¼Whxkþ1þhh

¼Whf ðxk,ukÞþBhukþ1þhh

¼Wh VhsðWhxkþBhukþhhÞ
� �

þBhukþ1þhh

¼WhVhsðZx
kÞþBhukþ1þhh ð5Þ

Using (2)–(5) the following augmented state space system
may be obtained and shown to be equivalent to the state space
system (1):

Zx
kþ1 ¼Wf Vfs Zx

k

� �
þBf ukþ1þhf

Zy
kþ1 ¼WhVfsðZx

kÞþBhukþ1þhh

ykþ1 ¼VhsðZ
y
kþ1Þ ð6Þ

Now, let Zk ¼
Zx

k

Zy
k

" #
, W¼

Wf Vf 0

WhVf 0

" #
, V¼ 0 Vh

� �
, B¼

Bf

Bh

" #

andh¼
hf

hh

" #
. Then equations in (6) may be represented com-

pactly as shown in (7). Although it is possible to reduce the
number of parameters during optimization by considering
the exact structure of W and V, for the sake of simplicity, it is
assumed that W and V are full matrices. Note that this means that
we are considering a more flexible structure than the minimal
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requirement and any resulting additional computational cost may
be offset by this flexibility. Anyway this does not change the
scaling of the algorithm as the number of parameters to optimize
with each additional node would remain linear in terms of the
number of hidden nodes in both the cases. A graphical representa-
tion of the resulting RNN architecture is shown in Fig. 1.

Zkþ1 ¼WsðZkÞþBukþ1þh

ykþ1 ¼VsðZkþ1Þ ð7Þ

Assuming that s(x) is given by tanh(x), which has a maximum
slope of 1, it may be shown using the contraction mapping
theorem [21] that the discrete dynamic system given by (7) is
globally asymptotically stable if :W:o1 [21]. Here, :W: denotes
the induced matrix norm or the spectral norm. For further
analysis, only the dynamic part of (7), given by Zkþ1 ¼WsðZkÞ, is
considered as the inputs do not interact with the states Zk and
hence do not affect the stability of the system but can only change
the equilibrium point.

The contraction mapping theorem states that a mapping,
gðZÞ : Bn

a-Bn
a , where Bn

a is a n-dimensional ball of radius a centered
about the origin (i.e., ZABn

a ) :Z:ra) has a unique fixed point in
Bn

a if the function g satisfies the following two conditions:

� There is a constant Go1, such that :gðZ1Þ�gðZ2Þ:rG:Z1�Z2Þ:
for Z1ABn

a ,Z2ABn
a .

� :gð0Þ:r ð1�GÞa

Further, the sequence Zk + 1¼g(Zk) can be shown to converge to
this fixed point. For the case of the RNN, gðZÞ ¼WsðZÞ. It is easy to
see that if s(x) is assumed to be tanh(x), then g(0)¼0, thus
satisfying condition 2 for any Go1 and all a. Moreover, by
definition, this is a fixed point of the mapping gðZÞ : Bn

a-Bn
a . Now,

if the assumption :W:o1 holds (the spectral norm is used here),
then it can be shown that the first condition also holds with
G¼ :W: as given below:

:gðZ1Þ�gðZ2Þ:¼ :WsðZ1Þ�WsðZ2Þ:

r:W::sðZ1Þ�sðZ2Þ:

r:W::Z1�Z2:

¼ G:Z1�Z2:

The above inequality makes use of the fact that
:sðZ1Þ�sðZ2Þ:r:Z1�Z2:, which is based on the assumption that
the slope of the sigmoid function is less than one and hence the

inequality holds element-wise and also for the entire vector. More-
over, the above two conditions are met in any ball of radius a and
hence they hold globally. Therefore, the RNN is globally asymptoti-
cally stable with fixed point at Z¼0 (assuming zero input) if :W:o1.

3. Constructive structure and parameter learning

In this section, a constructive algorithm for learning the
structure (number of hidden nodes) and parameters of an RNN
given by (7) is presented. A novel parameterization of the network
weight parameters, especially matrix W, is proposed in this
section. This parameterization allows the imposition of bounds on
the singular values of W and thus ensures stability of the network
throughout the constructive training process.

