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ABSTRACT

Set-based methods have been leveraged in many engineering applications from robust
control and global optimization, to probabilistic planning and estimation. While useful, these
methods have most widely been applied to analysis over sets that are convex, due to their
ease in both representation and calculation. The representation and analysis of nonconvex
sets is inherently complex. When nonconvexity arises in design and control applications, the
nonconvex set is often over-approximated by a convex set to provide conservative results.
However, the level of conservatism may be large and difficult to quantify, often leading to
trivial results and requiring repetitive analysis by the engineer. Nonconvexity is inherent
and unavoidable in many applications, such as the analysis of hybrid systems and robust
safety constraints.

In this dissertation, I present a new nonconvex set representation named the hybrid zono-
tope. The hybrid zonotope builds upon a combination of recent advances in the compact
representation of convex sets in the controls literature with methods leveraged in solving
mixed-integer programming problems. It is shown that the hybrid zonotope is equivalent to
the union of an exponential number of convex sets while using a linear number of continuous
and binary variables in the set’s representation. I provide identities for, and derivations of,
the set operations of hybrid zonotopes for linear mappings, Minkowski sums, generalized
intersections, halfspace intersections, Cartesian products, unions, complements, point con-
tainment, set containment, support functions, and convex enclosures. I also provide methods
for redundancy removal and order reduction to improve the compactness and computational
efficiency of the represented sets. Therefore proving the hybrid zonotopes expressive power
and applicability to many nonconvex set-theoretic methods. Beyond basic set operations, I
specifically show how the exact forward and backward reachable sets of linear hybrid systems
may be found using identities that are calculated algebraically and scale linearly. Numerical
examples show the scalability of the proposed methods and how they may be used to verify
the safety and performance of complex systems. These exact methods may also be used
to evaluate the level of conservatism of the existing approximate methods provided in the

literature.
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1. INTRODUCTION

The use of sets is ubiquitous in modern control theory. While present in the majority of
robust and optimal control formulations, set based methods have found further use for eval-
uation of reachable sets, safety verification, parameter estimation, global optimization, and
fault detection [1]. Deployment of set-based approaches is necessary when certain proper-
ties, such as safety or performance, of a system must be guaranteed. Multiple set repre-
sentations have been developed to perform these tasks; those with the most mature theory
and widespread use in controls are ellipsoids, halfspace and vertex representation polytopes,
and zonotopes [1]. While suitable for many applications, these set representations share a
common disadvantage in their convexity. Nonconvexity is inherent in many applications,
such as reachability of nonlinear [2] and hybrid systems [3], active fault diagnostics [4], and

safety constraints in optimal and robust control [5].

1.1 Representing Nonconvex Sets

When admissible, nonconvex sets are often represented as the implicit union of a col-
lection of convex sets [6]. Thus, the number of sets required to accurately represent the
true nonconvex set is proportional to the number of nonconvex features. When set op-
erations are performed on the nonconvex set, the number of features grow, as does the
number of convex sets used in the implicit representation. A worst-case exponential growth
in complexity, in both the representation and computation, may incur as set operations are
iteratively performed. This sharp increase in complexity often leads to the analysis becom-
ing computationally intractable. To stifle this growth, many algorithms employ merging and
approximation techniques to reduce computational burden at the cost of accuracy [7]-[12].
These methods are often used in safety verification (reachability analysis) when satisfaction
of an outer (inner) approximation guarantees that the performance criteria is met by the
true set [10], albeit only in a conservative sense. However, in the case of safety constraints,
e.g. obstacle avoidance and multi-agent control, nonconvexity is inherent and unavoidable,

and requires the explicit representation of the nonconvex set [13].
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Convex polytopes given by their half-space and vertex representation, denoted by H-
and V-rep respectively, have been a primary tool for many set theoretic methods. Their
construction is intuitive, and the ability to convert between H- and V-rep leads to closure
under all set operations that maintain convexity. When convexity is not maintained, such
as with complement and union operations, the resulting nonconvex set may be defined as a
collection of convex polytopes [6]. These collections of convex polytopes may then be used
in optimization algorithms by enforcing their explicit union as hyperplane arrangements
through introducing binary variables and mixed-integer constraints [13]. This flexibility has
led to algorithms for solving many set-theoretic controls problems [12], [14].

While useful, the computational burden and complexity of H- and V-rep polytopes has
a worst-case exponential growth for basic set operations [15]. Furthermore, the necessity
to convert between H- and V-rep is cumbersome and involves computationally expensive
vertex and facet enumeration [16], thus limiting their use to problems with small dimension
(generally no greater than five) and few features. Given this, zonotopes have found increased
popularity due to their ability to compactly represent high dimensional sets with many fea-
tures, albeit with the limitation that the sets be centrally symmetric [17]. The introduction
of constrained zonotopes has overcome the zonotopes’ inherent symmetry to establish a
set capable of representing arbitrary convex polytopes with closure under linear mappings,
Minkowski sums, and generalized intersections [18]. A major benefit of constrained zonotopes
is that their set operations are determined by identities that are computed algebraically and
scale linearly, thus remaining numerically stable for large problems. Similar to zonotopes
[19], the constrained zonotope representation lends itself to efficient order reduction tech-
niques for over-approximations [18] while inner-approximations may be performed through
methods at the cost of a higher computational effort [20]. Constrained zonotopes may be
used in place of H- and V-rep polytopes in many applications involving convex sets and
boast improvements in computation time and complexity [18], [21]-[24]; however, the ability
to represent nonconvex polytopes has been limited to the implicit union of a collection of

constrained zonotopes.
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1.2 Reachable Sets of Hybrid Systems

Hybrid system theory has found increased use for modeling and control synthesis due
to its ability to capture the mixed continuous and discrete dynamics exhibited by many
engineered systems [25]. While providing a powerful tool, the analysis and control of hybrid
systems is inherently complex. Even in the case of linear hybrid systems, basic properties
such as stability and controllability may not be easily determined from the system model
[26]-[28]. Thus, hybrid systems under closed-loop control may not not exhibit the intended
behavior under certain operating conditions. Set-based methods for reachability analysis
and safety verification are often deployed when certain properties of a system, such as safety
or performance, must be guaranteed. These methods are well established for linear time-
invariant systems using convex sets [1], [12]. However, the application of set-based methods
to nonlinear and hybrid systems often result in nonconvex sets [29]. The reader is directed
to the review papers [10] on set propagation techniques, [2] on Taylor approximations, and
[30] on Hamilton Jacobi techniques, and the references therein for detailed discussion on the
state of the art.

In the case of linear hybrid systems, nonconvexity arises in reachable sets due to discrete
inputs, switching of dynamic subsystems, and reset maps. The exact reachable set may be
determined by partitioning the state space into a set of closed convex sets, often referred
to as guard sets. The reachable set of hybrid systems may then be found using techniques
developed for linear systems using a finite number of convex sets and iteratively propagating
the appropriate dynamics within each partition [11]. However, when an intersection with a
guard set occurs or an uncertain discrete input is applied, the reach set branches, resulting
in a worst-case exponential growth in the number of convex sets required to represent the
reachable space as their implicit union [31]. This analysis may be performed in either the
forward or backward sense [14], [32], [33]. However, this growth in complexity is often
compounded when considering backwards reachable sets with disturbances, as analysis relies
on computing or approximating Minkowski differences [34], [35]. This approach becomes

computationally intractable for large time horizons.
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To avoid this exponential growth in set representation complexity, researchers often ap-
proximate the true reachable set, given by the implicit union of a finite number of convex
sets, by a reduced number of convex sets. One such method propagates the dynamics of the
system by branching along each guard set, then uses clustering methods to over-approximate
groups of convex sets by fewer convex sets [8], [9]. This approach provides computational
efficiency at the cost of conservatism in the reachable set itself, although the specific trade-
off is application-dependent. Another approach is to search each region of the partitioned
state space individually and then over-approximate transitions along the guard sets [11],
[31]. This approach is computationally efficient as it only deals with one convex set at a
time and avoids unnecessary error by only over-approximating nonconvex sets along guard
set intersections. However, it is not guaranteed to converge when the reach set intersects a
guard partially, without fully transitioning into another partition. [34]

Several nonconvex set representations have been developed that leverage higher order
mappings to provide a tighter enclosure of the reachable sets of nonlinear systems. The
most notable of these nonconvex set representations are polynomial models with set remain-
ders, e.g. Taylor models [36] and polynomial zonotopes [37]. Although offering a closer
approximation of the true set, these polynomial approaches have a case-specific trade-off
between convergence, accuracy, and computational cost. Such sets may provide tighter en-
closures of the nonconvex reachable sets of hybrid systems, thus requiring fewer branches
in the analysis [37]. However, these sets are generally not closed under intersection oper-
ations and require ad hoc routines to detect guard set intersections [31], [36]. The recent
work of Kochdumper and Althoff introduces the constrained polynomial zonotope [38], a
hybrid of polynomial zonotopes [37] and constrained zonotopes [18]. By adding equality
constraints to the set definition of the polynomial zonotope, this class of polynomial models
are closed under intersection set operations, thus increasing their usefulness in the analysis of
hybrid systems. However, handling the worst-case exponential growth in set representation
complexity still requires over-approximations that are difficult to compute.

Alternatively, implicit methods for performing reach set analysis of hybrid systems lever-
age optimal control theory. The level set method poses the reach set problem as the level

sets of the solution to the Hamilton Jacobi equations [39]. Although well suited for the
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analysis of general nonlinear and hybrid systems, the level set method scales exponentially
with respect to the state dimension and becomes intractable for higher dimensional systems
(generally no more than four) [30]. For systems with a specific structure, techniques have
been proposed that reduce this exponential growth by decomposing the system into sub-
systems [40]. Another implicit method is to find counter examples posed as optimization
problems. This approach seeks to verify the existence of any trajectory from an initial set to
a specified target set by solving a series of optimization programs [26], [41], [42]. However
these methods only provide safety certificates when a counter example is found and are not

well suited to complexity reduction.

Table 1.1. Summary table of existing methods for reachability analysis of
hybrid systems.

. High Outer- Forward
Author(s) Efficient Dimeision Exact Approximation Backwar(/i

Mitchel et al. [39] (2005) X X F/B

Herceg et al. [12] (2013) X X F/B
Guernic et al. [43] (2009) X X F
Fan et al. [44] (2016) X X F
Frehse et al. [8] (2011) X X X F
Chen et al. [45] (2013) X X X F
Althoft [46] (2015) X X X F
Schupp et al. [47] (2017) X X X F
Bogomolov et al. [48] (2019) X X X F

A summary of the discussed methods is provided in Table 1.1. While useful, existing
approaches either become computationally intractable or rely on over-approximations with
case-specific trade-offs in accuracy and computational effort. Over-approximations are only
valid for safety verification and avoiding unsafe regions in robust control. Furthermore, the
error associated with such over-approximations may be large and difficult to quantify, thus
resulting in conservative results at best, and trivial solutions at worst [49]. In all of these
set-based approaches, detecting guard set intersections and avoiding exponential growth in

the set representation complexity remains the primary challenge [10].
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1.3 Dissertation Objective

Motivated by the above discussion, the contribution of this dissertation is two fold.

« Hybrid zonotopes: to deliver a mixed-integer set representation applicable to a

broad class of nonconvex set-theoretic methods.

« Exact reachability: to develop a framework for the propagation of reachable sets of

linear hybrid systems that exhibit linear growth in set representation complexity.

In this dissertation, I derive a new mixed-integer set representation named the hybrid zono-
tope that is able to compactly represent nonconvex sets with an exponential number of
features using a linear number of continuous and discrete variables. 1 show that the hy-
brid zonotope is equivalent to the union of 2V constrained zonotopes—convex polytopes—
through the addition of N binary zonotope factors. I show how the hybrid zonotope may
be converted into this collection of constrained zonotopes for visualization and analysis. I
prove the hybrid zonotope’s closure under linear mappings, Minkowski sums, generalized
intersections, halfspace intersections, Cartesian products, unions, and complements. Finally,
to improve computational efficiency, I provide methods for reducing the complexity of the
set representation through redundancy removal and order reduction. Thus providing a non-
convex set representation applicable to a broad class of set-theoretic methods.

Beyond the derivations of basic set operations, I show how the forward, and backward,
reachable sets of linear hybrid systems may be represented exactly, and propagated, as hybrid
zonotopes. I derive identities for reachable sets of linear hybrid systems modeled as both
mixed logical dynamical systems as well as linear systems closed-loop under model predictive
control, in both the forward and backward sense. I show through multiple examples how
these methods may be used to verify the safety and performance of the considered classes
of systems, with reduced conservatism and better scalability when compared to previous
methods in the literature. I also show how the hybrid zonotope may be used to solve general
multiparametric quadratic programs and compactly represent the set of optimal solutions.
Numerical experiments show the scalability of the proposed approach and compare it to

existing methods.
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1.4 Dissertation Outline

The remainder of this dissertation is organized as follows. In Chapter 2 I provide the
necessary background on basic set operations, several existing set representations, and reach-
ability analysis. In Chapter 3 I formally define the hybrid zonotope set representation, prove
several of its properties, and derive identities for basic set operations. In Chapter 4 I present
closed-form solutions for the exact forward reachable sets of linear hybrid systems and closed-
loop MPC. In Chapter 5 I develop closed-form solutions for the exact backward reachable
sets of linear hybrid systems and closed-loop MPC. In Chapter 6 I present methods for re-
ducing the complexity of hybrid zonotopes to generate over-approximations. Finally, some

concluding remarks and suggestions for future areas of research are made in Chapter 7.
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2. BACKGROUND

In this chapter I provide the necessary background on existing work that will be leveraged
in the remainder of the dissertation. First, notation is provided in Section 2.1 followed
by the definitions of basic set operations in Section 2.2. I then discuss the existing set
representations related to the presented work in Section 2.3. Finally, I finish the chapter by

discussing the reachability analysis of discrete-time systems in Section 2.4.

2.1 Notation

Sets are denoted by uppercase calligraphic letters, e.g., Z C IR". The topological bound-
ary of a set is denoted by 9Z and its interior by Z°. The closure of a set is denoted by Z
such that Z includes both the interior and boundary of Z. Commas in subscripts are used to
distinguish between properties that are defined for multiple sets; e.g., ny . describes the com-
plexity of the representation of Z while n,,, describes the complexity of the representation

of W. The n-dimensional unit hypercube is denoted by
B, ={r e R" [ [Jz]lc <1},
and the n-dimensional constrained unit hypercube is denoted by
BL(AbL) ={zeR" |||z <1, Az =10} .

The set of all n-dimensional binary vectors is denoted by {—1,1}", e.g.,
1
{_17 1}2 = ) ) )
1

The cardinality of the discrete set T is denoted by |T|; e.g., |T| = 8 for T = {—1,1}3.
The concatenation of two column vectors to a single column vector is denoted by (&1 &) =

(€T €T, The bold 1 and 0 denote matrices of all 1 and 0 elements, respectively, and I denotes
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the identity matrix with dimensions indicated by subscripts when not easily deduced from

context.

2.2 Set Operations

Given the sets Z, W, X Cc R", Y ¢ IR, and matrix R € IR™*", the linear mapping of
Z by R is given by (2.1a), the Minkowski sum of Z and W is given by (2.1b), the Minkowski
difference, also referred to as the Pontryagin difference, of W from Z is given by (2.1¢), the
generalized intersection of Z and ) under R is given by (2.1d), the standard intersection
for R = I is denoted by N, the union of Z and W is given by (2.le), the closure of the
complement of Z is given by (2.1f), the closure of the complement of Z defined over the set
X is given by (2.1g), the support function of Z in a direction [ € IR" is given by (2.1h), the
supporting halfspace in a direction [ € IR" is given by (2.1i) such that Z C H; , the convex
hull of Z is given by (2.1j), and the Cartesian product of Z and ) is given by (2.1k). The

reader is directed to [50] and [51] for detailed discussions on these basic set operations.

RZ={Rz|z€ 2} (2.1a)
ZoW={z4+w|zeZ, weW} (2.1b)
ZoW={zeR"|zs+weZVweW} (2.1c)
ZNrY={2€Z| Rz )} (2.1d)
ZUW={zeR"|z€ZVreW} (2.1e)
Ze={zeR"|z¢2°) (2.1f)
Cx(Z2)={reX|z¢gZz° (2.1g)
pz(l) =sup [Tz (2.1h)

zeZ
Hy ={zeR" | 1"z < pz()} (2.14)
CH(Z) = {Xn:/\izi Xn:)\i =1L,A>0,z€ Z,Vie{l,...,n},n¢e N} (2.1j)

i=1 i=1

ZxY={(zy)|z€2Z,ye)} (2.1k)
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2.3 Set Representations

In this section I provide a review of the existing set representations related to the pre-
sented work. I begin with a discussion on convex polytopes in their vertex and halfspace
representations in Section 2.3.1 and the nonconvex representation of collections of convex
polytopes as hyperplane arrangements in Section 2.3.2. I then discuss the representation
of symmetric convex polytopes as zonotopes in Section 2.3.3 and their extension to the

representation of arbitrary convex polytopes as constrained zonotopes in Section 2.3.4.

2.3.1 Convex Polytopes

A polytopic set is one with a topological boundary consisting of faces that may be defined
by hyperplanes. Convex polytopes are compact sets that may be defined by the intersection

of a collection of halfspaces, each one describing a face of the set.

Definition 2.3.1 (H-rep Polytope). The set P C IR" is a convez polytope if there exists
H e IR™™"™ and f € R™ such that

P={zeR"| Hz< f}. (22)

The convex polytope is given in its halfspace representation (H-rep) in Definition 2.3.1 and
is equivalent to the intersection of a finite number of halfspaces as P = N, H;, where
H; = {z € R" | hl'z < fi} is the i half space defined by the i'® row of the matrix H
and vector f. Convex polytopes may also be represented by the collection of vertices at the

intersections of the n; halfspaces.

Definition 2.3.2 (V-rep Polytope). The set P C IR" is a convex polytope if there exists

v € R" fori=1,...,n, such that

Ny
P=<x= Z Q4
i=1

a; >0, Zai:1} : (2.3)
i=1

The convex polytope is given in its vertex representation (V-rep) in Definition 2.3.2 and is

equivalent to the convex hull of the discrete set of vertices v; € IR"™ fori = 1,...,n,. The

26



representation of a 2-dimensional polytope in both H- and V-rep is depicted in Figure 2.1.
Convex polytopes given by their H- and V-representations are closed under linear mappings,
Minkowski sums, and generalized intersections. In H-rep, the computation of generalized
intersections and linear mappings is efficient if R is square and invertible [15] with time
complexity scaling as O(n?), and standard intersections scaling as O(1) [52]. However, the
computational and representation complexity growth of Minkowski sums is exponential [15]
with time complexity scaling as O(2") [52]. In V-rep, the computation of linear mappings
and Minkowski sums is exponential with time complexity scaling as O(mn2") and O(n2?")
respectively [52]. The computation of generalized intersections in V-rep is NP-hard [16]. The
use of convex polytopes over these basic set operations requires converting between H- and
V-rep. Such conversions are cumbersome and involve computationally expensive vertex and
facet enumeration [16], further limiting their use to problems with relatively small dimension

(generally no greater than 5) and over short time horizons.

Figure 2.1. Example of representing a convex polytope in H- and V-rep.

2.3.2 Hyperplane Arrangements

The unions and complements of a collection of H-rep polytopes may be defined by intro-
ducing binary variables and linear mixed-integer inequality constraints. The general form of

such nonconvex mixed-integer polyhedral sets is given by a hyperplane arrangement.
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Definition 2.3.3 (Hyperplane Arrangement). [13] The set A C IR" is a hyperplane arrange-

ment if there exists a collection of sign tuples ¥ C {—,+}™ such that

A= ] P(o), (2.4)
oeEY
where P(o) = " KW, Hy = {z € R" | hTz < £}, and H = {& € R™ | Wz > f£}. If
Y ={oe{—,+}"|P(o) # 0}, then A =1R" and P(0) is a collection of convez, disjoint
polytopes partitioning the space.

By considering the two halfspaces that are divided by the i*" hyperplane, H; and #;", the
hyperplane arrangement partitions the state space into a finite collection of disjoint cells [13].
Choosing sign tuples ¥ C {—,+}™ then allows the hyperplane arrangement to represent
the union of a collection of H-rep polytopes by only enforcing specific combinations of the
halfspace constraints to be active for each entry o of the discrete set [13]. This approach
may be used to define the closure of the complement of an H-rep polytope defined over a

region of interest X’ as

ng(P) = {ZL‘ e R"

np,
Hfo—Ma,aE{O,l}”h,Zaignh—l}, (2.5)

i=1

where M is the so called Big-M constant [53] chosen sufficiently large such that
MZIileaj}(f—Hx. (2.6)

The mixed-integer formulation given by (2.5) enforces that only one of the halfspace con-
straints is active at a time and leads to a unique set of sign tuples X, thus there exists a
hyperplane arrangement such that Cy(P) = A [13]. This approach may be extended to
collections of polytopes as described in [54]. An example of the hyperplane arrangement

representing the complement (2.5) of an H-rep polytope is depicted in Figure 2.2.
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Figure 2.2. Example of the hyperplane arrangement representing the com-
plement of a convex polytope given by (2.5).

2.3.3 Zonotopes

A zonotope is a centrally symmetric, convex polytope that may be represented as the

affine image of a unit hypercube.

Definition 2.3.4 (G-rep Zonotope). [17] The set Z C IR" is a zonotope if there exists
G € R™™ and c € R" such that

Z={Gt+c|EecBry). (2.7)

The zonotope is given in Generator-representation (G-rep), and the shorthand notation of
Z = (G,c) C R" is used to denote the set given by (2.7). A zonotope is the set of points
given by all linear combinations of the center ¢ with the weighted generators—the columns
of G = [g(l) g("g)}—such that their weights £ = (& - -+ &, ), called factors, lie within
the unit hypercube B = {{ € R™ | ||€|l < 1}. A zonotope is therefore equivalent to the
Minkowski sum of a collection of closed line segments, the ¢ generators in G, shifted by
the center, c. An example of a two-dimensional zonotope represented by three generators
is depicted in Figure 2.3. The zonotope Z C IR" is n dimensional for any n, > n number
of generators such that the rank of GG is equal to n; in other words, the column space of G
spans IR". The complexity of the set is reflected by the number of generators, n,, and the

order of the zonotope is defined as 0 = ny/n. When the dimension of G is unrestricted, the
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center and generator matrix can be constructed to represent any compact polytope that is

both convex and centrally symmetric.

Figure 2.3. Example of representing a symmetric, convex polytope as a
zonotope in G-rep.

Zonotopes are able to compactly represent convex polytopes because of their combina-
torial nature resulting in the representation of sets with up to 2(7;9) features [55]. The
conversion from a zonotope in G-rep to an H-rep polytope is therefore a computationally
expensive enumeration problem [11]. Another beneficial attribute is that the linear mappings
and Minkowski sums of the zonotopes Z = (G,,¢,) C R" and W = (G, ¢) C IR" may be

computed efficiently through the identities:

RZ = (RG,, Re.) (2.8a)
ZOW = (G, Gul,c: + ) . (2.8b)

The time complexity of linear mappings given by (2.8a) scales as O(mn?) for matrix R €
IR™ " and that of Minkowski sums given by (2.8b) scales as O(n) [10]. These computa-
tionally efficient set operations allow zonotopes to be used for high dimensional problems;

however, the complexity of the set grows as n, = ngy . + ng,, for Minkowski sums.
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2.3.4 Constrained Zonotopes

The utility of the zonotope may be extended by adding a set of linear equality constraints

to the mapped unit hypercube.

Definition 2.3.5 (CG-rep Constrained Zonotope). [18] The set Z. C R" is a constrained
zonotope if there erists G € R™™, c € R", A € R"*", and b € R™ such that

Z,={G¢+c|EeBly, AE =D} . (2.9)

The constrained zonotope is given in Constrained Generator-representation (CG-rep), and
the shorthand notation of Z, = (G, ¢, A,b) C IR" is used to denote the set given by (2.9).
Through the addition of the linear equality constraints A¢ = b, the affine image of the
constrained constrained unit hypercube B (A,b) = {{ € R™ | ||{|lec < 1, A = b} is no
longer restricted to be symmetric. Indeed when the number of generators n, and constraints
n. are unrestricted, a constrained zonotope may be constructed to represent any convex
polytope [18]. Consider the example constrained zonotope Z. = (G.,c,, A,,b.) C IR? given
by [18]

1.5 —1.5 0.5 0
Z, = , , {1 1 1} 1) . (2.10)
1 0.5 —1 0

From the definition of the constrained zonotope, the zonotope defined by Z = (G, ¢,) will
satisfy Z. C Z as Z. and Z share the same generators; however, Z. has fewer degrees of
freedom due to the additional equality constraints. This relationship between zonotopes and
constrained zonotopes is depicted in Fig 2.4. The degree of freedom order of a constrained
zonotope is defined as o4 = (ny, — n.)/n. When the G and A matrices are full rank, a
necessary condition that a constrained zonotope will form an n dimensional subset of IR" is
given by o4 > 1.

Constrained zonotopes are closed under linear mappings, Minkowski sums, and intersec-
tions, so that performing these operations on constrained zonotopes results in yet another
constrained zonotope. Linear mappings and Minkowski sums follow directly from the iden-

tities for zonotopes (2.8), while generalized intersections add an additional k£ constraints.
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Figure 2.4. Example of a constrained zonotope given by (2.10). (2.4a)
Constrained unit hypercube B3 (A,b). (2.4b) Constrained zonotope Z, =
(G.,c., A,,b,) generated as the affine image of the constrained unit hyper-
cube plotted over Z = (G,,c,) taken as the affine image of the entire unit
hypercube.

For Z = (G,,c;, A.,b.), W = (G, Cw, Aw, by) C R", Y = (Gy,¢,, Ay, by) C IR™, and

R € IR™", these basic set operations are determined through the following identities [18]:

RZ = (RG., Re,, A,,b.) | (2.11a)
A, 0] b

ZoWw = [GZ Gw},CerCw, : : (2.11Db)
0 Ayl |bw
A, 0 b

szy:<[Gz of.e| 0 A |.] b > (2.11¢)

RG, -G, ¢y — Re,

The time complexity of linear mappings given by (2.11a) scales as O(mn?), that of Minkowski
sums given by (2.11b) scales as O(n), that of generalized intersections given by (2.11c) scales
as O(mn?) and reduces to O(n) for standard intersections when R = I [10]. Similar to
zonotopes, these basic set operations of constrained zonotopes are efficient and scale well to
high dimensional problems; however, the representation complexity includes growth in both

the number of generators and constraints. The representation complexity of Minkowski sums
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grows as ng = Ng , + Ny and ne = N, +Ncq. The representation complexity of generalized

intersections grows as ng, = ng . + ng, and ne = N, + ney + M.

2.4 Reachability Analysis

Reachability analysis consists of computing the set of states reachable by a dynamic
system from a specified set for all admissible inputs and disturbances to the system [1]. The

reachability problem may be formulated in either the forward or backward sense, that is:

o Forward reachability answers the question “Given a set of states R, at time k, find the

set of all states that may be reached from R; at time k& + T

« Backward reachability answers the question “Given a set of states Ry, at time T'+ k,

find the set of all states at time k that the set is reachable by.”

Forward reachability is most often deployed for safety verification and may be used to pro-
vide a posteriori certificates of a system’s robustness [56], while backward reachability is
often used in dynamic games [39], synchronizing layers of hierarchical controllers [21], and
generating controlled invariant sets [14]. Both the forward and backward propagation of sets
may be considered in the open or closed-loop case and is well established in the literature
for linear time-invariant systems using convex sets.

Consider the discrete-time dynamic system modeled by the difference equation

ry = f(x,u,v), (2.12)

where z € IR"™ is the state of the system, u € IR™ is the controllable input to the system
belonging to the compact set of all admissible inputs & C IR™, and v € IR"™ is a disturbance
belonging to the compact set ¥V C IR™. Beginning from a set of initial states Xj, the set of
states reachable by the dynamic system (2.12) in one discrete time step is then given by the

forward reachable set

Ry={zy e R" |JzeX,uecld,veV, st vy = f(z,u,v)} . (2.13)
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The set R given by (2.13) is the set of all states such that there exists a trajectory given by
the solution of (2.12) from an initial state x € & under an admissible control input v € U
and possible disturbance v € V [1], [10], [14]. Given a set of states X, the set of states that
X is reachable from for all possible disturbances through the dynamic system (2.12) in one

discrete time step is then given by the backward reachable set

R_o={z_ e R™|Juel,st. flr_,u,v) CXVveV}. (2.14)

The set R_ given by (2.14) is the set of all states that can be driven to X by some admissible
control input u € U despite any possible disturbance v € V [1], [14].

When (2.12) is given by the discrete-time linear time-invariant system x, = Az+ Bu+Wwv
with Xy, U, and V given by convex polytopes, the forward reachable set (2.13) may be found

using basic set operations as [14]
R. = AXo® BUS WV . (2.15)

Similarly, when the state transition matrix A is invertible and the target set X’ is given by a
convex polytope, the backward reachable set (2.14) may be found using basic set operations
as [14]

R_=AT((XeWV)a (-BU)). (2.16)

The methods given by (2.15) and (2.16) are classified as set propagation techniques for
reachability analysis and may be applied iteratively to find the set of states reachable in k
time steps, denoted by Ry [10].
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3. HYBRID ZONOTOPES

This chapter introduces the hybrid zonotope set definition, as presented in the two
manuscripts by Trevor J. Bird, Herschel C. Pangborn, Neera Jain, and Justin P. Koeln in
[57], provisionally accepted by Automatica, and Trevor J. Bird and Neera Jain in the IEEE
Control Systems Letters [58], and is included here with minor modifications. In Section 3.1
I formally define the hybrid zonotope, discuss its relation to constrained zonotopes, and
provide two illustrative examples. In Section 3.2 I prove the hybrid zonotopes’ closure under
linear mappings, Minkowski sums, generalized intersections, halfspace intersections, Carte-
sian products, unions, and complements. Beyond set operations, Section 3.2 demonstrates
how the point and set containment of hybrid zonotopes may be determined by evaluating
the feasibility of a mixed-integer linear program, as well as how to determine bounds and
convex enclosures. In Section 3.3 I describe how the hybrid zonotope forms a binary tree that
may be leveraged to reduce the complexity of converting the hybrid zonotope into a collec-
tion of convex subsets. Finally, in Section 3.4 I provide a numerical example demonstrating
how the complements of hybrid zonotopes may be used as safety constraints in an obstacle
avoidance problem. All technical contributions of this chapter were made by Trevor J. Bird
while being advised by Professor Neera Jain at Purdue University, as well as Professor Justin
P. Koeln (University of Texas Dallas) and Professor Herschel Pangborn (The Pennsylvania
State University).

3.1 Set Definition

This section introduces the definition of hybrid zonotopes as an extension of the con-

strained zonotope through the addition of a vector of binary factors.

Definition 3.1.1 (HCG-rep Hybrid Zonotope). The set Z, C R" is a hybrid zonotope if
there exists G¢ € R™ ™, G € R™™, c € R", A° € R™"™, A* ¢ R™ ™, and b € R™

such that
(6] € Bre x {~1,1}m,

e ][] =0 o

2= [ [5] +e
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The hybrid zonotope is given in Hybrid Constrained Generator-representation (HCG-
rep), and the shorthand notation of Z;, = (G¢, G?, ¢, A¢, A®,b) C IR™ is used to denote the
set given by (3.1). When n, = 0, the hybrid zonotope set representation is equivalent to
the constrained zonotope given by Def. 2.3.5. When n;, # 0, the vector of binary factors
may take on values from the discrete set {—1,1}™ containing 2™ elements. The hybrid
zonotope therefore consists of a mapping of a continuous space shifted by contributions from
a discrete, finite set. This shifting in equality constraints and centers is depicted in Fig. 3.1
where a single binary factor having G* = 1 and A’ = 1 is added to the example constrained

zonotope (2.10) resulting in

1.5 —1.5 0.5 1 0
Zh - ; ’ 3 |:1 1 1:| 717 1 : (32)
1 0.5 —1 1 0

Given that [|€%]|o = 1 for all & € {—1,1}", the hybrid zonotope is a more general
class than the zonotope and constrained zonotope set representations. That is, the hybrid
zonotope definition includes one additional constraint on the space of factors being projected

— namely, that some of them must be binary.

Lemma 3.1.1. Given any hybrid zonotope Z, = (G¢, G c, A°, A®)b) C IR", the zonotope
Z = (|G G*],c) € R"™ and constrained zonotope Z, = ([G¢ GY],c,[A¢ A®],b) C R" satisfy
Zh g Zc g Z.

Proof. For any z € Z;, there exists some [|¢¢||c < 1 and £° € {—1,1}™ such that A€ +
AP = b and 2z = GEC+GPEP +c. Letting € = (£¢ €°) implies that ||€]|o < 1, 2 = [G°GY)€E+c,
and [A® A)¢ = b, thus 2z € Z. and Z;, C Z,.. Furthermore, for any z € Z, there exists some
¢ such that ||€]. < 1, [A°AY)€ = b, and 2 = [G°GP)¢ +¢, thus z € Z, Z. C Z, and therefore
Z, CZ.CZ. O

The equivalence of the hybrid zonotope with a finite collection of constrained zonotopes
is established through the following theorem relying on the closure of hybrid zonotopes under

union operations as proven in Section 3.2.2.
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Figure 3.1. Example hybrid zonotope (3.2) generated by adding one binary
factor to the constrained zonotope (2.10). (3.1a) Constrained unit hypercube
B3 (A¢;b). (3.1b) Constrained zonotope taken as the affine image of (3.1a),
Z.=GB3 (A%, b) D c. (3.1¢) Adding one binary factor to the constrained unit
hypercube results in two possible shifts in the hyperplane, A°¢¢ = b — A%¢?
and A°€¢ = b — A%, one for each entry of the discrete set & € {—1,1}.
(3.1d) Hybrid zonotope taken as the affine image of (3.1¢) with shifted centers,
25— GoB3(A%,b — A'€) & (¢ + GP€Y) U GBS, (A%, b — A'h) @ (c + GED).

Theorem 3.1.1. The set Z;, C R" is a hybrid zonotope if and only if it is the union of a

finite number of constrained zonotopes.

Proof. Let & be an entry of the discrete set {—1,1}™ containing 2™ elements. Define the

constrained zonotope

Zoi= (G c+ G A% b — A | (3.3)
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For any z € Z,; there exists some £¢ € B such that z = G¢€°+G¢P +c and A€+ A% = b.
Thus z € Z;,. Given that the choice of z is arbitrary and the set {—1,1}" is finite,

2mp

U Zc,i g Zh .

i=1
For any z € Zj,, there exists some £¢ € B% and £° € {—1,1}™ such that z = G¢¢¢+ G*¢ + ¢
and A°€C + AP =b. Also, for £ = ¢0 = 2 € Z,;, thus

and Z;, = U?:i 2.
Conversely, given any finite collection of constrained zonotopes Z.; C IR" for i =
1,..., N, the hybrid zonotope generated by successive union operations as 2, = Z.; U

(Z.2U(-+-UZ.n)) is an exact representation of the union of the N constrained zonotopes

by Proposition 3.2.6, therefore U, Zei = Zp,. O

The hybrid zonotope exhibits the same combinatorial properties as zonotopes, where a
symmetric polytope with up to 2(%) features may be represented with n, continuous factors
[55]. Introducing ny binary factors, the hybrid zonotope may represent 2™ zonotopes each
having potentially 2(%”) features. This concept is further explored through the following

example.

