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Homework 2 Solutions

93 points

Problem 2.4.1 (18 points, 3 per part)

Given

. 0%y 1 0%y
Wave equation: — — ———=

=0
Find
By direct substitution, show that each of the following is a solution of the wave equation:
a) fi(x —ct)
b) In[a(ct — x)]
¢) a(ct —x)?
d) cos[a(ct — x)]
Similarly, show that each of the following is not a solution of the wave equation:
e) a(ct —x?)

f) at(ct —x)
Solution
. .. 0%y 10%y
Solution works if -—= — < ——==0

a) y=filx—ct)
2= -t = f'(x - ct)
Z%_atzfl(x Ct)—_[ cfilx —ct)] = (=c)*fi"(x — ct) = c*f{' (x — ct)
=5 (X—Ct)——[ T (x—=c)]=f"(x—ct) —f'"(x—ct) =0

Py _ 1%y _
dx2  c? ot?
|Solution checks|

b) y =In[a(ct — x)]

32732/ = %ln[a(ct —x)] = [a(ct x)] = —— (Ct )t = —(=1)2(ct — x) 2
= —(ct —x)72
T = Eohnla(ct — 0] = 2 [ ] = c 2 (et =07 = (—P) (et =07

= —c?(ct —x)™2

2 2
S L e (et -0 =St ) P = —(ct — )P+ (ct —x) 2 =0

dx2  c? ot?

[Solution checks|
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c) y= a(ct — x)?
a2y ,_ 8 I B
Pyl axz a(ct —x)* = a 2( D(ct —x) = 2a ~(ct—x)=-2a(-1) = 2a
9’y _ 97 N2 _ 3 _
5c2 a2 a(ct —x)* = a-: ZC(ct x) = 2ac (ct x) = 2ac(c) = 2ac?
%y _10%y _ ., 1 2\ — 90— 9y —
Tz gz T A CZ(Zac)—Za 2a =0
[Solution checks|
d) y = cosla(ct — x)]
o’y _ 0% 0] = —ali—si AT = (—g)2f— _
2 = ax ~cos[a(ct — x)] aax{ sin[a(ct — x)]} = (—a)“{—cos[a(ct — x)]}

= —a? cos[a(ct — x)]

‘;% = ;?Cos[a(ct —x)] = ac;—x{— sin[a(ct — x)]} = (ac)*{ cos[a(ct — x)]}
= —(ac?) cos[a(ct — x)]
2y 10ty

=~ 5 = —a’cosla(ct —x)] - Ciz{—(acz) cos[a(ct — x)]}

= —a? cos[a(ct — x)] + a? cos[a(ct —x)] = 0

|Solution checks|

e) y= a(ct— x?)
62

_ 2y =42 - _
o2 6x2 a(ct x) = as ( 2x) = —2a
9%y x2) = 3 _

Froie 6t2 a(ct )= a.c= 0

0%y 1 9%y
————=—2a—c—2(0) =—2a%0

|Solution does not check|

f) y=at(ct—x)
&y _ iat(ct—x) = ati(—l) =0

dx2

92y 92

Pl —at(ct —x) = [a(ct —x) +at(c)] = ac + ac = 2ac
0%y _ 10%

— =2z 0——(2ac)_——¢0

dx2 c? ot?

|Solution does not check|
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Problem 2.8.1 (10 points)

Given

Waveform y = 4 cos(3t — 2x)

Propagates on string of linear density p, = 0.1g/cm
Units: y and x in cm, t in seconds

Find
a) Ac f, Ak
b) u(0,0)
Solution
a) y = Acos(wt —kx) =4cos(3t —2x)
A=4cm
k=2cm™?!
1 1
f=5-w=5-(3rad/s) = 0.477 Hz |f = 0.477 Hz|
w w 3rad/s 3
k=? - c=;=2cm_1=5cm/s |c=1.5 cm/s|
27T 21 21
k=20 2=Z= 2 nem
ady d .
b) u= Fri EA cos(wt — kx) = —wA sin(wt — kx)

1(0,0) = —wA sin(w(0) — k(0)) = —wAsin(0) = 0
[u(0,0) = 0 cm/s]|

Problem 2.8.2 (15 points)

Given
Infinite string (—oo < x < 0) with density p; under tension T
Attached at x = 0 to another infinite string (0 < x < oo) with density 2p; under tension T

| J. Carr

Wave of angular frequency w and amplitude A traveling in the 4+x direction on the first string

leT Y ZerT
_m L X
—oc0 € S @ —> ©
w,A X =

Find
Amplitude of the wave traveling on the second string
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Solution

Original wave: y, (x,t) = Ae/(@t=k%)

Wave reflects at transfer point x = 0

Thus, y, (x,t) = Ael@t=k1x) 4 poi(wt+k,x)

A wave also transfers into the right string: y,(x,t) = C el (wt=kzx)