Structure learning in the proposed constructive method is
straight-forward and involves the successive addition of neurons
or hidden nodes until the training error drops below a pre-
specified limit or the maximum specified number of nodes have
been added. It is assumed that after (l�1) neurons have been
added to the hidden layer using the constructive procedure, the
parameters Wl�1,Bl�1,hl�1 and Vl�1 are available. It should be
noted that from now on, only the structure in (7), where the

matrices W, B, h and V have distinct roles, is used and the
subscript l denotes the number of hidden nodes and should not be
confused with the subscripts f and h used earlier. In order to add
the lth neuron to the network, it is further assumed that

Wl ¼
Wl�1 w2

wT
1 w3

" #
, Bl ¼

Bl�1

b

� 	
, hl ¼

hl�1

t

� 	
, i.e., the sub-matrices

of Wl, Bl and yl corresponding to the previously added hidden

nodes are assumed to be fixed. The parameters w1ARl�1,

w2ARl�1, w3AR, bARm and tAR are then learnt by using particle
swarm optimization (PSO) with the network prediction error as
the objective function to be minimized.

Particle swarm optimization (PSO) belongs to the class of
population based, stochastic, iterative, optimization techniques and
was inspired by social behavior of bird flocking or fish schooling as
opposed to evolutionary strategies, which were inspired by Darwin’s
theory of evolution. In PSO, the system is initialized with a population
of random solutions, called particles and the algorithm searches for
optima by flying these particles through the problem space by
making use of the current knowledge of optimum locations. In its
simplest form, the position of each particle is iteratively updated by
following two ‘‘best’’ values. The first one is the best solution the
particle has achieved so far and the second one is the best value,
obtained so far by any particle in the population. A randomly
weighted combination of the vectors pointing towards these ‘‘best’’
values is then used to update the particle’s location in a manner that
incorporates both exploration and optimum seeking behavior [12].

In order to calculate the prediction error of the network, the
matrix Vl is learnt using a least squares technique. First, the
dynamics of the hidden node can be simulated for the entire time for
which the training input data are available using the first equation of
(7) with Wl, Bl and yl as the network parameters. Let Zl be a matrix
with the so-obtained values of s(Zk) arranged along the kth row,
where k denotes the time index. Further let Y denote the matrix
obtained by arranging the yk values along the kth row. Then, Vl is
determined by the least squares solution to the problem Yl ¼ ZlV

T
l .

This is easily done using the pseudo-inverse of Zl and is given by

Vl ¼ ðZ
T
l ZlÞ

�1ZT
l Yl

h iT
ð8Þ

Therefore, for given Wl, Bl and yl it is straight-forward to obtain
Vl. And once Vl is estimated, it is possible to obtain the predicted

y

V

�k+1

�(�k+1)

�(�k)uk+1 1

w
B

z-1

�

k+1

Fig. 1. Proposed structure for the recurrent neural network.
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network outputs using this estimate in the second part of (7).
Therefore, given the network parameters with l�1 nodes and a
candidate solution for the parameters w1ARl�1, w2ARl�1, w3AR,
bARm and tAR, it is possible to predict the output of a network
with l nodes. Therefore, PSO is used to optimize a (2l+m�1)
dimensional problem to determine ðw1,w2,w3,b,tÞ. Unlike in the
case of static neural networks, where the number of parameters
to be optimized remains constant, the number of parameters to be
optimized as each hidden node is added increase linearly for an
RNN. This is in accordance with the assumption that more
complex dynamics are added to the system for each additional
hidden neuron. The objective function is calculated by normal-
izing the prediction error of the network by comparing it to a
dummy model, which estimates the output at the previous time
instant to be the output at the next time instant as shown in (9).
In (9), the subscript o is used to represent the outputs, p is the
total number of outputs and Vo

l corresponds to the oth row of Vl.