Example 3.1.1. Let the set Z. = (G, c,, A,,b,) C IR? be the example constrained zonotope

given in [18], where

1.5 —1.5 0.5 0
z, - , ,[1 | 1},1 ,
1 0.5 —1 0

and define a hybrid zonotope with continuous generators G¢ = G, binary generators G® =
2G., and center c, giving

Zh,l = <G272GZ7CZ7®7®7®> . (34>
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By adding n, = 3 binary factors, Z,1 is equivalent to 2™ = 8 copies of the zonotope Z =
(G, c.) with centers shifted by 2G.£€° ¥V € € {—1,1}3, as depicted in Fig. 3.2a. Defining
another hybrid zonotope that includes linear equality constraints on the continuous factors

as A°=A,, A =0, and b = b, giving

Zh,Q = <G272G27CZ7AZ707bZ> ) (3’5>

results in a hybrid zonotope equivalent to eight copies of the constrained zonotope Z., again
with centers shifted by the contribution of the binary generators as shown in Fig. 3.2b.
Including the binary factors in the equality constraints by defining another hybrid zonotope
with A®* = A, gives

Zh,S = <GZ7 2GZ7C,27AZ7AZ7bZ> ) (3-6)

as shown in Fig. 3.2c. In contrast to the previous hybrid zonotopes, Z, 3 does not represent
identical copies. Instead, the linear equality constraints on the continuous factors are also
shifted by each of the eight discrete values of the binary factors. When doing so, it is possible
that these shifted equality constraints may be infeasible and thus map to empty constrained

zonotopes, which happens exactly once in the given example.

The result of Theorem 3.1.1 provides a method of converting from a hybrid zonotope
to a collection of constrained zonotopes, and vice versa, allowing methods developed for
the analysis and visualization of other set representations to be applied to hybrid zonotopes.
However, the conversion from HCG-rep to a collection of CG-reps, Z.;Vi € {1,...,2"} given
by (3.3), is an enumeration problem that grows exponentially with respect to the number
of binary factors. Use of the hybrid zonotope is therefore most advantageous when these
conversions are not necessary and the set may be used directly for the analysis and control

of complex dynamical systems, as discussed in the remainder of this dissertation.

3.2 Set Operations

This section proves the hybrid zonotopes closure under linear mappings, Minkowski sums,

generalized intersections, halfspace intersections, Cartesian products, unions, and comple-
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Figure 3.2. Hybrid zonotopes given in Ex. 3.1.1. Note that the convex
hull of the eight discrete points given by G®¢® is equivalent to the zonotope
Z = (G 0) as depicted by the dashed lines. (3.2a) Without linear equality
constraints, the hybrid zonotope 2,1, given by (3.4), represents eight copies of
a continuous zonotope with centers shifted by the contribution of the binary
factors and generators. (3.2b) Including constraints on only the continuous
factors results in Zj, o, given by (3.5), and is equivalent to eight copies of the
constrained zonotope Z.. (3.2¢) When the equality constraints include terms
for the binary factors in 2, 3, given by (3.6), the shifted constrained zonotopes
are no longer identical. Also note that in this final case, the discrete value of
the binary factors depicted by the red e results in an infeasible set of continuous
constraints and thus maps to an empty constrained zonotope.

ments. The derivation of the identities for linear mappings, Minkowski sums, generalized

intersections, halfspace intersections, and Cartesian Products are provided in Section 3.2.1
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and follow closely from those derived for constrained zonotopes. The union and complement
operations require the embedding of mixed-integer constraints, as discussed in Section 3.2.2
and 3.2.3. The time complexity and specific growth in set representation complexity for each
set operation is discussed at the end of the respective section. In Section 3.2.4 it is shown
how the point and set containment of hybrid zonotopes may be verified by evaluating the
feasibility of a mixed-integer linear program. In Section 3.2.5 it is shown how the bounds of
a hybrid zonotope in a given direction may be determined by evaluating the set’s support

function, and that these bounds can be used to define tight convex enclosures.

3.2.1 Linear Mappings, Minkowski Sums, Generalized Intersections, Halfspace
Intersections, and Cartesian Products

The identities for linear mappings, Minkowski sums, generalized intersections
[18, Prop. 1], and halfspace intersections [20, Thm. 1] of constrained zonotopes may be
extended to hybrid zonotopes by including the additional binary constraint as follows. The

Cartesian product is also defined similar to those of zonotopes and constrained zonotopes.

Proposition 3.2.1 (Linear Mapping). For any hybrid zonotope
2, = (GG e, AL, AL b.) C IR,
and matriz R € IR™*", the linear mapping of Z;, by R is given by
RZ), = (RGS, RGY, Re., A%, ALb.) . (3.7)

Proof. For ease of readability, let £, = (£¢ €°), G, = [G¢ GY], and A, = [A¢ A°]. Let Zx
denote the hybrid zonotope given by the right-hand side of (3.7). For any point z € Z;, there
exists some &, € Bl x {—1,1}™= such that A.£, = b, and z = G, + ¢,. Multiplying both
sides of z by R gives Rz = RG.£, + Re, and Rz € Zg, thus RZ;, C Zi.

Conversely, for any point r € Zg there exists some . € Bl x {—1,1}"= such that
A& =b, and r = RG.£,+ Rc,. Thus there exists some z € Z, such that Rz = r. Therefore
Zr C RZ, and RZ), = Zp. O
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Proposition 3.2.2 (Minkowski Sum). For any hybrid zonotopes

2, = (G5, Gl e, AL AL D) C IR
Wi = (G5, G, ey, A, Al by) C TR

the Minkowski sum of Z;, and Wy, is given by

Ac 0
0 A

Ao
0 A

: :w] > . (3.8)

Proof. For ease of readability, let & = (& &), G; = [G¢ G?], and A; = [A¢ A?) for i = z, w.

Zy Wy = <[G§ Gfu] ; [Glz’ Gfu} , Cx + Cu,s

Let X’ denote the hybrid zonotope given by the right-hand side of (3.8). For any z € Z), there
exists some £, € Bl x {—1,1}™= such that A, = b, and z = G, + ¢,. Similarly for any
w € W, there exists some &, € Bl x {—1,1}"» such that A&, = by and w = G&y + Cup-
Let € = (€2 ) and €0 = (€2 €2). Then &, € Bro=+1om x {—1, 1}t and

A 0 Ao (B
&+ & = : (3.9)
0 A 0 A b
Adding z and w together gives
z4w=[GEGE)EE+ [GE GRIEL + (. + cw) (3.10)

thus z4+w e X and Z, oW, C X.

Conversely, for any 2 € X there exists some &, € Blo=T"9w x {—1,1}"=F"w guch that
(3.9) holds and x = z + w as defined by (3.10). Letting £ = (£¢ £¢) and €& = (£ €0) gives
r € Z,®W, and X C Z, ® W, therefore Z;, ® W), = X. O

Proposition 3.2.3 (Generalized Intersection). For any hybrid zonotopes

2, = (G, G e, A5, AL L) C R,
V= (G5, Gh ey, AG, AL by ) C IR,

yr Yo
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and matriz R € R™*", the generalized intersection of Z;, and Yy, under R is given by

Ac 0 A0 b,

Zh ﬁR yh - <|:G§ O:| ) [GZ 0:| N O AZ ) 0 AZ ) by > . (311>
RG: —G¢| |RG: =G| |cy— Re,

Proof. For ease of readability, let & = (£° &), G; = [GF G?], and A; = [A¢ AY] for i = 2, y.
Let S denote the hybrid zonotope given by the right-hand side of (3.11). For any s € S

there exists some & € Bllg=Tmov x {—1,1}":=1"w guch that

Ac 0 A0 b,
c c b
0 A&+ 0 A &= b, : (3.12)
RGS -G RG, -GY ¢y — Re,

and s = [GS 0]¢5 + [G2 0]€) + .. Letting & = (§¢ &) and & = (€2 &) gives s = G.&, + ¢,
and A.§, = b,, thus s € Z;,. From the final two rows of the equality constraints, A,&, = b,
and Rz = Gy&, + ¢, giving Rx € V). Therefore s € Z;, Ng YV, and S C Z; Ng Vs
Conversely, for any z € Z, Ng ), there exists some &, € B> x {—1,1}"= such that
AL, = b, and 2 = G,&,+c,. Furthermore, there exists some y € ), such that y = G,§,+c, =
Rz, where &, € Blgv x {—1,1}"v and A,&, = b,. Letting £ = (&£ &) and & = (&£ &)

implies that &, € Ble=+naw x {—1,1}™=" satisfies (3.12), and z = [G¢ 0]£¢+[G? 0]¢° +c..
Therefore, z € S, Z, MgV, C S, and Z, Ng YV, = S. O

Proposition 3.2.4 (Generalized Halfspace Intersection). For any hybrid zonotope Z;, =
<G§,GZ,CZ,A§,A2,ZJZ> C R" and halfspace H~ = {x € R" | 'z < f} € R™, and matriz

R € R™*", the generalized intersection of Z;, and H~ under R is given by

. A2 0 A b
Zh mR H = |:G§ 0:| JGZ7CZJ T d ) T b ) T d ’
h* RGS % h*RG%| |f—h' Rec, — (3.13)
Ng,z b,z
A = f — K" Re, + Y |W"RgD | + > [hT Rg™Y] .
i=1 i=1
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Proof. For ease of readability, let &, = (£¢ €8), G, = [G¢ G°], and A, = [A¢ Ab]. Let Q
denote the hybrid zonotope given by the right-hand side of (3.13). For any g € Q there

exists some &, € BT x {—1,1}"= such that

A0

hW'RGE L

Ab

&+
hT RG®

q

¢ = b : (3.14)
f—hTRe, — ‘%’"

and ¢ = [G¢ 0J¢7 + G’;ff]’ +c.. Let & = (&£ &) and 52 = ¢ for &€ € R™=, &, € R, and
& e {—1,1}™=. Then q = G.&, + ¢, giving ¢ € Z;,. Expanding the second row of (3.14)
gives h"R(G.&, + ¢.) = [ — (&, + %). From the definition of d,, and that [|&,[ls < 1 it
follows that . .
h'Rq € |h" Re, — Z |hT Rgle)| — bz IW"Rg®Y|, f1 (3.15)
i=1 i=1
therefore Rg € H™ and Q C Z, N H™.

Conversely, for any point z € Z, Ng H~ there exists some &, € B= x {—1,1}™= such
that A,(, = b., 2 = G, + c., and hT Rz < f. Thus h' Rz € [a, f] for some o < hT Rz
for all 2 € Z, Ng H~. Choose a = hTRe, — 317 |hTRgl“V| — 17 [WT Rg®Y| and let
B = hTRe, + 317 |hTRgleV| + 317 |hT Rg()|, then by Lemma 3.1.1 hTRZ;, C [a, 8] [59].
Let & = (&5 &n) and 53 = ¢ The above then implies that £, € B+t x {—1,1}"= satisfies
(3.14), and z = [GS 0]&5 + G +c. € Q. Therefore Z,NpH~ C Qand Z,NpH ™ = Q. O

Proposition 3.2.5 (Cartesian Product). For any hybrid zonotopes

2, = (G, G e, A AL L) C IR,
V= (G5, Gl ey, AT, AL b)) C R

their Cartesian product is given by

b.
b

C

Ge 0
0 G

G 0
0o G

A0
0 A

A0
b?
0o A

Y

Zp X Yp = < > CR™™. (3.16)

)
C

Y Y
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Proof. For ease of readability, let & = (£F &), G; = [Gf GY], and A; = [A? AY] for i = 2, y, d.
Let D C IR™*™ be the hybrid zonotope given by the right-hand side of (3.16). For any d € D

there exists some &; € Blo=T"9w x {—1,1}"="w such that

G, O C,

d= Ea+ , (3.17)
0 G, Cy
and
A, O b,
§a = : (3.18)
0 A, by

Therefore [I,, 0,,]d € Z;, and [0, I,,,|d € Y}, and D C Z}, X V.
Conversely, for any § € 2, x ), there exists some &, € Bl x {—1,1}"= and ¢, €
Blov x {—1,1}"w such that

G, 0 C,
§ = ¢+ &+ : (3.19)
0 y Cy
and
z c 0 c bZ
£+ & = : (3.20)
Ay by
Therefore 6 € D, Z;, x YV, CD and D = Z}, X V. O

The set representation complexity of hybrid zonotopes grow linearly for each of the
identities defined for the above set operations. The specific growth for Minkowski sums,
generalized intersections, halfspace intersections, and Cartesian products are given in Table
3.1, while no growth in complexity is exhibited by linear mappings. The time complexity for
each of the basic set operations of hybrid zonotopes is also given in Table 3.1. Note that the
time complexities of the generalized intersections are dominated by the linear mapping by
R and reduce to O(n;) for regular intersections and O(nq(ng 1 + ny1)) for regular halfspace

intersections, i.e. when R =1.
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Table 3.1. Set representation complexity growth for Minkowski sums, gen-
eralized intersections, halfspace intersections, and Cartesian products given
by hybrid zonotopes Z;, = Z;,1 © Z2 of appropriate dimension and matrix

R e IR™*™,
Set Operation Z;, Representation Complexity Time Complexity
ng ng Ne O(+)

RZ, Ng1 Np,1 Ne,1 O(nina(ng1 + np1))
Zn1® Zhy  MNg1t+tNga My + Npo Ne1 + Nea O(m)
Zh1Np Zho Ng1+Ngo Mp1+ M2 Net+Neo+n2 O(nina(ng: +np1))
ZpiNrH™ ng1+1 Ny, 1 Nea + 1 O(nina(ng1 + np1))
Zpa X Zra Ng1tNga Mp1+Npo Ne1 + Nea o(1)

3.2.2 Unions

In this section, the closure of hybrid zonotopes under union operations is proven. This
is achieved by including the generators and constraints of both operating sets within the
resulting hybrid zonotope. By introducing one additional binary factor, the union switches
between which of two sets are active by constraining the factors of the inactive set to a fixed
value. The proposition and technical proof will be followed by a discussion of its underlying

principles and how the growth of set representation complexity may be reduced.

Proposition 3.2.6 (Union). For any two hybrid zonotopes Z, = (G, G, c., A5, A% b.) C
R™ and W, = (G, G®  c,,, AS, A% b,y C R", define the vectors G e R", ¢ € R", /All; €
R™=, b, € R"™*, Ab € R™", and b, € R"", such that

I I||G° Gt1+c,| |-I I||A b, ~-1 1| A —Ab1
1 1If|e G'l+e,| | I 1||b —A| | 1T | b b
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Then the union of Zj, and W), is the hybrid zonotope Z,UW,, = (G, G%, c,, A, A% b,) C R"

where

G =los oy 0].Gh=la a o a2
AS 0 0 A0 AP b.

Ao=10 A o], Ab=|0 Ab Ab| b, = |b,|,

Ag T Ab b3

I 0 0 0 31 51
-1 0 0o o0 i1 11 (3.21)
0 I 0o 0 —i1 51
0 -I 0 o0 -i1 11

AS = AL = ) 12 by = |?
0 0 I 0 i1 0
0 0 —I 0 31 1
0 0 o I -i1 0
0 0 0 —3I —31] 1]

Proof. Let X = (G¢,G®, c,, AS, A% b,) denote the hybrid zonotope given by (3.21). For
any z € X there exists some £ € B and £ € {—1,1}™= such that A + A%Eb = b,
and # = GSE + GOEE + ¢, Let & = (€2 & £°), where & € R™=, & € R™", and
£ € s +otmntm) and ¢ — (€) ¢h ), where € € {—1,1}+, € € {~1, 1}, and
€ € {—1,1}. To prove that X C Z;, UW),, it is first shown that when & = 1 the factors
€ and €8 are constrained to 0 and —1, respectively. Then by construction the remaining

generators and constraints give the exact definition of the set Zj. It is then shown that the

set W, is similarly recovered when &2 = —1.

47



Expanding the third row of the equality constraints AS£¢ + A%¢2 = b, gives

1 1 1 1
ey e e L1 22
1 1 1 1
=14+ -, =1 — =g 3.22b
1 1 1
562 = _553 - 5,5 =—-1+ 552 + 55,6 ) (3.22¢)
1 b __ 1 b c 1 b c
§§w - 2€u u, 7 1 2£u + §u78 ) (322d)

where £§ = (&5, -+ &;g). Letting & =1, (3.22) reduces to

& ==& =%z, (3.23a)
§o =183 =-148, (3.23b)
&=-1-2,=-1+2, (3.23¢)
€ =1-26,=-31+25. (3.23d)
Given that || < 1, (3.23b) and (3.23d) are only satisfied for £ = 0 and £ = —1

respectively, while (3.23a) and (3.23c) are satisfied for any [|€¢]|o < 1 and €2 € {—1,1}"=.
Let €& = (€50 &) and & = (£ —1 1). Expanding z = GS£¢ + GYEb + ¢, gives

T =G4+ G0+ 08+ Gt — G 1+ G 4 ¢, (3.24)

and, after substituting —G%1 + G® + ¢ = ¢,, reduces to & = GS£¢ + GY€P + ¢.. Expanding

the first two rows of the equality constraints AS£S + A¢Y = b, results in

Acge+ Abeb + AL =),
o (3.25)
A0 — A1+ AL =D,

which, after substituting b, — A% = b, and b, — A’ = —Ab 1, gives A%€C + Ab¢b = b, and
—Ab1 = — A% 1. Combining (3.23)-(3.25) results in x € Z, for £ = 1.
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Now let €& = —1 and (3.22) reduce to

E=1-86,1=-1+8,, (3.26a)
§w = =z = Cua s (3.26D)
€ =126, = 31426, (3.260)
& =-1-2,=—-1+2,. (3.26d)
Given that [|€]le < 1, (3.26a) and (3.26¢) are only satisfied for £&& = 0 and & = —1

respectively, while (3.26b) and (3.26d) are satisfied for any [|£¢ |l < 1 and &8 € {—1, 1},
Let €& = (0 € &°) and €2 = (=1 & —1). Expanding z = G£¢ + G2£° + ¢, gives

T =G0+ G +0 —GPL+Gheb — G+ e (3.27)

and, after substituting —G%1 — G® + & = ¢,,, reduces to z = G5, + GL &b + ¢,,. Expanding
the first two rows of the equality constraints AS£¢ + A%¢5 = b, results in

A0 — A1 — Ab =0,

(3.28)

AL+ AL — A = b
which, after substituting b, + A2 = —A’1 and b,, + A%, = b, gives —Ab1 = —A’1 and
Acge + Ab b = p,,. Combining (3.26)-(3.28) results in z € W, for & = —1. Given that
€5 € {—1,1} and that the choice of x € X is arbitrary, X C Z, UW),.

Conversely, for any z € Z, there exists some £ € B= and & € {—1,1}"™= such that
Acget AV = b, and 2 = Go€0+ GRE) + .. Letting € = (€2 0 £2) and € = (€0 —1 1), (3.25)
is satisfied and (3.23) implies that ||£¢|lc < 1. Applying (3.24) then gives z € X'. For any
w € W, there exists some £ € B« and €& € {—1,1}™w such that A¢&S + A% €8 = b, and
w =G+ Gl + ¢, Letting €& = (0 €6 €¢) and €8 = (—1 £ —1), (3.28) is satisfied and
(3.26) implies that ||£]lc < 1. Applying (3.27) then gives w € X. Given that the choice of

z € Z, and w € W, is arbitrary, Z, UW,, C X and therefore Z, UW,, = X. O
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The union set operation given by Proposition 3.2.6 introduces 2(ng , + 1y + 12 + Mp10)
“slack” continuous factors, £, and one switching binary factor, £&. The additional 2(n, , +
Ngaw + N2 + Ny ) linear equality constraints, AS(EC €9) + I€S + A%(EL €8 £0) = by, implement

the switch between which of the two sets are active as

(§§ ég) € ng’z X {_17 1}nb,z
(& &) = (0 —1)
(6 &) =(0-1)
(€ €0) € Brow x {—1,1}mw

L=1=
(3.29)

The hatted constants, Gb, C, A{;, lA)z, Afu, and Bw, multiplied by the binary switch, €2, then
account for the binary factors being constrained to —1 instead of 0, the change of centers,
and the feasibility of the constraints of the inactive set to represent the exact union of two
hybrid zonotopes by a single hybrid zonotope.

For ease of understanding, Proposition 3.2.6 applies these constraints to all continuous
and binary factors; however, in practice it is only necessary, and beneficial, to apply these
constraints to factors that map through non-zero generators. This fact stems from the
observation that the factors and generator matrices may be parsed, for the example of z € Z
in the proof of Proposition 3.2.6, such that &, = (&0 {w,=0) and Gy, = [Gy 20 0]. Using

this partition, the equation for x then reduces to
xr = szz + Gw,;éOfw,;éO + Gb +c ) (330>

and only the factors &, o must be constrained to cancel their contribution to x. Feasibility
is maintained in the remaining equality constraints since the feasible values of £ _; = 0 and
52;,:0 = —1 still exist, although not strictly enforced. This modification is accomplished by

replacing the identity matrices in A and A% with staircase matrices having a single one in
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each row located in the i column corresponding to the index of each non-zero generator.

For example, the union of hybrid zonotopes Z and VW with generator matrices given by

Ge=lgM00g), al=gMo0],

z

Gy =lo ], &=l 0g o],

w w

may be represented using the staircase matrices

1000
S = ,522[100],
0001
10 1000
Se = , Sb =
0 1 0010

The matrices in the third row of the equality constraints of (3.21) then become

s¢ 0 0 0 31
-S¢ 0 0 0 31
0 S 0 0 —31
0 -S| 0 0 —3i1
A§ = LA = (3.31)
0 o0 3800 41
0 o0 —350 0 11
0 o0 0 35 —i1
1 1
|0 0 0 35, 31

Making this substitution reduces the growth in the set representation complexity by intro-
ducing fewer “slack” factors and equality constraints. This is especially useful when factors
appear in the constraints and not the generator matrices, for example, when applying Propo-

sition 3.2.6 multiple times. Let ny . and n; , denote the number of nonzero continuous and
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binary generators in the representation of Zj, and ng ,, and nj , for Wi, then the set repre-

sentation complexity growth of the union operation is given by

ng :ngvz + nng + 2(”;,,2 + n;,z + n:],w + ”Z,w) ’ (3328’)
Ny =Npz + Ny + 1, (3.32b)
Ne =N + New + 2(Ng, +1g, + 10, +0g,,) - (3.32¢)

3.2.3 Complements

This section provides an identity for the representation of the complements of constrained
zonotopes as hybrid zonotopes over a bounded region of interest. It is then shown how this
identity implies the closure of hybrid zonotopes under complement set operations.

The point containment problem for the constrained zonotope Z. = (G, ¢, A,b) C R" may
be determined by solving the Linear Program (LP) [18, Proposition 2]

' G zZ—c
z € Z, <= minX [|{]| £ = <1. (3.33)
A b
The complement of a constrained zonotope may then be defined by modifying the result in

[4] using the constrained zonotope’s lifted zonotope representation [18].

Lemma 3.2.1. [/, Lemma 2] Given a constrained zonotope Z. = (G,c, A, by C R™ with

0qg>1and x € IR", let

0" () :H§71£n5
G
ot I ="1e+ ], (3.34)
0 A —b
[€lloe <144

Then x & Z, < 6*(z) > 0.

The condition given in Lemma 3.2.1 may be relaxed to give the closure of the complement

by using non-strict inequalities, i.e. z € Z¢ <= §*(x) > 0, noting that 6*(x) = 0 occurs
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when z € 0Z, [60]. When an upper bound on the minimum infinity norm is defined such
that X C {GE+c | €]l < 1+ 0y, AE = b}, then z € Cx(2.) = §*(x) € [0,0,)].
Inspired by the use of complements of zonotopes in [61], the closure of the complement of a

constrained zonotope is now defined as a hybrid zonotope.

Proposition 3.2.7 (Complement). Given any full dimensional, nonempty constrained zono-
tope Z. = (G,c, A,b) C IR" and a convex, bounded region of interest X 2O Z., define
positive scalars 6, and N, such that X C {G{ +c | |[€lle < 14 6, AE = b} and
Am > max {||)\||C>O | |[GT AT])\| < 1}, and let m = 6,, + 1. Define the interval sets

(Graggates | Iegalloe S 1= = (m+ %) Loy, o (14+%) 1an, ]

— (m + 3577” + 1) 12ng,z ) 67"112719,2

{Grotra+cpa | [[€r2lle <1} =
_212ng,z ) 02ng,2

Then the closure of the complement of Z. within the region of interest X is given by the

hybrid zonotope Cx(Z.) = (G, GY, c., AS, A% b.) C R™ where,

GS=|mG 0] ,G=0,c =c
mA 0 0 0| [0 ] b ]
AS G 0 0 c
AC — PF f71 ’A[C) — ’bc — f’l 7
AS. 0 0 0 bpr
L Ats 0 Gf,2_ _Al(),*s_ | €12 ]

. ml —% 0 0 0
App =

—ml —%m 0 0 0| (3.35)
. 0 0 A, [GTAT] 31 -1 0
ADF: 7bDF: )

00 0 121 1—n,

—mI %= 0 0 0 I 0
. ml % 00 0 0 ml
Aps = , Ags =

0 0 O0TIO -1 0

0 0 0 0 I 0 I
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Proof. Let Wy, = (G¢,GY, c.., AS, A% b.) C IR™ denote the hybrid zonotope given by (3.35).
For any w € W), there exists some £¢, € B and €& € {—1,1}™w» such that A°€S+AEL = b,
and w = G5 4 GU 4 co. Let & = (€8 &5 &5 €61 €5p €51 €5), where & € R, &5 € IR,
£ € R ¢, € R™=, &5, € R*"»=, and &5, € R*= and & = (& &), where
&, € {—1,1}">. Then w = mGES + ¢ and the first row of A+ AP = b, gives mAES = b.

Expanding the second row of AS¢S + A%b = b, gives

mé; N —ogs

5 = _Gf,lgj{l + Cfi1, (336)
—m&g —%5&

which implies that m& — 2268 < (1 + 22)1 and —m& — 22&§ < (1 + 22)1. Expanding the
third row of ASS + A = b, gives
1 1
A [GT AT 65+ 560 = 560, = 0,
272 (3.37)
1 (& C T ‘
5 (G &) 1=1-n,..

Expanding the fourth row of A°¢¢ + A%b = b, gives

CmES 4 g 4 (14 6,)€0]
mE + s + (14 0,)8
oL =&

b
2 &

= —Gf,géch + Cfra, (338)

which implies that —m&+ 2 &+ (140,,)€8 < 221, m&E+ 228+ (1+40,)€8 < %21, €, < &,

and &f 5 < &5. Define the change of variables

c 5mc 5m c
gzmgcvéz?gé_’_?a)‘:)‘mf)\
1 1 1

1
Hi2 = 552,1,2 + 50 P2 = 55?,2 + 5"

(3.39)
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Carrying these change of variables through the above constraints results in

w=G{+c, A =0b, ]l <1+, (3.40a)
GT AT\ A4 —po =0, (py + p2)'1 =1, (3.40Db)
—2(14+6,,)(1 — <E—0-1, < p1,
( )( Pl) § H1 = D1 (3.40¢)
o€ [0,5m], Hi2 € [O, 1]”9’2, P12 € {0, 1}ng,z7 (340d)

where (3.40a) is the primal feasibility, resulting from (3.36), (3.40b) is the dual feasibility,
resulting from (3.37), and (3.40c¢) is the complementary slackness, resulting from (3.38),
KKT conditions of the LP (3.34) [61]. Given that the LP is convex, the KKT conditions are
necessary and sufficient; thus § = ¢*(w). Recalling Lemma 3.2.1, the constraint 6 € [0, 0,y,]
in (3.40d) results in w € Z¢. Given that the choice of w € W, is arbitrary W), C Z¢.
Conversely, for any z € Cy(Z2,), there exists some £ such that z = G¢ 4+ ¢, A = b, and
0*(2) € [0,0,,]. Since 6*(z) is the minimum of the convex LP (3.34), there exists some A,
p2 > 0,and pyp € {—1,1}"#= such that (3.40) holds. Letting &, = (§5 &5 &5 &1 €0 §51 65 2)5
&b = (€6 ¢8), and applying the change of variables (3.39), the above implies that £ € Bl
&b e {—1,1} e A + A% = b, and z = G€C + GU%E + c.; thus 2 € W,. Given that the
choice of z € Cx(Z,) is arbitrary, Cx(Z.) C W, and W, N X = Cx(Z2.). O

The complement set operation given by Proposition 3.2.7 embeds the mixed integer
formulation of the KKT conditions of the LP (3.34) directly within the equality constraints
of the hybrid zonotope set definition. The limitation that the proposed identity is only valid
over the bounded region X is due to the so called “big-M” constant, ¢,,, that appears in
the complementary slackness condition (3.40c¢) [53]. The representation complexity of the

hybrid zonotope Cx(Z.) C IR" defined by Proposition 3.2.7 is given by

Ng,c = 9ng,z + Ne,z +n+1 ) (341&)
Npe = 2Ny, (3.41Db)
Nee =T, +Ne + 1, (3.41c)

95



where n is the dimension, n, . is the number of generators, and n. . is the number of con-

straints of Z. = (G, ¢, A,b) C R".
Theorem 3.2.1. Hybrid zonotopes are closed under complement set operations.

Proof. As proven in Theorem 3.1.1, a set is a hybrid zonotope if and only if it is the union
of the finite collection of constrained zonotopes Z.; given by (3.3). Thus given any hybrid

zonotope Zj,, by De Morgan’s law, the closure of the complement of Z, is given by

C

Zi-| Uz =Nz (3.42)
ebeT &eT

Furthermore, given the representation of Zigl by Proposition 3.2.7 as a hybrid zonotope and
the closure of hybrid zonotopes under intersections, it follows that Z¢ is a hybrid zonotope.

]

Remark 3.2.1. The KKT conditions are necessary but no longer sufficient for the nonconvex
point containment problem of the hybrid zonotope (see Proposition 3.2.8). To avoid this
issue, the result of Theorem 3.2.1 ensures that all |T| local minima satisfying (3.34) are
enforced over the region of interest X. Although the growth in the set representation given by
(3.41) is increased proportional to the number of nonempty constrained zonotopes |T|, this
trend is similar to that encountered when representing the complements of nonconver sets as

hyperplane arrangements [15].

Remark 3.2.2. Note that the representations of constrained and hybrid zonotopes are not
unique. For example, given the hybrid zonotope Z, = Cx(Z2.), it holds that Cx(Z}) =
Z. for any X O Z.. While the points represented by these two sets are equivalent, their

representations are not.

3.2.4 Point and Set Containment

Following the evaluation of point containment of constrained zonotopes by solving linear
programs [18, Prop. 2], the point containment of a hybrid zonotope requires the evaluation

of the feasibility of an Mixed-Integer Linear Program (MILP).
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Proposition 3.2.8 (Point Containment). For any Z, = <GC, G c, A, A, b> c R",

240 = {|€e <1, &e{-1,13"

At + AP = b £ 0, (3.43)
ceZ e el <1, e mr | | CHENZ = Uz, (3.44)
A Ab| € b
Proof. Following the proof of [18, Prop. 2]. By Def. 3.1.1, z € Z, if and only if there exists
some £° and €% such that [|€¢]|o < 1, £% € {—1, 1}, A€+ A% = b, and z = GE°+ G ¢ +c.
Choosing (£¢£°) to be any factors such that the right-hand side of (3.44) is feasible, z € Z,
if and only if (3.44) holds. When (3.43) is satisfied, the point z = G°€¢ + G®¢® + ¢, where
(€€ £°) are any factors such that the right-hand side of (3.43) is feasible, belongs to Z;, by
Def. 3.1.1 and therefore Z;, # (). If no such point exists, (3.43) will not be satisfied. O

Note that the right-hand sides of (3.43) and (3.44) are the feasible space of a MILP with

the constraints

e B, e {—1,1}m, A%+ AP =1, (3.45a)
2= G¢+G¢ +c. (3.45D)

Given a point z € IR", by Proposition 3.2.8, z € Z}, if the mixed-integer constraints (3.45a)-
(3.45Dh) are feasible. If the constraints (3.45a) are infeasible then Z;, = ().

The set containment of two hybrid zonotopes may be determined by evaluating if the
intersection of the closure of the complement of one of the sets with the other is empty

leveraging Theorem 3.2.1 and Proposition 3.2.8.

Proposition 3.2.9 (Set Containment). For any two hybrid zonotopes Z;, C IR™ and W), C
IR", define Cx(Z},) by Proposition 3.2.7 for a region of interest X such that X 2 W, then

Wy, C Z), <— W, N C/y(Zh) =0. (346)

Proof. Let W, C Z;,. Then for any w € W, it holds that w € Z7 and thus w ¢ Z¢. Given
that the choice of w is arbitrary and X is chosen such that X O W), implies that w € X
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and therefore Wy, N Cx(Z;,) = (0. Conversely, let W, N Cx(Z,) = 0. Then for any w € W), it
holds that w € Zy N X. Given that the choice of w is arbitrary and X is chosen such that
X DO W, implies that w € X and therefore W, C Z,,. O

Remark 3.2.3. A tight region of interest X satisfying X 2 W, may always be found as
the interval hull of Wy, by solving 2n MILPs, as discussed in Section 3.2.5. Alternatively, a
sufficient enclosure X may be found algebraically (see [59] for interval hulls of zonotopes) as

the interval hull of the zonotope Z = ([G¢ G®], ¢) satisfying Z;, C Z C X by Lemma 3.1.1.

The set containment of two zonotopes is a difficult problem. Indeed necessary and suffi-
cient conditions have yet to be obtained [62]. In [60] it is proven that numerically verifying
the set containment of two zonotopes is co-NP-complete and propose solving the problem
either by enumerating the vertices of the subset W, or through solving a nonconvex opti-
mization problem. The method proposed here extends this type of verification to nonconvex
sets and amounts to a search of the hybrid zonotopes integer feasible space to find if any
solution exists, which is NP-complete. Although set containment may be verified leverag-
ing Propositions 3.2.8 and 3.2.9, the problem remains numerically challenging. Nonetheless,
Proposition 3.2.9 offers a promising mixed-integer approach, especially when the superset
Zy, is a constrained zonotope in CG-rep and Proposition 3.2.7 may be directly applied to

represent its complement.

3.2.5 Support Functions and Convex Enclosures

While solving MILPs to obtain a global optimum is NP-hard, determining their feasibility
is NP-complete and may often be decided quickly compared to performing optimization [63].
The intersection of a hybrid zonotope and a given halfspace may be detected by determining if
Z,NH~ = () through Propositions 3.2.4 and 3.2.8 through such a feasibility check. However,
it is often desirable to determine the bounds of a hybrid zonotope in a given direction [ € IR",
e.g. to discover the maximum possible constraint violation of a system when its reachable
set is given in HCG-rep. To find these tight bounds, the notion of support functions are now

extended to hybrid zonotopes.
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Definition 3.2.1 (Support Function). The support function of a hybrid zonotope Z, C IR"
18

pz, (1) = max {sz ‘ z € Zh} : (3.47)

and it holds that Z;, C H; for the supporting halfspace
Hy ={zeR"|I"2<pz,(1)} . (3.48)

When (3.47) is solved to obtain a global optimum, the supporting halfspace (3.48) is
tight in the sense that the corresponding hyperplane intersects the set Zj, and 2, C ‘H; [43].
The containment constraint that z € 2, in (3.47) follows from Proposition 3.2.9, and pz, (1)
can be found by solving the single MILP

Acee 4 Abgb =} |
pz, (1) = max { I7(G€° + G*¢" + ¢) : (3.49)
16000 < 1, £ € {=1,1}™

In the analysis of convex sets, support functions are often used to provide tight polytopic
enclosures of the set in H-rep as the intersection of multiple supporting halfspaces [8], [15],
[43], [59], [64], [65]. Sampling the support function of a convex set over the collection of

directions £ C IR" generates the over-approximating template polyhedron in H-rep

(Xl =N{zeR [ 1"z <pr(D} (3.50)

such that [X], 2 X. The accuracy of the over-approximating H-rep polytope increases with
the number of directions sampled and indeed for convex sets it holds that [X], = X for

£ =TR" [59], [64].

