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1. Introduction

Fuzzy controllers are constructed based on heuristic rules and “expert knowledge” derived from physical systems. Early fuzzy control
papers did not provide mathematical stability analysis or proofs of the control systems (Sala, 2013). However, the stability of a fuzzy
control system is very important in the controller design process to guarantee desired performance and safety in the plant operations.

The applications of the small gain theorem (Jiang et al., 2010; Yang, 2005) and the passivity theory (Xu and Shin, 2005) in fuzzy control
systems show great advantages compared to other stability methods. These stability theories do not require an exact mathematical
representation of the plant and, therefore, they can be applied to nonlinear systems with unknown mathematical models. With the small
gain theorem, Chen and Ying (1993) demonstrated how the parameters of a proportional-integral (PI) fuzzy controller could be chosen to
ensure the input-output stability of a nonlinear system. However, the stability criteria developed are only limited to a certain type of fuzzy
controllers with two input and three output membership functions. Since Chen and Ying (1993) divided the stability problem according to
the locations of the error and the time rate of change of the error with respect to zero, the complexity of the problem would exponentially
increase if the number of input and output membership functions increases. In the current work, the stability analysis is conducted based
on the location of the error and the time rate of change of the error with respect to the activated membership functions. The results,
therefore, can be applied to fuzzy controllers with any number of input and output membership-functions.

Since mathematical models for nonlinear systems cannot always be easily obtained, fuzzy basis function network (FBFN) models were
adopted in many applications (Chiang et al., 2012; Lee and Shin, 2001; Leng et al., 2005) to represent the relationship between the inputs
and outputs of the systems. With a set of input and output data, Wang and Mendel (1992) showed that any nonlinear system can be
approximated by an FBFN model. However, controllers implemented with FBFN models are still limited, owing to a lack of stability
analysis. Due to the nonlinearity characteristics of the FBFN, the small gain theorem is the most appropriate approach to finding the
stability region in this case. Therefore, obtaining the dynamic gain from an FBFN model is the first step towards achieving the stability
condition for nonlinear fuzzy control systems.
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In many applications where heuristic information for designing a fuzzy controller is not sufficient, the parameters of a fuzzy controller
can be computed offline by using input and output data (Chen et al., 2009; Lin and Xu, 2006; Mingzhi et al., 2009). Ying (1994) introduced
a method for obtaining the parameters of a PI fuzzy controller by tuning a linear PI controller. However, the global stability of the control
system could not be guaranteed, since Ying's method only showed local stability around the equilibrium points, nor could it determine the
size of the region of local stability. When there are disturbances and time-varying parameters, online adaptation of control parameters
based on data gathered in real-time would be more effective. Li and Tong (2003) proposed a hybrid control system, which consists of a
state observer, an adaptive fuzzy mechanism, an H* control and a sliding mode control. Boubakir et al. (2011) used a different approach to
tune the parameters of a proportional-integral-derivative (PID) controller for multi-input multi-output (MIMO) dynamic systems by
minimizing the error between an ideal controller and the PID controller. However, the controllers developed by both Li and Tong (2003)
and Boubakir et al. (2011) can only be applied to a certain class of nonlinear dynamic systems where the input is represented by a linear
term in the system's mathematical model. Pellegrinetti and Bentsman (1996) offer an example of nonlinear systems that cannot be
represented in this form. Furthermore, stability conditions for the controllers presented in these papers must be calculated based on the
upper bounds of the model functions. These values are difficult to obtain in many cases where the system models are unknown. In the
current work, since an FBFN is used as a representation of nonlinear systems, the stability condition depends only on the dynamic gain
that can be computed directly from the FBFN's parameters.

Different studies have been conducted to improve the performance of fuzzy controllers. Haj-Ali and Ying (2004) and Arya (2007) have
analyzed the structures of PI fuzzy controllers and found the effects of nonlinear and asymmetrical input sets on the performance of the
controllers. Chen and Ying (1993) and Haj-Ali and Ying (2004) demonstrated that fuzzy PI and PID controllers could be treated as
nonlinear PI and PID controllers. Mudi and Pal (1999) presented a method to tune the output-scaling factors of fuzzy controllers by using
the error and the time rate of change of the error signals. However, this method is based only on an intuitive analysis of the desired
performances to keep the system stable; no mathematical stability analysis was provided in their work. In Woo et al. (2000), a PID fuzzy
controller was proposed with self-tuning algorithms for both input and output scaling factors, but lacked a systematic stability analysis.
The multilevel fuzzy controller (MLFC) system was proposed by Xu and Shin (2005), wherein the controller has an adaptive mechanism
designed to tune the output membership functions based on the system outputs. Although the MLFC has been successfully utilized in
different applications (Davis et al., 2011; Ngo and Shin, 2012), the controller still has some limits when dealing with time-variant systems
such as sectorial restrictions on membership functions.

The current work proposes a novel method to estimate the dynamic gain of a nonlinear system and discusses the design process for a
new MLFC with an adaptive mechanism for the output scaling factor. The design can improve the transient performance of control systems
while eliminating the need for initial parameter tuning. The stability analysis is conducted based on the small gain theorem and uses the
dynamic gain of the nonlinear system to provide the maximum bound of the MLFC's output scaling factor for system stability.