Displacement continuity BC: y;(0,t) = y,(0,t)
AeJ®t 4 Bel®t = Cel®t

B=C-A

Force balance BC:

y
ayl /I\ /\ J’Z
ox — (small angle) y
— 7 92| _
XF = Tax =0 e x—O_O
21 )

ox x=0 0x x=0

% o —jkiAe®t + jk,Bel®t = —jk;Ael®t + jk;(C — A)el®t = jk,(C — 2A)el®*
% N jowt
o jk,Ce

Substituting: jk,(C — 24)e/®t = —jk,Ce/®t
ki(C —2A) = —k,C

Notethatklzcﬁzw %zw

1
ky(C = 24) = =2k, C

=~

/N

w\/%)=\/7k1

(C —24) = —/2C

C(1+v2)=24

¢ =mph () = 5 = 22—
C‘w- =z(ﬁ—1)A
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Problem 2.9.2 (10 points)

Given
Simple harmonic oscillator with an infinite string extending transversely from the mass
Force applied to the oscillator

x=0

ftT M > o

S Rm

Find
Zmo '
(assume f; = Fel®?)

Solution

fe 1‘ T y

v A 1,
ox

sy ‘l"l’ Ry '

Force balance equation: ¥ F, = f; + Tz—i’| — SYlx=0 = RmYlx=0 = MJ|x=0
x=0

Wave equation: y = Ae/(@t=*) (only travels in +x direction)
ay :iAej(wt—kx) — _jkAej(wt—kx)l — _jkAejwt
x=0 x=0

E x=0 ox
_ Jjlwt—kx) _ Jjwt
y(0,t) = Ae |x=0 = Ae

. _ 9 Jj(wt—kx) _ Jj(wt—kx) — jwt
y(0,t) = 5, Ae |x=0 = jwAe |x=0 = jwAe

32 . . .
+ — j(wt—kx) — 2 ppi(wt—kx) — 2 ppjwt
7(0,8) = 55 Ae |x=0 w?Ae |x=0 w?Ae

Substitute into force balance equation:
Fel®t + T(—jkAe’®t) — s(Ae’®t) — Ry (jwAelt) = m(—w?Ael®t)
F — jkTA — sA — joR,A = —mw?A
F = jkTA + sA + joR,,A — mw?A
Rememberk == , T = p;c?
F=j (%) (pc)A+ sA+ jwR,A— mw?A = Aljw(p.c + Rpy) + (s — mw?)]

F
" jo(pLc+Rp)+(s—mw?)




fi Fel®t  F A1 = F [jcu(ch+Rm)+(s—mcu2)

VA = = - = — = —
mo y(0,t) jwAel®t  jw jw F

= ) (3 am) = e+ o+ (o)

Zmoszc+Rm+j(wm—%)

Problem 2.9.3a (edited) (20 points)

Given
Fixed-fixed string of length L
Driving force Fe/®t located at x = L/4

x=0

g x=L/4
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]= (ch+Rm)+%(i—wm)

=
I
h

ﬁ (l) ]\ft — Fejwt (2)
Find

Input mechanical impedance at x = L/4
(assume uniform T, p;)

Solution
Sector 1: y; (x, t) = Ae/(@t=kX) 4 pei(wt+kx)
Sector 2: y,(x,t) = Cel(@t=kx) 4 peilwt+kx)

Fixed-end boundary condition (BC) at x = 0:
y,(0,t) = Ae/®t + Be/®t =0
B=-A

/4

Substituting, y; (x, t) = Ae/(@t=k*) — gei(@ttkx) = fejwt(g=kx — gJkx) = —2jA sin(kx) e/t

Fixed-end BC at x = L:

y, (L, t) = Cel@t=kL) 4 peilwt+kl) —

Ce JkL = —peJkL

D = _Ce—ijL

Substituting: y, (x, t) = Ce/ @t~k — (Ce=2/kL)gJ(@t+kx)
= Cejwt(e—jkx _ e—ijLejkx)

= Cewte ikL(gikLg=Jkx — g=jkLgjkx)

— Cej(a)t—kL)(ejk(L—x) _ e—jk(L—x))



ME 513

Fall 2017
Daniel J. Carr
= 2jCel @KL gin k(L — x)
Displacement continuity BC at x = L/4:
yl(L/4‘Jt) = yz(L/4,t)
. . kL i _ . i — kL .: L
—2jA sin (T) /Ot =3jCe/Ote= ML sin (L - Z)
. (KL\ _ . _ikL .. (3kL
—Asin (T) = Ce /*"sin (T)
Ce /L = —Asin (%) csc (%)
Substituting into y,: y,(x,t) = —2jA sm( )csc( " )sin k(L — x) e/®t
Force balance BC at x = L/4:
y
ayl /I\ /\ ay
ox 1\ dx x
f
0y1 9y>
FE,=f -T2 T 22 =0
) y fe 0x lx=L/4 0x ly=1/4
(?;1 g [ 2jA sin(kx) ef‘*’t] = —2jkA cos(kx) ej‘“t|x=L = —2jkA cos (k )ef‘"t
% _ 9 3kL . _ jot
o [ 2jA sm( )csc( )sm k(L—x)e ]x=L/4