Proposition 3.2.10 (Convex Enclosure). Given any hybrid zonotope Z, C IR", its convex
hull CH(Z,), and collection of directions £ C IR", it holds that the template polyhedron
[ 2]z defined by (3.50) satisfies

2, C CH(Z) C [Z4]c (3.51)

29



and CH(Zh) = ’VZh—IL fO’f’ L= H:{n

Proof. Let [ € L CIR". By Theorem 3.1.1, every hybrid zonotope is equivalent to the union
of a finite number of constrained zonotopes Z;, = Ulzil{ Z.;, where Z.; is given by (3.3). Based
on the definition of convex hulls, Z, € CH(Z},) and therefore Z;, C CH(UZ, Z.;). Sampling
the support function of Zj, for [ then gives pz, (I) > pz. () Vi€ {1,...,2™}. Furthermore
the support function of a convex hull is given by Pon(y chi)(l) =max{pz,,(1),...,pz_m, (D}
[59]. Thus pz, (1) = Pen( Zc’i)(l). Applying Definition 3.2.1 gives Z;, C CH(Z;,) C H; and

iterating over all [ € £ concludes the proof. O

Proposition 3.2.10 provides a method of generating tight convex enclosures of hybrid
zonotopes by solving a series of MILPs. The simplest compact enclosure is given by sampling
the support function in the n cardinal directions, i.e. £ = {ey,...,e,, —e1,...,—e,} C R"
where ¢; is the standard i unit vector, and is referred to as the hybrid zonotope’s interval
hull. The interval hull is the tightest axis oriented box containing the set and is given by

the n-dimensional interval

ch(—el) ) ch(€1)
B(Z,) = : : ) (3.52)

9

Pz, (_en) » P2y (en)

Convex enclosures generated by Proposition 3.2.10 of the hybrid zonotope (3.6) from Exam-
ple 3.1.1 with varying number of directions sampled evenly from the unit circle are depicted

in Figure 3.3.

3.3 Binary Trees

As proven in Theorem 3.1.1, a hybrid zonotope with n, binary factors is equivalent to
the union of the 2™ constrained zonotopes Z.; given by (3.3). When it is necessary to
decompose a hybrid zonotope into a collection of constrained zonotopes, enumeration of the
set {—1,1}™ may become intractable for large n;,. However, it is possible that some of the

elements &2 € {—1,1}™ map to empty constrained zonotopes and therefore do not contribute
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Figure 3.3. Example of generating tight convex enclosures of a hybrid zono-
tope by sampling the set’s support function. The collection of directions £,
and Lo are evenly spaced around the unit circle in 8 and 100 directions, re-
spectively.

points to the hybrid zonotope. In this section it is shown how the enumeration problem of
decomposing hybrid zonotopes may be reduced by iteratively growing binary trees in parallel
with set operations.

For a hybrid zonotope Zj, let T C {—1,1}™ be the set of discrete elements that map
to nonempty constrained zonotopes, that is 7 = {& € {—1,1}" | Z.; # 0}. Leveraging
Theorem 3.1.1 and Z, U = Z, it follows that

Zy= U Zei- (3.53)
ebeT

The enumeration problem in decomposing hybrid zonotopes may therefore be reduced by
only considering the values of the binary factors belonging to 7. The discrete set T also gives
a measure of how efficient the set is—ideally a hybrid zonotope representing 2V constrained

zonotopes would only have N binary factors.
The hybrid zonotope is a mixed integer set representation [66] and may be described by
a rooted binary tree [67]. The root of the binary tree is the hybrid zonotope Z;, and the

nonempty leaves are the constrained zonotopes Z.; V& € T. The binary tree consists of ny,
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layers, where the j** layer branches on the value of the j* binary factor. Each layer of the

tree between the root and leaves consists of branch nodes given by hybrid zonotopes
2l = (G Gl + Ghed, A% AL b— ANl (3.54)

where the binary generator and constraint matrices are partitioned such that G* = [G% GY),
where G® are the j columns for the ancestor nodes multiplied by & € {—1,1} for the i'"
branch node of the layer, and GY% the remaining columns for the binary factors that are
branched on by the descendants. The binary tree and relation between each node for a

hybrid zonotope with n;,/log,(|7|) = 1.5 is depicted in Fig. 3.4.

@) Zor | 1Zen) (2] [Zea) [Zos) [Zeo) Zer | [Zea)

Figure 3.4. Example of the binary tree for a hybrid zonotope Z; with three
binary factors. The set 7 is depicted by the bold black lines and empty
nodes are grey with dashed borders. In this example, the relations between
layers of the binary tree are given by 2, = 23, U 2}, 25, = 21, = Zes,
Z}L’Z = Z,QL’3 U Z}%A, Z}%?g =2Z.5UZ.6, and Z}%A =Z 5.

The set T may be found with any MILP algorithm that explores the constrained space of
factors given by (3.45a), e.g., branch and cut [53], and is referred to as the integer feasible set
of the MILP. Although many algorithms exist that may be used to find 7, the computational
burden grows as the number of variables increases. Through all set operations of hybrid
zonotopes, the constraints on the factors of the operating sets are imposed directly in the
resulting hybrid zonotope. Thus the hybrid zonotope generated through set operations with
additional binary factors may only branch from the nonempty leaves of the operating sets.

Given a hybrid zonotope Zj; with integer feasible set 73 C {—1,1}"1, let 2,5 be
a hybrid zonotope found through set operations applied to Z;; introducing k additional
binary factors. Rather than finding 75 C {—1,1}™1** by solving the MILP (3.45a) for Z;, 5
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directly, it is possible to leverage the fact that the leaves of Zj, o are the descendants of Z 1,
where 7 is already known. Thus an alternative approach is to solve the MILP (3.45a) for
the |7;| branch nodes given by (3.54) at layer ng;, each having only k binary factors. The
new integer feasible set 75 is then given by the union of the results from these |7;| MILPs
appended to the values of 7;. This approach is described in Algorithm 1.

Algorithm 1 Branching the binary tree of Zj, o on the descendants of Zj, ;.
Input: 2,5 = (G G’ ¢, A%, A°)b), Ty C {—1,1}"n
Output: 75 C {—1,1}"=2

1: for & € T do

2 Z;%" < (3.54) for &

3: Solve MILP to find integer feasible set T of Z,%"

4: Append entries of T to &2 and store in T

5: end for

Since finding 7 amounts to an exhaustive search of the integer feasible space of the
MILP (3.45a), Algorithm 1 aims to reduce the number of branches that must be searched
at each iteration by solving more, smaller MILPs. Each of these smaller MILPs search the
subtrees branching on the binary factors added since the last search has been performed.
Thus leveraging information stored in the set 7; prevents searching nodes that have already
been determined as infeasible during previous iterations. Note that Algorithm 1 is NP-hard
with worst-case exponential run time. Nevertheless, this approach may allow the decompo-
sition of complex hybrid zonotopes into a collection of constrained zonotopes when many set

operations are applied iteratively.

3.4 Numerical Example: Obstacle Avoidance

This example considers the problem of formulating a model predictive controller (MPC)
for an agent moving from an initial condition to a target point while avoiding collision with
multiple obstacles. In [5] it is shown that over-approximating polytopic obstacles using zono-
topes sharing a common structure leads to considerable improvements in the computation
time of the MPC. However, once the over-approximation is found, the zonotope must be

converted back to an H-rep polytope [5] to represent its complement as hyperplane arrange-
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ments [13]. Here it is shown how the same safety constraint may be formulated directly as
a hybrid zonotope representing the complements of the obstacles.
This example considers a single agent in 2D space with continuous dynamics given by
0 I 0
T = x+ u, (3.55)
0 -7l LT,
where x5 is the position and x34 the velocity of the agent, the control actions are the
acceleration in the 1,2 coordinates, and the model parameters are pr = 3 and M = 60 [5].
The obstacles are over-approximated by a zonotope denoted by Z;, and their union is given
by the hybrid zonotope Zj, o = UZ;. The optimal action of the agent at each time step

under the proposed MPC is given by the solution to the mixed-integer quadratic program

N-1
min enPry + Y o) Quy + uf Ruy,
k=0

u, €U, Tp41 € CX(Zh,O) X IRZ ,

where 1z is fixed to the sampled state of the system, U = {u € R* | |lul|s < 1} is the set
of all admissible control inputs, and the states are constrained to the nonconvex safe set
Cx(Zno) x R? for X = {z € R* | ||7]|c < 2}. The A and B matrices used in the MPC
formulation are given by the zero-order hold transform of (3.55) with a discrete time step of
T, = 0.5. The MPC parameters are set to Q) = I, P = 1014, R = I, and N = 10 [5]. The
safe set, Cx(Zh0) X IR? generated through Theorem 3.2.1 and Proposition 3.2.7 with two
example trajectories of the simulated closed-loop plant are shown in Fig. 3.5.

The MPC problem (3.56) is formulated using YALMIP [68] and solved using Gurobi [69]
with MATLAB on a desktop computer using one core of a 3.0 GHz Intel i7 processor with 32
GB of RAM. The computation time to formulate and solve the MPC (3.56), analyzed over
100 trials with randomly sampled initial conditions, is given in Table 3.2. The computa-
tion time is compared to the equivalent problem formulated using hyperplane arrangements

to define the safety constraint Cy (25, 0) (see Section 2.3.2 and [13, Sec. 2.1]). It is noted

64



g 0
17 [ ICx(Zn0) A
) o Start
X X Target
Trajectory
) ‘ ; ‘
-2 -1 0 1 2

Figure 3.5. Hybrid zonotope defined as the complement of the union of
the obstacles, Cx(Z,0), and trajectories of the simulated closed-loop system.
Black lines depict the decomposition of the hybrid zonotope Cx(Z,0) into
constrained zonotopes by Theorem 3.1.1.

that additional methods exist to further reduce the complexity of hyperplane arrangements,
such as logarithmic formulations and merging adjacent cells [70], each introducing additional
overhead in the formulation of the problem. It is also noted that hyperplane arrangements
have a mature theory in obstacle avoidance, including methods to guarantee the constraint
satisfaction of the plant’s continuous dynamics [71]. Nevertheless, the use of hybrid zono-
topes shows a considerable improvement in the average solution time in this case, namely a

reduction by ~ 47%.

Table 3.2. Computation times to formulate and solve the MPC problem
(3.56) analyzed over 100 trials.

Cx(Zh0) Average (s) Maximum (s)
Hybrid Zonotope 0.10 0.24
Hyperplane Arrangement 0.19 0.25
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3.5 Chapter Summary

This chapter has presented a new mixed-integer set representation named the hybrid
zonotope. Hybrid zonotopes extend zonotopes and constrained zonotopes to represent the
nonconvex union of an exponential number of convex sets using a linear number of contin-
uous and discrete variables. I have shown how hybrid zonotopes may be decomposed into a
collection of constrained zonotopes for visualization and analysis. 1 have derived set opera-
tions for linear mappings, Minkowski sums, generalized intersections, halfspace intersections,
Cartesian productions, unions, and complements, thereby providing a nonconvex set repre-
sentation with applicability to a broad range of set-theoretic methods. I have shown how the
bounds of a hybrid zonotope may be found by solving a mixed-integer linear program, and
that doing so provides a method for generating tight convex enclosures. I have shown how
every hybrid zonotope has an underlying binary tree that may be leveraged to reduce the
complexity of converting them into a collection of a convex sets. Furthermore, I have devel-
oped an algorithm that leverages the propagation of this binary tree through set operations
to avoid repetitive calculations. A numerical example has shown the use of hybrid zonotopes
as safety constraints in an obstacle avoidance problem and showed improved computation

time over the conventional method using hyperplane arrangements.
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4. FORWARD REACHABLE SETS OF HYBRID SYSTEMS

In this chapter I present a closed-form solution to the exact reachable sets of linear hy-
brid systems as hybrid zonotopes. Identities are derived for both hybrid systems modeled
as Mixed Logical Dynamical (MLD) systems, as presented by Trevor J. Bird, Herschel C.
Pangborn, Neera Jain, and Justin P. Koeln in [57], provisionally accepted by Automatica,
and closed-loop systems under Model Predictive Control (MPC), as presented by Trevor
J. Bird, Neera Jain, Herschel C. Pangborn, and Justin P. Koeln, in the Proceedings of the
2022 American Controls Conference [72], both are included here with minor modifications.
The presented methods are given by identities that don’t require solving any optimization
programs or taking set approximations. The proposed approach captures the worst-case ex-
ponential growth in the number of convex sets required to represent the nonconvex reachable
set of a hybrid system while exhibiting only linear growth in the complexity of the hybrid
zonotope set representation. All technical contributions of this chapter were made by Trevor
J. Bird while being advised by Professor Neera Jain at Purdue University, as well as Pro-
fessor Justin P. Koeln (University of Texas Dallas) and Professor Herschel Pangborn (The
Pennsylvania State University).

The remainder of this chapter is organized as follows. In Sec. 4.1 1 derive an identity for
the forward propagation of hybrid system dynamics as hybrid zonotopes and provide two
numerical examples. In Sec. 4.2 I show how the optimality conditions of linear MPC may
be embedded within the hybrid zonotope set definition, resulting in the representation of
the explicit multiparametric solution. Using the set of explicit MPC solutions, I show how
the closed-loop dynamics of a linear time-invariant system under MPC may be propagated

using hybrid zonotopes.

4.1 Reachable Sets of MLD Systems

In this section I derive an identity for representing exact reachable sets of discrete-time
hybrid automata modeled as Mixed Logical Dynamical (MLD) systems [73] using hybrid
zonotopes. This identity contains all guard set intersections implicitly as properties of the

MLD model and avoids solving any optimization programs or using approximation techniques
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to determine guard crossings, changes in dynamics, or reset maps. This approach is desirable
as it is both computationally efficient and exact. Numerical examples show the hybrid
zonotope’s ability to compactly represent nonconvex reachable sets with an exponential
number of features. This section is organized as follows. First I describe the modeling of
hybrid systems as mixed logical dynamical systems in Sec. 4.1.1. In Section 4.1.2, I present
a closed-form solution to the forward reachable sets of MLD systems and a redundancy
removal technique is described in Section 4.1.3. Finally, in Section 4.1.4 I provide two
numerical examples, one of which compares the proposed approach to two previous exact

methods.

4.1.1 Mixed Logical Dynamical (MLD) Systems

As first introduced in [73], the Mixed Logical Dynamical (MLD) system modeling frame-
work combines continuous and binary variables with logical relations in mixed-integer in-
equalities to express complex dynamic systems. It has been shown in [73], [74] that such a
framework can be used to model systems that have mixed continuous and discrete states and
inputs, piece-wise affine and bilinear dynamics, finite state machines, qualitative outputs,
and those with any combination of the former. An MLD system with linear discrete-time

dynamics may be expressed as

vy = Az + Byu + Byw + Byyy (4.1a)

st. Eyx+ Eyu+ Eyzw < By, (4.1b)

where z € IR™ x {0, 1}"=! are the system states, u € IR"* x {0, 1} are the control inputs,
and w € R™* x {0,1}"" are auxiliary variables. The number of inequality constraints is
denoted by n. such that E,;; € R"™. Given any fixed state z and input u, the trajectory
of the MLD system in a single time step is given by the difference equation (4.1a) for any
auxiliary variable w that satisfy the inequality constraints (4.1b).

When formulating an MLD model (4.1), the so-called “big-M” constants used in the

mixed-integer inequalities to relate continuous values to logical statements are chosen for a
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user-defined subset of the state space, X C IR"* x {0,1}"=!, and set of admissible control
inputs, Y C R™ x {0,1}™ [73]. It follows that for the bounded state-input domain
over which the MLD model is defined, the auxiliary variables will belong to a compact set
W C IR" x {0,1}". The MLD representation and set of possible auxiliary variables W of
linear discrete-time hybrid systems may be generated automatically using the modeling tool

Hybrid System DEscription Language (HYSDEL) [75].

4.1.2 Forward Reachable Sets of MLD Systems

A closed-form solution to the forward reachable sets of MLD systems as hybrid zonotopes

is now presented.
Theorem 4.1.1. Consider the MLD system described by (4.1) with x € Ry, C X C IR"™* x

{0,1}"=, w e d C R™ x {0,1}™, and w € W C R"™ x {0,1}" given in HCG-rep. Let

Bu Bw Baff
V= Uuo W e ;

£, £y, 0

and define the polyhedron H = {s € R"

s < Eaff} C IR"™. Then the set of states reachable

in one time step is given by the hybrid zonotope

A
Rit1 = [In 0] 5 R BV Mo 1,..] H| . (4.2)

Proof. Let R denote the hybrid zonotope given by the right-hand side of (4.2) and Ry
denote the set of states reachable by the MLD system (4.1) in one time step. For any
r € Ri41 there exists some x € Ry, u € U, and w € W such that E,x + Eyu+ Eyw < Eypy
and r = Az + Byu + Byw + Bysy. Let T' = [AT ET]T and

Bu Bw Baff

v = u+ w + : (4.3)
£, Ey, 0
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Thenv € V and (T'z+v) € TR;,®V. Furthermore, r = [I,, 0] (Tz+v) and [0 I, ] (Tx+v) € H.
Thus r € R and Riv1 C R.

Conversely, for any 7 € R there exists some z € Ry and v € V such that 7 =
L, 0] (l'z +wv) and [0 1, | (T'z+v) € H. For any v € V, there exists some u € U and
w € W such that v is given by (4.3). Then 7 = Azx + B,u + B,w + Byss such that
E,x+ FEu+ Ey,w e H & Ex+ Eyau+ Eyzw < E,pp. Therefore 7 € Ryq1, R C R, and

R == Rk+1. D

Remark 4.1.1. Given that the MLD system (4.1) is only defined over the bounded subset
of the state space X chosen when formulating the MLD model, the set of states reachable
from Ry in one time step is given by Theorem 4.1.1 only when Ry C X. When applying
Theorem 4.1.1 iteratively to find the set of states reachable for k =0,..., N time steps, Ry
may be a subset of the true reachable set if Ry € X for some j € {0,...,N}. This is due
to the implicit reduction of the feasible space of the MLD system’s mized-integer inequality
constraints caused by introducing big-M constants [53]. The condition that R; C X may be

verified by Proposition 3.2.9.

By enforcing the MLD system’s mixed-integer inequality constraints as halfspace inter-
sections with hybrid zonotopes, Theorem 4.1.1 provides a method of determining the exact
set of states reachable by MLD systems defined by (4.1). This approach is desirable as the
propagation of the system dynamics is given by an identity and is computed algebraically.
In contrast with existing approaches [9]-[11], the intersections with guard sets are handled
implicitly as properties of the MLD system and require no iterative approximations or op-
timization programs. Furthermore, the growth in complexity of the set is a linear function
of the number of iterative applications of Theorem 4.1.1. Specifically, given an initial set of

states Ry C IR"™* x {0,1}"=t and set of admissible control inputs &4 C IR" x {0,1}"™ in
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HCG-rep, the set of states reachable by the MLD system (4.1) in k time steps is a hybrid

zonotope Ry with representation complexity given by

ngﬂ"(k) = (ng,u + Nype + ne)k + ng0, (44&)
(k) = (M0 + 1)k + 0 (4.4Db)
nc,r(k) = <n0,u + ne)k + N - (4.40)

The time complexity of (4.2) is dominated by the linear mapping of R and scales as O(n(n+
Ne)(Ng0+m0)), where n = n,.+ny. Given that a;ngg = asnyg = asne = n for some ¢; € R,

the time complexity of k iterations of (4.2) scales as O(n®k).

4.1.3 Redundant Inequality Constraints

It is possible that some of the inequality constraints of the MLD system (4.1b) are always
satisfied by the elements of R, and U and therefore do not need to be enforced within the
hybrid zonotope Ryy1. That is, €,z + eju +ew < e;; Vo € Ry, u € U, and w € W,
where €' is the i* row of the matrix £. In this case, including the i* inequality constraint
in Ri41 is unnecessary and its removal reduces both n., and n,, because the slack factor
enforcing the inequality constraint is also unnecessary. This redundancy may be detected

by evaluating the feasibility of an MILP with constraints

4248 9] =, @ < (- ap

1085 & o Enijzi)lloo <1, 1< &y

(4.5)

where £ = (€2 £° € &), and the i slack factor, &,;, is removed from the infinity norm
constraint and instead constrained to be greater than or equal to 1. If the MILP is infeasible,

then the i'” inequality constraint may be removed.
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4.1.4 Numerical Examples

This section presents the forward reachable sets of two linear MLD systems in the form of
(4.1). In both examples, the reachable set is found through iterative application of Theorem
4.1.1 and redundant inequality constraints and binary factors are removed using the methods
described in Sections 4.1.3 and 6.1.3, respectively. MLD representations of the presented
hybrid systems are obtained using HYSDEL 3.0 [75]. Optimization problems are solved using
Gurobi [69]. Figures are generated by decomposing the hybrid zonotope into a collection of
constrained zonotopes by Theorem 3.1.1 and converting them to H-rep polytopes. If the order
of the constrained zonotopes are below 50, they are converted to an H-rep polytope using
the Multi-Parametric Toolbox (MPT) [12], otherwise tight over-approximations are found
by sampling the support function (3.47) in 250 uniformly-distributed directions. Numerical
results are generated with MATLAB on a desktop computer using four cores of a 3.0 GHz
Intel i7 processor with 32 GB of RAM.

Piece-Wise Affine System with Two Equilibrium Points

Consider the discrete-time Piece-Wise Affine (PWA) system given by

0.75 0.25 —0.25
zlk] + , ifx <0,
—-0.25 0.75 —0.25
zlk+1] =< ¢ : u : (4.6)
0.75 —0.25 0.25
zlk] + , otherwise .
0.25 0.75 —0.25

This hybrid system consists of two stable, autonomous subsystems, each having an equi-
librium point at * = +[1 0]7. The PWA system can be represented as an MLD system
by introducing two continuous auxiliary variables, n,. = 2, one binary auxiliary variable,
n, = 1, and ten inequality constraints, n, = 10. The states reachable by (4.6) in N = 15
time steps are shown in Fig. 4.1. The set representation dimensions and computation times

are given in Table 4.1 for the reachable sets with and without redundancy removal.
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Table 4.1. Results of reachability analysis for (4.6) with redundancy removal,
Ri5, and without, Ry5. Reported computation times include all steps from
initializing Ry to generating the set with shown dimensions.
Set  ng, MNey My |T] Time (sec)
Ris 182 150 15 2 0.02
Ts 142 110 1 2 0.36

Rio
& .
1+
H R
AR
0—4 ® ' ‘ 0
/ f \ “Q.- \& R()
-2 -1 0
T

Figure 4.1. Reachable set of PWA system (4.6) with two subsystems, each
having an equilibrium point depicted by e and autonomous dynamics with
vector fields depicted by —.

The auxiliary binary variable in the MLD representation of this PWA system indicates
which side of the guard a state is located. If the reachable set is fully contained on one side
of the guard, then only one value of the binary auxiliary variable is feasible. When a guard
crossing occurs at k = 3, the introduced binary variable has a feasible value of —1 V 1 and
branches the reachable set. No additional guard crossings occur in all following time steps.
Thus the feasible value of the subsequent binary variables are dependent on that of the one
introduced at K = 3—i.e. a state can only be on the right-hand side of the guard if it is
a trajectory from a state crossing the guard at £ = 3. The redundancy removal techniques
given in Section 6.1.3 capture these dependencies to reduce the reachable set having fifteen
binary factors and a full binary tree with 2!° = 32,768 leaves to one with two leaves from
a single binary factor. In this example, 40 of the inequality constraints are identified as

redundant and removed using the method described in Section 4.1.3.
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Thermostat-Controlled Heated Rooms

This example extends the heated room scenario given in [11], where the thermostatic
control and heat exchange among adjacent rooms is modeled as a hybrid system. The

continuous temperature dynamic of the i room is modeled as

By =c-hi+bi(u— ;) + > a(zy — 2i) (4.7)
i]

where the heat transfer coefficient a;; is 1 between adjacent rooms and 0 otherwise, the heat
transfer coefficient between the room and the outside environment is b; = 0.08¢ where ¢ is the
number of exposed walls, the heating power is ¢ = 15 with h; € {0, 1} for rooms with heaters
and h; = 0 otherwise, and the outside temperature may take on any value within the interval
u € [0,0.1] [11]. Heaters located in select rooms are controlled by discrete-time thermostats
that turn on when the sampled temperature in the room decreases below 22°C and turn off
when it increases above 24°C. The closed-loop temperature dynamics of the building may be
modeled as an MLD system by introducing one binary state, three auxiliary binary variables,

and nine inequality constraints for each heater.

@: xc,l [k] xc,Z [k] xc,3 [k]

% . xy,1[k] Q

o Y i &
“ : &
2 ] Xc,6 [k] Xe,5 [k] Xca [k] >
scé “xl,z (%]
@] T J

xc,? [k] xc,8 [k] xc,g[k]
. xy,3[K]

Figure 4.2. Room layout and heater locations for a varying number of rooms.
The pattern shown is repeated for Case(12,4).

Four cases are considered with n,. = 3p continuous and n, = 1p discrete states for

p =1,...,4. Each case is coded as Case(ng,ny) to denote the varying building layout
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shown in Fig. 4.2. Heaters are located in every third room such that h; € {0,1} for j = 3p
as depicted in Fig. 4.2. Using a discrete time step of 7y = 0.01 and a zero-order-hold
discrete transform of the continuous dynamics (4.7), the reachable set of the four MLD
systems for a time interval of ¢t = [0, 1] is generated as hybrid zonotopes with dimensions
reported in Table 4.2. The set of initial temperatures are given by z.[0] = (z¢ x¢) £ 0.1
where o = [23 23.5 23.5 22.5 23 22.5]7. All heaters begin on such that z;[0] = 1. The
computation time of each step of the proposed method is provided in Table 4.3. Four 2D
projections of the reachable set for Case(6,2) are plotted in Fig. 4.3.

2.9 21.1 ] 2.9
217 g 228 —
< 21.05 : s
21.65 22.7 27| -
22.61F 21 226 || =
21.6 22.5 — 22.5
21.16 21.2 21.24 21.6 21.65 21.7
23.5 225 Y BN - Rioo
I
| Rso
2| . 235
~ ! < © 7= Rao
8225 8 £ 23 gg
‘ 215 = Rao
2201 225 =
‘ = R
I 22 e e e A e e e -
215 1 1 21 . .
22 23 24 21.5 22 225 23 22 23 Ro
xs X1 Zs

Figure 4.3. Projections of the reachable set of the heated room MLD system
Case(6,2). Supporting halfspaces in each state dimension at the final time step
shown by black boxes. Zoomed in plots of the final reachable set shown with
10* randomly sampled, simulated trajectories given by green dots.

In Table 4.2 it is shown how hybrid zonotopes are able to capture possible exponential
growth in the complexity of the nonconvex reachable set through linear growth in set rep-
resentation complexity. In Case(3, 1), the hybrid zonotope Rigo is equivalent to the union
of 39 convex subsets using 1003 continuous and 300 binary factors. As the complexity of
the system is increased through the other three cases, more guard crossings occur over the
100 step horizon and the resulting reachable set is increasingly nonconvex. In Case(12,4),
the hybrid zonotope Rig is equivalent to the union of over 410 x 103 convex subsets using

3712 continuous and 1200 binary factors. After applying the proposed redundancy removal
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techniques, the reduced hybrid zonotope Rj,, represents the nonconvex reachable set using

only 484 continuous factors, 58 binary factors, and 372 constraints.

Table 4.2. Set dimensions of reachability analysis for the heated rooms with
redundancy removal, Rf,,, and without, Rigp.

7?'100 R{QO

Case  ng, Npr  Ner Ngr NMor Nep T
(3,1) 1003 300 900 261 19 113 39
(6,2) 1906 600 1800 283 29 177 657
(9,3) 2809 900 2700 445 64 336 66523
(12,4) 3712 1200 3600 484 58 372 410605

The scalability of the proposed approach can be seen in Table 4.3. The computational
complexity of Theorem 4.1.1 to find the unreduced set Rg scales as O(n?) and is reflected
in the reported computation times. On the other hand, the use of Algorithm 1 to explore
the hybrid zonotope’s binary tree is NP-hard. However, the complexity of the binary tree
is a direct consequence of the number of discrete changes in the hybrid dynamics of the
system. In Case(3,1) the number of nonempty leaves of the binary tree is relatively small,
and Algorithm 1 contributes only 4% of the total computation time. In Case(12,4), the
time spent on Algorithm 1 jumps to nearly 92% of the total computation time. However
when comparing this value to |7, the average time spent per nonempty leaf explored only
ranges from 2.2 — 7.3ms across all cases. The computational burden of detecting redundant
inequality constraints grows with the representation complexity of the hybrid zonotope;
however, the number of evaluations of the NP-complete problem is finitely given by the
number of constraints.

Table’s 4.4 and 4.5 compare the use of hybrid zonotopes to represent the reachable set

of the thermostat-controlled heated rooms to two existing exact methods:

M1 represent the reachable set as a collection of constrained zonotopes generated using the

algorithm described in [43, Algorithm 1],
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Table 4.3. Computation times in seconds for all operations within the read-
ability analysis. The total time to find the reduced set R}, is given by the
sum of the individual operations.

Case Theorem 4.1.1 Alg. 1 Redundancy Total

(3,1) 0.20 0.11 2.17 2.49
(6,2) 0.84 1.43 8.15 10.41
(9,3) 2.24 168.91 51.33 222.49
(12,4) 3.87 3001.54 26430  3269.71

M2 implicitly represent the reachable set by iterating over the mixed-integer constraints of
the MLD system given by (4.1) as described in [76] and implemented using YALMIP
[68].

While both of these methods provide the same reachable set as the proposed method using
hybrid zonotopes, there are distinctions. Computing reachable sets using M1 results in a
worst-case exponential growth in representation complexity, as shown in Table 4.4. This
growth in complexity resulted in the final Case(12,4) being terminated on the 86 time
step after 20 hours of computation time. Furthermore, the resulting set consists of multiple
convex sets, thus requiring each set to be analyzed to verify properties of the nonconvex
reachable set. The reachable set given by M2, on the other hand, is compact and fast to
generate, as shown in Table 4.5. Similar to the results of Theorem 4.1.1, the use of the MLD
system model results in only linear growth in representation complexity. However, this set
is given implicitly as mixed continuous and binary variables with inequality constraints.
While defining the same reachable set, this representation does not have closure under set
operations and is therefore only suitable for verifying the existence of trajectories by solving
optimization programs.

The time to detect halfspace intersections and evaluate support functions (3.47) using
hybrid zonotopes with and without redundancy removal, denoted by HCG-r and HCG respec-
tively, is compared to the same operations using methods M1 and M2 in Fig. 4.4. In these
results, the direction vector [; € IR"* is randomly sampled 100 times and the support func-
tion pr,,, (1) solved to find a global optimum. To provide a realistic comparison of halfspace

detection, the 100 halfspaces are split into 50 true—H; = {x e R™ |z < ,073100([1)}—
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Table 4.4. Computation time and representation complexity for method M1.
The total number of generators and constraints summed over the collection of
constrained zonotopes is reported by n, and n. respectively.

Case ng N Sets  Time (s)

(3,1) 1833 82 17 7.99

(6,2) 32807 2597 285 118.95

(9,3) | 1710990 229680 13590  10015.69

(12,4) | DNF DNF DNF > 72x 103

Table 4.5. Computation time and representation complexity for method M2.
The number of continuous variables is given by n,, the number of binary vari-
able is given by n;, and the number of inequality constraints is given by n..

Case | ng " n. Time (s)

(3,1) | 403 401 2315 0.71

(6,2) | 706 802 4430 0.72

(9,3) | 1009 1203 6545 0.71

(12,4) | 1312 1604 8660 0.74

and 50 false—H;" = {x c IR™e

[Fx > 1.1p73100(li)}—results such that Rigo N H; # 0 and
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Figure 4.4. Average time to compute support functions and to detect halfs-
pace intersections with the reachable sets.

In Fig. 4.4, the average computation times are similar between HCG and M2. The

computation time of M1 grows sharply in Case(9,3), where the number of convex sets, and
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linear programs to be solved, jumps by two orders of magnitude. The reachable set given
by the reduced hybrid zonotope, HCG-r, has the lowest computation times. However, this
increased efficiency is at the cost of additional overhead in the generation of the set as shown

in Table 4.3.

4.2 Reachable Sets of Closed-Loop MPC

In this section I present a closed-form solution to the exact reachable sets of closed-
loop systems under linear model predictive control (MPC) using hybrid zonotopes. This is
accomplished by directly embedding the Karush Kuhn Tucker conditions of a parametric
quadratic program within the hybrid zonotope set definition as mixed-integer constraints,
and thus representing the set of all optimizers over a set of parameters. Using the set of
explicit MPC solutions, I show how the plant’s closed-loop dynamics may be propagated
through an identity that is calculated algebraically. Beyond reachability analysis, I show
that the set of optimizers represented by a hybrid zonotope may be decomposed to give the
explicit solution of general multi-parametric quadratic programs as a collection of constrained
zonotopes.

The remainder of this section is organized as follows. In Section 4.2.1 I provide some
background on the lack of existing work in the reachability analysis of closed-loop systems
under MPC to motivate the approach. Then in Section 4.2.2 I discuss multiparametric
quadratic programming. In Section 4.2.3 I show how the set of all optimizers of a parametric
quadratic program may be defined as a hybrid zonotope. In Section 4.2.4 T show that
the hybrid zonotope containing all optimizers of an MPC formulated as a multiparametric
quadratic program may be used to propagate the reachable set of the closed-loop system.

Finally, an illustrative example is provided in Section 4.2.5.

4.2.1 Motivation

Model Predictive Control (MPC) has found considerable success in both academia and
industry due to its performance, robustness, and versatility [77]. The most common MPC im-

plementation recursively solves for the sequence of control inputs that minimizes a quadratic
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cost based on future operation of the open-loop plant as predicted by a linear, discrete-time
model. Robustness and stability may be guaranteed a priori through strategic use of con-
vex constraint sets and terminal objectives determined offline [14], [78]. While guaranteeing
robustness, these methods are rarely exact and introduce an application-dependent level of
conservatism to the controller design. Such conservatism may lead to performance degrada-
tion or unnecessarily limit the operating regime of the closed-loop system [79]. Furthermore,
the resulting controllers are often complex, hindering their real-time implementation for sys-
tems with fast update rates [80]. An alternative approach is to verify that robustness and
performance specifications are met by a nominal controller a posteriori through reachability
analysis and safety verification of the closed-loop plant [10].

Despite the plethora of research on MPC, reachability analysis of the closed-loop system
is widely absent from the literature. It has been shown that a closed-loop system under linear
MPC may be modeled as a hybrid system by embedding the Karush Kuhn Tucker (KKT)
conditions of the quadratic program within the governing equations [81]. Reachability may
then be verified via optimization to determine if any trajectory from an initial set, to a
specified target set, exists by solving a series of mixed-integer linear programs [41].

