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Problem Statement 
• Design of a coil spring system with least material (minimum volume) 

 
• Design variables: 

• x1: D, the winding diameter, continuous variable 
• d1: N, the number of spring coils, integer, 1,2,3,….. 
• d2: d, the wire diameter, which can only take the following 42 values: 
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Problem Statement 
• Constraints: maximum shear strength, maximum free length, maximum deflection 

under preload, deflection from preload to maximum load, etc. 
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Initial population 
of size μ

Recombination

Mutation

Check for constraints

Evaluate the 
offspring

Choose the  μ 
best individuals 

Repeat until certain number of generations is reached

Discard if violating constraints

Optimal solution
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• The original evolutionary  strategy was developed for optimization 
problems with continuous variables. 

• How could we handle continuous variables (x1), integer variables (d1) 
and discrete variables (d2) simultaneously? 

• Extended (μ, λ) ES: 
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• Each individual consists not only of the design variables x and d, but also 
of the control vectors ξ and s, which controls the step size of mutation.  
 

• Continuous Variables: 
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N(0,1) is a normally distributed random variable with expectation 0 and standard deviation 1 
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• Discrete Variables and Integer Variables: 
• Map the discrete values to integer indices {1,2,…nj} 
• The integer variable d1 is mapped to itself 
• The mutation operation is based on the integer index 

 Recombination Mutation 

 
 
 
 
 
 
 
 
 
P{zj=k} is the possibility for zj to take the value of k.  
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MATLAB Program 
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• function [best,mean_cost,min_cost] = ExtendedES(lambda, miu, generations,xlim,dlim,D) 
% lambda: offspring population  
% miu: parent population  
% generations: number of generations 
% xlim: a nx by 2 matrix containing the limit of continuous variables 
% dlim: a nd by 2 matrix containing the limit of discrete variables 
% D: ceil array of the indexed values of the discrete variables 

• For the coil compression spring design problem 
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Optimization Results 
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My results 
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Optimization Results 
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Discussion 
• By enumerative searching with x1 resolution of 0.0001, the solution 

{Spring diameter: 1.1092; Number of springs: 9; Wire diameter: 0.2630; 
Min f = 2.0823} is verified as the global optimal solution. 

• The enumerative searching takes about 800s (CPU i5-4570R 2.7GHz) 
• The extended ES optimization takes about 4.7s 
• With (μ, λ) =(150,1000), we can always get the above optimal solution. 

Decreasing the population sizes, for example (μ, λ) =(15,100), will 
make the optimization result less consistent. 

• As the population converges to the best solution very fast, increasing 
the number of generations offers less benefits. 
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Conclusion 
• The extended evolutionary strategy is computational efficient and can 

handle continuous variables, integer variables and discrete variables. 
• In extended ES, the discrete variables are mapped to integer indices, 

and the mutation operation is based on these integer indices. 
• The optimization result is sensitive to the population size. A set of 

sufficient large population sizes need to be used so that the 
optimization result is consistent and close to the optimal solution. 
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