2. Dynamic gain estimation of nonlinear dynamic systems modeled by FBFNs

The stability analysis of a nonlinear fuzzy control system based on the small gain theorem requires an estimation of the dynamic gain of
the plant. Two methods are provided in this section to calculate the gain of an FBFN system. In the first method, the dynamic gain can be
approximated by finding the maximum of the norm values of the locally linearized systems. This method provides an effective technique
for FBFN models with a large number of fuzzy rules, since the estimation can be done based on experimental data. The second method
provides an analytical computation technique of the dynamic gain based on a non-smooth optimal control problem. To simplify
mathematical analysis, only nonlinear systems with single input and single output (SISO) are considered in this paper. However, the
technique can be easily expanded to MIMO systems by applying the same procedure for each individual input and output pair.

2.1. Local linear model of a nonlinear systems represented by FBFNs

This subsection provides a method for obtaining the local linear model of a nonlinear system from its FBFN model. For a SISO nonlinear
system, an FBFN model can be constructed from the input and output data through a set ofl fuzzy rules, where the ith rule R' is described
as following:

R': If u(k—1)=A} AND u(k—2) =Ab AND ...AND u(k—m) =A. AND

y(k—1) =B\ AND y(k—2) =B}, ---AND y(k—n) =B/, %))
then y(k) = b’

where u(k) is the input and y(k) denotes the output of the nonlinear system at time instance k, m and n represent the system orders of the
input and the output,

A;...An and By ...B, are fuzzy membership sets, and

b represents a singleton function of the output.

Assume that the output of the FBFN model at initial condition is zero, by using singleton fuzzification, product inference and centroid
defuzzification methods, the FBFN model can be represented by the following state space equations:

x(k) =f(x(k—1),u(k—1))
y(k) =c"x(k) )
where

x(k) = [y(k), .. y(k—n+1)]", uck) = [uck), ...,utk—m+1)|", x(©) =10, 0, ...,0]", 3)
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fx(k—1),u(k—1))
k—1
fx(k—1),u(k—1)) = y(: ) , ¢=[1,0,...0" 4)
y(k—n+1)

The nonlinear mapping f : uc R™,x c R" -y Cc R in Eq. (4) is described through the fuzzification process as follows:

_i( {[H iy Tk tun} {H o Ik~ ryn})

faw=— . (5)

‘Zl ({ IT ﬂAl [u(k—tw)] } { I1 ﬂB’ (kty)]}>

1= ty =
where Hai [uk—t,)] and u AL [y(k—ty)] are input and output membership functions represented by:

12
1|uk—t,)—m! 1 |uk—ty)—m
/‘A’ [utk—tw)] = eXp{ [%} } ,u,q’ y(k—ty)]= eXp{ -5 [%] } (6)
tu Ly

mi and o! are real-valued parameters that represent the center and width of each Gaussian MF; t, = 1... m and t, = 1...n are the numbers of
delay terms of the system input and output, respectively; and [ is the number of the FBFN's rules.
When the states of the system are around a certain trajectory described by Xy and ug:

Xo(k—1)= [yok—1),....,yotk—n)], wgk—1)= [ugk—1),...,ug(k—m)]
Xo(k) = f(Xo(k— 1), ug(k—1)), Xo(0)=[0, 0, ...,0]" (7
the time-varying linear model of the nonlinear system respresented by Eq. (2) can be obtained as follows:
x(k) =f(Xo(k—1),ug(k— 1))+ AXo(k— 1), ug(k— 1)) [x(k— 1) —Xo(k—1)]
+B(Xo(k—1), ug(k—1)) [u(k— 1) —ug(k—1)]

y(k) = cx(k) (8)
where
a a ... ap b] b2 e bm
o 1 .. O o 1 .. O T
AXo,up) = | | > BXo,uwp)= | | , X(0)=[0, 0, ...,0] 9)
o o0 .. 1 o o0 .. 1

The matrices A and B are constructed from the linearizing coefficients a, and by, (ty =1..n and t, = 1... m), which can be calculated by
the following formulas (Xu and Shin, 2011):

i{ [H [k~ r@]} {H g, vtk m]] [M”

i= = y = (o} )
a, :ﬁ{w _ _i=1 rl ¢ i o,
) H I #y [“(k—fu)]}'{ IT my D’(k—fy)]H
X=Xp,U=1Ug i=1 ty=1 =19
BIAR: m n y(k—ty)—c
_Zl{b{tnlﬂ,ﬁu [u(k_fu)]] { I1 ”B‘ [}’(k—ty)]}} { > {{ 1:[ Hai [u(k—tu)]} { UI”BL [y(k_ty)]} {(aly)zﬂ }}
. , o oS . (10)
(£[{ ot} { 1 s}
and
Lz n k—ty
) {b{ 1 sy, [u(k—ru)}H T 1y [y(k—m]} {u}}
by, =2 _ =1 =1 " y=17% o)
tu = Ju(k—ty) = 1

2 |:{tﬁlﬂ’qiu [u(k—tu)] }-{[ﬁ{uBgy [y(k—ty)}

X=Xp,U=1Ug i=1

1 i m n 1 m n u(k_tu)—ci
_Zl{b[ HluA;u [u<1<_tu)]H Hlﬂggy [y(lc_ty)]”-{_zj{{ H#‘Aiu [u(k—tu)]} { I1 py, [y(k— ry)]} {WH}
i= ty = ty = i= ty = ty—z i (]])
{il thm Mkfuﬂ} {fn o V=) }] }

By changing the variables, Eq. (8) becomes
X (k) = A(Xo, up)X (k— 1) +B(Xo, up)it(k— 1)
(k) = c"x (k) (12)
where X(k) = x(k) —Xo(k), (k) = u(k) —uqg(k), y(k) = y(k) —yo(k), X(0)=0.