Alternatively, set-based reachability may be performed by determining the explicit MPC
law and modeling the closed-loop plant as a piecewise affine system [42], [81]. However,
finding the explicit control law is in itself a computationally intensive operation and results
in a worst-case exponential number of critical regions with respect to the prediction horizon,
state dimension, and number of constraints [14]. When the explicit control law may be
determined, the resulting hybrid system, having guard sets determined by the critical regions
of the explicit MPC, is often overly complex. Set-based reachability of such hybrid systems
results in a worst-case exponential growth in the number of convex sets required to represent
the nonconvex reachable set [10]. To stifle this growth, current algorithms for reachability
of hybrid systems employ over approximation techniques [8], [10]. While useful for verifying
safety, solutions leveraging over-approximations are not capable of guaranteeing performance
criteria [10]. Scalable set-based methods for the reachability analysis of closed-loop MPC
are still needed to fill this gap.
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4.2.2 Multiparametric Quadratic Programming

Consider the bounded, strictly convex multiparametric Quadratic Program (mp-QP)
given by
1
mzin izTQz +q"2

(4.8)
st. Hz+Sx < f,zxe X,

where the parameters belong to a compact set X C IR™, Q € R™* "™, Q = 0, ¢ € IR,
He IR " § e R™ ™ and f € R™. Note that objective functions with an additional
term 27 Pz may be brought to the standard form (4.8) through the change of variables
z =2+ Q 'PTx [82]. The set of feasible parameters Xj.,s C X satisfying the constraints
of (4.8) may be partitioned into a collection of non-overlapping critical regions such that
Xteas = UCR;. Each critical region is a convex polytope where a unique combination of
the inequality constraints are active at the solution of the QP. Within each of these critical
regions, the optimizer of (4.8) is an affine function of the parameter given by z*(z) = Fiz+ ¢

for all € CR;. The set of all optimizers within the i*" critical region may be expressed as
Zi* = {FI.T + gi | S CRI} c R™. (49)

The set of all optimizers over the entire parameter set Xje,s C X is then given by Z*(x) =
U Z". This result is a direct consequence of the KK'T' conditions of optimality; the reader is

directed to [14], [82] and the references therein for derivations and detailed discussion.

4.2.3 Zonotopic Representation and Explicit Solution of mp-QPs

It is now proven that if the mp-QP (4.8) is bounded, then the set of all optimizers
may be represented as a hybrid zonotope. It is then shown how the decomposition of the
hybrid zonotope by Theorem 3.1.1 gives the explicit solution of the mp-QP as a collection

of constrained zonotopes.
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Assumption 4.2.1. The set of feasible optimizers of the mp-QP (4.8) is given by the compact
set Z C IR™.

When the mp-QP (4.8) satisfies Assumption 4.2.1, there exists a zonotope Z = {G &, +
c. | l€:]leo < 1} C IR™ such that G, € IR™ "™ is full rank and Z C Z. Let the parameter
set be given by the hybrid zonotope X = (G¢, G2, ¢, AS, A% b,) C IR"™*. Then z € X if
there exists some £ € B+ and £ € {—1,1}"= satisfying A€ + AE% = b, such that
T = GSEE + GUEL + ¢,. Substituting 2 = G.&, + ¢, and z = GSE5 + GEEb + ¢, into (4.8), the

optimizer is given as a function of &, = (£ £2) to obtain

2 (6) = G.E(6) + ez (4.10a)

€ (c) = argmin JE1Q6 +776.
& (4.10b)

st. HE + 8¢+ 8¢ <7,
where Q = GTQG,, 7 = 'QG. + ¢'G., H = HG., §° = SG¢, 5" = SG, and f =
f — (He, + Scg). Given that the columns of G, are chosen such that they are linearly

independent, @ = 0 and the QP (4.10b) is strictly convex. Thus for any fixed &,, the KKT

conditions of optimality are both necessary and sufficient such that

He +S°¢+5¢<T, (4.11a)
Q¢ +H p=-7, (4.11D)
p' (HE+5¢+5'€ ~T) =0, p=0, (4.11¢)

holds for some p € IR"™ if and only if £, = argmin (4.10b).

Now define positive scalars m and m,, such that

m > max Hﬁfz +5°¢¢ + gbﬁi — f”oo
st (411a), [[(& & &)llo <1,

md > st (DY (E € &)l < 1. (4.12D)

(4.12a)
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Although the variables p are not necessarily unique, an upper bound (4.12b) may be found
using the method described in [81, Lemma 1] such that there exists some p € [0,m,]"
satisfying the KKT conditions (4.11) for all ||(£, £¢ €2)]|oe < 1. These constants may be found
for a specific parameter set X’ or, when the analysis is to be performed for N parameter sets
Ai, for a single over-approximative set X, such that &; C &, for alli=1,..., N. The KKT
conditions may then be enforced as linear mixed-integer constraints by introducing n;, binary
auxiliary variables p € {0,1}". Applying this approach to the considered optimization
problem, ¢, = argmin (4.10b) if and only if the following Mixed-Integer Linear Program
(MILP) is feasible:

He + 5S¢ +5°¢ <7, (4.13a)
Q¢ +H pn=—q, (4.13b)
—m(l—p) <HE + 5 +5¢ —F,

(4.13c)
0<pu<mup,pe{0,1}",

where (4.13a) is the primal feasibility, (4.13b) is the dual feasibility, and (4.13¢) is the
complementary slackness KKT conditions of (4.10b) [83]. While any constants satisfying
(4.12) will suffice, tight upper bounds provide computational benefits [53].

Theorem 4.2.1. Let positive scalars m and m,, be given by (4.12) and define the interval

set

OC )
(Géte el <= | Fom1 |
-21,,

S @

where o < HE, + 5S¢ + 5°¢0 and HE, + 5S¢ + 57 + 1 < 3 for all &, € B, € €
Bte=, and £ € {—1,1}"=. Then the set of all optimizers of the QP (4.10) defined over
the parameter set X = (G, G c,, AS, AL b,) C TR™ is the hybrid zonotope Z*(x) =
(GS, G e,y AS, ALY C TR™ where
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GS = |0n.xn,, G. O, GL=0, cc=c,,
_Ag 0 0 0 _Ag 0 |
0 Q "H 0 0o 0
AC=15° H o0 ,AL=15" 0 |,
5 H o G 5 —m1 (4.14)
0o 0 I -1
L
b= |—qg—"H1
L Cs

Proof. Let 2, = (G¢,Gb, c,, A%, A%, b,) C IR™ denote the hybrid zonotope given by (4.14).
For any z € Z;, there exists some £¢ € B~ and £ € {—1,1}™* such that AS£¢+ AP = b,
and 2 = GE6°+ GPE" ¢, Let € = (€2 €2 €6 ) and € = (€2 €2), where & € R™=, ¢¢ € R"™,
& eR™, & eR™, & e{-1,1}", and & € {—1,1}". Then z = G.£ + ¢.. Expanding
the first row of the constraints gives AS¢¢ + A€l = b, so that © = GSE¢ + GOEL + ¢, € X.
Expanding the second row of constraints gives

Qe +H' (”;“g; + ?‘) = 3. (4.15)

Expanding the final three rows of constraints results in
S+ S'e + He
S+ 8+ He - 2eh| = —Gofi +cs (4.16)
& — &

Given that ||£¢]s < 1, (4.16) implies that HEC + S°€¢ + ?bgg < f,-m(3 - 38 < HE +
Seee + ?bé’i — f, and & < &). Define the change of variables

My .. My 1., 1
1 S L | 4.17
K D) ép 9 » D 2€p D) ) ( )
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giving p € [0,m,|™ and p € {0,1}™. Carrying these change of variables through the above
constraints results in (4.15) being equivalent to the dual feasibility condition (4.13b), and
(4.16) being equivalent to the primal feasibility (4.13a) and complementary slackness (4.13c¢)
KKT conditions. Thus £ = argmin (4.10b), z € Z*(x), and Z;, C Z*(x).

Conversely, for any z* € Z*(x) there exists some ¢ € B, £ € Blow, £ € {—1,1}=,
p € [0,m,]", and p € {0,1}" such that z* = G,& + ¢, ASEE + AVEL = b,, and (4.13)
holds. Again let £¢ = (&5 & & &) and = (& fz) Applying the change of variables (4.17)
implies that [|£5]|c <1 and &) € {—1,1}". Then (4.15) is satisfied, and (4.16) implies that
€]l < 1. Thus £° € Blo=, &2 € {—1, 1}~ ASEe+ AP = b,, 2* = G+ ¢, and 2* € Z),.
Therefore Z*(x) C 2, and Z;, = Z*(x). O

Corollary 4.2.1. The decomposition of Z*(x) C R"* as defined by Theorem 4.2.1 into its
equivalent collection of constrained zonotopes is the explicit multiparametric solution of the

QP (4.10).
Proof. Let Z*(x) = (G¢,G%, c,, A, A% b,) C IR™ denote the hybrid zonotope given by

(4.14). The set Z*(x) is equivalent to the collection of |T| constrained zonotopes

zZ'(x)= U 2.
greT (4.18)

Z:,i = <Gi,0*,Ai,b* - Aiéb> )

for T = {¢ € {~1,1}™

Z5# (Z)} by Theorem 3.1.1. The hybrid zonotope
X = (|cz 0] a2 0 ez alin) c x, (4.19)

is then the set of all feasible parameters and is equivalent to the collection of constrained

zonotopes

Xfeas = U CRI 9
CR: = (G5 0], c; + [GY 0J€l, AC, b, — ALEl)
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For any o € CR; there exists some £¢ € Ble* such that A€+ A¢b = b, and x = [G,, 0] £+
[Gg O] & + c,. Letting z* = G€° + ¢, then gives 2* € Zr;. Given that the QP (4.10) is
strictly convex, for any fixed x € CR; there exists a unique 2* € Z7; such that the KKT

conditions hold. The fact that constrained zonotopes are convex polytopes [18] concludes

the proof. O

By embedding the KKT conditions as mixed-integer constraints within the space of
factors, the optimality of the QP is enforced over the parameter set X. Without loss of
generality, consider the case when the parameter set X has no binary factors and thus
represents a convex polytope. In doing so, the set of optimizers Z*(x) only contains binary
factors corresponding to the mixed-integer form of the KKT conditions, where a value of
1 in the i'” entry of £ indicates that the i** inequality constraint is active. The discrete
set of feasible combinations of binary factors 7 then contains the collection of active sets
such that £, = argmin (4.10b) over the set of feasible parameters X’e,s. This result follows
closely from mp-QP critical region exploration methods where the binary tree of enumerated
combinations of active constraints is explored by evaluating the feasibility of a series of
linear programs [84]. In Corollary 4.2.1, this same binary tree is explored when finding the
set T through a search of the integer feasible space of the hybrid zonotope, which may be
performed efficiently using existing MILP solvers as discussed in Section 3.3. Once T is
known, the decomposition of Xy.qs into critical regions and Z*(x) into the corresponding

sets of optimizers with n, degrees of freedom is easily accomplished.

Remark 4.2.1. In Theorem 4.2.1 it is only required that the parameter set X is compact. In
the case that the hybrid zonotope X over which the mp-QP is defined is disjoint, the resulting
collection of constrained zonotopes (4.18) giving the explicit multiparametric solution of the
QP are no longer required to be continuous. However, when the parameter set is chosen as the
constrained zonotope (convex polytope) X = (GS, 0, ¢y, AS,0,b,), Corollary 4.2.1 generalizes
to previous mp-QP results [14], [82].

Remark 4.2.2. The discrete set of feasible binary factors T = {ff’ e{-1,1}™

2: # 0}
is determined based on which of the convex subsets of Z*(x) are nonempty by Theorem

3.1.1. When the quadratic program is degenerate for some combination of active constraints
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corresponding to £ € T, the resulting critical region CR; C IR"™ by (4.20) may not be full
dimensional [14]. This can be detected by mazximizing a scalar p € R such that there exists
some ¢, € R™ and pBY & ¢, € CR; by solving a linear program [20, Sec. 5.2]. When
p =0, the i’ critical region CR; is not full dimensional and therefore ZJ; is redundant [14].

The decomposition of the set Z*(x) by (4.18) is then equivalently given over the discrete set
T =T\{&}

Remark 4.2.3. Certain “dual” factors &, may be constant when a constraint is never ac-
tivated by the complementary slackness condition (4.13c). Such redundant factors may be
detected and removed when their corresponding values of fg in T are constant. Additionally,
the “slack” factors &< introduced in Theorem 4.2.1 to enforce inequality constraints may be
redundant for certain parameter sets X. These redundant factors and constraints may be
detected and removed using the method described in Section 4.1.5. Redundant binary fac-
tors may be detected and removed based on the discrete set T wusing the method described in

Section 6.1.35.

4.2.4 Forward Reachable Sets of Linear MPC

Consider the discrete-time Linear Time-Invariant (LTI) system
Tht1 = AZL’k + Buk s (421)

where z;, € IR™ is the vector of states and u; € IR™ is the vector of inputs at time k, and
the linear dynamics (4.21) with matrices A € R™ " and B € R"*™ are referred to in
short by the tuple (A, B). The control input of the nominal LTI system (4.21) under MPC
is determined by solving the optimization program

N-1

T T T
min ryQnTN + ];) xy, Qg + uy, Ruy,

S.t. Znes = Az + Bug, up €UV K € [0,N —1], (4.22)

r, € XVE€eE[l,N 1], xy € Xy,
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where 1z is fixed to the sampled state of the system, &/ C IR™ is the set of all admissible
control inputs, the predicted trajectories of the system are constrained to belong to the set
X C IR"", the final state is constrained to belong to the terminal set Xy C X, and the states
and inputs have weights @, @y = 0 and R > 0, respectively [14]. For ease of readability, the
MPC formulation is provided as a regulator problem; however, the following results may be
modified to handle reference tracking, soft constraints, and disturbance preview information
as described in [82].

The trajectory of the LTT system (4.21) over the prediction horizon X = (21 --- ay)
as a function of the control inputs U = (up --- uy—1) and initial state xy is given by

X = Axo + BU where

A B 0 0 0]

oAz AB B 0 . 0

A=|"| . B=| © S (4.23)
AN [AN-1B AN-2B ... AB B

The optimal sequence of control inputs U* (o) under the MPC (4.22) is then given by

A lamd, aman A A A A A A
U*(x¢) =arg min iUT(BTQB + R)U + 2t ATQBU
U
st. Ueld x---xU, (4.24)

where Q = diag(Q,--- ,Q,Qn), and R = diag(R,--- , R). Once the optimization program
(4.24) has been solved, the control input u(zo) = [I,, 0] U*(x) is applied to the plant, a

new state is sampled, and the process is repeated.
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Assumption 4.2.2. The constraint sets of the MPC' are compact, full dimensional H-rep
polytopes given by

U={ueR™ | Hu< f,} CR"™, (4.25a)
X={reR™ | Ha<f} CR™, (4.25b)
Xy = {.I' e R" ‘ Hyx < fN} C R™ , (4250)

where Hu & Rnth"“7 Hx c IR”hxan’ and HN c Rnhnxnz.

Define the change of variables

Z*( 0) = U*(20) + Pay ,

A (4.26)
= (B"QB+ R)'BTQA.
The optimization problem (4.24) may then be expressed in terms of z as
1 A A A ~
2*(z0) = arg min §zT(BTQB + R)z
i, —a,pP fu (4.27)
s.t N -2 O L7 B R I
H.B H.(A— BP) fa
where f{u = dlag(Hw ,Hu), fu = (fu fu) - dlag( 7Hx7HN)7 and f:c =

(fe -+ fo fn). Assumption 4.2.2 assures that the mp-QP (4.27) is bounded and therefore
satisfies Assumption 4.2.1. Following the same procedures in Section 4.2.3, let Z denote
the compact set of optimizers of the mp-QP (4.27). Then there exists some zonotope Z =
{G.€ +c. | ||€2]loo < 1} such that Z C Z and G, € RY™ V™ i full rank. Let the set of
initial conditions be given in HCG-rep as Xy = (G¢, G, c,, AS, A% b,) C IR™. Substituting
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z2=G& +c, € Zand 19 = GEEE + GUEL + ¢, € A, (4.27) is a strictly convex mp-QP over

the parameter set X in the standard form of (4.10) defined by the matrices

H _ F[uGz 7 _ fu Hucz + [f[upcx
- B,BG.| " |fo— H.Be. — H(A— BP)e,| (4.28)
. —H,PG: L —H,PG?
S = R R o , S = R N .
H,(A - BP)G¢ H,(A - BP)G"

Theorem 4.2.2. Define the set of all optimizers of the mp-QP (4.28) as Z*(x) =
(G, G c,, AS, AV b)) € RN™ over the set of initial states Xy = (GS, G, ¢y, AS, AV b)) C
Xfeas by Theorem 4.2.1. Then the set of states reachable by the plant (A,, B,) under MPC
(4.22) in one time step is given by the hybrid zonotope R, = (G¢,G®, c,, A¢, AL b,) C R"™
where

GS = [(A,, — B, [I,, 0] P)G¢ o} + B, [I,, 0]GS,

Gb = [(A,, — By [I,, 0] P)GY 0} ) (4.29)

¢ = (Ap = By I, 0] P)cy + By I, 0cs
A=A, Ab =4 b.=b,.

Proof. Let Ry, = (G¢,G?, ¢, AS, A% b.) C IR™ denote the hybrid zonotope given by (4.29).
For any 7 € Ry, there exists some ¢ € B and &2 € {—1, 1} such that AS¢S + A%¢b = b,
and 7 = G0+ G+ cy. Let € = (€2 €8 €5) and €0 = (€2 €2), where & € R™=, & € R™,
g€ eR™, & e {~1,1}"= and &b e {—1,1}™. Letting zo = GSE5 + GUEL 4 ¢, then results
in zy € Xy and 2*(xg) = GSEE + ¢, gives 2*(z0) € Z*(x%). Expanding 7 = G¢£¢ + Gb¢b + ¢,
then gives 7 = Ayzq + B, [I,, 0] (2*(z0) — Pxo) and substituting 2*(z) = U*(x0) + Pxo
results in 7 = Ayzo + Byug(zo). Thus 7 € Ry and Ry, C R

Conversely, for any r € R there exists some xy € Xy and a unique z*(zy) € Z*(x) such
that uf(zo) = [L,, 0] (2*(z¢) — Pxo) and r = A,z + Byug(zo). For any 2*(x) € Z*(x) there
exists some £¢ € B and € € {—1, 1} such that AS¢C + AYEY = b,, 2*(z0) = G + ¢,
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and zg = [G; 0} &+ {Gg 0} ff + ¢;. Then r = GS&¢F + Gﬁfﬁ’ +c¢ € Ry, Ry € Ry, and
Rh - R+. D

The set of all optimizers defined by Theorem 4.2.1 contains both the constraints enforcing
the KKT conditions of the QP and the parameter set Xy. Thus for any z*(z() € Z*(a) there
exists some zy € Xy. The requirement that the set of initial conditions is a subset of the set of
feasible states, Xy C Xeqs, guarantees that the converse is also true, i.e. for any x¢ € &j there
exists a unique 2*(z9) € Z*(ap). Theorem 4.2.2 then maps the feasible factors of Z*(ap) to
generate the reachable set as R, = {z € R™ | x = A 20+ B, L., 0] (z*(z0)—Pxo), xo € Ao},
where the plant (A,, B,) is not necessarily the same as the prediction model used in the
MPC. Given that hybrid zonotopes are closed under Minkowski sums, the effects of additive,
bounded disturbances described by the hybrid zonotope ¥V C IR" may be accounted for
efficiently as Ry @ V. The set of states reachable from &y C AXfeqs in k time steps may
be found through iterative applications of Theorem 4.2.2. If during the iterative analysis
R € Xfeqs for some 1 < j < k, then recursive feasibility is not maintained by the system
for all Xy. In such cases, the states outside Xteqs become infeasible and are excluded in the

next step of the analysis. The set representation complexity grows as a function of k:

Ngr(k) = (Nny +4np)k +ng 4, (4.30a)
nb,r(k) = nyk + Np,z (43Ob)
Ner(k) = (Nny + 3np)k + ney (4.30c)

where n, = Nnp, + (N — 1)npy + 1y is the number of inequality constraints of (4.27). Note
that the same redundancy removal techniques described in Remark 4.2.3 may be applied to

the hybrid zonotope R given by (4.29).

4.2.5 Numerical Example

This section presents an illustrative example of representing the set of optimizers and
reachable sets of a linear MPC as hybrid zonotopes. For clarity of exposition, the sys-

tem considered has two states and a single input, though the same approach and analysis
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technique may be applied to discrete-time systems with higher dimensions and will exhibit

the linear growth in complexity given by (4.30). Comparisons of the explicit solution are

made to results generated using the Multi-Parametric Toolbox (MPT) [12]. All optimization

problems are solved using Gurobi [69]. Numerical results are generated with MATLAB on

a desktop computer using one core of a 3.0 GHz intel i7 processor and 32 GB of RAM.
This example considers the MPC of the discrete-time double integrator

Tpt1 = Tp + Ug (431)
0

with state and input constraints given by the H-rep polytopes X = [—5, 5]2 and U = [—1,1].
An MPC is designed with weight matrices ) = [ and R = 1. The terminal weight and
state constraint set are chosen to guarantee stability and recursive feasibility of the nominal
closed-loop system as Qy = PLRE and Xy = OLCE where PLOR and OLPE are the cost
and maximal invariant set, respectively, of the infinite-horizon LQR problem with weights
@ and R [14], and are found using the MPT [12].

Following the process described in Section 4.2.4, define the parameter set X, as a hybrid
zonotope such that X C &),. In the presented case, the parameter set is given in HCG-rep
by X, = (G, 0,¢,0,0,0) for GS =51, and ¢, = 0. The set of admissible control inputs may
similarly be represented exactly by the zonotope U = {G.&, + ¢y | |€ulloo < 1} for G, = 1
and ¢, = 0. When the constraint sets are arbitrary convex polytopes, X, and i may be taken
as any over-approximative zonotopes such that X C X, and U C U; tight approximations
may be found using the methods described in [11]. Under the change of variables (4.26), the
set of feasible optimizers of the mp-QP (4.27) is then over-approximated by the zonotope
Z={G.L+ e | 8]l < 1} for

G, = diag(A), c. = (cy +++ ¢u) + Pcy

Ng,u ) . Ng,x o (432)
A=Y ’(gg) gg))‘ +3 ‘pggg)
i=1 i=1

Y
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where G, = [¢V) ... ()], G, = [gY ... g(e=)], and g for alli=1,...,n,, and c, are
repeated N times in their respective column vectors. Once the prediction horizon N is fixed
and Z is chosen, the mp-QP (4.28) of the MPC is fully defined over the constrained state
space X C IR%

Representation and Explicit Solution of the MPC Inputs

Applying Theorem 4.2.1, the set of all feasible optimizers is given by the hybrid zonotope
Z*(x,) = (G, G c,, A¢, A, b,) and may be transformed by the change of variables (4.26)

to give the set of MPC inputs and feasible initial states over the prediction horizon as

Xfeas = {[GS 0 0],0,c,, AS, A° b, | (4.33a)
U*(x,) = ([— PGS G, 0],0,c. — Pc,, A°, A2, b,). (4.33b)

The explicit control law is visualized as a function of the state by the hybrid zonotope

XolUy = (G

Tu?

0, Cpy, AS, A% b,) C IR™ ™ by concatenating the continuous generators and
centers of (4.33a) with the first n, rows of the continuous generators and centers of (4.33b)

as

G¢ 0 0 c
796 y Cou = [Iq 0] i )
—-PG, G, O ¢, — Pey

Gou = [[q 0]
where ¢ = n, +n, = 3. As discussed in Corollary 4.2.1, the hybrid zonotope X o U may
be decomposed by enumerating the feasible combinations of the binary factors to give the
explicit control law as a collection of constrained zonotopes as shown in Fig. 4.5. The
set representation complexities of U*(x,) and Xfeqs, after applying the redundancy removal
techniques described in Remarks 4.2.2 and 4.2.3, are given in Table 4.6 for varying prediction

horizons. The complexity of the representation of the critical regions as minimal H-rep

polytopes found using the MPT is provided for comparison.

Reachability Analysis

Now the reachability analysis of the closed-loop plant under the designed MPC with a

prediction horizon of N =5 is presented for two scenarios, (1) nominal: plant is equivalent
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Figure 4.5. Explicit control law (z uj(x)) € X o U for a prediction horizon
of N =5 as a hybrid zonotope. Decomposition of the hybrid zonotope into
its equivalent collection of 25 constrained zonotopes is depicted by solid black
lines.

Table 4.6. Set representation complexity of the hybrid zonotopes U*(x,) and
X'teas compared to the total number of n,-dimensional halfspaces required to
represent the critical regions as a collection of H-rep polytopes for varying

prediction horizons.
Prediction Hybrid Zonotope MPT CR;

N Ng+« MNex Ty H-rep Regions
3 3727 8 74 19
5 53 41 10 104 25
7 73 57 14 124 29
9 9r 77 18 144 33
11 105 83 20 150 35
13 107 85 20 150 35

to the prediction model with no disturbances, and (2) perturbed: plant is modeled with a
slight perturbation from the nominal prediction model and the closed-loop system is subject
to additive disturbances.

Nominal: The states reachable by the plant (A4,, B,) = (A, B) from the set of all feasible
initial conditions Xyeqs in five discrete updates of the MPC is generated through iterative
applications of Theorem 4.2.2 and is depicted in Fig. 4.6. The set representation complexity
and computation time for the final set R5 is given in Table 4.7 with and without redundancy
removal. After removing redundant factors and constraints, the set of states reachable by

the system in five time steps is given by a hybrid zonotope equivalent to the union of 403
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constrained zonotopes using only 195 continuous generators, 38 binary generators, and 155
linear equality constraints.

As expected from the formulation of the state constraints and the definition of Xje,s,
recursive feasibility of the MPC is verified from the first step of the reachability analysis as
Ri € Xfeqs- From observation, it is also possible to deduce some insight into the performance
of the closed-loop system. Although not strictly enforced by the formulation of the MPC,
all trajectories of the nominal closed-loop system lie within the maximal LQR invariant set
after five updates of the MPC. Furthermore, it can be observed that initial conditions in
the top right and bottom left quadrants have a higher potential to violate state constraints
when the closed-loop system encounters disturbances due to the reachable set intersecting

the boundary of Xy.qs for multiple updates.

Rs

Xff’as

Figure 4.6. Reachable sets of the nominal MPC for five discrete time steps
from the set of initial conditions given by Xy = Xteqs. Maximal LQR invariant
set depicted by dashed lines.

Perturbed: Now consider the case when the plant dynamics do not match the nominal

prediction model (4.31) and the closed-loop system is subject to a bounded disturbance.
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From the set of initial conditions Xy = {# € R? | |#(1)||e < 5, 2(2) = 0}, it is to be verified

that the open-loop unstable plant (A,, B,) given by

111 1
A, = , B, = : (4.34)

retains feasibility over ten updates of the nominal MPC while subject to additive disturbances

Tp41 = Apzi + Byuj, + vy, for all vy, belonging to the bounded set
V={veR”:|jv]. <0.25} .

Disturbances are accounted for in the iterative applications of Theorem 4.2.2 by performing
the Minkowski sum R, = R, @V and introducing an additional two generators at each time
step. The resulting reachable set is provided in Fig. 4.7. The complexity and computation
time for the final reachable set Ryg is given in Table 4.7. After removing redundant factors
and constraints, the set of states reachable by the system in ten time steps is given by a hybrid
zonotope equivalent to the union of 2315 constrained zonotopes using only 279 continuous
generators, 45 binary generators, and 200 linear equality constraints. This exact reachability
analysis verifies that the perturbed closed-loop system maintains feasibility over ten discrete
time steps, as R C Xjeqs for i = 1,...,10, although there is no a priori guarantee that this

will occur.

Table 4.7. Hybrid zonotope set representation complexity for the reachable
sets of the closed-loop MPC at k time steps with redundancy removal, R}, and

without, Ry.
Case Set  ng, ne, mpr |T]  Time (sec)
Nominal Rs 265 213 50 403 0.02
£ 195 155 38 403 12.20
Perturbed Rip 531 410 100 2315 0.03

To 279 200 45 2315 50.71
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X0

Figure 4.7. Reachable sets of the closed-loop perturbed system (4.34) with
additive disturbances for ten discrete time steps. Decomposition of Xye,s into
critical regions given in cyan.

4.3 Chapter Summary

In this chapter I have derived closed-form solutions for the exact reachable sets of linear
hybrid systems modeled as MLD systems and linear systems closed-loop under linear MPC.
These identities contain all guard set intersections, changes in dynamics, and reset maps
implicitly as properties of the MLD model and multiparametric solution. The resulting
reachable set is represented as a single hybrid zonotope equivalent to the union an exponential
number of convex sets while exhibiting linear growth in set representation complexity. These
methods show how well suited the hybrid zonotope is to the reachability analysis of hybrid
systems, in which discrete changes in dynamics can cause branching of sets.

Two MLD systems were used to demonstrate the use of the proposed method for forward
reachable sets. The first example in which only one guard crossing occurred was used to
provide intuition into the given identity and use of the MLD system framework. The second
example showed the scalability of the approach by extending an existing benchmark example
to consider state dimensions ranging from three continuous states with one binary state to
twelve continuous states with four binary states. In this extended example, methods for the

removal of redundant continuous factors, binary factors, and linear equality constraints of
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such reachable sets substantially reduced the set representation complexity. These reductions
provided substantial improvements in computational efficiency when compared to existing
exact methods.

The proposed method for representing the forward reachable sets of systems closed-loop
under MPC was applied to an MPC designed for a discrete-time double integrator in two
scenarios: the nominal plant from the set of all feasible initial conditions and a perturbed
plant with additive disturbances. The perturbed case verified that when beginning from
rest, the closed loop system was robust to model mismatch and bounded disturbances with
no a priori guarantees being made. Beyond safety verification, this method for reachability
analysis may be used to evaluate the trade-offs in performance, conservatism, and complexity

among various MPC formulations and designs.
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5. BACKWARD REACHABLE SETS OF HYBRID SYSTEMS

In this chapter I present a closed-form solution to the exact backwards reachable sets of
linear hybrid systems as hybrid zonotopes, as previously published by Jacob A. Siefert,
Trevor J. Bird, Justin P. Koeln, Neera Jain, and Herschel C. Pangborn in the IEEE Control
Systems Letters [85] and is included here with minor modifications. This approach relies
on generating a set containing all possible state transitions of a dynamic system over a
region of interest named the state-update set, a novel contribution of my colleague Jacob A.
Siefert. Using the state-update set, both forward and backward reachability analysis may
be performed using only projection and intersection set operations. The reachable sets may
be made robust to bounded disturbances when the set of possible values are represented
by a zonotope through Minkowski sums and differences. The technical contributions of this
chapter are as follows: Jacob A. Siefert is responsible for the concept of the state-update set
and its use in determining successor and precursor operators; Trevor J. Bird is responsible
for deriving the identities for representing the state-update sets as hybrid zonotopes for
MLD systems and closed-loop systems under linear MPC, as well as the derivation of the
Minkowski differences of hybrid zonotopes; the results presented in the numerical examples
were an equal contribution of both Jacob and Trevor. Trevor J. Bird was advised by Professor
Neera Jain at Purdue University, as well as Professor Justin P. Koeln (University of Texas
Dallas) and Professor Herschel Pangborn (The Pennsylvania State University).

This chapter is organized as follows. In Section 5.1 I provide an alternative definition
for reachable sets and extend the Minkowski differences of constrained zonotopes to hybrid
zonotopes. In Section 5.2 I define state-update sets and derive identities for the robust
successor and precursor sets leveraging the state-update set. In Section 5.3 I show how
the state-update sets of MLD systems and linear systems closed-loop under MPC may be
constructed as hybrid zonotopes. In Section 5.4 I provide examples of the forward and
backward reachable sets of several hybrid systems, including the calculation of the closed-

loop maximal positive invariant set for MPC.

99



5.1 Background

This section describes a different definition for the forward and backward reachable sets of
a dynamic system as the output from successor and precursor operators. These operators are
defined as explicit functions of the state, input, and disturbance sets, and provide additional
flexibility that will be leveraged in the following derivations.

Consider the discrete-time, dynamic system described by the difference equation

vy = f(x,u)+ v, (5.1)

where x € IR™ is the vector of initial states, u € IR™ is the vector of controllable inputs to
the system, v € IR" is the vector of additive disturbances, and x, € IR"* is the vector of
trajectories after one discrete-time step. The states, inputs, and disturbances of the dynamic
system (5.1) are constrained to belong to the sets X C IR"*, ¢/ C R"™, and V C IR"
respectively. The forward and backward reachable sets when no disturbances are present is

first considered, i.e. V = 0.

Assumption 5.1.1. The function f(x,u) for the discrete-time, dynamic system (5.1) is

well-defined such that for a fivred x and u there is a unique x satisfying the dynamics (5.1).

Definition 5.1.1. [14, Ch. 10] For the dynamic system (5.1) and a given set of states
Ri € X C IR"™, the successor set for all admissible inputs belonging to the set U C IR™ is
given by

Suc(Ri, U) ={zr €e R™ |z € Ry, u €U, s.t. xp = f(x,u)} . (5.2)

Definition 5.1.2. [14, Ch. 10] For the dynamic system (5.1) and a given set of states
Ri € X C IR"™, the precursor set for all admissible inputs belonging to the set U C IR™ is
given by

Pre(Ry,U) ={z_ € R™ | Juel, s.t. f(r_,u) € Ry} . (5.3)

Given an initial set of states Ry, C X, the set Suc(Ry,U) contains all possible trajectories
of the dynamics system (5.1) at time step k + 1 for some admissible control input ¢. Con-

versely, given a set of states Ry C X, the set all states at time step £ — 1 that may be driven
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to Ry by an admissible control input u € U is given by Pre(Ry,U). Once the successor and
precursor operators have been defined, the £ forward and k* backward reachable sets, R,
and R_g, from an initial set Ry can be found by £ recursions of the operators, respectively.
That is Ri+1 = Suc(Ry,U) and Ry_1 = Pre(Ry,U) when Ry, C X.

Now consider when the disturbance set ¥V C IR™ is nonempty, and these sets must be

robust to all possible disturbances.

Definition 5.1.3. [14, Ch. 10] For the dynamic system (5.1) and a given set of states
Ri C X C IR"™, the robust successor set for all admissible control inputs belonging to the

set U C IR™, and disturbances belonging to the set YV C IR" is given by

Suc(Ry,U,V) ={z;s e R"™ | Ir e Ry, ue U, veV, s.t. vy = f(x,u) +v} . (5.4)

Definition 5.1.4. [14, Ch. 10] For the dynamic system (5.1) and a given set of states
Re € X C IR", the robust precursor set for all admissible inputs belonging to the set
U C IR™, and disturbances belonging to the set V C IR"™ is given by

Pre(Rip, U, V) ={2z_ € R™ | Ju e ll, s.t. f(x_,u)+veRVveV}. (5.5)

Now that additive disturbances are considered, the robust successor set is the set of
all points that could be driven from an initial state at time k for some combination of a
controllable input and unknown disturbance. Thus the robust successor set has additional
possibilities, i.e. Suc(Ry,U) C Suc(Ry,U,V). On the other hand, the robust precursor set
is the set of all points that could be driven to R; despite the possible disturbances. Thus
the robust precursor set has fewer possibilities, i.e. Pre(Rg, U, V) C Pre(Ry,U). Given that
the considered disturbances are additive, the difference between the successor and robust

successor sets is that of a Minkowski addition such that

Suc(Rg, U, V) = Suc(Ri,U) BV . (5.6)
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Similarly, the difference between the precursor and robust precursor sets is that of a Minkowski
difference such that

Pre(Ry,U,V) =Pre(R, o V,U) . (5.7)

These properties follow directly from the definitions of Minkowski sums and differences, and
those of successor and precursor sets (see Section 2.2 as well as detailed discussion on robust
successor and precursor sets in [14, Ch. 10]). The Minkowski difference of a hybrid zonotope
by a zonotope may be calculated using the following extension of the same operation for

zonotopes and constrained zonotopes [20], [34].