E¼

PN
k ¼ 1

Pp
o ¼ 1 yo

k�Vo
l sðZkÞ

� �2

PN
k ¼ 1

Pp
o ¼ 1 yo

k�yo
k�1

� �2
ð9Þ

While the above parameterization seems the most straight-
forward, it offers no control over the stability of the RNN as the
constructive procedure continues. This can pose a real problem to the
constructive procedure, as during the initial stages there is a tendency
for the network to use large values of parameters that make the
system unstable but still provides a better approximation to finite
length trajectories in the training data. With the simple parameter-
ization of Wl in terms of Wl�1, proposed previously, once Wl�1

becomes unstable (i.e., its maximum singular value becomes greater
than 1), there is no solution for ðw1,w2,w3Þ that can stabilize Wl. This
can lead to very poor results for the constructive procedure with the
error stagnating at a very high value since the system cannot be
stabilized. Therefore, instead of this simple parameterization, another
parameterization of Wl is proposed here. Let Wl�1 ¼U1

l�1Sl�1ðU
2
l�1Þ

T

be the singular value decomposition of Wl�1, where U1
l�1 is an

orthogonal matrix of left eigen-vectors, U2
l�1 is an orthogonal matrix

of right eigen-vectors and Sl�1 is a diagonal matrix of singular values.
The matrices U1

l , Sl and U2
l are derived from U1

l�1, Sl�1 and U2
l�1 using

a (2l�2) dimensional parameter vector given by ðu1,s,u2Þ, where
u1ARl�1, sAR and u2ARl�1. The matrix U1

l is then derived as the
orthogonal matrix obtained by using a QR decomposition of the

augmented matrix
U1

l�1

u1

" #
. U2

l is obtained from U2
l�1 and u2 in a

similar fashion, Sl is obtained from Sl�1 by adding s as the last

diagonal term and finally Wl may be obtained usingWl ¼U1
l SlðU

2
l Þ

T .

In this case, it may be noted that although the dimension of the
parameter space being searched remains the same (2l+m�1), it is
possible that all the entries of Wl are different compared to Wl�1. The
main advantage of this parameterization is that it is easy to ensure
stability of the RNN by using a simple box constraint on s during each
stage to restrict it to a range between zero and one. PSO is still used to
optimize this problem and once Wl is computed, the rest of the
procedure to calculate the objective function remains the same as
before. PSO is used for this problem as it is easy to implement and has
relatively few parameters to tune. Moreover, it has been observed to
converge to the vicinity of the global solution quickly.

Finally, although the constructive method provides a computa-
tional advantage by exploiting the trained parameters of smaller
networks and adding the best possible node at each stage in a
sequential manner, it is necessary to realize that this greedy approach
can lead convergence to a ‘‘local minimum’’ and thus lead to
stagnation in training error as more nodes are added. Therefore, it
is important to allow optimization of the entire network parameters

during such stagnations in the learning process to allow the algorithm
to escape from such local minima. During the constructive procedure,
if the drop in error after the addition of two nodes is less than 10%, the
last two nodes are deleted from the network and the parameters of
the entire network are then optimized using CMA-ES starting from
the parameters determined by the constructive procedure.

CMA-ES also belongs to the class of population-based, stochastic,
iterative optimization methods and is typically applicable to
unconstrained or bounded constraint non-linear optimization pro-
blems in the continuous domain. The covariance matrix adaptation
(CMA) is a method to update the covariance matrix of a multivariate
normal mutation distribution in the evolution strategy. New
candidate solutions are sampled according to the mutation distribu-
tion and the covariance matrix describes the pairwise dependencies
between the variables in the distribution. Adaptation of the
covariance matrix amounts to learning a second order model of the
underlying objective function similar to the approximation of
the inverse Hessian matrix in the quasi-Newton method in classical
optimization. Hence it is expected to be faster than other population
based techniques when the search is conducted close to the optimal
solution. The CMA-ES also has several desirable invariance properties
(i.e., its performance is unchanged) such as invariance to strictly
monotonic transformations of the objective function value and
invariance to affine transformations of the search space. The CMA-
ES is used for this procedure, because unlike many other direct
optimization methods, it is known to be computationally efficient and
comparable to second order gradient search techniques for local
search [8]. Moreover, it makes good use of the initialization to
perform a local search around the initial point if the step size is
chosen sufficiently small. It is expected that the constructive
procedure gives a good starting point and the optimization of the
entire network from this point using CMA-ES should enable the
algorithm to find a near optimal solution. The final constructive
algorithm is as given below:

Algorithm 1.
Required Inputs: (1) Measured inputs and outputs of the system
2) Target training error or maximum number of nodes.