+



4 P.D. Ngo, Y.C. Shin / Engineering Applications of Artificial Intelligence 42 (2015) 1-15

Since an FBFN is a nonlinear system, the following theorem (Nikolaou and Manousiouthakis, 1989) was used in this work to calculate
the dynamic gain:

LetN :ue L;Te —ye LZE be an unbiased operator and Ly, be its linearization around the trajectory ug. Let W be a convex subset of LI’,". The
notations LZ and Lge are defined as the finite p-norm (Banach) space and the extended Banach space, given by:

Ly = {x:10,00)=R" : [IXllp < o0} L} = {x:10,00)=R" : xr€L} for all T>0} (13)

where the truncated signal xr is defined as follows:
x(t) ift<T

0 ift>T’ (14

X7 t->Xx7p(t) = {

Then, the dynamic gain of N can be calculated from the maximum value of the gains of its linearization L (Nikolaou and Manousiouthakis,
1989):

(IN(u)) —N)ll,

INllpw= sup —————=——=sup||Lyllp, PE[l, 0] (15)
U],UZGW ”ul _u2”13 ugeWw
u;#uy

Based on the obtained models, two methods to estimate the L, gain and L., gain of FBFN systems are provided in the next subsections.
2.2. L, gain estimation of nonlinear systems represented by FBFN models

It has been proven by Schaft (1992) that, if the local linear model of a nonlinear system has its L, gains less than a constant y, then the
local L, gain of the nonlinear system will also be less than y. Since the L, gain of a linear system is also its Hoo norm, the L, gain of the FBFN
can be approximated by finding the maximum of the Hoo norm values of all locally linearized systems:

INll2w = sup ||Lu, llHeo (16)
ueW

The local linear systems L,, are provided in the form of state space equations as given in Eq. (8). Fast computing techniques such as
Bruinsma and Steinbuch (1990) can be used to calculate the values of their H,, norm.

2.3. L. gain estimation of nonlinear systems represented by FBFN models

This subsection provides an analytical computation of the L., gain for discrete nonlinear systems and FBFN models. This work is an
expansion of Nikolaou and Manousiouthakis' (1987) techniques, which is only applied to continuous nonlinear systems. In Theorem 1, the
L., gain of an FBFN is proven to be the solution of a non-smooth optimal control problem, which can be solved numerically by using the
non-smooth Newton's method (Gerdts, 2008).

Theorem 1. (Dynamic infinity gain of FBFN systems):

The dynamic infinity gain of a nonlinear system represented by an FBFN model, which is described by Eq. (2), over a convex set
W £ {uel,, : |lu(k)|| <5} can be found by solving the following non-smooth optimal control problem:

[INllaww = sup | — inf

k
ke(0,00) WelW

-1
Y —licT@k, 1+ 1DBJ|; 17)
0

under the dynamic constraints:
D(k+1,1) =Ad(k, )

@ : (0, 0) x [0, c0)=R™", d(k, k) =1 (18)
where A and B are the coefficient matrices given in Eq. (9). ||-||; represents any induced norm.
Proof: For a system represented by Eq. (12), the unique solution can be found as follows (Dahleh and Verghese, 2011):
k-1
(k) = D(k, 0)%(0)+ > _P(k, I+ 1)BDa()
=0
y(k) = c"x(k), (19)
where the state transition matrix d(k, [) relates the state at time k to the state at an earlier time [:
X (k) = Dk, hx(l) (20)
and has the following properties:
Dk, k) =1
X (k) = Dk, 0)X(0)
Dk+1,1) = Ak Dk, I) (21)

From Egs. (2) and (19), the output of the system can be calculated from its solution:

k-1
yo=">" "Dk, I+ 1B (22)
[=0
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Eq. (22) can be rewritten as follows:

k-1
=" G (23)
i=o
where G(k) = cT®(k, [+ 1)B(]). It has been proven by Desoer and Vidyasagar (1975) that, if a time-varying linear system has the responses
as provided in Eq. (23), then its L., gain is given as follows:

k=1
Ll = sup > IGR)ll; 24)
€0, -0
where ||G;(k)||; is any induced norm of G;(k).
By using Egs. (15) and (24), the infinity gain of the nonlinear system represented by an FBFN model becomes the solution of the
following non-smooth optimal control problem:

k-1 k—1
INllow = SUD ||Lyylleo = SUpP | SUD ||CT‘I)(]<>I+1)B(I)||i:| = sup [— inf Y —|icT@k, 1+ 1)BU)||; (25)
upew upeW | ke(0,00) 1 =0 ke(0,00) weW | Ty

3. Design a stable MLFC with an adaptive output scaling factor

In this section, the novel MLFC with an adaptive output scaling factor (AMLFC) is proposed with three layers. The first layer acts as a
conventional fuzzy controller while the second and third layers are used to tune the output scaling factor of the first layer.

Fig. 1 describes an implementation of a nonlinear fuzzy control system. The summation symbol represents the integration operation,
which effectively makes the controller a PI-type fuzzy controller. The plant is a general nonlinear dynamic system as in the form of Eq. (2).
The control effort u(k) that drives the plant can be computed as follows:

u(k) =u(k—1)+TAu(k)
u(k) = Koyeti(k) (26)

where Au(k) is the output of the first layer and K, is the output scaling factor, which can be adjusted by the second and third layers.
As shown in Fig. 2, the first layer fuzzy mechanism uses two input signals, which are the error e(k) and the time rate of change of error
r(k):

e(k)y—e(k—1)
T

e(k) = Yrer () —y(k), 1(k) = (27)

where y,.r(k) is the referenced signal, T is the sampling time, and k is the sampling instance. The scaling factors K. and K, of the input
signals are adopted to normalize the values of e(k) and r(k) :

e(k) = Kee(k), T(k)=K,r(k) (28)

Each input of the first layer has 2n+ 1 membership-functions. The membership functions of the error and the time rate of change of the
error are denoted by E; and R; (Fig. 3), while the membership functions of the output are denoted by Uj (Fig. 4), with
i=-n,—n+1,...,n—1,nand j= —m, —m+1,...,m—1, m. Since the inputs are normalized into the range [—1, 1], the distance L between
two adjacent membership functions is 1/n.