Proposition 5.1.1 (Minkowski Difference). For any hybrid zonotope Z;, =
(GS,Gb c,, AS, A% b,) C R™ and zonotope V = (G, ¢,) C R", where G, = {ggl) gq()”g’”)},

the Minkowski difference 23 = Z, ©V is a hybrid zonotope computed by the recursion:

20 =2, ¢, (5.8a)
2= (20 + ) n (25 - g0) (5.8D)
Z, = Zlne) (5.8¢)

Proof. The proof mirrors that for the Minkowski difference of two zonotopes [34, Thm. 1].
The Minkowski difference of an arbitrary set and a zonotope given by the above recursion only
requires that the subtrahend is the Minkowski sum of the generators ¢\’ Vi € {1,...,n,,}
shifted by the center ¢,. The minuend Z; is an arbitrary set. It follows that the hybrid
zonotope’s closure under Minkowski sums and intersections allows the recursion (5.8) to be
generated through a finite number of set operations to give the Minkowski difference as the

hybrid zonotope Z;. O]

Time complexity of Minkowski differences given by Proposition 5.1.1 is O(nn,). Com-
plexity of the resulting set representation, Zy, is ngq = 2"0ng., npg = 2"ny ., and
Ned = 2" Ne ,+nne,. These can be derived by applying the Minkowski sum and intersection

operation results from Section 3.2.
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5.2 Reachability via State-Update Sets

This section introduces a new concept named the state-update set that encodes all possi-
ble state transitions satisfying the discrete-time dynamics (5.1) in one time step into a single
2n,-dimensional set. It is then shown how the state-update set may be used to define the

successor and predecessor operators for finding forward and backward reachable sets.

Definition 5.2.1. Given any discrete-time dynamic system (5.1) with a successor operator
over a domain D(®) and set of admissible control inputs U C IR™, the system’s state-update
set ® C IR*™ is given by

T Trpe1 € Suc({zp},U),
o K k1 (RanhU), | (5.9)

Tpi1 x € D(P)

The domain of the state-update set ® is denoted by D(®) C X, and is typically chosen as
some region of interest for analysis. A simple choice is to set D(®) = X for a system with state
constraints. The range of the state-update set ®, on the other hand, is the set of all points
output by the successor operator over the chosen domain and admissible control inputs, and
is denoted by R(®). Thus given a domain D(®) C X and set U, R(®) = Suc(D(P),U). Also
note that the domain and range of the state-update set ® are its projections onto the first

n, and last n, dimensions, respectively, as

D(®) — [Inz onz] ' (5.10a)

R(®) = [o% Inx} O (5.10D)

Theorem 5.2.1. Given a set of states Ry, C R™ and state-update set & C R*™, if Ry, C
D(®) then

Suc(Ry, U, V) = [onz Inm] (® N, 0, Re) @V (5.11)

L.,
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Proof. By the definition of generalized intersections (2.1d) and Definition 5.2.1,

T Tpe1 € Suc({xp},U),

Tht1 Tr € Ri N D(CI))

If Ri C D(®), then Ry N D(P) = Ry. Thus the right hand side of (5.11) yields

{Zrs1 | Tha1 € Suc({zi},U), 2x € Ri} V), (5.12)

giving the desired result by Definition 5.1.3. O

The containment condition in Theorem 5.2.1, Ry C D(®), is in general not restrictive
as modeled dynamics are often only valid over some region of interest, which the user may
specify as D(®) when constructing the state-update set. If Ry, € D(®), it can be shown that
the right side of (5.11) gives Suc(Rr N D(P),U,V) due to the intersection with the domain

of the state-update set.

Remark 5.2.1. The result of Theorem 5.2.1 gives cause for healthy skepticism. That is, if
the robust successor operator is already defined, what is the advantage of going through the
additional steps to achieve the same result as that of applying the robust successor operator?
The advantage is that the state-update set given by ® is a set of points, and the successor
operator only needs to be applied once when finding ®. Thus the only restrictions imposed
by Theorem 5.2.1 is that the set representation used to represent ® is closed under general-
ized intersections and may have Minkowski sums applied for the additive disturbance set ).
Furthermore, ® can be manipulated using set operations prior to performing any analysis,

which is unique to the proposed approach.

It is now shown how the robust precursor set may also be defined using the state-update

set.
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Lemma 5.2.1. The state-update set (5.9) is equivalently defined in terms of the precursor

set as

The Tp_1 € Pre({xx},U),
o={ " e W t0), 1 (5.13)
Tk Tp—1 € D((I))

Proof. Let ® be given by Definition 5.2.1. For any ¢ € ® C IR*™, let (x4_; 2) = ¢. Then for
all zj, there exists some z;_; € D(®) such that 2y € Suc({xy_1},U), and from Definition 5.1.1
it holds that xp = f(xg_1,u) for some u € Y. Thus it follows that zy_, € Pre({zx},U). O

Theorem 5.2.2. Given a set of states Ry C IR"™ and state-update set @, if R, ©V C R(D),
then

Pre(Ry,U, V)N D(P) = {Inz onz} (cb No,., 1.,] (Rr © V)) : (5.14)

Proof. Let I = Ry © V, then for any z, € K it holds that x;, +v € Ry Vv € V. By the

definition of generalized intersections and Lemma 5.2.1,

Tp—1| | vp—1 € Pre({zx},U) ,
@ m[onx Ina:] IC =

Tk Tp—1 € D(CI)) , T € K

Thus the right-hand side of (5.14) yields
{zp_1 | 21 € Pre({ap},U) ND(P®), 2p +v € Ry Vv €V}, (5.15)

giving the desired result by Definition 5.1.4. O]

When & is generated for a domain D(®) corresponding to a region of interest for analysis,
the condition Pre(Ry, U, V) N D(®) of Theorem 5.2.2 is not restrictive. For the use case of
systems with state constraints, when the domain is chosen as D(®) = X, robust backwards
reachable sets and invariant sets can be determined using the proposed precursor operator.
In general, suitable choice of D(®) will result in Pre(Ry,U,V) C D(®) = Pre(Ry, U, V)N
D(®) = Pre(Ry,U, V). The condition R &V C R(®) requires that the set to be operated on
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is fully contained within the range of the state-update set. If this condition does not hold, i.e.
R eV Z R(®), then information is lost during the intersection with the state-update set.
Specifically, there exists some z;, € R, that can be reached, but for which no combination

of xp_1 € D(®), u € U, and v € V can account.

5.3 Reachability using Hybrid Zonotope State-Update Sets

It is now shown how state-update sets can be generated for MLD systems and linear
systems under closed-loop MPC using hybrid zonotopes and the forward reachability results

from Chapter 4.

Assumption 5.3.1. Note that the Minkowski difference required in the robust successor set
given by Theorem 5.2.2 may only be performed using the identity given in Proposition 5.1.1

when the possible disturbances are represented by a zonotope in G-rep such that

V= (G c,) C R™ . (5.16)

It is assumed that all disturbance sets in this chapter are given by the zonotope (5.16).

Using hybrid zonotopes, the proposed state-update set method has reduced time com-
plexity for forward reachable sets when compared to the proposed methods in Chapter 4.
Specifically, the time complexity of the successor set given by (5.11) is O(n), as the lin-
ear mappings [I,, 0,.] and [0,, I, ] are projections that amount to matrix concatenation.
The time complexity of the precursor set given by (5.14) is O(nn,,) due to the Minkowski

difference. Set complexity growth of the successor set is given by

ng,Suc - ng,’r + ng#) + ngﬂ; 9 (517&)
Np,suc = Moy + N (5.17b)
Nesuc = Neyr + Neg +n, (517C)
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and that of the precursor set is given by

Tgpre = 2ng’vng,r T Nge (518a>
TNppre = 2ng’vnb,r + Npg (518b)
Nepre = Qng’vncm +2"vn + Ne,p s (518C)

where n., is the set representation complexity of the hybrid zonotope Ry, n.4 is the set
representation complexity of the state-update set in HCG-rep, and n,, is the number of
generators used to represent the possible disturbances in G-rep. Iterative calculation of
successor sets (5.11) results in linear complexity growth dependent on the complexity of ®
and V. Due to the difficulty of computing Minkowski differences, iterative calculations of the
precursor sets (5.11) results in exponential complexity growth. If n,, = 0, time complexity
of precursor sets (5.14) reduces to O(n) and iterative applications of the precursor operator

give linear complexity growth.

Remark 5.3.1. Given that the state-update set is defined as a hybrid zonotope, all redun-
dancy removal and order reduction techniques described in Chapter 6 may be used to reduce
the the complexity growth of the resulting forward and backward reachable sets. When ap-
plied to the state-update set, these order reduction techniques only need to be applied once,

not iteratively.

5.3.1 State-Update Set: MLD Systems

This section shows how the identity for the forward reachable sets of MLD systems by
Theorem 4.1.1 may be used to generate a state-update set for the system. The complexity

of finding the state-update set is the same as finding the one-step forward reachable set.
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Proposition 5.3.1. Given a well-posed MLD system given by (4.1) and defined over X C

R", let
0 0 0
Q= Bu Uo Bw W o Baff s (519)
E, E, 0

and define H = {s € R"

s < Eufr}. Then a state-update set with D(®) = X' for the MLD

system is given by
= [y, 0, [(IL, A" E)"X & Q) N, 1,0 H] - (5.20)

Proof. Let d be the hybrid zonotope given by the right-hand side of (5.20) and ® the
state-update set of the MLD system given by Definition 5.2.1 with D(®) = X. For any
p e [L,, AT ET]TX @ Q, there exists some x € X,u € U, and w € W such that

N z
P= |p2| = |Az + Byu+ Byw + Byyy
D3 E,x + Eyu+ Eyw

For any ¢ € &, ¢ = [Ly,, 0, ]p and [0,, I..]p € H. By Theorem 4.1.1, this implies that
[0,,, I.,]¢ € Suc([I,, 0,,]¢,U) and therefore ¢ € . Given that the MLD is well-defined for
all z € X, it holds that D(®) = X and therefore & = ®. O

5.3.2 State-Update Set: Linear MPC

This section demonstrates the construction of a hybrid zonotope state-update set for a
discrete-time linear time-invariant system under MPC by leveraging Theorem 4.2.2. It is
possible to construct an MLD system equivalent to a linear system under closed-loop MPC
[14], [81] which can be used to construct a state-update set using the results of Section 5.3.1.

Thus the proof of Proposition 5.3.1 holds. Instead, this section provides a direct method with
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no MLD conversion to generate the state-update set for the linear system under closed-loop
MPC.
Given the linear discrete-time system (4.21) and MPC formulation (4.22), consider the

augmented system

. 0 I, . 0 N 0 0| . 0O O
= 7B: ) = JQN: )
0 A B 0 Q 0 Qn
R=R, X=xxX,X,=XxX,,U=U. (5.21)

The augmented system (5.21) stacks a static system with the linear system of interest (A, B).
The static states are not penalized and have no effect on the optimal inputs. Leveraging
Theorem 4.2.2 to find the one-step forward reachable set of the augmented system (5.21)
under closed-loop MPC from the initial set Xy = [0,, I,,]7X yields the state-update set
with D(®) = X.

5.4 Numerical Examples

The following examples calculate forward and backward reachable sets and invariant sets
using the methods proposed in Section 5.2 with state-update sets calculated as in Section
5.3. MLD representations of the considered hybrid systems are obtained using HYSDEL 3.0
[75]. Results are generated with MATLAB on a desktop computer with a 3.0 GHz Intel i7
processor and 16 GB of RAM.

5.4.1 Piece-Wise Affine System with Two Equilibrium Points

This example extends the PWA system with two equilibrium points considered in Section

4.1.4 by introducing a control input and additive disturbance as

ofk 4 1] = Avz[k] + By + ulk] + wlk], if z1[k] <0,

Aoz [k] + By + u[k] +wlk], otherwise,
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0.75 0.25 —0.25 T 0.25
Al = 3 Bl = ) A2 = Al ) BQ = .
—0.25 0.75 —0.25 —0.25

The inputs and disturbances are constrained to belong to scaled unit hypercubes such that
ulk] €U = s,B% and w[k] € W = s,,B2. Forward (R4, R5, Re) and backward (Rg, R1, R2)

reachable sets are calculated from

< 0.15 0.05 —0.0520 >
R?) - ) 3
—0.05 0.15 0.8465

and shown in Figure 5.1 for three cases of input and disturbance sets defined in Table 5.1.
This example system and choice of R3 are chosen to facilitate comparison with forward
reachability results from Section 4.1.4. The state-update set for Case 1 and Case 2 where no
inputs are applied is calculated and found to have complexity ny 4 = 16, np 4 = 1, ne 4 = 10.
The state-update set for Case 3 has 2 additional continuous generators associated with the
input resulting in ny » = 18. Computation times and reachable set complexities are reported

in Table 5.1.

Case 1: Sy = 0,5 =0

Case2:sy = 0,54 = 0.05 Case 3: s, = 0.10, 54 = 0.05

4 4 4
o - SO & .
n
or -~ ’O,\‘ 3 or - } S or - A
2 -1 1 2 2 1 0 1 2 2 -1 0 1 2

T ZI1 I

Figure 5.1. Forward (R4, Rs5, Rg) and backward (Rg, R1, R2) reachable sets
from Rs3 for three cases of input and disturbance sets. Sets from the Case 1
subplot are also shown in wire frame in the Case 2 and 3 subplots for compar-
ison.

In Figure 5.1, forward reachable sets are shown to split along the guard, while backward
reachable sets branch when their precursors set span both sides of the guard. Comparison

of Case 1 and Case 2 demonstrates that backward reachable sets are smaller when required

110



Table 5.1. Forward and backward reachable set complexities and computation
times for the two-equilibrium system.

Case Direction/Set  ng, np, n., Time [ms]

1) su=0,55=0 Forward: Rg 50 3 36 0.13

v P Backward: Ry 50 3 36 0.12

Forward: Rg 56 3 36 0.23
Backward: Ry 464 21 378 2.92
Forward: Rg 62 3 36 0.24
Backward: Ry 506 21 378 3.12

2) $,=0,5,=0.05

3) s, =0.10,s, =0.05

to be robust to a disturbance, while forward reachable sets become larger. Comparison of
Case 2 and Case 3 demonstrates that adding control authority causes forward and backward
reachable sets to become larger.

In Case 1, backward and forward reachable sets are calculated with similar computation
times and have identical complexity growth when there is no disturbance. The addition of a
disturbance in Case 2, and both a disturbance and an input in Case 3, has a small effect on
computation times and complexity growth of forward reachable sets. However, because the
robust precursor set relies on a Minkowski difference when a disturbance is present, the com-
putation time and complexity growth of the backward reachable sets increase significantly.
These results are consistent with the complexity equations in Section 5.3 and motivate fu-
ture work on approximation methods to reduce reachable set complexity through developing
methods for inner-approximations. Similar to how hybrid zonotopes are able to leverage
over-approximation methods developed for zonotopes (see Chapter 6), hybrid zonotopes
may be able to leverage approximation methods developed for the inner-approximations of
zonotopes and constrained zonotopes [20], [35].

Using the methods from Section 4.1 for ezact redundancy removal, 5 continuous genera-
tors and 3 constraints are removed from the state-update set. The 6-step backward reachable
sets from R for Case 2 using the nominal (R_3) and reduced (R"%) state-update sets are
shown in Table 5.2. Computation time of the reduced set includes 0.5 seconds to reduce the

state-update set prior to iteration over precursor sets. This enables a 62% reduction in total
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computation time, 22% reduction in number of continuous generators, and 6% reduction in

number of constraints.

Table 5.2. Backward reachability with nominal (row 1) vs. reduced (row 2)
state-update set for the two-equilibrium system.

Case 2 Direction/Set Ng.r Moy Ner  Time [s]

s —0. s —005 Backward: R_3 30032 1365 24570 50

v v Backward: R’fg 23207 1365 23207 19

5.4.2 Thermostat-Controlled Heated Rooms

To demonstrate scalabality, backward reachability is performed for the benchmark room
heating example with 6 rooms and 2 heaters, given by Case(6,2) in Section 4.1.4 assuming
a constant outdoor temperature of u = 0. The state-update set has complexity ng, =
24, np 4 = 8, n.y = 18. Backward reachable sets are found beginning at Rso from the forward
reachability analysis performed in Section 4.1.4, which has complexity n,s50 = 68, ny50 =
13, nes0 = 62. The 50-step backward reachable set Ry is calculated in 0.34 seconds with
complexity ng o = 1268, nyo = 413, nero = 1362.

An alternative to the proposed approach is to calculate the reachable set as a collection
of convex sets, as done for forward reachability in [86] and backward reachability in [32].
This exhibits worst-case exponential growth in set complexity over time, while the proposed
approach has linear complexity growth. At every time step, each convex set in the collection
is propagated backward under the dynamics of each mode, and sets corresponding to inactive
modes are eliminated. For comparison to the proposed approach, Ry is calculated using [32,
Section IV] and implemented using constrained zonotopes [18]. This results in a collection of
1125 constrained zonotopes with 147,637 total generators and 28,387 total constraints and
takes 202 seconds to compute. This is nearly 600 times longer than the proposed approach

due to the large number of convex sets to be propagated and eliminated.

112



2{’-,.:.‘..‘..‘.,..A.,.....‘.,‘: ’Rr.'»ll

gl e | 5 .
2511 25 : R0
241! 241
~ Rao
& 23 5 23
21 22 - Rao
21 21 Rio
20 Heeme et 20 | tesebne ke 20 | e 20 | e eaennnd
20 22 24 26 20 22 24 26 20 22 24 26 20 22 24 26 Ro

Figure 5.2. Projections of backward reachable sets of the room heating ex-
ample. Backward reachable sets are calculated from Rsqy for 50 steps. Guards
determining heater logic (green dashed lines) and the region over which the
MLD is defined (black dashed lines) are also depicted. The initial set used to
find R is depicted by solid black box.

5.4.3 Model Predictive Control

The maximal positive invariant set OMF¢ of a closed-loop system under MPC consists
of all initial conditions that generate recursively feasible trajectories. This example shows
how the proposed methods enable computation of a less conservative OMPC as compared to
conventional methods.

Consider the double integrator from [14, Example 12.1],
11
zlk+1] = zlk] + | | ulk],

under MPC (4.22) with P = @ =1, R = 10, and N = 3. Input and state trajectories are
constrained by u[k] € U = $BL, z[k] € X = 5B, Vk € [1, N — 1]. Two cases of terminal
state constraints are considered.

Case 1: For this case, we set Xy = X'. Algorithm 10.1 of [14] provides a general method
for calculating O, for autonomous dynamics using precursor and intersection calculations,
but its application to hybrid systems was previously limited due to the lack of a scalable
precursor set identity. However, this algorithm can be applied using hybrid zonotopes and

the precursor set identity in Theorem 5.2.2 to calculate OMPC as plotted in Figure 5.3a.
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Also plotted is Xfeqs, the set of states for which the optimization program has a feasible
solution but are not necessarily recursively feasible trajectories.

Case 2: Absent efficient methods to compute OMF¢

under the PWA control laws, con-
ventional approaches ensure recursive feasibility by artificially constraining Xy to a positively
invariant set associated with a simpler control law. This results in OMP¢ = Xy, [14, Chap-
ter 12.3.1]. A common choice is Xy = OL@E where OL?F is the maximal linear quadratic
regulator (LQR) invariant set [14, Definition 11.1]. This set and the resulting Xj.,s are
shown in Figure 5.3b.

Comparison of cases 1 and 2 in Figure 5.3 demonstrates that introducing the terminal
constraint Xy = OL@E results in a smaller maximal region of recursive feasibility than when
Xy = X. Thus the proposed methods enable reduced conservatism in the control design

by allowing OMF¢ to be computed for a less restrictive terminal constraint. The terminal

constraint in case 2 may also negatively affect performance [14, Remark 12.2].

> > OXy = OOO

-ngc = Xfeas

S 0 S0

Case 2

-5 -5

-5 0 5 -5 0 5
T T
(a) (b)

Figure 5.3. 5.3a The maximal positive invariant set under MPC OMFC ig
calculated using the scalable precursor set identity presented in this paper. 5.3b
Conventional methods use an artificial terminal constraint to obtain OMP¢
however this makes the set smaller.

5.5 Chapter Summary

In this chapter I have presented a closed-form solution for the exact backward reach-

able sets of linear hybrid systems as hybrid zonotopes. This approached leveraged a new
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construct named the state-update set that encodes all possible state transitions over one
discrete time step within a single set. Using the state-update set, identities were proven for
both the robust forward and robust backward reachable sets of general well-posed discrete-
time dynamic systems. When the considered system is modeled as an MLD or a linear
system in closed-loop under MPC, it was shown how the state-update sets may be generated
as hybrid zonotopes by leveraging the results in Chapter 4. The reachable sets are then
propagated with linear growth in the number of zonotope factors when performing forward
reachability or backward reachability with no disturbances, and exponential growth when
performing backward reachability with disturbances due to the complexity growth associ-
ated with Minkowski differences. These methods show that finding the one step forward
reachable set of a system over a region of interest can be used to generate forward reachable,
backward reachable, and invariant sets. Numerical results demonstrate forward and back-

ward reachability of MLD systems and computation of a maximal positive invariant set for

a PWA control law of MPC.
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6. COMPLEXITY REDUCTION OF HYBRID ZONOTOPES

Many of the set operations I have proposed in this dissertation increase the complexity of
the set representation. Although having reduced memory and computational complexity
when compared to the eract methods existing in the literature, use of the hybrid zonotope
while maintaining exactness is inherently limited to a finite number of operations. To ad-
dress this challenge, in this chapter I present methods for reducing the complexity of hybrid
zonotopes by extending procedures developed for constrained zonotopes as well as through
general mathematical programming. The proposed methods provide an approach for con-
servatively reducing the complexity of the set representation such that additional operations
may be continually applied while remaining computationally tractable. The technical con-
tributions of this chapter are as follows: Trevor J. Bird is responsible for all derivations of
the proposed order reduction techniques, error metrics, and numerical examples; Jacob A.
Siefert is responsible for the volume estimation method by sampling random points. Trevor
J. Bird was advised by Professor Neera Jain at Purdue University, as well as Professor Justin
P. Koeln (University of Texas Dallas) and Professor Herschel Pangborn (The Pennsylvania
State University).

This chapter is organized as follows. First I provide methods for removing redundancy
from the hybrid zonotope set representation to reduce complexity of future operations with-
out altering the set in Section 6.1. In Section 6.2 I develop algorithms for reducing the
number of continuous generators, binary generators, and equality constraints of the hybrid
zonotope to provide over-approximations. In Section 6.3 I derive error metrics for evaluating
the effectiveness of the proposed over-approximations. Finally in Section 6.4 I provide nu-
merical examples demonstrating the usefulness of the proposed techniques and apply them

to the reachability analysis of hybrid systems.

6.1 Redundancy Removal

In this section I provide methods for identifying and removing redundancy in the equal-
ity constraints, continuous generators, and binary generators of hybrid zonotopes. These

methods are advantageous as they can be used to avoid unnecessary growth in the set rep-
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resentation complexity without altering the set. In Section 6.1.1 I show how redundant
equality constraints may be identified and removed from the set representation. In Section
6.1.2 I show how redundancy in the continuous generators may be identified and removed
while also reducing the number of equality constraints. Finally in Section 6.1.3 I show how

redundant binary factors may be identified and removed from the hybrid zonotope.

6.1.1 Redundant Equality Constraints

Given any hybrid zonotope Z, = (G¢ G°, ¢, A°, A’ b) C IR", the equality constraints
are given by the linear system of n. equations A°¢¢ + A% = b. It is possible that some
rows of this system of equations are redundant. This redundancy may arise in reachable
sets of hybrid systems, using the identities discussed in Chapters 4 and 5, when guard set
intersections do not occur and other constraints and variables have been removed through
various redundancy removal and order reduction techniques. Iterative applications of the
forward, and backward, reachable set operators may therefore result in redundant equality
constraints.

Some redundant equality constraints may be present in the form of linearly dependent
rows. This redundancy can be determined by evaluating the linear dependence of each of
the rows using rank revealing LU decomposition [87]. To do this, the constraint matrices

are concatenated such that

A

A= [Ac AY b] € RreX(motmetl) (6.1)

Performing QR decomposition on (6.1) results in AP = QR, where P € RMatnotD)x(ngtnotl)

ngtmetl) i an

is a permutation matrix, Q € IR™*" is an orthogonal matrix, and R € IR™*!
upper triangular matrix [88]. Linearly dependent rows may then be detected by the rows of
R that have elements less than a prescribed zero tolerance ¢, i.e. R;. < e implies that row j
of the permuted matrix AP is linearly dependent. Given that their information is already

contained in another row of the matrix, these linearly dependent rows may then be removed

without altering the set.
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6.1.2 Redundant Continuous Generators

In all zonotopes, constrained zonotopes, and hybrid zonotopes, the continuous factors
are constrained to belong to the unit hypercube, B2 = {z € R" | ||z|l < 1}. Within the
MILP formulation of the hybrid zonotope (3.44), this is equivalent to enforcing the constraint
that the continuous factors lie within the interval of [ — 1, 1] such that —1 < & <1 for all
j€{1,...,n,4}. For the case of zonotopes, these bounds are absolute and the vertices of the
represented polytope are obtained when some combination of the factors lie on the vertices
or center of the unit hypercube, i.e. for any zonotope Z = (G° ¢) C IR" with an equivalent
Vrep 2 = {X ai | as > 0, Xt a5 = 1}, G°6° + ¢ = v; implies that & € {-1,0,1}
for all j € {1,...,n,} [65]. Once linear equality constraints are introduced into the set
definition, such as for constrained and hybrid zonotopes, the infinity norm constraints on
certain continuous factors may be unnecessary.

Similar to the approach used for rescaling the continuous generators of constrained zono-
topes [18, Sec. 4.1], the implicit bounds on the continuous factors of a hybrid zonotope may

be found by solving the 2n, MILPs given by

52,1 = min {flc

& = max {&

A+ AP = b, |€ulle <1, &0 € {-1,13m] (6.2a)

AC+ A = b, |Gl <1, € € {-1,1}™ ], (6.2b)

where &7 ; is the lower bound and &f; the upper bound of the i" continuous generator
when its infinity norm constraint is relaxed. If the interval resulting from (6.2) satisfies
[€7:,&0:) € [ — 1,1], then the linear inequality constraints —1 < & < 1 are redundant [20].
This redundancy occurs because the value of the continuous factor is already constrained to a
tighter interval through the combination of the other equality, infinity norm, and integrality
constraints of the hybrid zonotope. Once an infinity norm constraint has been identified as
redundant, the variable is considered free and may be substituted out of the set representation
using a single equality constraint. Doing so, the information of the continuous factor is
maintained while reducing the number of continuous factors and equality constraints by

one. This result follows closely from reduction methods of constrained zonotopes [18], [20]
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which are a special case of redundancy removal techniques used in presolve methods of linear
programs [89].

Proposition 6.1.1. For any Z;, = (G¢,G% ¢, A°, A®,b) C R™ with implicit bounds on the
th

i"* continuous generator given by (6.2) satisfying [£7;,¢05] € [ — 1,1], 2, may be exactly

represented with ng — 1 continuous generators and n. — 1 constraints by the hybrid zonotope
Zr = <GC — AGA®, GY — AgA, c+ Agb, A° — A4 A, AY — A4 AV b — AAb> , (6.3)

where Ag = G°Eyp(Af;)~" € R, Ay = AEjp(Af;)~" € R™ ™, By, € R™ ™ is a

matriz with zero entries except for a one in the (i, k) position, and k € {1,...,n.} such that
ki 7 0.

Proof. Following the procedures of [20, Sec. 4], for any z € Z;, there exists some £° €

B and £ € {—1,1}™ such that z = G + G®¢" + ¢ and A% + A" = b. Choose

some k € {1,...,n,} such that Af; # 0 and solve the k™ equality constraint such that

& = (b — Xps AL — A%V,Sb)( 271)’1. Substituting this expression for & in the remaining

equations results in

2= (G = AgA)E + (GP — AgAP)E 4 (e + Agh) (6.4a)
(A° — AgA)E + (AP — AQAP)EP = b — Aub, (6.4b)

where Ag = G°Ejp(Af;)7" € R, Ay = AEip(Af;)~" € R™™ "™, and Eyy, € R™™"™ is
a matrix with zero entries except for a one in the (i, k) position. Making this substitution
results in the i*” column of the continuous generator matrix and k& row of equality constraints
being equal to zero. While the information of the i generator is still imposed in the hybrid
zonotope Z;, the ability to enforce its infinity norm constraint is lost. However, given that
the implicit bounds on the continuous factor satisfies & € [£7 ;,&5;] € [ — 1,1] when the
infinity norm constraint is relaxed, the constraint is redundant. Removing the k" zero row
of the equality constraints and i** zero column of the continuous generator and constraint
matrices results in a hybrid zonotope Z; = Z;, with n, —1 continuous generators and n. — 1

equality constraints. O]
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Remark 6.1.1. Proposition 6.1.1 provides a method of removing redundancy while reducing
the number of continuous factors and equality constraints by one without altering the set of
points represented by the hybrid zonotope. Performing this reduction requires that n. # 0 and
that there exists some Aj ; # 0. This will always be the case. If A%y =0 then the it" factor
is not present in the constraints and will thus have implicit bounds of (£ ;,&f;] = [ — 00, 00].

For this case, solving the MILPs (6.2) to determine the implicit bounds is unnecessary.

6.1.3 Redundant Binary Generators

Given a hybrid zonotope with n, > log,(|7), where | 7| is the number of feasible leaves of
the hybrid zonotope’s binary tree (see Sec. 3.3), it is possible that the set may be represented
with a reduced number of binary factors. One case where the number of binary factors may
be reduced is when their values in the integer feasible set 7 are not linearly independent. In
this case, some of the binary factors may be equivalently represented as a linear combination
of the other factors. Another possibility is when all feasible values of a binary factor are the
same. In this case, the binary factor can be removed after shifting the hybrid zonotope’s
center and the right hand side of the linear equality constraints by a constant.

Once T is known, linearly dependent binary factors may be detected and removed as
follows. First, let 7' € R™*7! be a matrix with each column an element of 7, thus T(i,j) =

+1V1i,j. Letting n, = rank(T), if ngy < ny then there exists a linear mapping
MT(®,) =T, (6.5)

where @ € N}? are the indices of the linearly independent rows of 7. Thus the hybrid
zonotope Zj, = (G°,GP, ¢, A°, A%, b) is equivalent to Z; = (G¢,G* My, c, A¢, A°M,, b) where

Z; has nj, = n, < ny binary factors. The integer feasible set of Z; is then given by

7]
T = 'U T(®,i). (6.6)
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If all feasible values of a binary factor are the same, it can be removed as follows. Let T'(®)
be sorted such that the constant linearly independent row occurs first, i.e. T(®(1),-) =1 or

—1, and let

01, T(®(1),1
M2:M1 txmg ,m2:M1 ( () ) . (67)

Inqgfl 0n¢71><1

Then Z, = (G G° ¢, A°, A° b) is equivalent to ZI = (G°, G* My, c + G®my, A¢, A My, b —
Abmy) where ZJ has nj = ng — 1 < n, binary factors. The integer feasible set of ZJ is then
given by
7]
T =UJT(®2,1), (6.8)
i=1
where @y = ®(j) for j =2,...,ng.

The linearly independent columns of the matrix 7" may be found through QR decompo-
sition, and the matrix M; may be found using the Moore-Penrose inverse. The total time
complexity of these operations scales as O(ny|7T]?). Although the number of binary factors,
and equivalently the number of layers in the binary tree, are reduced, the nonempty leaves of
the binary tree are not changed [67]. Thus detecting and removing redundancy in the binary
factors through the described approach reduces the complexity of the hybrid zonotope set

representation without altering the set.

Remark 6.1.2. The proposed method of removing redundant binary variables is an appli-
cation of aggregating implied free variables within MILPs. The method described here is
rigorous and exact; however, approrimations may be used as done during the presolve stage

of commercial MILP solvers [65].

6.2 Over Approximations

Methods for generating over-approximations of hybrid zonotopes while reducing the num-
ber of continuous generators, binary generators, and constraints are now presented. Using
these methods allows for set operations to be performed continually while providing conser-
vative results. In Section 6.2.1 I show how the continuous generators may be rescaled to

reduce potential error introduced in the following over-approximation methods. In Section
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6.2.2 1 show how one continuous generator and equality constraint may be removed. In
Section 6.2.3 I show how order reduction techniques developed for zonotopes may be applied
to reduce the number of continuous generators in hybrid zonotopes. Finally in Section 6.2.4
I show how binary generators may be relaxed to continuous generators, which may then be

removed using the previously presented methods.

6.2.1 Rescaling Continuous Generators

This section shows how the bounds on the continuous factors of hybrid zonotopes may
be tightened to reduce potential error introduced in the following over-approximation tech-
niques. This tightening leverages the possibility that the combination of equality, infinity
norm, and integrality constraints of the hybrid zonotope implicitly constrain the continuous
factors to lie within the unit hypercube. In Section 6.1.2, the implicit bounds calculated us-
ing (6.2) satisfied [£7 ;,&f5] € [ — 1, 1] and were therefore redundant. However, it is possible
that the implicit interval does not satisfy [£7 ;,&F;] € [ — 1,1], but that one bound could
be tightened without altering the set, e.g. when &7 ; < —1 and &f; < 1, the infinity norm
constraint on the i continuous factor could be replaced with & € [ — 1,&5;]. Following
the procedure for rescaling the factors of constrained zonotopes [18, Sec. 4.1], the continu-
ous factors of the hybrid zonotope may be rescaled to embed the tightened constraints of

§° € [max (&7 ;, —1),min (§5;,1)] € [~ 1,1] for alli=1,...,n, as follows.

Proposition 6.2.1. For any Z;, = (G¢, G, ¢, A°, A® b) C R" with &5 and & given by (6.2),

Z, may be equivalently represented by

Zy, = (G°diag (&), G°, e+ G, Adiag(&5), A®, b — A°C,) (6.9)
where
c min (flc],ia 1) — max (gz,ia _1) c min (§[C],ia 1) + max (gi,b _1> (6 10)
ri = 2 » Smyi T 2 ? :
foralli=1,...,n,.
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Proof. Following the procedure of [18, Sec. 4.1], let
X = (Gdiag(€9), G, ¢ + Go€5,, Adiag(€9), A, b — A°€,) C R", (6.11)

denote the hybrid zonotope given by the right hand side of (6.9). For any =z € X there
exists some £ € B and £ € {—1,1}™ such that A°diag(£°)ES + AP = b — A°CE,, and x =
Gediag(£9)E+ GO +c+ Go¢S,. For any 2 € Zj, there exists some £ € B and €2 € {—1,1}™
such that A°€S + AL = b, z = G°¢S + GPEL + ¢, and &5, € [max (&5 ;, —1), min (&f;;, 1)] for
all i =1,...,ny Let v = diag(§)¢s + &5, Then 45 € [max (£ ;, —1), min (§f;, 1)] for all
i=1,...,n, Furthermore, z = G*y+G’¢"+cand Ay+A¢ = b. Thusx € Z, and X C Z,.
Conversely, given that £ ; € [max (£7;, —1), min (&5, 1)], letting £ ; = diag(&;)&5+E, implies
that £ € BYs. Thus z = G°(diag(£9)ES + £5,) + GPEL + ¢ and A°(diag(£9)E8 4 &¢,) + AP = b.
Therefore z € X, Z;, C X and X = Z,. O

The procedure for rescaling the continuous generators of a hybrid zonotope is desribed
in Algorithm 2 and requires solving 2n, MILPs to determine the tightest bounds on the

continuous factors induced by the other constraints.