Initialization: Set the number of nodes (l) to zero. W0¼[],B0¼[],

y0¼0 and V0¼[]

Do

l¼ l+1

P¼[u1s u2 b t] //Non-linear parameter set to be optimized
Find the optimal P using PSO which optimizes (9) with
Wl,Bl,hl obtained from Wl�1,Bl�1,hl�1 and P.
Find Vl using least squares method for the optimal
Wl�1,Bl�1,hl�1.
Find the prediction error for this model.
If (drop in prediction error over the last two nodes o10%)

Roll back the network to its state two nodes ago
l¼ l�2
If the entire network has not been optimized with l nodes

Optimize entire network parameters using CMA-ES
Else

return;
End If

End If
If (l4Max. no. of nodes or prediction erroroallowed error)
return;

End Do

Both PSO and CMA-ES optimize the same problem-type and
hence the decision to use both of them is further clarified here.
The PSO was chosen for the constructive phase because of its
robustness to parameter initialization and fast convergence
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properties. This is consistent with the expectation that no good
guess is available for the parameters of a newly added node and
that a quick estimation of the value of node addition is required
during the constructive phase. CMA-ES was chosen for the global
optimization phase because of its ability to perform good local
search for badly conditioned objective functions (the error surface
for recurrent neural networks is expected to have deep and
narrow ravines) and also because it is able to exploit information
about the good starting point provided by the constructive
training process. Thus the two algorithms are expected to
complement each others’ strengths and weaknesses to make the
overall learning algorithm more robust and efficient.

Finally we provide some discussion about the use of such a
constructive procedure to approximate the dynamics of unstable
systems. Since the constructive procedure forces the RNN to be
stable at all times, trying to approximate an unstable system with
such a strategy may not give very good results. On the other hand,
while RNNs are capable of modeling the dynamics of any system,
one of the major problems encountered when trying to model
unstable systems using unstable RNNs is the fact that the
simulated dynamics would be dependent on the assumed initial
conditions of the RNN (which are chosen randomly). Therefore,
during training the parameters of the RNN have a very
high tendency to overfit the training data using the randomly
chosen initial conditions. A good method to overcome this
problem is to augment the input vector with the outputs at the

previous time instant, i.e., umod
k ¼

uk

yk�1

" #
. In this case, we could

consider the structure of the RNN to approximate a non-linear
observer for the dynamic system, and this can be assumed to be
stable even though the original system itself is not.

4. Results

Both the examples considered in this section are MIMO non-
linear processes represented in the state space form. The
experiments were repeated ten times each and the final results
(variation of training and testing RMSE values with the number of
nodes) were almost identical for each run of the proposed method
indicating a certain degree of robustness of the learning
algorithm. Hence only the results from a single typical run are
presented for each example in this section. The performance of
the constructive RNN training procedure is compared against the
use of constructive procedure for static systems with delayed
inputs and outputs (non-linear ARMA models represented by
radial basis function networks or RBFNs designed using OLSGA)
[13]. While the OLSGA has the capability to automatically
determine the optimal number of hidden nodes to use in an
RBFN, it is not capable of selecting the best inputs or delay terms.
In the two synthetic examples given below, since the exact model
structure is known, the optimal number of input and output delay
terms, as determined from the structure of the state space
equations, were used for modeling purposes to obtain the best
possible results for OLSGA. It should however be noted that, in
practice this information is not available and could result in
degraded performance for the OLSGA. At the very least it would
add significantly to the amount of manual intervention required
in model building. The results seem to indicate that the RNN
model can achieve comparable accuracy. Although the prediction
accuracies are comparable, the RNN model has the following
advantages:

(1) It does not require tuning or selection of the delay terms for
the inputs and outputs.