The fuzzy rules to calculate the controller output Au(k) are presented in linguistic form as follows:

Rule (i,j) : IF eis E; AND T is R; THEN Au is Uj; (29)

where Uj; is the output membership function corresponding to the input membership functions E; and R;. The rule base of the first layer
(Table 1) is similar to the conventional PI fuzzy controller and can be regarded as a human expert who makes the decision for control effort
based on the input signals. In Table 1 (Xu and Shin, 2005), the entries near the center position, where the output signal is near the set
point, always have smaller values. A small control effort provides a fast convergence rate and reduces the overshoot when the signal is
near the set points. As the signal moves away from the set point, the control effort increases in order to reduce the transient time. It should
also be noted that the rule-base table is symmetric about the set point.

The second layer (Fig. 2) uses the error and the time rate of change of the error signals to adjust the output scaling factor of the first
layer to reduce the rise time and suppress the oscillation of the system output. In this layer, the change in output scaling factor AK,(k) is
computed by using the following fuzzy rules:

Rule (i,j) : If € is E; and T is R; then AKq(k) is Dy (30)

Vref + e

s ’ u y
» ity — > — Ko Plant —T>
. Controller Au

Fig. 1. The closed-loop fuzzy control system.



6 P.D. Ngo, Y.C. Shin / Engineering Applications of Artificial Intelligence 42 (2015) 1-15

a
e(k) -
g First Layer Z . % u(k)
N r(k) FLC Autk) > P
Y —//T —» K, — P ——>
e(k-1) : .
——> Second Layer +
Gain Adaptive >
L 3 Mechanism i
&(k)
> K, Third Layer Gain
Adaptive
+ Mechanism
——> —»1/T —»K,
etk-1)
Fig. 2. AMLEFC controller.
a
Eu E~n< !
-1
-nL (-n+1)L (-n+2)L  -2L -L 0 L 2L .in-Z)L (n-1)L  nL
b

AL (n+DL ()L 2L L 0 L 2L (2L (-DL  nL

Fig. 3. Input membership functions (a) Error, (b) Time rate of change of error.

U, U, U U,
-1 1 u(k)
L (m+)L (mi2)L 2L i, 0 L 2L m2L  (m-HL mL

Fig. 4. Output membership functions.

where D,, is the linguistic value of AK,(k). The rule base for the second layer (Table 2) was developed based on the fuzzy rule base
designed by Mudi and Pal (1999). However, while Mudi and Pal's objective was to determine the value of the scaling factor based on the
error and the time rate of change of the error signal, the rule base in this paper is designed for the calculation of the necessary change in
the output scaling factor. As shown in Table 2, if there is a large error in the output signal while the output is moving away from the
reference signal (é—1, -1 or e—» —1, 7— —1 ), the scaling factor is increased (D,—0.5) so that the rise and settling time can be
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reduced. When the system output is moving into the reference signal (-7 < 0) or the error and the time rate of change of the error are
very small (e—~0, 7—0), the scaling factor is reduced (D, — —0.5) to suppress the amount of overshoot. This rule base is not unique and
modifications may be made in accordance with desired system responses.

In order to achieve the desired system performances such as rise time, settling time, and percent overshoot, the designer can specify a
reference model for the adaptation process. The objective of the third layer is to make the output of the closed-loop system approach that
of the reference model. This layer uses the performance error ¢ and the time rate of change of the performance error ¢ between the output
of the control system and the reference model to tune the output scaling factor:

et =yallo—ylhy, el = W=D 31)

where y, is the desired output of the reference model. The performance error and the time rate of change of performance error signals
have membership functions similar to those of the output error and the time rate of change of the error (Fig. 3).

Since the output error e(k) and the time rate of change of the error signal r(k) always exist whenever there is a change in command
signals, the performance errors e(k) and é(k) are used instead of the output error signals. This way, the adaptation by the third layer can be
minimized when the system output has approached the reference model output. The rule base of the first layer (Table 1) is applied in the
third layer since they have similar functional objectives. Similarly to the first layer, the Mamdani fuzzy inference mechanism is also
applied in the third layer to compute the output scaling factor updating value AKg(k) by the following fuzzy rules:

Rule (i,j) : If € is E; and € is R; then AK4(k) is D (32)

where Dy is the linguistic value of AKp(k), € and € are the normalized values of the performance error, and the time rate of change of the
performance error by the same scaling factors as e(k) and r(k):

ek) =Kee(k), €ék)=Ké(k) (33)

With the addition of the second and third layers, the output scaling factor of the first layer can be calculated by using the following
formula:

Koue(k) = min (Kou[(k — 1)+ adKq (k) +BAK 4(k), 1<max) (34)

Table 1
Rule base of the first and third layer fuzzy controllers.