Algorithm 2 Rescale the continuous generators to tighten the bounds on the infinity norm
constraints.

Input: Z, = (G, G® c, A°, A® b) C IR"™

Output: 2, = 2, such that [max (£f ;, —1), min ({55, 1)] = [— 1,1]Vie {1,...,ny}
1: procedure RESCALE(Z},)
2 fori=1,...,7,do
3 €h - min {€ | A€+ AL =b, |Gl <1, € € {1,131}
1; & max {€F | A6+ A =b, &l <1, & € {~1,1}™}
5 end for
6 Z,, + rescaled by Proposition 6.2.1 for £ and 137
7: end procedure

Remark 6.2.1. Tightening the bounds on continuous variables is a common procedure in
MILP presolve methods [63]. This approach is advantageous as it also tightens the linear
relaxation of the problem when integrality constraints are relazed, i.e. in branch and bound

algorithms [53]. The method shown here differs from these approaches as it directly embeds
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the tightened bounds within the generator and constraint matrices while maintaining the

infinity norm constraints, £¢ € BY9, of the hybrid zonotope set definition. While the bounds

oo

on the continuous factors are found exactly in (6.2), over-approximation methods exist which

rely on linear relazations as described in [63].

6.2.2 Constraint Reduction

This section shows how over-approximations of hybrid zonotopes may be generated while
reducing the number of continuous generators and equality constraints by one. This proce-
dure follows closely from that of removing redundant continuous generators as described in
Section 6.1.2; however, it removes continuous generators that do not have redundant infinity
norm constraints. Thus when the i*” continuous generator is substituted out of the set rep-
resentation, the continuous generators information in the generator and constraint matrices
is maintained, but the ability to enforce the constraints of £¢ € [—1, 1] is lost. Similar to the
procedure in [18, Sec. 4.2] for constraint reduction of constrained zonotopes, the constraints

of the hybrid zonotope may also be conservatively removed.

Proposition 6.2.2. For any 2, = (G°,G% ¢, A°, A’ b) C IR", the set Z, with g =ng—1

and n. = n. — 1 satisfies Z5, C Z for
2, = <GC — AGA®, GY — AgAY, e+ Agb, A° — AjA°, AP — A4 A" b — AAb> : (6.12)

where Ag = G°Ey(A5;)~" € R, Ay = AEjp(Af;)"" € R™ ™, By € R™ ™ is a
matrix with zero entries except for a one in the (i, k) position, and k € {1,...,n.} such that

L #0.

Proof. Following the procedures of [18, Sec. 4.2], for any z € Z), there exists some £¢ € Bl
and £ € {—1,1}" such that z = G°¢° + G°¢* + ¢ and A°¢¢ + A®¢® = b. Thus it holds that
z = G + G + c+ Ag(b — A€ + AEY) and A°€C + APED 4+ Ay (b — Acge + APEY) = b
because b — A€ + AP® = 0. Therefore z € Z, and 2, C Zj,. This result is independent
of the choice of Ag and As. The specific choice of Ag = G°Ej( i,i)_l € R™"™ and

Ay = A°E; (A5 ;) ™" € R™"™ results in the i continuous generator and k™ row of equality
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constraints being equal to zero by substituting the &% equality constraint solved for the it
continuous generator into the other equations. Removing the zero row and column results

in 2, C 2, with ng = ng — 1 continuous generators and 7, = n. — 1 equality constraints. [

Proposition 6.2.2 provides a method of reducing the number of equality constraints and
continuous generators by relaxing the infinity norm constraint on one of the continuous
factors. Thus the set representation is less strict and introduces additional points that
satisfy the HCG-rep. The given choice of Ag and A4 requires that 3k € {1,...,n.} such
that Af; # 0. Note that since the purpose is to reduce the number of constraints, this
condition is always true. The goal is then to relax the infinity norm constraint that will
introduce the fewest additional points to provide the tightest over-approximation. The level
of conservatism of the over-approximation may be evaluated using the error metrics discussed
in Section 6.3 for each of the continuous generators. Once the continuous generator has been
chosen, any row k € {1,...,n.} such that Aj; # 0 may be used in the substitution. However,
numerical experiments have shown that choosing the row with the largest element has the
best numerical stability. The specific strategy is summarized in Algorithm 3. Note that
the potential error introduced can be reduced by first rescaling the continuous generators
using the procedure described by Algorithm 2, which only needs to be applied once. The
procedure in Algorithm 3 may then be applied to a hybrid zonotope until n. = 0, resulting
in the representation of the union of a collection of zonotopes that over-approximate the

original set.

Example 6.2.1. This ezample considers a randomly generated hybrid zonotope Z, C IR
with ng = 8 continuous generators, ny = 2 binary generators, and n. = 3 equality constraints.
Algorithm 3 is applied iteratively using a volume ratio error metric as defined in Section 6.35.
The resulting over-approximating hybrid zonotopes Z~,‘l with i constraints removed are depicted
in Figure 6.1. The final hybrid zonotope 2,? has n. = 0 constraints and is equivalent to 4

shifted zonotopes each having iy = 5 continuous generators.
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Algorithm 3 Reduce the number of continuous generators and constraints.
Input: Z, c R", n” € {0,...,n.— 1}
Output: Z, D 2, with f, = n. and 7y = ng — ne +n.,

1: procedure REDUCECONSTRAINTS(Z},,n.)

2 zh — Z

3 while 7. > n/, do
4 fori=1,...,7 st Ik € {l,..., 7.} and Ag; # 0 do
5: Z,, + Proposition 6.2.2 for Z, and (i, k)
] A
7
8
9:

E; <~ ERRORMETRIC(Z;, Z},)
end for
i - index such that E; = min (F)
Z), < Proposition 6.2.2 for Z, and (i, k) such that Af ; = max (AS)
10: end while
11: end procedure

Figure 6.1. Example of iteratively removing one continuous generator and
constraint from the hybrid zonotope Zj using Algorithm 3 to generate the
over-approximations Z;, where i is the number of constraints removed.

6.2.3 Continuous Generator Reduction

In Section 6.2.2 it is shown how one continuous generator and equality constraint pair may
be removed to generate an over-approximation. However, this requires that the continuous
generator appears in the constraints. This section shows how the number of continuous

generators may be reduced by applying order reduction techniques developed for zonotopes.
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To do so, it is first necessary to extend the notion of the lifted zonotope form of constrained

zonotopes [18] to the hybrid zonotope.

Proposition 6.2.3. Any hybrid zonotope Z;, = (G¢,G®, ¢, A¢, A, b) C IR™ may be lifted to

an ny = n + n. dimensional hybrid zonotope given by
Ge| |G c
Z;; = ) ) 7®7®7® ) (613)
Acl |AY |—b
such that z € Zj, if and only if (2 0) € Z;.

Proof. For any z € Z, there exists some £¢ € B and £ € {—1,1}" such that z =
G + G + c and A°¢c + AP¢® — b = 0. Thus it follows that
2 G¢ G*| , c
= £+ §+ . (6.14)
0 Ae Ab —b
Therefore (z 0) € Z;7. Conversely, for any 2" € Z; there exists some £¢ € B% and

€ € {—1,1}™ such that
G
2t = £+ &+ : (6.15)

Choosing any £° and & satisfying A°¢¢ + A¢" = b results in [I,, 0, ]z" € Z,. If no such

point exists, then Z;, = (. O

The process of converting between the lifted and original representation of a hybrid
zonotope is depicted in Figure 6.2. Lifting the hybrid zonotope to an n, = n + n. hybrid
zonotope without constraints using Proposition 6.2.3 is advantageous as it allows for the
decoupling of the continuous and binary factors. Given any hybrid zonotope Zj,, define Z;"

by Proposition 6.2.3. Then it follows that

ZF=z" e 20", (6.16)
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where

G° c
Zy" = < 0, ,®,®,@> (6.17)
A° —b
is a lifted constrained zonotope with order o™ = 22— and
b 0
Zt = <®, 0.0, ®> , (6.18)
Al 10

is a hybrid zonotope containing only discrete points. Given that Z,‘fr is a lifted constrained
zonotope, it can be reduced using any order reduction method developed for zonotopes such
that ZoT C Z7" [18]. Applying (6.16) with the reduced, lifted constrained zonotope then
results in

ZFczi=ztez2ht, (6.19)

where
- < Ge G? c

Zh = e , ,Q),Q),(Z)> . (6.20)
Acl A |—b

It then holds from Proposition 6.2.3 that the desired result of Z; C Z, is achieved for
Z, = (GG ¢, A, A®,D) . (6.21)

The lifted constrained zonotope (6.17) may reduced until o™ = 1, thus the number of contin-
uous generators of the reduced hybrid zonotope is limited by 7, > n +n.. To further reduce
the complexity, reduction of the number of equality constraints as described in Section 6.2.2
is required.

Many order reduction methods exist for zonotopes and may all be applied to hybrid zono-
topes using this lifted strategy. The methods with the most wide spread use are described
and compared in [19] and [90]. From numerical experiments, the zonotope order reduction
method developed for lifted constrained zonotopes in [18] and [90] has resulted in the tight-

est over-approximations. The proposed method of lifting and reducing is advantageous as
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Figure 6.2. Visual depiction of the process of converting between the original
and lifted representation of the example two-dimensional hybrid zonotope (3.6)
with a single equality constraint. Lifting the single constraint using Proposition
6.2.3 results in a three-dimensional hybrid zonotope. This lifted representa-
tion may be converted back to the original HCG-rep by intersecting with the
zero plane in the lifted constraint dimension and projecting back down to the
original dimensions of the hybrid zonotope.

zonotope order reduction techniques are performed algebraically and do not require solving

any optimization problems.

Example 6.2.2. This ezample considers a randomly generated hybrid zonotope Z, C IR?
with ng = 8 continuous generators, ny = 2 binary generators, and n, = 3 equality constraints.
The number of continuous generators are reduced using the lifted hybrid zonotope approach
to find a hybrid zonotope Z~',‘L given by (6.21) with i generators removed. The zonotope order
reduction method described in [18] and [90] is used to reduce the lifted hybrid zonotope. The

resulting over-approximating hybrid zonotopes are depicted in Figure 6.3. The final hybrid
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zonotope Z3 has n, = 5 continuous generators and n. = 3 constraints and can no longer be

reduced using this approach.

l:l%h
3 |z,
I =7
N
& 11
0,
1t
-4 -2 0 2 4

21

Figure 6.3. Example of iteratively removing one continuous generator from
the hybrid zonotope Z;, using Proposition 6.2.3 and zonotope order reduction
technique [90] to generate the over-approximations Z}l, where i is the number
of continuous generators removed.

6.2.4 Binary Generator Reduction

Iterative applications of set operations on hybrid zonotopes may increase the number
of binary generators present in the set. As this number increases, the number of possible
nonempty convex subsets of the decomposed set given by Theorem 3.1.1 increases exponen-
tially, as shown by the set’s binary tree as discussed in Section 3.3. This number of nonempty
convex subsets may also increase the computational complexity of the MILP used to analyze
the resulting set through Propositions 3.2.8 and 3.2.9, Definition 3.2.1, and Theorem 3.2.1.
To provide a more computationally efficient set representation, it is therefore imperative to
reduce the number of binary variables within the HCG-rep.

In Lemma 3.1.1 it was shown that the constrained zonotope Z. = {[G°G"], ¢, [A¢ A%, b) C
IR" satisfies Z, C Z.. In the integer programming literature, this constrained zonotope

is referred to as the linear relaxation of the hybrid zonotope’s MILP formulation given by
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(3.44). This linear relaxation is solved at the root node of the binary tree to provide an upper
bound on the possible optimal values of a MILP, and provides the first bound in branch and
bound algorithms [53]. This section shows how the number of binary generators may be
reduced by relaxing the integrality constraints of £ € {—1,1} to £ € [ — 1, 1] for only some

ie{l,...,n}; that is, only select binary generators are relaxed to be continuous.

Proposition 6.2.4. For any hybrid zonotope Z, = (G¢ G° ¢, A°, A" b) C TR" with
ng continuous generators and ny binary generators, define the hybrid zonotope Z, =

(G’C, Gb ¢, Ac, A, b) with ny + 1 continuous generators and n, — 1 binary generators where

G = {Gc g(b,n] CAe— | 4e a(bai)] , (6.22)
G — [g(b,l) gD g L g<b,nb>} , (6.23)
Ab = |:a(b>1) e a(b’ifl) a(b9i+1) Ce a(b7nb):| . (624)

Then it holds that Z;, C Zj,.

Proof. The proof follows a generalization of Lemma 3.1.1. For any z € Z; there exists
some £¢ € B and & € {—1,1}™ such that A°¢¢ + A’¢® = b and z = G°€¢ + G + c.
Let v = (£ €00) and o = (€00 .. gbi=D 0+ . ¢lbm)) thus 4 € Biy*! and o €
{=1,1}%"1 Then z = [G¢ g®D]y + [g®V) ... gli=D) glith) .. gbm)]lg 4 ¢ and 2 € Z,.
Therefore 2, C Z),. O

Proposition 6.2.4 provides a method of reducing the number of binary generators by
relaxing them to be continuous. Given that the constraints of the reduced HCG-rep are less
strict, that is {—1,1} C [—1, 1], this approach provides an over-approximation. Making this
reduction will also reduce the total number of possible nonempty leaves in the set’s binary
tree, thus reducing the computational burden of decomposing the set into a collection of
convex sets for analysis and visualization. While any binary generator may be relaxed by
shifting it into the continuous generator matrix, the goal is to choose the binary factors that
will result in the tightest over-approximation. To do this, each binary generator is iteratively

relaxed and the resulting conservatism is evaluated using one of the error metrics discussed
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in Section 6.3. This procedure is described by Algorithm 4. Once the binary generator to
be relaxed has been chosen, Proposition 6.2.4 is applied. The new continuous generator
may then be removed using the methods described in Sections 6.2.2 and 6.2.3 to continue to

reduce the complexity of the hybrid zonotope while maintaining an over-approximation.

Algorithm 4 Reduce the number of binary generators by relaxing them to be continuous.
Input: Z, C R", n; € {0,...,n, — 1}
Output: Z, D Z;, with 7y = ny, and 1y, = ng + ny
1: procedure REDUCEBINARY(Z},,n})
2 Z~h — Z
3 while 7, > n; do
4: fori=1,...,n do
5: 2h <+ Proposition 6.2.4 for Z, and i
6
7
8
9

E; < ERRORMETRIC(Z),, Z,)
end for
i < index such that E; = min (E)
: Z Proposition 6.2.4 for Z, and i
10: end while
11: end procedure

Remark 6.2.2. Rather than reducing the number of binary variables to a desired value of
n, < ny, it is possible to reduce the binary variables until a desired limit on the number of
nonempty convex subsets of the hybrid zonotope given by Theorem 3.1.1 is achieved. This
modification to Algorithm 4 requires iteratively exploring the reduced hybrid zonotope’s binary
tree after line 9 using Algorithm 1. This approach is advantageous when the goal is to
visualize the reachable set of the hybrid zonotope, where this possible exponential growth in

the decomposition is the limiting factor.

Example 6.2.3. This example considers a randomly generated hybrid zonotope Z, C IR
with ng = 8 continuous generators, n, = 2 binary generators, and n. = 3 equality con-
straints. The number of binary generators is reduced using Algorithm 4 to gemerate the
over-approrimating hybrid zonotope 2}1 with i binary generators removed. The over- ap-
prozimations are depicted in Figure 6.4. The final hybrid zonotope 2,;,3 has 1y, = 0 binary
generators and s equivalent to a constrained zonotope with 1, = 10 continuous generators

and N, = 3 constraints.
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Figure 6.4. Example of iteratively relaxing one binary generator from the
hybrid zonotope Zj, through Algorithm 4 to generate the over-approximations
Z! . where i is the number of binary generators removed.

6.2.5 Combined Algorithm

An algorithm combining the redundancy removal and order reduction techniques for
reducing the complexity of hybrid zonotopes is now proposed. Specifically, given any hybrid
zonotope Z;, C IR™ with ny continuous generators, n;, binary generators, and n. constraints,
the algorithm reduces the hybrid zonotope, in an over-approximative way, to one with nj
continuous generators, ny binary generators, and n/ constraints, where n” are user specified
values. This approach is given by Algorithm 5.

Algorithm 5 first finds the binary tree of the hybrid zonotope through Algorithm 1. Using
the binary tree, redundancy is removed from the binary generators, continuous generators,
and equality constraints as described in Section 6.1. The hybrid zonotope is then rescaled as
discussed in Section 6.2.1 to reduce potential error introduced in the over-approximations.

Following rescaling, the number of continuous generators is reduced using zonotope order
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Algorithm 5 Reduce the hybrid zonotope and return over-approximation.
Input: 2, CR", n] € {0,...,nc}, nj € {n+nf,...,ng}, ny €{0,...,m}
Output: Z;, O Z;, with 7, = nj and 7, = ny
T < binary tree of Z; using Algorithm 1
Z, < remove redundancy from Z,
Z), < RESCALE(Z),)
Z,, + lift then reduce continuous generators until o™ = (ny+ne—np)/(n+n.) or ot =1
Zjy, < REDUCEBINARY(Zy, nj)
2}, <~ REDUCECONSTRAINTS(Z,, nL)
if ny > n; then

Z), + lift then reduce continuous generators until o™ = ny/(n+n.) or ot =1
end if

reduction methods on the lifted hybrid zonotope as described in Section 6.2.3. The target
order for the lifted hybrid zonotope is set to

o = (ny+n.—ny)/(n+n) (6.25)

to reduce the number of continuous generators to ny + n. — n; and to account for the
additional continuous generators that will be removed while reducing the number of equality
of constraints. If nj +n, —n; < 1, then the target order is set to o™ = 1. The algorithm
then reduces the number of binary variables as discussed in Section 6.2.4 by relaxing some
of them to be continuous. The number of constraints is reduced using the method described
in Section 6.2.2. If the number of continuous generators is still above the desired number ny,
then the algorithm performs another iteration of lifting then reducing the hybrid zonotope.
This is necessary because it is possible that the lifted order could only be reduced to o™ =1
in line 4 because there were too many constraints. It is possible to reduce the number of
constraints first to avoid this issue; however, it is advantageous to reduce as many continuous
generators as possible prior to performing constraint reduction since the number of error
metrics evaluated in this step is equal to the number of continuous generators.

To avoid unacceptably large growth in the hybrid zonotope, it is possible to intersect the
reduced set with the interval hull of the unreduced set through Proposition 3.2.10 after apply-

ing Algorithm 5. This is advantageous as it guarantees that the resulting over-approximating
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set will be at least as good as the original set’s interval hull. This step requires solving
2n. MILPs and introduces an additional n continuous generators and n constraints to the
over-approximating hybrid zonotope Zj, < Z, N B(Z;). These additional generators and

constraints can be accounted for in the reduction of the hybrid zonotope when choosing

T

g

and n.. If the intersection with the interval hull is redundant, this redundancy will be

detected and removed at the next iteration of the analysis.

6.3 Error Metrics

In this section I derive and compare methods for evaluating the differences in hybrid
zonotopes. These methods provide error metrics used for finding tight over-approximations in
the algorithms described in Section 6.2, as well as providing metrics for drawing comparisons.
The provided error metrics include approximations of the radius of the set as well as the
volume of hybrid zonotopes. In Section 6.3.1 I show how the radius of the hybrid zonotope
may be approximated to measure the set’s growth outward from it’s geometric center. In
Section 6.3.2 I show how the volume of the hybrid zonotope may be approximated to measure
the change in the set’s nonconvexity.

First it is important to note two challenges that arise in comparing hybrid zonotopes.

1. Depending on what the hybrid zonotope represents, each of the dimensions may have
different units. When using metrics such as radius and volume, it is important to
specify the possible range of values each of the dimensions may take. The hybrid

zonotope may then be scaled prior to applying the following methods as
2, = diag(w) 2, , (6.26)

where w € IR" is a vector of weights used to normalize the different dimensions and
diag(w) € R"" is a diagonal matrix with entries diag(w);; = w;. It is assumed that

all hybrid zonotopes have been properly scaled prior to applying error metrics.

2. It is also possible for a hybrid zonotope to have dimensions that are fully discrete. In

this case, describing the volume of such a set is meaningless. To avoid this issue and still
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provide insight on the other dimensions, hybrid zonotopes with a mix of continuous,
hybrid, and fully discrete dimensions are projected onto the continuous and hybrid
parts. A discrete dimension i may be found using an ordinary sorting algorithm to find
the rows of the generator matrices such that A Gf. # 0; if no continuous generators
exist, then the dimension is a constant or a collection of discrete points. The hybrid
zonotope may then be projected onto the dimensions containing continuous parts as
SZ;,, where S € IR™*"™ is a staircase matrix having a single one in each of the m rows
located in the i*" column corresponding to the index of each dimension of Z;, that is

continuous or hybrid.

6.3.1 Radius Ratio

The first metric considered to evaluate the difference of two hybrid zonotopes is the sets’
n-dimensional radii. Given any two hybrid zonotopes Zj,; and Z} 5, their radius ratio is
defined as

R(Zh,1)

O = Rz (6.27)

where R(Z},) is the radius of Zj,. The radius of a set is defined as the radius of the tightest
n-dimensional ball that encloses the set. This can be expressed as the solution to the
optimization problem

min{r ||z —¢lla <rVze Z,}, (6.28)

where r is the radius of the enclosing ball and ¢ its center. Thus when r and ¢ are the
solution to (6.28), Z;, C {x € R" | z + ¢ < r+ €} only if € > 0. This optimization problem

. A 2

Even when the set to be enclosed by the ball is convex, this optimization problem is non-
convex and difficult to solve [91]. This issue is further exacerbated by the fact that the
containment condition of the hybrid zonotope z € Z, (see Proposition 3.2.8) appearing

in both optimization problems requires mixed-integer constraints. Finding the radius of
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the set thus requires solving a nonconvex mixed-integer bilevel program, which poses many
computational challenges and is a major area of research [92],[93].

Instead of solving the complex optimization problems posed by (6.28) and (6.29), the
radius of a hybrid zonotope is approximated by the radius of the set’s interval hull using
various norms. The interval hull of a hybrid zonotope B(Z},) = [pr, pu| given by (3.52) is
the tightest axis oriented box that encloses the set. The vector of lengths of the box is given

by pu — pr. The radius of the hybrid zonotope is then approximated as

Ry(Z) = llpv — prlly (6.30)

where p is the chosen norm. Note that the true radius of the set is guaranteed to be below
that obtained by evaluating (6.30) for p = 2 as the resulting ball fully encloses the interval
hull of the set, while no guarantees can be made for norms p > 2. The approximated radii
of the hybrid zonotope (3.6) from Example 3.1.1 for p = 2 and p = oo are depicted in Figure
6.5. While the radius ratio gives a way to compare the relative sizes of two hybrid zonotopes,

it gives no insight into the differences of the sets’ nonconvexity.

[z, C2n
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Figure 6.5. Example of approximating the radius of hybrid zonotopes based
on the length of the set’s interval hull. 6.5a Radius of the hybrid zonotope
approximated using p = 2 norm. 6.5b Radius of the hybrid zonotope approxi-
mated using p = oo norm. Note that only using p < 2 norm is guaranteed to
give an over-approximation of the hybrid zonotope’s true radius.
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6.3.2 Volume Ratio

Given any two hybrid zonotopes Z;,; C IR" and 2,5 C IR", their volume ratio is defined

o= (i) 621

where v(Z2;) is the volume of Z,. Determining the volume of sets is a difficult task. Even

as

finding the volumes of simple zonotopes is computationally expensive and requires calculating
the determinants of all combinations of sub-matrices of the generator matrix [94]. Due
to the limitations arising from the combinatorial nature of calculating the exact volume,
approximation methods using random sampling are often employed for complex zonotopes
(see [95], [96] and the references within). The volume of arbitrary convex sets may be
approximated using random walk algorithms that scale with the set dimension as O(n’)
[97], [98]. Exact methods for finding volumes of nonconvex sets in general do not exist,
and algorithms using sub-pavings are often employed to provide guaranteed bounds [99];
however, these algorithms grow exponentially with respect to the dimension of the set. In
Theorem 3.1.1 it was shown that the hybrid zonotope may be decomposed into a collection
of convex subsets, and it follows that the volume of each subset could be estimated using
any of the existing convex approaches. However, it is possible that these convex sets overlap
and therefore the volume estimation using this approach would only provide a, possibly very
large, over-approximation. Furthermore there is a potentially exponential number of convex
subsets that would need to be evaluated.

Instead, this section presents two methods for approximating the volume of a hybrid
zonotope, both of which require sampling N points, or hyperboxes, from the interval hull
and evaluating if p; € 25, or B; N Z;, = (), by Proposition 3.2.8. Given the interval hull of a
hybrid zonotope B(Z) = [pr, pu] by (3.52), the n-dimensional volume of the interval hull is

calculated as
n

v(B(2y)) = v([or, pu]) = [1(pv (i) — p (i) . (6.32)

i=1
where py (i) — pr(i) is the length of the interval hull in the i* direction. The volume of the

hybrid zonotope is upper bounded by that of the interval hull; however, this value gives no
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insight beyond that obtained by the set’s radius. To provide a better approximation of the
hybrid zonotope’s volume, regions from within the interval hull are tested within a series of
trials. Given a total of N trials sampled from the interval hull B(Z;) and X of which are

successful, the volume of Z;, may then be estimated as
. X
0(Z) = ~ (B(Z)) . (6.33)

The trials used to determine ¢ are found in two ways, one that uses a collection of hyperboxes
that cover the set and another that samples random points from a uniform distribution over

the interval hull.

Collection of hyperboxes

Given any hybrid zonotope Z;, C IR", it is possible to partition the set’s intervall hull
into a collection of N smaller, disjoint hyperboxes B; € IR" such that B(Z,) = UY, B
and By N By = () for i # j. Given that each hyperbox is defined as an n-dimensional
interval B; = [prL, pui, its volume is trivially calculated as the product of the length of each
dimension by (6.32). Furthermore, each of the hyperboxes may be represented as a zonotope

in G-rep simply as

B, = <diag (pU’i 5 p“) P ;r p“> , (6.34)

such that the intersection of the hyperbox and the hybrid zonotope, Z;, N B;, is given by
Proposition 3.2.3. Whether or not this intersected region is empty may be determined by
evaluating the feasibility of a MILP by Proposition 3.2.8. Let By, = {Bi,...,By} be a
collection of disjoint hyperboxes such that 2, C UY, Biand let Z={i€ {1,...,N} | Z, N
B; # 0} be the set of indices of all hyperboxes that intersect the hybrid zonotope. Then it
follows that Z;, C Uz B; and therefore,

v(24) < S v(By). (6.35)

ieT
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Thus given any disjoint covering of Z, by a collection of hyperboxes, it is possible to deter-
mine an upper bound on the set’s volume.

A naive method for determining a partition of hyperboxes that covers the hybrid zonotope
is to grid the interval hull for some given tolerance on the lengths, py; — pr; = €. Given
that the interval hull of the hybrid zonotope is known, this tolerance can be decided based
on either the desired precision of the resulting volume estimate or the tolerable number of
optimization calls. Unfortunately, this approach scales exponentially with respect to the
dimension of the set. For example, partitioning each dimension of the interval hull into N
uniform lengths results in a total of n’Y hyperboxes that must be evaluated.

Another approach for finding a covering of Z, by hyperboxes is to employ a bisection
algorithm, where the interval hull is iteratively cut into smaller non-overlapping hyperboxes
until a prescribed precision is achieved [99]. This method is known as sub-paving and is often
used to approximate the inversion of sets by nonlinear functions [100], nonlinear set-based
state estimators [101], and parameter estimation [102].

Inspired by these methods, Algorithm 6 aims to find the tightest covering of Z; with
the fewest optimization calls. The conventional bisection algorithms [99] begin with a single
box giving some specified region of interest. Instead, Algorithm 6 samples the interval hull
and initializes the covering with its bisection in all n dimensions. Doing so, lines (3-6)
of Algorithm 6 creates an initial covering with 2" even bisections covering the interval hull.
Lines (7-19) iteratively identify the hyperbox from the covering with the greatest edge length,
bisect along that dimension, then tightens the interval that was bisected for the two newly
introduced hyperboxes. Given a hyperbox By = [pr, pv| with maximum edge length in the

i"" dimension, line 10 splits By, into two equally sized hyperboxes

PL(l) , pU(l) ,OL(l) ) IOU(l)
Br=|pu(i) , o) Bp=|eulios® - py (i) | (6.36)
pr(n) ,  pu(n) pr(n)  pu(n)
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The i*" intervals of the bisected boxes are tightened over the domains of Z,NB;, and Z,NBx,

respectively, on lines (11-18) by solving the four MILPs

A+ AP =D,
pro(i) =min{ e(G¢ + G +c) | |60 <1, € € {=1,1}™ ¢, (6.37a)
G+ G +ce By,
Acge 4 AV = b,
puL(i) = max{ e(GE + G+ o) | ||¢o)|oo <1, & € {=1,1}™ ¢ . (6.37b)
Geec + G + c e By,
Acge 4 Abgd =,
prr(l) =min{ e(GC + G +0) | €90 <1, e {~1,1}™ ¢, (6.37¢)
G + G+ c € By
Acge 4 AP =,
pu.r(l) = max { e (G€ + G +¢) | |6 < 1, € € {=1,1}™ ¢ , (6.37d)
G+ G + c € By

where e; is the standard i'® unit vector. The new hyperboxes introduced to the list B, are

then given by

o) ()] (1) L (1) ]
Br=\prr) . por@|  Br=|pr@) . dur()| - (6.38)
i PL(”) ) PU(”) | i pL(n) ) PU(”) |

The tightened hyperboxes are then stored in the list B, which remains disjoint because of
the constraint that G¢¢¢ 4+ G°¢* + ¢ € By, in (6.37a) and (6.37b) and G°¢¢ + G®¢® + ¢ € By
in (6.37c) and (6.37d). If during an iteration the intersection 2, N By, or Zj, N Bg is empty,

the hyperbox is discarded from the list since it does not contribute to the volume. Once the
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covering of hyperboxes B, is returned by the algorithm, the volume of the hybrid zonotope

is over-approximated by (6.35).

Algorithm 6 Bisection algorithm for covering of Zj, by collection of disjoint hyperboxes B;.
Input: Z, CR", e R
Output: B, = {Bi,...,By} st. 2, CUY B, By N By = for all i # j, and v(B;) < €

1: B(Z2;,) < interval hull of Z,

2: Initialize list of hyperboxes B, + {B(Z})}

3: fori=1,...,ndo

4: Bisect all hyperboxes in B, in i dimension

5: Replace list B, with bisected boxes

6: end for

7: while Max edge length of all hyperboxes in B is > ¢ do

8: Remove hyperbox with max edge length B, from list B

9: i « dimension of max edge length of By,

10 Bisect By in it" dimension such that By, = By, U Bg

11: if Z, N B, # 0 then

12: B; + bounds on i interval tightened such that Z, N B, C B;
13: Store B; in By

14: end if
15: if 2, N Br # 0 then

16: Bp < bounds on i"" interval tightened such that Z, N Br C Bg
17: Store Bg in B
18: end if

19: end while

Uniform sampling

Algorithm 6 may provide tighter bounds on the volume of a hybrid zonotope with fewer
optimization calls than the naive approach of uniformly partitioning the interval hull into
uniform hyperboxes. However, the method still scales exponentially with respect to the
dimension of the set, as each direction needs to be iteratively split and tightened until the
specified precision is met. This section proposes an alternative sampling method to provide
estimates on the volume for higher dimensional sets with a fixed number of calls to the
optimization program. However, only statistical guarantees can be made on the resulting

estimate.
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Given any hybrid zonotope Z, C IR", first find the interval hull B(Z,). Let p be a
collection of N € Z points randomly sampled from a uniform distribution over the interval
hull such that p; € B(Z,)Vi € {1, ..., N}. Whether each of these random points belong to the
hybrid zonotope may be determined by evaluating the feasibility of a MILP by Proposition
3.2.8. Let X € Z be the number of random points found to satisfy p; € Z, of the N total

trials. Then the volume of the hybrid zonotope may be approximated as

0(Zn) B(Z)) . (6.39)

= NU(

where v(B(Z},)) is the volume of the interval hull calculated by (6.33).

Each point randomly sampled from the interval hull has two possibilities, p; € Z; or
pi € Zn. The proposed method of sampling, and testing, a uniform distribution of N
points is therefore a series of Bernoulli trials. The value to be estimated is the ratio of
points that belong to the hybrid zonotope compared to those that belong to the interval
hull, i.e. the probability that p; € B(Z,) = p; € Z,. As the number of sampled
points grows large, N — oo, the estimate given by (6.39) converges to the true volume,
0(Z2) — v(Zy,). The probability that a point will belong to the hybrid zonotope is thus given
by a binomial distribution. For a specified confidence « € [0, 1], the confidence intervals can
be determined based on the binomial distribution of the sampled data [103]. While not
providing a guaranteed estimate, this approach provides bounds on the estimated volume
within a confidence interval of

b, <v <y, (6.40)

in a more computationally tractable way.

Comparison of volume estimations

This section compares the three volume estimation techniques. Each method is coded as

V1y: volume is over-approximated by partitioning the set’s interval hull into N uniform

hyperboxes,
V2y: volume is over-approximated by Algorithm 6 with N/2 total bisections,
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V3n: volume is estimated by sampling N random points from the set’s interval hull.

To draw a comparison between these three approaches, methods V1y and V2y are formu-
lated based on the number of calls to the MILP solver rather than a user specified tolerance
on edge length of the covering hyperboxes. Thus all three methods have the same number of
MILPs evaluated and comparable computational effort. Note that methods V1y and V2y
guarantee an over-approximation of the volume while V3, is only able to provide an esti-
mated range of volumes based on a user defined confidence interval o € [0, 1]. The confidence
is chosen as o = 0.05 corresponding to a 95% confidence interval.

Consider the hybrid zonotope (3.6) from Example 3.1.1. Decomposing the hybrid zono-
tope into its convex subsets Z, = Uger Zc; by Theorem 3.1.1 results in seven disjoint
constrained zonotopes. The volume of the hybrid zonotope is then given by the sum of the
volumes of the constrained zonotopes. This property of the considered set is advantageous as
the volume of each constrained zonotope can be found exactly using the Multi-Parametric
Toolbox (MPT) [12]. First, the constrained zonotope Z.; is converted to an H-rep poly-
tope by defining By (A€, b — A¢P) as a polyhedron and performing one linear mapping and
Minkowski sum as

P = GBoo (A% b — AE) @ (e + G¢Y) . (6.41)

Thus by Definition 2.9, Z.; = P;. The MPT volume routine is then used to find the exact
volume of each convex subset. The volume of the hybrid zonotope is then given by their

sum as
|71

v(Z) =Y v(Py). (6.42)

i=1
Note that the computational complexity of linear mappings and volume computations of
polyhedron restricts this approach to hybrid zonotopes in low dimensions with relatively
few continuous factors, as discussed in Section 2.3.1. The estimated volumes for a varying
number of calls to the MILP solver, denoted by N, is given in Figure 6.6. The resulting

coverings of Zj, and random points sampled are depicted in Figure 6.7 for N = 100 and in

Figure 6.8 for N = 400.

