7.13 Eulerian Angles

» Rotational degrees of freedom for a rigid
body - three rotations.

* If one were to use Lagrange’s equations to
derive the equations for rotational motion
- one needs three generalized coordinates.

* Nine direction cosines with six constraints
given by [IT'[1]1=[1] are a possible
choice. That will need the six constraint
relations to be carried along in the
formulation. Not the most convenient.




* One could use the angular velocity
components o, ,®,,w, to define the
rotational kinetic energy There do not exist
three variables which specify the orientation
of the body and whose time derivatives are
the angular velocity components o, , @, , @,

* Need to search for a set of three coordinates
which can define the orientation of a rigid
body at every time instant;



A set of three coordinates - Euler angles.

* many choices exist in the definition of Euler
angles - Aeronautical Engineering (Greenwood’s)
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 Xyz system attached to the rigid body; XYZ
system Is the fixed system attached to ground

« Two systems are initially coincident; a series
of three rotations about the body axes,
performed In a proper sequence, allows one
to reach any desired orientation of the body
(or xyz) w.r.t. XYZ.

 First rotation: a positive rotation y about Z
or z axis = X'y'Z" system

 y - heading angle




Clearly, the
rotation Is
defined by:
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2nd rotation:a
positive rotation

0 about y’ axis
— X’y”’Z2”’system
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» 3rd rotation: a positive rotation ¢ about the
X" axis = xyz system

¢ - bank angle 0<$<2m

Note that Oy” is in
XY plane.

When ¢=n/2 = xy
plane vertical
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The transformation equations in more compact
form can be written as:

r'i=lw iR
r'h=[ofr'}
ri=lglr}
or {ri=[s]olv R}




* Since [y], [0], [¢] are orthogonal, so is the
final matrix [¢][O][w].

{R} = [x]T [H]T [¢]T {r} gives the inverse

transformation.

» Any possible orientation of the body can be
attained by performing the proper
rotations in the given order.

« Important: If the orientation Is such that x-
axis Is vertical - no unique set of values
for v and ¢ can be found.



e, If O = £n/2, the angles y and ¢ are
undefined. However, (y - ¢) Is well defined
when 06 = =©/2 - 1t Is the angle between the X

and z axes. Similarly, (v + ¢) well defined

when 0 = -m/2.

- In such situations, called sinqular, only two
rotational degrees are represented.
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8.2 Angular Velocities in terms of Eulerian
Angles
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These are the relations in angular velocity and
rates of change of Euler angles. 3



7.13 Eulerian Angles

Review:

To define the orientation of a body with
respect to a fixed frame,

o let XYZ be the fixed frame
* |et xyz be the frame attached to the body
* let xyz and XYZ coincide initially
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» Perform a sequence of three rotations in a
specified order about axes fixed to the body

and arrive at the desired (final) position -
angles called Euler angles.

 One possible sequence:
1st rotation: a positive rotation x about z (£)
Iy /=

axis — body axes now X'y Z
v - heading angle.
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2nd rotation: a positive rotation 6 about the y’
" NN

axis — body axes now X'VY'Z.
O - attitude angle

3rd rotation: a positive rotation ¢ about the

X" axis body axes now xyz (final position of
the body). ¢ - bank angle

. cumulatively {r} =[¢][6][w]{R}
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cumulatively
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7.14 Rigid Body Motion in a Plane

The equations of motion for a rigid body are:

1. F=mr_ Translational motion
of the center of mass
M . = E H.+p xmf
2. Mp =g HpFpxMlpy

P = an arbitrary point,
D - position of center of mass relative to P.
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Reading assignment: Examples 7.5 to 7.10.
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