Time rate of change of the error

-1.0 -0.8 -0.6 —-04 -0.2 0.0 0.2 0.4 0.6 0.8 1.0

-1.0 1.00 1.00 1.00 1.00 1.00 1.00 0.80 0.60 0.30 0.10 0.00
-0.8 1.00 1.00 1.00 1.00 1.00 0.80 0.60 0.30 0.10 0.00 -0.10
—-0.6 1.00 1.00 1.00 1.00 0.80 0.60 0.30 0.10 0.00 -0.10 —-0.30
-04 1.00 1.00 1.00 0.80 0.60 0.30 0.10 0.00 —0.10 —0.30 —0.60
-0.2 1.00 1.00 0.80 0.60 0.30 0.11 0.00 -0.10 -0.30 —0.60 —0.80
Error 0.0 1.00 0.80 0.60 0.30 0.10 0.00 —-0.10 —-0.30 —0.60 —0.80 —-1.00
0.2 0.80 0.60 0.30 0.10 0.00 —0.10 —0.31 —0.60 —0.80 —1.00 —-1.00
04 0.60 0.30 0.10 0.00 -0.10 —0.30 —0.60 —0.80 —1.00 —1.00 —1.00
0.6 0.30 0.10 0.00 -0.10 -0.30 —0.60 -0.80 -1.00 —1.00 —1.00 —1.00
0.8 0.10 0.00 -0.10 —-0.30 -0.60 —0.80 -1.00 —1.00 —1.00 —1.00 —1.00
1.0 0.00 —0.10 —0.30 —0.60 —0.80 —1.00 —1.00 —1.00 —1.00 —1.00 —1.00

Table 2
Fuzzy rule base for computation of D, (second layer).

Time rate of change of the error

-1 -0.7 -0.3 0 0.3 0.7 1

-1 0.5 0.5 0.5 0.3 0.1 -01 -03
-0.8 0.5 0.5 0.3 0.1 —0.1 -03 -05
-0.6 0.5 0.3 0.1 -01 -03 -0.5 -05
-04 03 0.1 -01 -03 -05 -05 —-0.5
—0.2 0.1 -0.1 -0.3 -04 -0.5 -05 -05
Error 0 -0.5 —-0.5 —-0.5 -05 -0.5 -0.5 -0.5
0.2 -0.5 -05 -0.5 -04 -03 -0.1 0.1
0.4 -0.5 —-0.5 -0.5 -03 -0.1 0.1 0.3
0.6 -05 —-0.5 -03 -01 0.1 0.3 0.5
0.8 -0.5 -0.5 —01 0.1 0.3 0.5 0.5

1 -03 -0.1 0.1 0.3 0.5 0.5 0.5
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where a and f are the adaptation rates of the second layer and the third layer, respectively. The minimum function in Eq. (34) ensures that

the output scaling factorK,,; does not exceed the maximum value Knyax at which the control system remains stable:

Kmax = __t (35)
T 2(KeT+K)IN [ pw

where ||N||,w is the p-gain of the nonlinear plant as defined in Eq. (15). The derivation of Knax and the stability analysis of the fuzzy control

systems are presented in the next section.

4. Stability condition for FBFN-based PI fuzzy control systems

By utilizing the small gain theorem, an approach similar to that proposed by Chen and Ying (1993) is used in the current work to obtain
the stability condition for the fuzzy control systems. However, the stability problem in Chen and Ying (1993) was divided by the locations
of the error and the time rate of change of the error with respect to zero. Hence, the upper bounds of the fuzzy controller have different
values whenever the error or the time rate of change of the error moves from one membership function to the other. The stability analysis
cannot be easily extended since the complexity of the problem will grow significantly when the numbers of input and output membership
functions are increased. Therefore, only fuzzy controllers with two input and three output membership functions were analyzed by Chen
and Ying (1993). In this work, the stability problem is divided by the locations of the error and the time rate of change of the error with
respect to the activated membership functions, as shown in Fig. 5 and Table 3. Since the upper bounds of the fuzzy controller have been
found to have similar values in each location, the results can be generalized for fuzzy controllers with large numbers of input and output
membership functions.

The conditions of the error and the time rate of change of error relative to the activated membership functions for case 1 (Fig. 6) are given by:

L(p+%) <E<L(p+1)ANDL<q+%> <F<L(@+1)AND E—L<p+%> <F—L<q+%> (36)
a b
A El? E/Hl Rp Rpajl
HE : Hr

Fig. 5. Locations of the error and the time rate of change of the error in relation to the activated membership functions.

Table 3
Conditions of error and rate of change in error.

Case Conditions of the error and the time rate of change of the error

3 <T 3
L(p+1) <€ <L(p+1)ANDL(q+1) <F<L(p+1) AND e~ L(p-+}) > F~L(q-+3)

e
Lp<e<L(p+1)ANDL(q+3) <7<L@+1)AND L(p+1)—e
L(p+1) <e<L(p+1)AND Lq <7 <L(q+1}) ANDe—L(p+1)
L(p+4) <e<L(p+1)AND Lq <7 <L(q+}) ANDe—L(p+1)
Lp<e<L(p+4) ANDLg<T<L(q+%) ANDe—Lp<T—Lq
Ip<e<L(p+1) ANDLg<T<L(q+}) ANDe—Lp>T—Lq

0N U R WN =




P.D. Ngo, Y.C. Shin / Engineering Applications of Artificial Intelligence 42 (2015) 1-15 9

By assuming that E,, E, ;. 1, Rg, and Ry, 1 are four non-zero input membership functions of the error and the time rate of change of the error, the
membership values can be found as follows:

Lip+1)—Kee Ke.e—Lp
Ep = L > HEpoy =7 L G7)
Lg+1)—K;r K.r—Lg
Ry = L ’ Rig+1) = L (38)
The premises H;; (i=p,p+1 andj=gq,q+1) of the four activated rules for case 1 are calculated by using the minimum operations:
. Lg+1)—K,r
Hing = min (pg, (€) i, (1)) = i (1) = "+ DK (39)
. Lg+1)—K,r
Hpi1q= mm(/‘sw1 (e)’ﬂRq(r)) = g, (N = % (40)