144



o Viy
25 a Vo 27 o
x V3N o V21V a
® ° A V3y 95% Confidence o :' V3N o
E 2 o v_V3y 95% Confidence| o 15| 2 a
— ° .-
S ° e = o
o o =]
2 15 ° S 1t a
S o o 7 a a = a o °
g A A ° R E o o
g A x A A x g o o S *
> 1 ---x---:--n---v---;--:---A----v 80.5* o ° ? ,
v v v * , ®
v v v
0.5 : : : : 0 : : : :
100 200 300 400 500 100 200 300 400 500
N N
(@) (b)

Figure 6.6. Comparison of the proposed volume estimation techniques for
varying number of calls to the MILP solver for the 2-dimensional example
hybrid zonotope (3.6). 6.6a Comparison of the estimated volumes using the
proposed methods. Volumes are normalized with respect to the exact volume
calculated using MPT. 6.6b Computation time required to estimate the set
volume using the proposed methods.

This same comparison was performed on 100 randomly generated two dimensional hybrid
zonotopes. The hybrid zonotopes were generated with ny, = 15 continuous generators, n, = 5
binary generators, and n. = 5 constraints. The specific matrices were generated following
the procedure for generating random zonotopes [90]. Specifically, the elements of G¢, GY, ¢,
A, A’ and b are sampled from a uniform distribution on [ — 1, 1] then scaled by a random
value a € [0,60]. The baseline volume for comparison was found using routines in the MPT.
Given that the convex subsets of the hybrid zonotopes were not guaranteed to be disjoint,
a numerically expensive algorithm was used to separate the collection into non-overlapping
polyhedron. This approach was found to be intractable for hybrid zonotopes with additional
continuous and binary generators and in higher than two dimensions. The resulting volume
estimations averaged over the 100 sets is provided in Figure 6.9.

The results from these numerical experiments confirm that methods V1y and V2y are
able to over-approximate the true volume of the hybrid zonotope. Method V2y provides
a tighter over-approximation at the cost of additional computation time. This additional

computation time is due to Algorithm 6 performing optimization over the MILP rather
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Figure 6.7. Comparison of three volume estimation techniques for N = 100
calls to the MILP solver for example with v(Z;,) = 60.5. 6.7a Depiction of
method V'1;gy partitioning the interval hull into 100 uniform boxes. Resulting
in an over-approximated volume estimate of 9(2,) = 148.5. 6.7b Covering
B, of Z;, after performing N/2 = 50 bisections of Algorithm 6. Resulting in
an over-approximated volume estimate of 0(Z2;,) = 132.70. 6.7¢ Depiction of
N = 100 randomly sampled points from the interval hull. Resulting in an over-
approximated volume estimate of 9(Z2),) = 65.25 with 95% confidence interval
of 45.80 < v < 87.58.

than checking feasibility, which is a more computationally demanding process. Method V3
sampling N random points on average provided the most accurate estimation of the hybrid
zonotopes volume. As the number of points sampled was increased, the confidence interval

tightened near the same rate as methods V1y and V2y.
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Figure 6.8. Comparison of three volume estimation techniques for N = 400
calls to the MILP solver for example with v(Z},) = 60.5. 6.8a Depiction of
method V14 partitioning the interval hull into 400 uniform boxes. Resulting
in an over-approximated volume estimate of 9(Z2;) = 101.25. 6.8b Covering
B, of Z;, after performing N/2 = 200 bisections of Algorithm 6. Resulting
in an over-approximated volume estimate of 0(Z},) = 79.56. 6.8¢ Depiction of
N = 400 randomly sampled points from the interval hull. Resulting in a volume
estimate of 0(Z;,) = 51.75 with 95% confidence interval of 42.67 < v < 61.74.

6.3.3 Heuristics

The previous sections provide estimates on the radial size and volume of the hybrid
zonotope. While both of these approaches give insight into the physical characteristics

of any given set, it is possible to leverage error metrics that are useful in the proposed
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Figure 6.9. Comparison of the proposed volume estimation techniques for
varying number of calls to the MILP solver averaged over 100 randomly gen-
erated 2-dimensional hybrid zonotopes. 6.6a Comparison of the estimated
volumes using the proposed methods. Volumes are normalized with respect to
the exact volume calculated using MPT. 6.6b Computation time required to
estimate the set volume using the proposed methods.

over-approximation techniques that are not rooted in these fundamental measures. This
section provides heuristics that aim to give a ranking of the candidate over-approximations
in Algorithms 3 and 4 by building off the radius and volume ratios developed in the previous
sections. Specifically, three heuristics are proposed: one that sums the radii of all the hybrid
zonotope’s convex subsets, one that uses the radius of the hybrid zonotope to determine
which candidates should be further explored using one of the other methods, and one that
combines the information from both the radius and the volume of the set.

Sum of radii: First, given any hybrid zonotope Z, C IR", let Ugrer Z.; be its collection
of decomposed constrained zonotopes by Theorem 3.1.1. An error metric is then defined as

the sum of all the radii of the | 7| constrained zonotopes as

Ro(Zh) = Y Ryp(Z.), (6.43)
&eT

where R,(Z,;) is the i constrained zonotope’s radius defined by (6.30). This error metric is

valuable when comparing the order reduction of two sets because it: (1) penalizes the growth
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in each of the convex subsets, and (2) penalizes an increase in the number of nonempty convex
subsets. While two candidate over-approximating hybrid zonotopes using the methods given
in Algorithms 3 and 4 may have the same volume, it is beneficial to choose the one that has
the fewest convex subsets, both in decomposition for visualization as well as when evaluating
the set by solving MILPs. From numerical experiments, this heuristic has shown great
success in determining over-approximations with small growth in error. While providing
a useful metric, calculating (6.43) requires solving 2n|7| linear programs, which can be
computationally expensive as T grows, possibly exponentially, large. However, as discussed
in Remark 6.2.2, 7 may be bounded by reducing the number of binary generators during
iterative set operations. It is also possible to only apply this expensive metric to the candidate
sets that have the least growth in radius of the hybrid zonotope as described next.

Radius ranking: Another possibility is to use the radius ratio to select which of the
potential approximations should be further evaluated using one of the more computationally
expensive metrics. Note that of the provided methods, the radius ratio is the least computa-
tionally expensive. Given a collection of N candidate hybrid zonotopes, let Zp C {1,..., Ng}
be the indices of the NN, hybrid zonotopes with the smallest radius by (6.30). Then the more
computationally expensive error metric may only be evaluated for the i € Zz hybrid zono-

topes as

Er = {FEi}icz, , (6.44)

where Fj is calculated using one of the more computationally expensive error metrics.
Multiple metrics: The final approach described is to combine multiple error metrics.
For example, similar to the use of multiple objective functions in optimization problems

[104], it is possible to combine multiple error metrics as
N
E=Y ok, (6.45)
i=1

where a; € IR such that oy > 0, and E; is any of the defined error metrics. While this
combined error metric no longer gives a value representing the set’s physical characteristics,

it gives the engineer performing the analysis a method for reducing complexity by using
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multiple criteria. For example, estimating the volume of a high dimensional hybrid zonotope
by sampling few points may give poor estimates; however, this rough estimate of the volume

ratio may be useful when combined with the set’s radius ratio.

6.4 Numerical Examples

In this section I provide multiple numerical examples to evaluate the effectiveness of the
proposed order reduction techniques. In Section 6.4.1 the order reduction techniques are
applied to randomly generated hybrid zonotopes to compare the difference in the resulting
over-approximations and required computation times of the different error metrics. Then
the heated room hybrid system explored in the previous examples is reduced to display the
effectiveness of the order reduction techniques to reachable sets in Section 6.4.2. Finally,
in Section 6.4.3 it is shown how order reduction may be applied iteratively to extend the
considered time horizon in forward reachability analysis and is applied to the closed-loop

MPC system.

6.4.1 Random Hybrid Zonotopes

This example evaluates the proposed methods for generating over-approximations of ran-
domly generated hybrid zonotopes with varying dimensions and sizes. These methods are
applied to each random hybrid zonotope using Algorithm 5 employing each of the error
metrics described in Section 6.3. The matrices defining these random hybrid zonotopes are
generated following the procedure for producing random zonotopes in [90]. Specifically, the
elements of G¢, G°, ¢, A¢, A’ and b are sampled from a uniform distribution on [ — 1, 1]
then scaled by a random value « € [0,60]. The binary generators are then multiplied by 20
to avoid producing random sets with few nonconvex features. The respective volume error
metrics used in Algorithms 3 and 4 are all determined by evaluating N = 100n MILPs,
where n is the dimension of the random hybrid zonotope. The accuracy of the proposed
methods are evaluated by comparing the ratio of the reduced set’s volume with that of the

unreduced set by (6.31). Volumes are estimated for these comparisons using the sampling
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method described in Section 6.3.2 by solving 1000n MILPs. The error metrics used are coded

as
R: radius of the set by (6.30) with p = 2 norm,
RS: sum of the radii of all convex subsets by (6.30) with p = 2 norm,

RS,: sum of the radii of all convex subsets calculated for the n” /2 candidate hybrid zonotopes

with the best radii by (6.30) with p = 2 norm,

V'S: volume estimated by sampling 100n random points from the set’s interval hull by

(6.39),

V' S.: volume estimated as the upper bound on the 95% confidence interval by sampling 100n

random points from the set’s interval hull by (6.40),
V' B: volume over-approximated by Algorithm 6 with 1007n/2 total bisections.

The volume ratios and computation times for the proposed methods are first evaluated
for hybrid zonotopes in two dimensions. Specifically, 20 random hybrid zonotopes are gen-
erated with n = 2, ny, = 50 continuous generators, n, = 10 binary generators, and n. = 15
constraints. Algorithm 5 is applied to generate over-approximating hybrid zonotopes with
complexity ny = 40, nj = 8, and n; = 12. An example of one of the randomly gener-
ated hybrid zonotopes and it’s over-approximation is depicted in Figure 6.10. The resulting
normalized volume ratios and computations times for computing the over-approximating
hybrid zonotopes are provided in Figure 6.11. In this set of trials, using the sampling
method, V.S, with a total of 100n = 200 randomly sampled points resulted in the worst
over-approximation. Using the upper bound on the 95% confidence interval on the sam-
pled approximation, V.5, performed slightly better. On the other hand, the method that
performed the best was computing the sum of the radii of all the hybrid zonotope’s convex
subsets, RS. However, the computational effort of this approach is a direct consequence of
the number of the hybrid zonotope’s nonempty leaves, which in this experiment, was the
result of randomly generated constraints. This variation in effort is reflected in the computa-

tion time of RS having the widest range in the box plot. The high computational complexity
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of RS is reduced in method RS, by first evaluating the growth in the radius of the candi-
date hybrid zonotopes, then summing the radii of all convex subsets for only the best half,
which had similar results in the increase in volume ratio caused by the over-approximation.
Of the volume estimation methods, method V' B using the bisection approach to cover the
hybrid zonotope by hyperboxes as described in Algorithm 6 performed the best. However,
this approach had the greatest computation time when performing a total of 100n/2 = 100

bisections.
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Figure 6.10. Example of a randomly generated two-dimensional hybrid zono-
tope and it’s over-approximation.

The same analysis is applied to random hybrid zonotopes in four dimensions, and the
results are provided in Figure 6.12. Specifically, 20 random hybrid zonotopes are gener-
ated with n = 4, n, = 70 continuous generators, n, = 15 binary generators, and n, = 20
constraints. Algorithm 5 is applied to generate over-approximating hybrid zonotopes with
complexity ny = 56, ny = 12, and n; = 16. In this case, the randomly generated hybrid
zonotopes with n, = 15 had potentially |7] > 32 x 10® nonempty leaves, resulting in vari-
ations of summing over the radii of the convex subsets, methods RS and RS, becoming
too computationally expensive, and are therefore excluded from the analysis. Similar to the
results when reducing two dimensional hybrid zonotopes, in this case the error metric VB
using the bisection approach to cover the hybrid zonotope by hyperboxes as described in Al-
gorithm 6 performed the best. However, the computation time to perform all 100n/2 = 200
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Figure 6.11. Comparison of the using the different error metrics in the order
reduction method given by Algorithm 5 for 20 randomly generated hybrid
zonotopes. The hybrid zonotopes are reduced from ones with n, = 50, n, = 10,
and n, = 15 to have complexity ny; = 40, ny = 8, and n; = 12. 6.1la

Comparison of the resulting volume ratios. 6.11b Comparison of the time
required to perform each of the reductions.

bisections required more than twice the computation time of the other methods. Surpris-
ingly, in this experiment using the radius metric R outperformed sampling the volume V.S

with 100n = 400 randomly sampled points in both the volume ratio and computation time.

6.4.2 Thermostat-Controlled Heated Rooms

This example demonstrates the use of the proposed order reduction techniques on the for-
ward reachable sets of the hybrid system modeling the temperature dynamics of six adjacent
rooms with two thermostat-controlled heaters, as previously examined in Section 4.1.4. The
goal of this example is to demonstrate that the complex reachable sets can be represented
more compactly as hybrid zonotopes for use in further analysis.

In Section 4.1.4 it was shown that the reachable set for Case(6,2) at time step k = 100
could be represented compactly by removing redundant binary factors and linear inequality
constraints of the MLD system. Using these two redundancy removal methods resulted

in the reachable set Ry represented by ng100 = 283 continuous generators, ny 100 = 29
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Figure 6.12. Comparison of the using the different error metrics in the order
reduction method given by Algorithm 5 for 20 randomly generated hybrid
zonotopes. The hybrid zonotopes are reduced from ones with n, = 50, n, = 10,
and n, = 15 to have complexity ny; = 40, ny = 8, and n; = 12. 6.1la
Comparison of the resulting volume ratios. 6.11b Comparison of the time
required to perform each of the reductions.

binary generators, and n. 190 = 177 constraints and was found in 10.4 seconds (see Tables
4.2 and 4.3). Applying the additional redundancy removal techniques described in Section
6.1, the reachable set Rfy, has only ng oo = 137 continuous generators, ny ;5o = 29 binary
generators, and ny ;oo = 31 constraints to represent the same union of 657 convex polytopes.
The hybrid zonotope is then rescaled using Algorithm 2. Identifying and removing this
additional redundancy and rescaling the hybrid zonotope took an additional 18.54 seconds.
It is now shown how each of the order reduction techniques for finding over-approximations
effect the reachable set Ry individually.

Lift then reduce continuous generators: the hybrid zonotope R}, with redundancy
removed is now reduced to the over-approximating hybrid zonotope 7@{00 with a reduced
Ny 100 = 100 continuous generators, and the same 7 159 = 29 binary generators and 7 ;99 =
31 equality constraints from the previous step, using the lift then reduce strategy described
in Section 6.2.3. This is performed using the zonotope order reduction method developed

for constrained zonotopes in [18] and [90]. Removing 37 continuous generators using this
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method took 0.04 seconds. The over-approximating hybrid zonotope is depicted in Figure
6.13.
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Figure 6.13. Projections of the over-approximated reachable set R%,, with
continuous generators reduced from ny 150 = 137 to 1y 159 = 100 using the lift
then reduce strategy. Exact reachable set Rf,, is shown in blue and it’s over-
approximation R}, in red.

Relax binary factors: the hybrid zonotope Rf,, with redundancy removed is now
reduced to the over-approximating hybrid zonotope R}y, with a reduced Tp100 = 20 binary
generators, an increased 7y o = 146 continuous generators, and the same 7y, 109 = 31 equality
constraints using Algorithm 4. The over-approximating hybrid zonotope has a reduced |T| =
123 convex subsets. The reduction method is performed using the error metric summing over
the nj /2 best candidate over-approximations (see RS in Section 6.4.1). Removing these 9
binary generators using this error metric took 427.96 seconds. The resulting hybrid zonotope
is depicted in Figure 6.14.

Remove equality constraints: the hybrid zonotope R}y, with redundancy removed
is now reduced to the over-approximating hybrid zonotope R}y, with a reduced N 100 = 25
equality constraints and ny ;o9 = 131 continuous generators, and the same 7, ;49 = 29 binary
generators using Algorithm 3. The reduction method is performed using the volume ratio es-
timated by randomly sampling 600 points from the interval hull (see V'S from Section 6.4.1).
Removing these 6 equality constraints using this error metric took 625.59 seconds. The

resulting hybrid zonotope is depicted in Figure 6.15.
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Figure 6.14. Projections of the over-approximated reachable set Rj,, with
binary generators reduced to from ny 150 = 29 to 7199 = 20 using Algoritth
4. Exact reachable set R, is shown in blue and it’s over-approximation Rf,
in red.
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Figure 6.15. Projections of the over-approximated reachable set R%,, with
equality constraints reduced to from ny ;45 = 31 to 7y 199 = 25 using Algorithm

3. Exact reachable set R7,, is shown in blue and it’s over-approximation R,
in red.

Reducing the reachable set: All three of the previously describe steps are now per-
formed on the same hybrid zonotope in series. First, the number of continuous generators
are reduced to 7y = 100, then binary generators are relaxed until 7y = 20, finally the equal-
ity constraints are removed until n, = 25, using the individually described methods. The
total process took 1152 seconds. The resulting hybrid zonotope has n; = 87 continuous

generators, ny = 20 binary generators, and n] = 25 constraints and is depicted in Figure

6.16.
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Reducing the complexity of the hybrid zonotope in all three of these process results in
a hybrid zonotope with a volume ratio of ©y = 1.70 compared to the exact reachable set.
The large computation time is primarily due to the evaluation of the error metrics for each
of the candidate over-approximations, resulting in many MILPs needing to be evaluated.
Nonetheless, this approach provides a nonconvex outer-approximation of the true reachable
set, and allows for the analysis to be continued with a fixed computational effort by iteratively

applying the proposed reduction techniques.
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Figure 6.16. Projections of the over-approximated reachable set R%,, with

ny = 87, iy, = 20 binary generators, and n; = 25 equality constraints. Exact

reachable set Rf,, is shown in blue and it’s over-approximation Rj,, in red.

6.4.3 Model Predictive Control

This example shows how the proposed order reduction techniques combined in Algorithm
5 may be used iteratively in the forward reachability analysis of hybrid systems and applies
them to the double integrator under closed-loop MPC, as previously examined in Section
4.2.5. Specifically, the perturbed case considering model mismatch and when the closed-
loop system is subjected to bounded, additive disturbances is reevaluated. The goal of this
example is to demonstrate how order reduction allows the time horizon to be extended
to any specified amount while maintaining a reduced computational complexity to provide
conservative results.

The dynamics are propagated for twenty discrete time steps using the successor operator

given by Theorem 5.11 leveraging state-update sets while performing order reduction using
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Algorithm 5 at every third time step. The set-points used for the desired complexity of the

over-approximative reachable sets are

iy < 150, (6.46a)
iy <15 A |T] < 100, (6.46b)
fie < 100, (6.46c¢)

where the number of binary factors are reduced until they are less than 15 and the number of
convex subsets of the hybrid zonotope’s binary tree is less than 100. Each step of the order
reduction described by Algorithm 5 is only performed if the resulting volume ratio of the
input and reduced set given by (6.31) remains below ©, < 1.1. That is, if at any point the
algorithm detects that the introduced error is too large, the procedure is exited and the next
step in the order reduction algorithm is attempted. All error metrics are evaluated using the
over-approximated volume estimated from the disjoint covering produced by the bisection
algorithm with 250 total cuts, as described in Section 6.3.2. Additionally, the resulting
reduced hybrid zonotope is intersected with the original set’s interval hull to guarantee that
the over-approximation is at least as good as the convex enclosure.

The first step in the reachability analysis is to generate the state-update set using the
method described in Section 5.3.2. The resulting hybrid zonotope ® C IR* has n,, = 55
continuous generators, n, 4 = 10 binary generators, and n., = 43 constraints and requires
only 0.001 seconds to determine. Finding the representation of the MPC’s explicit control
law as a hybrid zonotope required to generate the state-update set as described in Section
4.2.3 took 2.11 seconds. The complexity of the resulting state-update set may be minimized
by applying the redundancy removal techniques described in Section 6.1 and results in a
reduced hybrid zonotope ® C IR* with ng » = 34 continuous generators, ny , = 10 binary
generators, and ng, , = 22 constraints, requiring an additional 1.83 seconds of computation
time. Performing this redundancy removal upfront substantially reduces the complexity
that will be introduced through iterative applications of the successor operator defined by

Theorem 5.2.1, and took an additional computation time of 3.94 seconds. Once the state-

158



update set has been found, the dynamics are propagated forward in time for twenty discrete
time steps while performing order reduction at every third iteration.

The reachability analysis beings at the initial set Xy = {z € IR? | ||21]ls < 5, 22 = 0} and
the resulting over-approximating reachable sets are depicted in Figure 6.17. The result of
this reachability analysis with an extended time horizon shows that the forward reachable set
converges, and that the system is safe for all time. This inferred invariance follows from the
fact that Roo C U3 Ri. This property can be verified visually from Figure 6.17, which was
easily plotted because of the reduction in the number of nonempty convex subsets achieved
by the proposed order reduction techniques.

The computation time of only using redundancy removal was 435 seconds to find the
exact reachable set, while using order reduction in addition to redundancy removal took
4,457 seconds. While the computation time required by the order reduction increases by
ten times that of using redundancy removal alone, this additional time was spent almost
entirely in computing the error metrics, which were chosen to be rigorous by employing the
bisection algorithm with 250 cuts. Improvements in the computation time could be achieved
by employing one of the other error metrics described in Section 6.3, for example the radius

ratio, at the cost of potentially introducing additional error in the over-approximations.

RZ(J

Figure 6.17. Depiction of the over-approximative forward reachable sets of
the perturbed closed-loop system under model predictive control for twenty
time steps. The reachable set converging proves the system is safe for all time.
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Figure 6.18. Comparison of the representation complexity of the over-
approximative reachable sets with the exact sets found using only redundancy
removal for the perturbed closed-loop system under model predictive control.
Iterations where order reduction was performed are denoted by vertical dashed
lines. 6.18a Comparison of the number of continuous generators. 6.18b Com-
parison of the number of equality constraints. 6.18¢c Comparison of the number
of binary generators. 6.18d Comparison of the number of nonempty leaves in
the set’s binary tree.

A comparison of the representation complexity of the exact reachable sets found using
only redundancy removal and that of the over-approximating hybrid zonotopes are given in
Figure 6.18. The number of continuous generators of the over-approximation is reduced to
a value of ny 5o = 195 which is a modest reduction when compared to the number of non-

redundant continuous generators of ng 5, = 220. Note that in this case, reducing the number
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of continuous generators to below the target value of 150 resulted in too much additional
error, and was not achieved at each iteration. The number of reduced equality constraints
was 7,5 = 85 which is a considerable reduction below that of using redundancy removal
alone of ny 55 = 119 and remains below the target value of 100. The binary generators on the
other-hand are aggressively reduced from ny ., = 60 to 1y 55 = 12, resulting in a substantial
reduction in the number of nonempty convex subsets from | 75| = 3313 to | 75| = 103. Also
note that these binary factors were relaxed to be continuous, which can be seen in the increase
in continuous factors at the iterations where order reduction is performed. However, this
relaxation of the binary factors often resulted in additional redundancy that was detected
and removed at the next iteration. The effectiveness of the proposed approach can be seen by
the estimated volume ratio between the exact reachable sets and the over-approximations as
shown in Figure 6.19. Note that the accumulated error due to iterative over-approximations
decays quickly due to the controller successfully driving the set of system trajectories toward
the origin. The resulting over-approximations at iterations k£ = 6,9, 12,15 are depicted in
Figure 6.20. In these figures, it can be seen that the over-approximations maintain the
nonconvexity of the set and provide better approximations than could be achieved by a

convex enclosure.
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Figure 6.19. Estimated volume ratio between the exact reachable sets of the
perturbed closed-loop MPC system and the over-approximated reachable sets.
Iterations where order reduction is performed are denoted by vertical dashed
lines.
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Figure 6.20. Depiction of the over-approximations at iterations k =
6,9, 12, 15 produced by the order reduction techniques for the perturbed closed-
loop MPC system. The sets input to Algorithm 5 are shown in blue and the
resulting over-approximations shown in red. 6.20a Result of order reduction
at time step £ = 6. 6.20b Result of order reduction at time step k£ = 9. 6.20c
Result of order reduction at time step k£ = 12. 6.20d Result of order reduction
at time step k = 15.

6.5 Chapter Summary

In this chapter I have presented methods for reducing the complexity of hybrid zonotopes.
I have shown how redundancy in every aspect of the hybrid zonotope set definition, includ-
ing continuous generators, binary generators, and equality constraints, may be detected and

removed. I developed order reduction techniques to further reduce the complexity of hybrid
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zonotopes to generate nonconvex over-approximations. These order reduction techniques
extend methods developed for zonotopes, constrained zonotopes, and mixed-integer pro-
grams. [ then developed error metrics to evaluate the differences between multiple hybrid
zonotopes. The presented error metrics include approximation of the set’s physical char-
acteristics, such as radius and volume, as well as heuristics that are useful in determining
tight over-approximations. Using the proposed methods for order reduction and redundancy
removal give the user a way to tune the trade-off in computational complexity and accu-
racy. Applying the proposed methods within iterative set operations on hybrid zonotopes,
analysis may be performed indefinitely to provide conservative results of complex nonconvex
problems. Numerical examples show the effectiveness of the proposed methods as well as

evaluate the benefits of the different error metrics.
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7. Conclusions

7.1 Summary of Research Contributions

The reachability analysis of hybrid systems is inherently complex. As intersections with
guard sets occur and uncertain discrete inputs are applied, the number of nonconvex fea-
tures grows exponentially. The state of the art often reduces the problem to a collection of
convex sets, resulting in conservative algorithms with case-specific trade-offs in accuracy and
computational effort. In this dissertation, I derived a new mixed-integer set representation
named the hybrid zonotope that is able to represent nonconvex sets with an exponential
number of features using a linear number of continuous and discrete variables. I have shown
how the hybrid zonotope is equivalent to the union of 2V constrained zonotopes (convex
polytopes) through the addition of N binary zonotope factors, and is thus able to compactly
represent nonconvex and disconnected sets.

I have derived identities for, and proven closure under, linear mappings, Minkowski sums,
generalized intersections, halfspace intersections, Cartesian products, unions, and comple-
ments of hybrid zonotopes. To improve computational performance, I have derived re-
dundancy removal techniques that reduce the complexity of hybrid zonotopes without al-
tering the set. When further computational benefits are necessary, 1 have derived over-
approximation techniques that allow more complex analysis to be performed to generate
conservative results, while maintaining the nonconvexity of the set. Thus providing a non-
convex set representation applicable to a broad class of set-theoretic controls problems.

Beyond the derivation of set operations, I have shown how linear mixed-integer con-
straints may be embedded within the hybrid zonotope set representation. Using this ap-
proach, I have shown how the exact forward reachable sets of hybrid systems, including
mixed logical dynamical systems and closed-loop MPC, may be found algebraically with
linear growth in representation complexity. In addition, I have shown how optimality con-
ditions may be embedded within the hybrid zonotope, resulting in the explicit solution of
general multiparametric quadratic programs represented by a single hybrid zonotope. This
representation of the optimal set may then be decomposed into a collection of constrained

zonotopes to give the quadratic program’s explicit solution.
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Building upon these results for forward reachability, I have presented a closed-form so-
lution for the exact backward reachable sets of linear hybrid systems as hybrid zonotopes
by leveraging a new construct named the state-update set that encodes all possible state
transitions of a dynamic system over one discrete time step within a single set. I have shown
how the state-update sets of mixed logical dynamical systems and closed-loop MPC may be
represented as hybrid zonotopes by calculating the system’s one step forward reachable set
under augmented dynamics. Thereafter I have shown how state-update sets may be used
to find both the forward and backward reachable sets, and how they may be made robust
to bounded disturbances. I have shown through multiple examples the scalability of these
approaches and how they can be used to provide robust certificates of a system’s safety and

reduce the conservatism of previous methods in the literature.

7.2 Future Research Directions

The research presented in this dissertation has focused on developing the fundamental
tools for the use of hybrid zonotopes in set-theoretic methods. Using these fundamental
tools, it is now possible to extend many of the existing algorithms that rely on convex
approximations of nonconvex sets to be performed exactly. This approach to exact analysis
could be used to not only improve the accuracy of the results, but give a way to expose the
level of conservatism induced by the traditional convex approximations.

The operations presented in this dissertation were exact and rigorous, and often employ
many calls to commercial mixed-integer linear programming solvers. There is potential to
improve the computation time of these methods by replacing the calls to commercial solvers
with heuristics developed for mixed-integer programs to provide conservative bounds. These
heuristics may be customized to leverage the hybrid zonotope’s structured form and have
potential for substantial improvement in the computation time and scalability of the proposed
methods.

Providing a more scalable approach for the exact backwards reachable sets of hybrid
system’s provides a promising approach for finding positive invariant sets to be used in op-

timal control policies. While this dissertation has provided an example of how this may be
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done and improves upon previous results for linear MPC, the convergence of the algorithm
was determined by observation. While set containment can be verified using the provided
propositions, the approach has potentially exponential growth in complexity when the su-
perset is nonconvex. Furthermore, when the invariant set is found, it may be too complex
for use as a constraint in online optimal control algorithms. Derivation of conditions for the
containment of convex sets within hybrid zonotopes may extend the proposed methods to
provide less conservative invariant sets when compared to traditional results, and that may
be easily implemented online.

The results for reachable sets of hybrid systems in this dissertation were limited to
those with linear differential equations. A potentially impactful result would be to ex-
tend these results to system’s with nonlinear differential equations by leveraging existing
over-approximation methods in the literature. Applying linear model predictive control to
nonlinear systems is common in practice, and providing over-approximations of the reach-
able sets of such closed-loop nonlinear systems could provide robust a posteriori certificates
of safety. This could be achieved using the same set of optimal inputs derived in this disser-
tation represented by a hybrid zonotope combined with an over-approximation method for
the propagation of the nonlinear dynamics.

Finally, the representation of general multiparametric quadratic programs as hybrid zono-
topes provides a way to compactly represent these complex solutions. Previous results in
the literature are often limited by the possible exponential growth in the number of critical
regions. There is potential for the results in this dissertation to curve this exponential growth
and extend explicit control policies to more complex systems. Methods of efficiently using
the hybrid zonotope’s binary tree to find these solutions could provide a new approach with

improved scalability.

166



REFERENCES

[1] F. Blanchini and S. Miani, Set-Theoretic Methods in Control, Second. Cham: Springer
International Publishing, 2015, 1SBN: 978-3-319-17933-9.

[2] B. Chachuat, B. Houska, R. Paulen, N. Peri’c, J. Rajyaguru, and M. E. Villanueva, “Set-
Theoretic Approaches in Analysis, Estimation and Control of Nonlinear Systems,” ITFAC-
PapersOnLine, vol. 48, no. 8, pp. 981-995, Jan. 2015, 1SSN: 2405-8963. DOI: 10.1016/j.ifacol.
2015.09.097.

[3] E. Asarin, T. Dang, G. Frehse, A. Girard, C. Le Guernic, and O. Maler, “Recent progress
in continuous and hybrid reachability analysis,” in 2006 IEEE Conference on Computer
Aided Control System Design, 2006 IEEE International Conference on Control Applications,
2006 IEEFE International Symposium on Intelligent Control, Oct. 2006, pp. 1582—-1587. DOI:
10.1109/CACSD-CCA-ISIC.2006.4776877.

[4] J. K. Scott, R. Findeisen, R. D. Braatz, and D. M. Raimondo, “Design of active inputs
for set-based fault diagnosis,” in 2013 American Control Conference, Jun. 2013, pp. 3561—
3566. Dor: 10.1109/ACC.2013.6580382.

[5] D. Ioan, I. Prodan, F. Stoican, S. Olaru, and S. Niculescu, “Complexity Bounds for
Obstacle Avoidance within a Zonotopic Framework,” in 2019 American Control Conference
(ACC), Jul. 2019, pp. 335-340. por: 10.23919/ACC.2019.8814976.

[6] S. Rakovic, P. Grieder, M. Kvasnica, D. Mayne, and M. Morari, “Computation of in-

Y

variant sets for piecewise affine discrete time systems subject to bounded disturbances,” in
2004 43rd IEEE Conference on Decision and Control (CDC) (IEEE Cat. No.0JCH37601),
vol. 2, Dec. 2004, 1418-1423 Vol.2. por: 10.1109/CDC.2004.1430242.

[7] M. Althoff, O. Stursberg, and M. Buss, “Reachability analysis of nonlinear systems
with uncertain parameters using conservative linearization,” in 2008 47th IEEE Conference
on Decision and Control, Dec. 2008, pp. 4042-4048. por: 10.1109/CDC.2008.4738704.

[8] G. Frehse, C. Le Guernic, A. Donzé, et al., “SpaceEx: Scalable Verification of Hybrid
Systems,” in Computer Aided Verification, G. Gopalakrishnan and S. Qadeer, Eds., Berlin,
Heidelberg: Springer, 2011, pp. 379-395, 1SBN: 978-3-642-22110-1. DOI:

[9] G. Frehse, R. Kateja, and C. Le Guernic, “Flowpipe approximation and clustering in
space-time,” in Proceedings of the 16th international conference on Hybrid systems: compu-
tation and control, New York, NY, USA: Association for Computing Machinery, Apr. 2013,
pp. 203-212, 1SBN: 978-1-4503-1567-8. DOT: 10.1145/2461328.2461361.

167


https://doi.org/10.1016/j.ifacol.2015.09.097
https://doi.org/10.1016/j.ifacol.2015.09.097
https://doi.org/10.1109/CACSD-CCA-ISIC.2006.4776877
https://doi.org/10.1109/ACC.2013.6580382
https://doi.org/10.23919/ACC.2019.8814976
https://doi.org/10.1109/CDC.2004.1430242
https://doi.org/10.1109/CDC.2008.4738704
https://doi.org/10.1007/978-3-642-22110-1_30
https://doi.org/10.1007/978-3-642-22110-1_30
https://doi.org/10.1145/2461328.2461361

[10] M. Althoff, G. Frehse, and A. Girard, “Set Propagation Techniques for Reachability
Analysis,” Annual Review of Control, Robotics, and Autonomous Systems, vol. 4, no. 1,
2021. por: 10.1146/annurev-control-071420-081941.

[11] M. Althoff, O. Stursberg, and M. Buss, “Computing reachable sets of hybrid systems
using a combination of zonotopes and polytopes,” Nonlinear Analysis: Hybrid Systems, vol. 4,
no. 2, pp. 233-249, May 2010, 1ssN: 1751-570X. por: 10.1016/j.nahs.2009.03.009.

[12] M. Herceg, M. Kvasnica, C. N. Jones, and M. Morari, “Multi-Parametric Toolbox 3.0,”
in 2013 European Control Conference (ECC), Jul. 2013, pp. 502-510. por: 10.23919/ECC.
2013.6669862.