(2) It actually learns the dynamics of the system, which makes it
useful for long term prediction. This is useful in applications
like model predictive control and prognostics.

For more details about the experimental settings (such as the
optimization parameter settings and so on) and results on
additional datasets, the reader is referred to the supplementary
material presented with this paper.

Example 1. The dynamics of the system considered in this
example is given by

x1ðkþ1Þ ¼ 0:5
x1ðkÞ

ð1þx2
2ðkÞÞ

þu1ðkÞ

" #

x2ðkþ1Þ ¼ 0:5
x1ðkÞx2ðkÞ

ð1þx2
2ðkÞÞ

þu2ðkÞ

" #

yðkÞ ¼
1 0

0 1

� 	
xðkÞ ð10Þ

The training data were generated by using swept sine waves as

inputs to the system. 600 data points were used for training. The

test data included data generated using swept sine waves with

frequencies outside the range used for training as well as step

inputs. 2000 data points were used for testing. The data for RNN

training was split into 3 batches to make the RNN robust to initial

conditions. The optimal delays were used for training the RBFN,

i.e., y(k) and u(k) were used as inputs to predict y(k+1). A

comparison of the actual and predicted outputs using RNN and

RBFN are given in Figs. 2 and 3, respectively. The variation in

training and testing errors versus the number of nodes added to

the network is given in Fig. 4 for the two cases. During training, it

was observed that global optimization was performed for the first

time after the addition of the 9th node. It can be seen from Fig. 4

that although this reduced the training error, it resulted in an

increase in the testing error indicating overfitting. Thus, for this

example, it appears that the constructive procedure itself (say

with 8 nodes) was sufficient to do an excellent job of modeling the

process.
The fact that the test RMSE for both the methods is so close,

inspite of the fact that the RNN makes use of only the inputs at the
current time step to predict the next output value indicates that
the RNN has learnt the dynamics of the system effectively and is a
good model for model predictive control and prognostics. In both
the cases, it can be seen that the model tends to overfit the

Fig. 2. Comparison of actual and predicted output values for Example 1 during

testing using RNN (Output 1 RMSE: 0.0661, Output 2 RMSE: 0.0640).
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training data as more nodes are added to the network, but
the effect of overfitting seems to be significantly mitigated for
the RNN.

Example 2. The dynamics of the system considered in this
example is given by

x1ðkþ1Þ ¼ 0:5tanhðx1ðkÞx3ðkÞÞþ 2þ
1:5x1ðkÞu1ðkÞ

1þx2
1ðkÞu

2
1ðkÞ

" #
u1ðkÞþx4ðkÞ

x2ðkþ1Þ ¼ 3þtanhð2x1ðkÞÞ
� �

u2ðkÞ

x3ðkþ1Þ ¼ x2ðkÞ 1þtanhð4x2ðkÞÞ
� �

þ
x1ðkÞ

1þx2
1ðkÞ

" #

x4ðkþ1Þ ¼ 0:1x1ðkÞþ
2x1ðkÞ

1þx2
1ðkÞ

" #
u2ðkÞ

yðkÞ ¼ x1ðkÞ x2ðkÞ x3ðkÞ
h i

ð11Þ

Almost the same training and testing conditions were used as in

Example 1. The training data were generated by using swept sine

waves as inputs to the system. 600 data points were used for

training. The test data included data generated using swept sine

waves with frequencies outside the range used for training as well

as step inputs. 2000 data points were used for testing. The data for

RNN training were split into 3 batches to make the RNN robust to

initial conditions. Considering the structure of the state space

model, y(k), y(k�1), u(k) and u(k�1) were used for training the

RBFN. A comparison of the actual and predicted outputs using

RNN and RBFN is given in Figs. 5 and 6, respectively. The variation

in training and testing errors versus the number of nodes added to

the network is given in Fig. 7 for the two cases. Again, it can be

seen from Fig. 7, by the additional drop in training error for the

RNN that global optimization was performed after the addition of

the 8th node. Unlike the previous example, here the global

optimization helps overcome the stagnation of the training

process and results in a decrease in both training and testing

error thus indicating the learning of a better model. Thus, this

example demonstrates the advantage of using global optimization

when the constructive procedure stagnates.
The exact same conclusions regarding the modeling capabil-