, Lp+1)—K,
Hpq 1= min(ug, @) pg, (1) = g, (©) :% 41)

. Kee—L
Hpi1g41= mlIl(MEwl(e),MRqH(r)) =M, (@)= 2 I P (42)

The change in control output Au(k) can be calculated by using singleton fuzzification, minimum inference, and centroid defuzzification
methods:

YU min {,AEI, @, (F)] SUiHig . .
Au(k) =" =sg— (=pp+landj=q.q+1)
ij

I_ijin |:I‘Ei (E)al‘Ej(T)}
Upql(@+1)—Kir Upi14Ll(@+1)—Kir Upgi1l(p+1)—Kee Upi1g41Kee—Lp
+ T + T +

(43)

L(q+1L)—Krr+L(q+1L)—KrT+L(p+12—Ke€+Ke€L—Lp
_ ~Ypag+1 +Up+],q+ll<ee+ —Up,q—Up+1,qur+qLUp,q+Up+1,q+pLUp’q+1 —Up+1,q+] +LUp,q+Up+1’q+Up,q+1
2qL+3L—-2K,r

By repeating the same procedure for all other cases, the change in control output Au(k) can be formulated into the following form:
GeKe€+ngrT+C (44)

where the parameters G, G, C and D are given in Tables 4 and 5.
From here, the stability condition for nonlinear PI fuzzy control systems can be stated as follows:

Au(k) =

Theorem 2. The sufficient conditions for the nonlinear PI fuzzy control system shown in Fig. 1 to be input-and-output stable are as follows:

1. The nonlinear process has a finite p-gain: [IN||,w <
2. The maximum output scaling factor of the PI fuzzy controller satisfies the following condition:

L
2K T+K:(INllpw

Proof: First, a closed-loop system is constructed in such a way that it is mathematically equivalent to the fuzzy control system shown in
Fig. 1. The equivalent system includes two nonlinear processes connected in a feedback loop (Fig. 7), S; and S, which are defined as
follows:

Kout SKmax = (45)

GeKe +tKr)e (k) — Stkrek — 1)+ C
Su(en(k)) = TAu(k) = TPl e

Sa(ez(k)) = N(u(k)) = N(Kouce2(k)) (46)
a b
‘uE A EI’ Ep +1 #R A R‘[ R‘l +1
luRLIA 1 /\
#l"-l" 1
Mg, /
4
U,
é r
- L >~
Lp éky L(p+1) L(p+2) Lq F(k) L{g+1) L(g+2)

Fig. 6. Locations of the error and the time rate of change of the error in Case 1.
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Table 4
Values of G, G, and D.

Case Ge G, D
1 —Upgr1+Upi1gin ~Upg=Upi1g 2qL+3L—2K,r
2 —Up,q—Upqu 7Up+1,q+Up+1‘q+1 2Llp+3L—-2K.e
3 —Upgs1+Upi1get —Upg—Upi1g 2qL+3L—2K,r
4 Upr1g+Upi1got —Upg+Upgit 2Kee+L—2Lp
5 —Upg+Upiig Upg+1+Uprige 2K,r—2qL+L
6 —Upg—Upgi1 —Upi1q+Upsrgin 2Lp+3L—2K.e
7 Upr1g+Upsrget —Upg+Upgin 2Kee+L—2Lp
8 —Upg+Uprig Upgi1+Uptig+1 2K, r—2qL+L
Table 5
Values of C.
Case C
1 qL(Upg+Upr1q) +PL(Upgs1=Ups1g+1) +L(Upg+Ups14+Upg+1)
2 4L(Up+1q=Ups1g+1) +PL(Upg+Upgs1) +L(Upg+Ups14+Upgs1)
3 qL(Upg+Ups1q) +PL(Upgs1—=Upi1gs1) +L(Upg+Upr1g+Upgi1)
4 qL(Upg—Upg+1) +PL(=Upt1q—Upi1g+1) +LUpg
5 GL(=Upg+1=Ups1g+1) +PL(Upg—Ups1q) +LUpg
6 qL(Ups19—Upr1g+1) +PL(Upg—Upgs1) +L(Upg+Upr1g+Upgi1)
7 qL(Upg—Upg+1) +PL(Ups1q—Ups1g+1) +LUpg
8 GL(—=Upg+1=Ups1g+1) +PL(Upg—Ups1q) +1LUpg
u 4 g N
—_— > S,
+v+
< S — —
Vs e, u,

Fig. 7. An equivalent closed-loop control system.

where N(u(k)) is the nonlinear operator that represents the plant. The inputs of the equivalent closed-loop system are u; and u;:

Tk—1)
KOU[

uq (k) :yref(k): Uz(k) =

From the schematic diagram in Fig. 7, the values of e;(k) and e, (k) can be found as follows:

eq(k) = uy(k)—Sa(ex(k)) = yq(k) — N(u(k)) = e(k)
uk—1) uck)
Kout B Kout -
In Case 1, since K,r < L(g+1), the following inequalities can be obtained:
D=2qL+3L—2K,r>L>0

ez(k) =Sq(e1(k)) +ua(k) = TAu(k)+ u(k)

and
G/K,
T
TICl+G:Kr||e(k—1)|
T

G/Kr
T

e(k—1)+C < |GeKe +

e(k—1)+C

G/K G/K
<G8K9+ ’T’>e(k)— rTr

< T|GeK. |7:“ \GrKr\|

le1(l)| + ' -

e1(k)|+

As the output membership functions U;; are bounded by [—1, 1], the following were used:

|=Upgs1+Upr1ge1] < |Upgr1|+[Upsrgsr| <2

|Upg—Up1q| <|Upg|+|Ups14| <2

(47)