_ijAsm( )csc( )COSk(L—x)e]wt|

_ijAsm( )csc( )COSk(L—_>e]wt

= 2jkA sm( )Cot( )ejwt
Felwt _ T [ ijAcos( )ejwt] +T[2]kAsm(k )cot( : )ejwt] _o
F+2jkTA cos( ) + 2jkTA sm( )cot (3kL) 0

4
.F + cos (k ) + sin (kL) cot (—3kL) =0
2jkTA 4 4 4

x=L/4

3kL
3kL

4
3kL

4

F _ ¢ (3K o (ke
2jkTAsin(kL/a) . C° (T) —co (T)
A _ F
N ijT sm(kL) [cot(%)+cot(34ﬂ)]
Rememberk == , T = p;c?
F F

202 sin()eot(Frea(TH] T 2o sin()[eor(F) reor()
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Solve for z,,, using either y; or y,
ft ft Felot F

FIOM Y1 Zmo = /20 = Jomw/an — jel-zja Sin(0el@t _, "~ 20Asin(kL/4)
_ F _ 2jw(pLc) sin(%)[cot(%)+cot(37u)] . [ £ (E) 1 cot (ﬂ)]
~ 2wsin(kL/4) F = TJpLefcotiy ot~
ft ft Felwt
From y,: z,0 = = =
Y2- Zmo uz(L/4,t)  jwyz(L/4,t) ja)[—ZjA sin(%) csc(3TkL) sin k(L—x)ef“’t]szM
F F

= = = .-« (remaining steps are same as in y, case
2wA sin(%) csc(iﬂ) sin k(L—%) 2wAsin(kL/4) ( J p N1 )

zmo = —jpuc [cot () + cot (5F)]

Problem 2.11.1 (10 points)

Given
Fixed, spring-loaded string (assume fixed at x = 0, spring-loaded at x = L)
T =sL

=0

=

x=1L

V777744

Find
Identify kL for the normal modes
Sketch the waveforms for the fundamental and for the first overtone

Solution
y(x,t) = Ael(@t=kx) 4 poj(wt+kx)

Fixed end BC: y(0,t) = Ae/®t + Be/®t = 0
B=-4A
y(x, t) = Ae/®t (e Jk* — e/k*) = —2jAsin(kx) e/t

Spring-loaded end BC: T
_9Y - [ ® y

ox \l/ T_)x

Sy
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0
Y F, = —T%LC:L —sy(L,t) =0

9 9 o - , . _ .
% ey ox [—2jA sin(kx) ef“’t]x=L = —2jkA cos(kx) el“’f|x=L = —2jkA cos(kL) e/®t

Thus, (—T)[—2j4k cos(kL) eﬁ’t] — s[—2j4s sin(kL) eﬁ’t] =0
kT cos(kL) + ssin(kL) = 0
tan(kL) = L -

N S

Characteristic equation: [tan(kL) = —kL|

Solve for kL numerically. | will begin by plotting —kL and tan(kL) in Excel.

I see from this plot that k, L = 2 and k,L ~ 5. To find the exact values, | set up two equations
for x = kL + tan(kL) in Excel, make initial guesses of kL. = 2 and 5, and run the Solver tool.

k,L = 2.029
k,L = 4.913

Fundamental First Overtone

_
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Problem 2.11.1 (addendum) (10 points)
Guitar string
pL=8-10"*kg/m

T=50N
L =0.66m
Find

a) w; (assume fixed-fixed)
b) Minimum stiffness of the transverse string (misprint: spring?) required to ensure that w,
is reduced by no more than 1% (assume T = sL in this case, rather than 50 N)

Solution

y(x’ t) — Aej(wt—kx) + Bej(wt+kx)

Fixed end BC at x = 0: y(0,t) = Ae/®t + Be/®t = 0
B=-A

y(x,t) = Ae/?t(e/** — e/k*) = —2jA sin(kx) e/t

a) FixedendBCatx = L:y(L,t) = —2jAsin(kL) e/t = 0
Characteristic equation: sin(kL) = 0
kiL=m
kiL = —1 =

50N .
\/; 066mm 1.19-10° rad/s

|w1 =1.19-103 rad/s|

b) From Problem 2.11.1 above, for a fixed, spring-loaded string, tan(kL) = —kS—T =—LkL

SL
wip = (leL)b\/p?—L = —(leL)b c =0.99w,,

Remember w,, = %c

Wb _ (le)bf _ (eal)p _ 0.99
W1g %c T )

(k{L), = 0.997

Substituting, tan(0.997) = — i (0.997)
0.997T 0.9972(50 N)

= T T oo T = . 3
S = " Ttan@oom ~  @esmtanosm /00 107 N/m

s = 750103 N/m|