ities as well as the robustness to overfitting can be drawn

Fig. 3. Comparison of actual and predicted output values for Example 1 during

testing using RBFN (Output 1 RMSE: 0.0624, Output 2 RMSE: 0.0540).

Fig. 4. Training and testing error versus number of nodes for RNN and RBFN.

Fig. 5. Comparison of actual and predicted values for Example 2 during testing

using RNN (Output 1 RMSE: 0.1508, Output 2 RMSE: 0.1308, Output 3 RMSE:

0.0840).

Fig. 6. Comparison of actual and predicted values for Example 2 during testing

using RBFN (Output 1 RMSE: 0.1073, Output 2 RMSE: 0.0812, Output 3 RMSE:

0.1548).
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regarding the RNN model. Therefore, the architecture and
parameterization proposed for recurrent neural networks are
sufficient to capture the dynamics of the MIMO processes
considered in the examples. The specialized parameterization of
the matrix W allows the algorithm to ensure stability of the
resultant RNN throughout the constructive process and this in
turn helps ensure that the resulting training error decreases
monotonically throughout the training process. The results
presented highlight the capabilities of the proposed algorithm
to automatically determine the structure (number of hidden
nodes) as well as the optimal parameters of the RNN.

5. Conclusions

This work presented a sufficient architecture and parameter-
ization for recurrent neural networks to capture the dynamics of
any process that can be represented in the state space form.
A novel constructive method for RNNs with this architecture and
parameterization was presented using a hybrid optimization
strategy, which makes use of PSO for the constructive phase and
CMA-ES for overall tuning of the entire network. The results
presented highlight the capabilities of the proposed algorithm to
automatically determine the structure (number of hidden nodes)
as well as the optimal parameters of the RNN. Although, the
algorithm worked well in the experiments presented, it is possible
that the constructive method could over-estimate the number of
hidden nodes required. Hence, future work will concentrate on
developing a suitable pruning method, which can be used in
conjunction with the algorithm presented here for determining an
optimal structure for RNNs.

The constructive method proposed in this paper achieves a few
important objectives, which make it a viable candidate for
automated structure and parameter learning in Elman-type
recurrent neural networks. It achieves a good tradeoff between
computational complexity, difficulty of optimization (combina-
torial optimization versus continuous optimization) and model
performance. The method reduces computational complexity by
optimizing for only a few parameters at a time and performing
parameter optimization for the entire model only when neces-
sary. Moreover, the effective use of least-squares technique to
learn the parameters of the output layer further reduces the
number of parameters optimized by PSO/CMA-ES. It avoids
combinatorial optimization by using constructive learning for
structure identification. The experimental results seem to indicate
that the performance of the models trained using this method is
excellent. Specialized parameterization of the matrix W allows

the algorithm to ensure stability of the resulting RNN throughout
the constructive process and this in turn helps ensure that the
resulting training error decreases monotonically throughout
the training process. This also allows the user to specify either
the exact value or a range of the singular values of the matrix W,
which determines the dynamics of the system. Moreover, multi-
ple runs of the method during the experiments gave very similar
results during training and testing indicating that the method is
robust to initializations and thus avoids the need to train multiple
times. The method also seems to be robust to overfitting as
indicated by the fact that the testing error does not increase
significantly with the addition of redundant nodes to the network.
Overall, the proposed method is particularly suited for small to
medium scale problems, especially for modeling discrete-time
continuous state dynamic systems.

Appendix A. Supplementary materials

Supplementary data associated with this article can be found
in the online version at doi:10.1016/j.neucom.2010.05.012.
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