(48)

(49)

(50

(€3]

(52)

From the definition of Sy(e;(k)) in Eq. (46), the values of G, and G, for case 1 in Table 4, and the inequalities in Eq. (50), (51), and (52),

the upper bound of S;(e;(k)) can be computed as follows:

(GeKe +55) e (k) — Ckre(k— 1)+ C _ TIGeKe| +|GK; |

Si@d)=T 2qL+ 3L—2K,r L

le1 ()| +

TICl+G:Kr||e(k—1)]
L
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_ TK9| —Up,q+1 +Up+1.q+1 | +Kr|Up’q—
N L

UP+1,Q}|e1(k)| +T|C| + |SrKr|Me

2(K.T+K T|C|+ |G/ K 1M
< 2R o, g 4 HTHIEMMe ey o]+, (53)
where M, is the maximum magnitude of the error signal M, = sup|e(k)|, and
k>0
71 :z(Kei"'Kr)’ 1:T|C|+|err|Me (54)
Similarly, the upper bound of S,(e;(k)) can be obtained by using the properties of norm operations as follows:
Sa(e2(k)) = N(Kout2(k)) < Kout INIlpw |e2(K)| = 75| €2 (k)] (55)

where |[N||,w is the gain of the nonlinear operator N(-) defined in Eq. (15) and y, = Kou|IN|lpw-
From Eq. (54) and the fact that the operator S; can be considered as a time-varying linear system, the gain of the operator S; becomes:

1S11lpw =71, (56)

which is a finite number. By applying the small gain theorem to the feedback system in Fig. 7, the requirements for the fuzzy closed-loop
system to be stable input-output are obtained as follows:

72 = Kout INllpw < oo and yy, < 1 (57)

Because Koy < 0o, by substituting y; and y, found above into Eq. (57), the stability requirements become:

2(K.T+Ky)
L

INllpw <oo and Kout|INIlpw <1 (58)

Repeating the same procedure will also yield the same results for the remaining cases. Therefore, the maximum output scaling factor of
the fuzzy controller is as follows:

L
Ko = ST K N T 69

Theorem 2. provides a systematic stability condition for controlling nonlinear systems by using PI fuzzy controllers. The proposed stability
condition is a simple design practice since it only requires the output scaling-factor of a PI fuzzy controller to be bounded. For future
works, the stability theory can be extended into PID fuzzy control systems by utilizing the structural analysis of the PID controller
proposed by Haj-Ali and Ying (2004, 2003).

5. Simulation Results

Performance comparisons between the AMLFC and the robust adaptive fuzzy controller (RAFC) proposed by Wu et al. (2013) are
presented in this section. MATLAB/SIMULINK simulations were conducted on a three-dimensional tower crane system (Wu et al., 2013).
The control variables of the tower crane system are the tower motor voltage My (V) and the trolley motor voltage Mg(V):

uq =M(9, Uy = Mg (60)
Four outputs of the system are the distance between the trolley and the tower x,, the slew angle of the tower 6,, the deflection angles «
and f of the payload in the Y-Z, and the X-Z plane.

By using X11 = Xp, X12 =Xp, X21 =, X22 =, X31 =01, X33 = 0., X41 = a, X4p = & as the state variables, the equations of motion of the tower
crane system are given by (Wu et al.,, 2013):

X12 = Kmylly —MegX21 + My (D11 (E—71)+d4

Kmx Mg g  KmXaillp mMrgxixg

X = U ——2Xp1 — X1 — hy(t)xp1(t— d
2= - X1 X 14+M,22, 1+er%1+ 2(Dx21(t—72)+d>

Kinrty +MrgX11Xa1
X3y =———— = — "+ h3(t)x31(t—73)+d
32 1+ M2, 3(Ox31(E—73)+d3
(Kinrlp +MrgX11X41)X21  8Xa1  (Kinrlp +MrgX11X41)X11
X4y = > == > +ha(t)xa1(t—T4)+dy (61)
14+M;x1, L 1+M;x%,
Table 6
Parameters of the tower crane system (Wu et al., 2013).
Parameter Notation Value
Payload length L 0.1m
Mass of trolley M 0.465 kg
Mass of payload m 0.125 kg
Payload mass relative to J, my 0.142 kg
Trolley mass relative to J, M, 0.53 kg
Motor equivalent moment of inertia Jo 0.877 kg m?
Acceleration gain for trolley servo Kmx 0.9 m/s?

Acceleration gain for tower servo Knr 3.33 rad/s*V
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where 7; =0.2s, 7, =0.1s, 73 =0.15s, 74 = 0.1s are time-delay constants, m; = m/M, hq(t), q=1...4 are time-varying functions:

hy =h3=0.01 sin(t), hy; =hs=0.01 cos(t) (62)
The disturbances d4, d», d3, and d4 are functions of time:

d; =d3 =0.1 sin(t)exp(—0.2t), dy=ds=0.1 cos(t)exp(—0.2t) (63)

Other system parameters can be found in Table 6.
With the following simple feedback gains to stabilize the plant:

K=[k11 ki ka1 kon k31 ksy ks k42]:[1 10011 —-10 -10], (64)
the equations of the system then become:

X12 = Kinn(§1 —k1X11 — kaX12) — M gXp1 4+ i (DX11(E—71) +dy

) Ky mg g KinrX41($5 — k31X31 —k3pX32 — ka1X41 — Ka2X42)
X0 =—(81 — kX117 — koXx12) ——=X21 —SX21 —
2="7 (€1 —k1x11 —kaX12) [ 21— 1M,
mrgxllxzzu h
- Ox1(t—7 d
1+ M2, +ha(Ox21(t—72) +d>
. K —k31X31 — K32X32 — k41X41 — Ka2X42) + M 8X11X.
K3y = mr(§5 —k31X31 —k32X32 —kar 241 42X42) + 11 8X11 44 B (%31 (E—T3) -+ ds
1+M;xi,
isy — Kmr(Ca —k31X31 —K32X37 — Ka1Xa1 —KapXaz) + mergxiXa o1 8Xar  (Kinrlia + 1My 8X11Xa1)X11
“ 1+Mx2, L 1+ Mx2,
+ha(t)X41(t—74)+dy (65)

where {; and ¢, are new system inputs. Since the inputs and outputs of the system are uncoupled, the feedback system can be divided
into two independent subsystems: y; = N1(y;) and y, = Na(y5).

By using least square methods and genetic algorithms (Lee and Shin, 2003), the training of the FBFNs was conducted on MATLAB. Fig. 8
shows the non-dimensional error indices (NDEI) during the training process. Two FBFN models with 61 and 26 hidden nodes were
obtained to approximate the first and the second process, respectively:

Rulei (uy—y;): Rulei (u;—y,):
fuj(k—1)=Al, .., ui(k—6)=Als  Ifup(k—1)=A}, ..., uj(k—3)=Aj,
yitk=1) =B\, ... y;(k=6)=Bls *  yy(k—1)=B},, ..., yy(k—3)=B); "~

then y, (k) = bg then y, (k) = b"2

From the obtained FBFNs, linearized models of the systems at different operating conditions were calculated by Eq. (9). Their Hoo
norms can then be found by using the non-smooth Newton's method (Gerdts, 2008) and are given in Fig. 9 for all the training data sets.

0 10 20 30 40 50 60 70

Number of Fuzzy Rules

~ 1}

™

i

Z 05

5]

8 S N

0 5 10 15 20 25

Number of Fuzzy Rules

Fig. 8. NDEI during FBFN training of the tower crane system.
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Fig. 9. Hoo norm of the tower crane's local systems.
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The L,-gains of the FBFNs were estimated by taking the maximum values of the linearized models' Hoo norms:
(IN1llaw =0.1,  [IN2]law = 0.04 (66)

where ||Nq |low and ||N; |lw denote the L,-gains of the first process (y; —y; ), and the second process (y, —y,) respectively; W represents the
input space W £ {u e R}.

The reference signals for the trolley translational position and the jib angular position are 0.06 m, respectively. Two AMLFCs were used
to control the two subsystems. The scaling factors for three layers of each fuzzy controller were selected as follows:

Key =6, Ky =01, Ko =30, Ke1 =30, Koyerginitiany =3, @1 =0.01, ;=2 (67)
Ko =1, Kp=0.1, K =01, Ki3 =30, Koueagnitiay =1, @2 =0.001, f,=0.01 (68)

By using the stability criteria proposed in Section 4, the maximum output scaling-factor of the AMLFCs can be calculated as follows:
L 0.2

Kmax 1 = S T K TN o — 206001 +0.0):0.1 ~ O (69)
L 0.2
Kinax 2 = 2K.T+ K/ INallow _ 2(1-0.01+0.1)-0.04 227 (70)

Fig. 10 shows the responses of the tower crane system controlled by the AMLFC versus the RAFC. It shows that both the outputs of the
tower crane controlled by the AMLFC achieve steady state values in approximately five seconds, which is much faster compared with those

0.08

y, (m)

uy, V)
[—)
8
P
P
B
3
i3
]

-1

0.5
s 0 s
= .05 rll. I

1 i ; i ; i
0 5 10 15 20 25 30
Time(s)

Fig. 10. System response comparison between the AMLFC (solid) and RAFC (dash).

4
32 M
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0 5 10 15 20 25 30
1.1
a}
g —
0.9 : i ; : :
0 5 10 15 20 25 30

Fig. 11. Output scaling factor of the AMLFCs during control of the tower crane system.
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controlled by the RAFC. There is also significantly less oscillation with the AMLFC due to the adaptation of the output scaling factors as
shown in Fig. 11, even though the control efforts of the AMLFC are smoother than the control efforts of the RAFC. The overshoots of both
outputs of the AMLFC control system are less than ten percents. The adaptation also makes the output responses of the AMLFC follow the
desired reference trajectory very closely.

6. Conclusion

A new technique to estimate the dynamic gains of nonlinear systems was presented based on the parameters of the FBFN. Two
methods were provided to calculate the L, gain and L., gain of FBFN systems by finding the maximum norm value of the local systems and
by solving the non-smooth optimal control problem respectively. Based on the proposed methods, an adaptive multilevel fuzzy controller
(AMFLC) was proposed with a mechanism to tune the output scaling factor. The first layer of the AMFLC acts as a conventional fuzzy
controller, while the second and third layers are used to tune the output scaling factor of the controller by using a fuzzy rule base.
Furthermore, a new stability analysis was derived for a nonlinear PI fuzzy control system by using small gain theorem. From the proposed
stability analysis, the only design parameter that is needed for a stable fuzzy control system is the maximum output scaling factor of the
fuzzy controller. Simulations conducted on a tower crane system provided the superior performance of the proposed AMLFC over the
RAFC. With the self-tuning ability of the AMLFC output scaling factor, the control systems stayed within the stable condition. The
simulation results showed that the responses of the AMLFC produced a better output transient performance in terms of oscillation and
settling time, while the control efforts of the AMLFC were smoother than the control efforts of the RAFC.
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