[13] 1. Prodan, F. Stoican, S. Olaru, and S.-I. Niculescu, Mized-Integer Representations in
Control Design: Mathematical Foundations and Applications. Springer International Pub-
lishing, 2016, 1SBN: 978-3-319-26993-1. DOI: 10.1007/978-3-319-26995-5.

[14] F. Borrelli, A. Bemporad, and M. Morari, Predictive Control for Linear and Hybrid
Systems, Jun. 2017. DOT: 10.1017/9781139061759.

[15] W. Hagemann, “Efficient Geometric Operations on Convex Polyhedra, with an Applica-
tion to Reachability Analysis of Hybrid Systems,” Mathematics in Computer Science, vol. 9,
no. 3, pp. 283-325, Oct. 2015, 1SSN: 1661-8289. po1: 10.1007/s11786-015-0238-9.

[16] E. Boros, K. Elbassioni, V. Gurvich, and H. R. Tiwary, “The negative cycles polyhe-
dron and hardness of checking some polyhedral properties,” Annals of Operations Research,
vol. 188, no. 1, pp. 63-76, Aug. 2011, 1SSN: 1572-9338. pO1: 10.1007/310479-010-0690-5.

[17] P. McMullen, “On zonotopes,” Transactions of the American Mathematical Society,
vol. 159, pp. 91-109, 1971, 1ssN: 0002-9947, 1088-6850. DoI: 10.1090 /S0002-9947-1971-
0279689-2.

[18] J. K. Scott, D. M. Raimondo, G. R. Marseglia, and R. D. Braatz, “Constrained zono-
topes: A new tool for set-based estimation and fault detection,” Automatica, vol. 69, pp. 126—
136, Jul. 2016, 1SSN: 0005-1098. pOT1: 10.1016/j.automatica.2016.02.036.

[19] A. Kopetzki, B. Schiirmann, and M. Althoff, “Methods for order reduction of zonotopes,”
in 2017 IEEE 56th Annual Conference on Decision and Control (CDC), Dec. 2017, pp. 5626
5633. por: 10.1109/CDC.2017.8264508.

[20] V. Raghuraman and J. P. Koeln, “Set operations and order reductions for constrained
zonotopes,” Automatica, vol. 139, p. 110204, May 1, 2022, 1ssN: 0005-1098. por: 10.1016/5.
automatica.2022.110204.

168


https://doi.org/10.1146/annurev-control-071420-081941
https://doi.org/10.1016/j.nahs.2009.03.009
https://doi.org/10.23919/ECC.2013.6669862
https://doi.org/10.23919/ECC.2013.6669862
https://doi.org/10.1007/978-3-319-26995-5
https://doi.org/10.1017/9781139061759
https://doi.org/10.1007/s11786-015-0238-9
https://doi.org/10.1007/s10479-010-0690-5
https://doi.org/10.1090/S0002-9947-1971-0279689-2
https://doi.org/10.1090/S0002-9947-1971-0279689-2
https://doi.org/10.1016/j.automatica.2016.02.036
https://doi.org/10.1109/CDC.2017.8264508
https://doi.org/10.1016/j.automatica.2022.110204
https://doi.org/10.1016/j.automatica.2022.110204

[21] J. Koeln, V. Raghuraman, and B. Hencey, “Vertical hierarchical MPC for constrained
linear systems,” Automatica, vol. 113, p. 108 817, Mar. 2020, 1SSN: 0005-1098. por: 10.1016/
j.automatica.2020.108817.

[22] B. S. Rego, D. M. Raimondo, and G. V. Raffo, “Set-based state estimation of nonlinear
systems using constrained zonotopes and interval arithmetic*,” in 2018 European Control
Conference (ECC), Jun. 2018, pp. 1584-1589. po1: 10.23919/ECC.2018.8550353.

[23] B. S. Rego, G. V. Raffo, J. K. Scott, and D. M. Raimondo, “Guaranteed methods based
on constrained zonotopes for set-valued state estimation of nonlinear discrete-time systems,”
Automatica, vol. 111, p. 108 614, Jan. 2020, 1SSN: 0005-1098. DOI: 10.1016/j.automatica.2019.
108614.

[24] V. Raghuraman, V. Renganathan, T. H. Summers, and J. P. Koeln, “Hierarchical MPC
with coordinating terminal costs,” in 2020 American Control Conference (ACC), Jul. 2020,
pp. 4126-4133. poI: 10.23919/ACC45564.2020.9147685.

[25] R. Alur, C. Courcoubetis, N. Halbwachs, et al., “The algorithmic analysis of hybrid
systems,” Theoretical Computer Science, vol. 138, no. 1, pp. 3-34, Feb. 1995, 1sSN: 0304-
3975. por: 10.1016/0304-3975(94)00202-T.

[26] A. Bemporad, F. D. Torrisi, and M. Morari, “Optimization-Based Verification and Sta-
bility Characterization of Piecewise Affine and Hybrid Systems,” in Hybrid Systems: Com-
putation and Control, N. Lynch and B. H. Krogh, Eds., Berlin, Heidelberg: Springer, 2000,
pp. 45-58, 1SBN: 978-3-540-46430-3. DOTI:

[27] V. D. Blondel and J. N. Tsitsiklis, “Complexity of stability and controllability of elemen-
tary hybrid systems,” Automatica, vol. 35, no. 3, pp. 479-489, Mar. 1999, 1ssN: 0005-1098.
DOI: 10.1016/S0005-1098(98)00175-7.

[28] D. Liberzon, Switching in Systems and Control. Birkhduser Basel, 2003, 1SBN: 978-0-
8176-4297-6.

[29] L. Doyen, G. Frehse, G. J. Pappas, and A. Platzer, “Verification of Hybrid Systems,” in
Handbook of Model Checking, E. M. Clarke, T. A. Henzinger, H. Veith, and R. Bloem, Eds.,
Cham: Springer International Publishing, 2018, pp. 1047-1110, 1SBN: 978-3-319-10575-8. DOTI:

[30] M. Chen and C. J. Tomlin, “Hamilton—Jacobi Reachability: Some Recent Theoretical

Advances and Applications in Unmanned Airspace Management,” Annual Review of Control,
Robotics, and Autonomous Systems, vol. 1, no. 1, pp. 333-358, 2018. DOI: 10.1146/annurev-
control-060117-104941.

169


https://doi.org/10.1016/j.automatica.2020.108817
https://doi.org/10.1016/j.automatica.2020.108817
https://doi.org/10.23919/ECC.2018.8550353
https://doi.org/10.1016/j.automatica.2019.108614
https://doi.org/10.1016/j.automatica.2019.108614
https://doi.org/10.23919/ACC45564.2020.9147685
https://doi.org/10.1016/0304-3975(94)00202-T
https://doi.org/10.1007/3-540-46430-1_8
https://doi.org/10.1016/S0005-1098(98)00175-7
https://doi.org/10.1007/978-3-319-10575-8_30
https://doi.org/10.1146/annurev-control-060117-104941
https://doi.org/10.1146/annurev-control-060117-104941

[31] M. Althoff and B. H. Krogh, “Avoiding geometric intersection operations in reachability
analysis of hybrid systems,” in Proceedings of the 15th ACM international conference on
Hybrid Systems: Computation and Control, New York, NY, USA: Association for Computing
Machinery, Apr. 2012, pp. 45-54, 1SBN: 978-1-4503-1220-2. DOI: 10.1145/2185632.2185643.

[32] S. V. Rakovic, M. Baric, and M. Morari, “Max-min control problems for constrained
discrete time systems,” in 2008 47th IEEE Conference on Decision and Control, Dec. 2008,
pp. 333-338. por: 10.1109/CDC.2008.4739218.

[33] G. Palmieri, M. Bari¢, L. Glielmo, and F. Borrelli, “Robust vehicle lateral stabilisation
via set-based methods for uncertain piecewise affine systems,” Vehicle System Dynamics,
vol. 50, no. 6, pp. 861-882, Jun. 1, 2012, 1SSN: 0042-3114. po1: 10.1080/00423114.2012.
666353.

[34] M. Althoff, “On Computing the Minkowski Difference of Zonotopes,” arXiv:1512.02794
[es], Nov. 2016.

[35] L. Yang and N. Ozay, “Scalable zonotopic under-approximation of backward reachable
sets for uncertain linear systems,” IEEE Control Systems Letters, vol. 6, pp. 1555—-1560,
2022, 1SSN: 2475-1456. pot: 10.1109/LCSYS.2021.3123228.

[36] X. Chen, E. Abrahdm, and S. Sankaranarayanan, “Taylor Model Flowpipe Construction
for Non-linear Hybrid Systems,” in 2012 IEEE 33rd Real-Time Systems Symposium, Dec.
2012, pp. 183-192. por: 10.1109/RTSS.2012.70.

[37] M. Althoff, “Reachability analysis of nonlinear systems using conservative polynomial-
ization and non-convex sets,” in Proceedings of the 16th international conference on Hybrid
systems: computation and control, Philadelphia, Pennsylvania, USA: Association for Com-
puting Machinery, Apr. 2013, pp. 173-182, ISBN: 978-1-4503-1567-8. DOI: 10.1145/2461328.
2461358.

[38] N. Kochdumper and M. Althoff, “Constrained Polynomial Zonotopes,” arXiv:2005.08849
[math], May 2020.

[39] I. Mitchell, A. Bayen, and C. Tomlin, “A time-dependent Hamilton-Jacobi formulation
of reachable sets for continuous dynamic games,” IEEE Transactions on Automatic Control,
vol. 50, no. 7, pp. 947-957, Jul. 2005, 1sSN: 1558-2523. DOI: 10.1109/TAC.2005.851439.

[40] M. Chen, S. L. Herbert, M. S. Vashishtha, S. Bansal, and C. J. Tomlin, “Decomposition
of reachable sets and tubes for a class of nonlinear systems,” IEEE Transactions on Automatic
Control, vol. 63, no. 11, pp. 36753688, Nov. 2018, ISSN: 1558-2523. Dor: 10.1109/TAC.2018.
2797194.

170


https://doi.org/10.1145/2185632.2185643
https://doi.org/10.1109/CDC.2008.4739218
https://doi.org/10.1080/00423114.2012.666353
https://doi.org/10.1080/00423114.2012.666353
https://doi.org/10.1109/LCSYS.2021.3123228
https://doi.org/10.1109/RTSS.2012.70
https://doi.org/10.1145/2461328.2461358
https://doi.org/10.1145/2461328.2461358
https://doi.org/10.1109/TAC.2005.851439
https://doi.org/10.1109/TAC.2018.2797194
https://doi.org/10.1109/TAC.2018.2797194

[41] J. Holaza, B. Takacs, M. Kvasnica, and S. Di Cairano, “Safety verification of implic-
itly defined MPC feedback laws,” in 2015 European Control Conference (ECC), Jul. 2015,
pp. 2547-2552. por: 10.1109/ECC.2015.7330921.

[42] M. Kvasnica, P. Bakara¢, and M. Klauco, “Complexity reduction in explicit MPC: A
reachability approach,” Systems & Control Letters, vol. 124, pp. 19-26, Feb. 2019, 1SSN:
0167-6911. por: 10.1016/j.sysconle.2018.12.002.

[43] C. Le Guernic and A. Girard, “Reachability analysis of hybrid systems using support
functions,” in Computer Aided Verification, A. Bouajjani and O. Maler, Eds., Berlin, Heidel-
berg: Springer, 2009, pp. 540-554, 1SBN: 978-3-642-02658-4. DOTI:

[44] C. Fan, B. Qi, S. Mitra, M. Viswanathan, and P. S. Duggirala, “Automatic reachability
analysis for nonlinear hybrid models with c2e2,” in Computer Aided Verification, S. Chaud-
huri and A. Farzan, Eds., Cham: Springer International Publishing, 2016, pp. 531-538, ISBN:
978-3-319-41528-4. DOT:

[45] X. Chen, E. Abrahém, and S. Sankaranarayanan, “Flow™: An analyzer for non-linear hy-
brid systems,” in International Conference on Computer Aided Verification, Springer, 2013,
pPpP. 258-263.

[46] M. Althoff, “An Introduction to CORA 2015,” in EPiC Series in Computing, vol. 34,
EasyChair, Dec. 2015, pp. 120-151. poI: 10.29007/zbkv.

[47] S. Schupp, E. Abrahém, I. B. Makhlouf, and S. Kowalewski, “H y p ro: A ¢++ library of
state set representations for hybrid systems reachability analysis,” in NASA Formal Methods
Symposium, Springer, 2017, pp. 288-294.

[48] S. Bogomolov, M. Forets, G. Frehse, K. Potomkin, and C. Schilling, “JuliaReach: A
toolbox for set-based reachability,” in Proceedings of the 22nd ACM International Confer-
ence on Hybrid Systems: Computation and Control, New York, NY, USA: Association for
Computing Machinery, Apr. 16, 2019, pp. 39-44, 1SBN: 978-1-4503-6282-5. poI: 10.1145/
3302504.3311804.

[49] E. Asarin, O. Bournez, T. Dang, and O. Maler, “Approximate Reachability Analysis
of Piecewise-Linear Dynamical Systems,” in Hybrid Systems: Computation and Control, N.
Lynch and B. H. Krogh, Eds., Springer Berlin Heidelberg, 2000, pp. 20-31, 1SBN: 978-3-540-
46430-3.

[50] F. Blanchini and S. Miani, “Control of parameter-varying systems,” in Set-Theoretic
Methods in Control, F. Blanchini and S. Miani, Eds., Cham: Springer International Publish-
ing, 2015, pp. 289-335, ISBN: 978-3-319-17933-9. DOTI:

171


https://doi.org/10.1109/ECC.2015.7330921
https://doi.org/10.1016/j.sysconle.2018.12.002
https://doi.org/10.1007/978-3-642-02658-4_40
https://doi.org/10.1007/978-3-642-02658-4_40
https://doi.org/10.1007/978-3-319-41528-4_29
https://doi.org/10.29007/zbkv
https://doi.org/10.1145/3302504.3311804
https://doi.org/10.1145/3302504.3311804
https://doi.org/10.1007/978-3-319-17933-9_7

[51] C. C. Pinter, A book of set theory. Courier Corporation, 2014.

[52] S. Bogomolov, M. Forets, G. Frehse, F. Viry, A. Podelski, and C. Schilling, “Reach set
approximation through decomposition with low-dimensional sets and high-dimensional ma-
trices,” in Proceedings of the 21st International Conference on Hybrid Systems: Computation
and Control (part of CPS Week), New York, NY, USA: Association for Computing Machin-
ery, Apr. 11, 2018, pp. 41-50, 1SBN: 978-1-4503-5642-8. DOI: 10.1145/3178126.3178128.

[53] A. Lodi, “Mixed Integer Programming Computation,” in 50 Years of Integer Program-
ming 1958-2008: From the Farly Years to the State-of-the-Art, M. Jiinger, T. M. Liebling, D.
Naddef, et al., Eds., Berlin, Heidelberg: Springer, 2010, pp. 619-645, 1SBN: 978-3-540-68279-0.
DOI:

[54] F. Stoican, I. Prodan, and S. Olaru, “Hyperplane arrangements in mixed-integer pro-
gramming techniques. Collision avoidance application with zonotopic sets,” in 2018 Furopean
Control Conference (ECC), Jul. 2013, pp. 3155-3160. por: 10.23919/ECC.2013.6669645.

[55] P. Gritzmann and B. Sturmfels, “Minkowski Addition of Polytopes: Computational
Complexity and Applications to Grobner Bases,” SIAM Journal on Discrete Mathematics,
vol. 6, no. 2, pp. 246-269, May 1993, 1sSN: 0895-4801. po1: 10.1137/0406019.

[56] M. Althoff and J. M. Dolan, “Online Verification of Automated Road Vehicles Using
Reachability Analysis,” IEEFE Transactions on Robotics, vol. 30, no. 4, pp. 903-918, Aug.
2014, 18SN: 1941-0468. por: 10.1109/TRO.2014.2312453.

[57] T. J. Bird, H. C. Pangborn, N. Jain, and J. P. Koeln, Hybrid zonotopes: A new set
representation for reachability analysis of mized logical dynamical systems, May 31, 2022.
DOI: 10.48550/arXiv.2106.14831. arXiv: 2106.14831]cs,eess].

[58] T. J. Bird and N. Jain, “Unions and complements of hybrid zonotopes,” IEEE Control
Systems Letters, pp. 1-1, 2021, 1SSN: 2475-1456. pot: 10.1109/LCSYS.2021.3133126.

[59] C. Le Guernic and A. Girard, “Reachability analysis of linear systems using support
functions,” Nonlinear Analysis: Hybrid Systems, vol. 4, no. 2, pp. 250-262, May 1, 2010,
I1SSN: 1751-570X. pOI: 10.1016/j.nahs.2009.03.002.

[60] A. Kulmburg and M. Althoff, “On the co-NP-completeness of the zonotope containment
problem,” European Journal of Control, Jun. 2021, 1SSN: 0947-3580. por: 10.1016/j.ejcon.
2021.06.028.

[61] J. K. Scott, R. Findeisen, R. D. Braatz, and D. M. Raimondo, “Input design for guaran-

teed fault diagnosis using zonotopes,” Automatica, vol. 50, no. 6, pp. 1580-1589, Jun. 2014,
1SSN: 0005-1098. por: 10.1016/j.automatica.2014.03.016.

172


https://doi.org/10.1145/3178126.3178128
https://doi.org/10.1007/978-3-540-68279-0_16
https://doi.org/10.23919/ECC.2013.6669645
https://doi.org/10.1137/0406019
https://doi.org/10.1109/TRO.2014.2312453
https://doi.org/10.48550/arXiv.2106.14831
https://arxiv.org/abs/2106.14831 [cs, eess]
https://doi.org/10.1109/LCSYS.2021.3133126
https://doi.org/10.1016/j.nahs.2009.03.002
https://doi.org/10.1016/j.ejcon.2021.06.028
https://doi.org/10.1016/j.ejcon.2021.06.028
https://doi.org/10.1016/j.automatica.2014.03.016

[62] S. Sadraddini and R. Tedrake, “Linear Encodings for Polytope Containment Problems,”
in 2019 IEEE 58th Conference on Decision and Control (CDC), Dec. 2019, pp. 4367-4372.
DOI: 10.1109/CDC40024.2019.9029363.

[63] T. Achterberg, R. E. Bixby, Z. Gu, E. Rothberg, and D. Weninger, “Presolve reductions
in mixed integer programming,” INFORMS Journal on Computing, vol. 32, no. 2, pp. 473~
506, Apr. 1, 2020, 1sSN: 1091-9856. DoI: 10.1287/ijoc.2018.0857.

[64] F. Blanchini and S. Miani, “Convex sets and their representation,” in Set-Theoretic
Methods in Control, F. Blanchini and S. Miani, Eds., Cham: Springer International Publish-
ing, 2015, pp. 93-119, 1SBN: 978-3-319-17933-9. DOI:

[65] A. Girard and C. L. Guernic, “Efficient reachability analysis for linear systems using
support functions,” IFAC Proceedings Volumes, vol. 41, no. 2, pp. 8966-8971, Jan. 1, 2008,
ISSN: 1474-6670. DOI: 10.3182/20080706-5-KR-1001.01514.

[66] L. A. Wolsey, Integer and Combinatorial Optimization. Hoboken: Wiley, 2014, 1SBN:
978-0-471-35943-2.

[67] D. E. Knuth, The Art of Computer Programming. Pearson Education, 1997, ISBN: 978-
0-201-89685-5.

[68] J. Lofberg, “YALMIP : A toolbox for modeling and optimization in MATLAB,” in 2004
IEEE International Conference on Robotics and Automation (IEEE Cat. No.04CH37508),
Sep. 2004, pp. 284-289. por: 10.1109/CACSD.2004.1393890.

[69] L. Gurobi Optimization, Gurobi Optimizer Reference Manual, 2021.

[70] 1. Prodan, F. Stoican, S. Olaru, and S.-I. Niculescu, “Enhancements on the hyperplanes
arrangements in mixed-integer programming techniques,” Journal of Optimization Theory
and Applications, vol. 154, no. 2, pp. 549-572, 2012.

[71] F. Stoican, I. Prodan, and E. I. Grgtli, “Exact and overapproximated guarantees for
corner cutting avoidance in a multiobstacle environment,” International Journal of Robust
and Nonlinear Control, vol. 28, no. 15, pp. 4528-4548, 2018, 1sSN: 1099-1239. po1: 10.1002/
me.4248.

[72] T. J. Bird, N. Jain, H. C. Pangborn, and J. P. Koeln, “Set-based reachability and
the explicit solution of linear MPC using hybrid zonotopes,” in 2022 American Control
Conference (ACC), 2022.

[73] A. Bemporad and M. Morari, “Control of systems integrating logic, dynamics, and
constraints,” Automatica, vol. 35, no. 3, pp. 407-427, Mar. 1999, 1ssN: 0005-1098. po1: 10.
1016,/S0005-1098(98)00178-2.

173


https://doi.org/10.1109/CDC40024.2019.9029363
https://doi.org/10.1287/ijoc.2018.0857
https://doi.org/10.1007/978-3-319-17933-9_3
https://doi.org/10.3182/20080706-5-KR-1001.01514
https://doi.org/10.1109/CACSD.2004.1393890
https://doi.org/10.1002/rnc.4248
https://doi.org/10.1002/rnc.4248
https://doi.org/10.1016/S0005-1098(98)00178-2
https://doi.org/10.1016/S0005-1098(98)00178-2

[74] W. P. M. H. Heemels, B. De Schutter, and A. Bemporad, “Equivalence of hybrid dy-
namical models,” Automatica, vol. 37, no. 7, pp. 1085-1091, Jul. 2001, 1ssN: 0005-1098. DOTI:
10.1016/S0005-1098(01)00059-0.

[75] F. D. Torrisi and A. Bemporad, “HYSDEL-a tool for generating computational hybrid
models for analysis and synthesis problems,” IEEE Transactions on Control Systems Tech-
nology, vol. 12, no. 2, pp. 235-249, Mar. 2004, 1SSN: 1558-0865. DoI: 10.1109/TCST.2004.
824309.

[76] A. Bemporad and M. Morari, “Verification of Hybrid Systems via Mathematical Pro-
gramming,” in Hybrid Systems: Computation and Control, F. W. Vaandrager and J. H. van
Schuppen, Eds., Berlin, Heidelberg: Springer, 1999, pp. 31-45, I1SBN: 978-3-540-48983-2. DOTI:

[77] D. Q. Mayne, “Model predictive control: Recent developments and future promise,”
Automatica, vol. 50, no. 12, pp. 2967-2986, Dec. 2014, 1SSN: 0005-1098. por: 10.1016/j.
automatica.2014.10.128.

[78] D. Q. Mayne, M. M. Seron, and S. V. Rakovié¢, “Robust model predictive control of
constrained linear systems with bounded disturbances,” Automatica, vol. 41, no. 2, pp. 219-
224, Feb. 2005, 18SN: 0005-1098. por: 10.1016/j.automatica.2004.08.019.

[79] S. Yu, M. Reble, H. Chen, and F. Allgéwer, “Inherent robustness properties of quasi-
infinite horizon nonlinear model predictive control,” Automatica, vol. 50, no. 9, pp. 2269—
2280, Sep. 2014, 18sN: 0005-1098. DOI: 10.1016/j.automatica.2014.07.014.

[80] S. Di Cairano, D. Yanakiev, A. Bemporad, I. V. Kolmanovsky, and D. Hrovat, “Model
Predictive Idle Speed Control: Design, Analysis, and Experimental Evaluation,” IEEE Trans-
actions on Control Systems Technology, vol. 20, no. 1, pp. 84-97, Jan. 2012, 1SSN: 1558-0865.
Dor: 10.1109/TCST.2011.2112361.

[81] A. Bemporad, W. Heemels, and B. De Schutter, “On hybrid systems and closed-loop
MPC systems,” IEEE Transactions on Automatic Control, vol. 47, no. 5, pp. 863-869, May
2002, 18sN: 1558-2523. por: 10.1109/TAC.2002.1000287.

[82] A.Bemporad, M. Morari, V. Dua, and E. N. Pistikopoulos, “The explicit linear quadratic
regulator for constrained systems,” Automatica, vol. 38, no. 1, pp. 3-20, Jan. 2002, ISSN:
0005-1098. por: 10.1016/S0005-1098(01)00174-1.

[83] J. Fortuny-Amat and B. McCarl, “A Representation and Economic Interpretation of
a Two-Level Programming Problem,” Journal of the Operational Research Society, vol. 32,
no. 9, pp. 783-792, Sep. 1981, 1SSN: 1476-9360. DOI: 10.1057/jors.1981.156.

174


https://doi.org/10.1016/S0005-1098(01)00059-0
https://doi.org/10.1109/TCST.2004.824309
https://doi.org/10.1109/TCST.2004.824309
https://doi.org/10.1007/3-540-48983-5_7
https://doi.org/10.1016/j.automatica.2014.10.128
https://doi.org/10.1016/j.automatica.2014.10.128
https://doi.org/10.1016/j.automatica.2004.08.019
https://doi.org/10.1016/j.automatica.2014.07.014
https://doi.org/10.1109/TCST.2011.2112361
https://doi.org/10.1109/TAC.2002.1000287
https://doi.org/10.1016/S0005-1098(01)00174-1
https://doi.org/10.1057/jors.1981.156

[84] A. Gupta, S. Bhartiya, and P. S. V. Nataraj, “A novel approach to multiparametric
quadratic programming,” Automatica, vol. 47, no. 9, pp. 2112-2117, Sep. 2011, 18SN: 0005-
1098. por: 10.1016/j.automatica.2011.06.019.

[85] J. A. Siefert, T. J. Bird, J. P. Koeln, N. Jain, and H. C. Pangborn, “Robust successor
and precursor sets of hybrid systems using hybrid zonotopes,” IEEFE Control Systems Letters,
vol. 7, pp. 355-360, 2023, 1SSN: 2475-1456. pDoI: 10.1109/LCSYS.2022.3188477.

[86] A. Bemporad, Modeling, control, and reachability analysis of discrete-time hybrid sys-
tems, University of Sienna, 2003.

[87] L. Miranian and M. Gu, “Strong rank revealing LU factorizations,” Linear Algebra and
its Applications, vol. 367, pp. 1-16, Jul. 1, 2003, 1SSN: 0024-3795. por: 10.1016 /S0024-
3795(02)00572-4.

[88] T. A. Davis, “Algorithm 915, SuiteSparseQR: Multifrontal multithreaded rank-revealing
sparse QR factorization,” ACM Transactions on Mathematical Software, vol. 38, no. 1, 8:1—
8:22, Dec. 7, 2011, 18SN: 0098-3500. DOTI: 10.1145/2049662.2049670.

[89] E. D. Andersen and K. D. Andersen, “Presolving in linear programming,” Mathematical
Programming, vol. 71, no. 2, pp. 221-245, Dec. 1, 1995, 1SSN: 1436-4646. por: 10.1007 /
BF01586000.

[90] X. Yang and J. K. Scott, “A comparison of zonotope order reduction techniques,” Au-
tomatica, vol. 95, pp. 378-384, Sep. 2018, 1sSN: 0005-1098. DOI: 10.1016/j.automatica.2018.
06.006.

[91] Y. C. Eldar, A. Beck, and M. Teboulle, “Bounded error estimation: A chebyshev center
approach,” in 2007 2nd IEEE International Workshop on Computational Advances in Multi-
Sensor Adaptive Processing, Dec. 2007, pp. 205-208. pot1: 10.1109/CAMSAP.2007.4498001.

[92] M. Fischetti, I. Ljubi¢, M. Monaci, and M. Sinnl, “A new general-purpose algorithm for
mixed-integer bilevel linear programs,” Operations Research, vol. 65, no. 6, pp. 1615-1637,
Dec. 2017, 18SN: 0030-364X. DOI: 10.1287/0pre.2017.1650.

[93] Z. H. Gimiig and C. A. Floudas, “Global optimization of mixed-integer bilevel pro-
gramming problems,” Computational Management Science, vol. 2, no. 3, pp. 181-212, Jul. 1,
2005, 18sN: 1619-6988. por: 10.1007/s10287-005-0025-1.

[94] E. Gover and N. Krikorian, “Determinants and the volumes of parallelotopes and zono-
topes,” Linear Algebra and its Applications, vol. 433, no. 1, pp. 28-40, Jul. 15, 2010, I1SSN:
0024-3795. por: 10.1016/j.1aa.2010.01.031.

175


https://doi.org/10.1016/j.automatica.2011.06.019
https://doi.org/10.1109/LCSYS.2022.3188477
https://doi.org/10.1016/S0024-3795(02)00572-4
https://doi.org/10.1016/S0024-3795(02)00572-4
https://doi.org/10.1145/2049662.2049670
https://doi.org/10.1007/BF01586000
https://doi.org/10.1007/BF01586000
https://doi.org/10.1016/j.automatica.2018.06.006
https://doi.org/10.1016/j.automatica.2018.06.006
https://doi.org/10.1109/CAMSAP.2007.4498001
https://doi.org/10.1287/opre.2017.1650
https://doi.org/10.1007/s10287-005-0025-1
https://doi.org/10.1016/j.laa.2010.01.031

[95] L. J. Guibas, A. Nguyen, and L. Zhang, “Zonotopes as bounding volumes,” in Pro-
ceedings of the fourteenth annual ACM-SIAM symposium on Discrete algorithms, Baltimore,
Maryland: Society for Industrial and Applied Mathematics, Jan. 2003, pp. 803-812, ISBN:
978-0-89871-538-5.

[96] A. Chalkis, I. Z. Emiris, and V. Fisikopoulos, “Practical volume estimation of zonotopes
by a new annealing schedule for cooling convex bodies,” in Mathematical Software — ICMS
2020, A. M. Bigatti, J. Carette, J. H. Davenport, M. Joswig, and T. de Wolff, Eds., Cham:
Springer International Publishing, 2020, pp. 212-221, 1SBN: 978-3-030-52200-1. DOTI:

[97] M. Simonovits, “How to compute the volume in high dimension?” Mathematical Pro-
grammang, vol. 97, no. 1, pp. 337-374, Jul. 1, 2003, 1SSN: 1436-4646. po1: 10.1007/s10107-
003-0447-x.

[98] R. Kannan, L. Lovész, and M. Simonovits, “Random walks and an 0*(n5) volume algo-
rithm for convex bodies,” Random Structures € Algorithms, vol. 11, no. 1, pp. 1-50, 1997,
ISSN: 1098-2418. DOT: 10.1002/(SICT)1098-2418(199708)11:1(1::ATD-RSA1)3.0.CO;2-X

[99] L. Jaulin, M. Kieffer, O. Didrit, and E. Walter, “Interval analysis,” in Applied Interval
Analysis: With Examples in Parameter and State Estimation, Robust Control and Robotics,
L. Jaulin, M. Kieffer, O. Didrit, and E. Walter, Eds., London: Springer, 2001, pp. 11-43,
ISBN: 978-1-4471-0249-6. DOT:

[100] L. Jaulin and E. Walter, “Set inversion via interval analysis for nonlinear bounded-error
estimation,” Automatica, vol. 29, no. 4, pp. 1053-1064, Jul. 1, 1993, 1sSN: 0005-1098. DOI:
10.1016,/0005-1098(93)90106-4.

[101] M. Kieffer and E. Walter, “Guaranteed nonlinear state estimator for cooperative sys-
tems,” Numerical Algorithms, vol. 37, no. 1, pp. 187-198, Dec. 1, 2004, 1SSN: 1572-9265. DOI:
10.1023/B:NUMA..0000049466.96588.a6.

[102] L. Jaulin and E. Walter, “Guaranteed nonlinear parameter estimation from bounded-
error data via interval analysis,” Mathematics and Computers in Simulation, vol. 35, no. 2,
pp. 123-137, Apr. 1, 1993, 1SSN: 0378-4754. DOT: 10.1016/0378-4754(93)90008-1.

[103] L. Brown and X. Li, “Confidence intervals for two sample binomial distribution,” Journal
of Statistical Planning and Inference, vol. 130, no. 1, pp. 359-375, Mar. 1, 2005, 1SSN: 0378-
3758. DOI: 10.1016/j.jspi.2003.09.039.

[104] Multicriteria Optimization. Berlin/Heidelberg: Springer-Verlag, 2005, 1SBN: 978-3-540-
21398-7. pot: 10.1007/3-540-27659-9.

176


https://doi.org/10.1007/978-3-030-52200-1_21
https://doi.org/10.1007/978-3-030-52200-1_21
https://doi.org/10.1007/s10107-003-0447-x
https://doi.org/10.1007/s10107-003-0447-x
https://doi.org/10.1002/(SICI)1098-2418(199708)11:1<1::AID-RSA1>3.0.CO;2-X
https://doi.org/10.1007/978-1-4471-0249-6_2
https://doi.org/10.1016/0005-1098(93)90106-4
https://doi.org/10.1023/B:NUMA.0000049466.96588.a6
https://doi.org/10.1016/0378-4754(93)90008-I
https://doi.org/10.1016/j.jspi.2003.09.039
https://doi.org/10.1007/3-540-27659-9

PUBLICATIONS

Journal Articles

o Trevor J. Bird, Jacob A. Siefert, Justin P. Koeln, Herschel C. Pangborn, and Neera

Jain, “Complexity Reduction of Hybrid Zonotopes,” 2022 (In Preparation)

Jacob A. Siefert, Trevor J. Bird, Neera Jain, Justin P. Koeln, and Herschel C.
Pangborn, “Nonlinear State-Update Sets for Reachability Analysis, State Estimation,

and Parameter Identification,” 2022. (In Preparation)

Trevor J. Bird, Herschel C. Pangborn, Neera Jain, and Justin P. Koeln, “Hybrid
Zonotopes: A New Set Representation for Reachability Analysis of Mixed Logical
Dynamical Systems,” Automatica, 2022. (Provisionally Accepted)

Jacob A. Siefert, Trevor J. Bird, Justin P. Koeln, Neera Jain, and Herschel C.
Pangborn, “Robust Successor and Predecessor Sets of Hybrid Systems using Hybrid
Zonotopes,” The IEEE Control Systems Letters, 2022.

Trevor J. Bird and Neera Jain, “Unions and Complements of Hybrid Zonotopes,”

The IEEE Control Systems Letters, 2021.

Trevor J. Bird and Neera Jain, “Dynamic Modeling and Validation of a Micro-
combined Heat and Power System with Integrated Thermal Energy Storage,” Applied
Energy, 2020.

Austin Nash, Brian Fu, Trevor J. Bird, Neera Jain, and Timothy Fisher, “Control-
Oriented Modeling of Integrated Flash Boiling for Rapid Transient Heat Dissipation,”
Journal of Thermophysics and Heat Transfer, 2019.

Conference Articles

o Trevor J. Bird, Jacob A. Siefert, Herschel C. Pangborn, Neera Jain, and Justin

P. Koeln, “The Hybrid Zonotope Toolbox: A Mixed-Integer Toolbox For Nonconvex
Set-Theoretic Methods,” 2023. (In Preparation)

177



o Trevor J. Bird, Neera Jain, Herschel C. Pangborn, and Justin P. Koeln, “Set-Based
Reachability and the Explicit Solution of Linear MPC using Hybrid Zonotopes,” Pro-
ceedings of the American Controls Conference, 2022.

* ACC Best Student Paper Award

o Trevor J. Bird, Catherine Weaver, and Neera Jain. “Switched Linear Model of a
Stratified Hot Water Tank for Control of micro-CHP Systems,” Proceedings of the
ASME Dynamic Systems and Control Conference, 2019.

* ASME Energy Systems Technical Committee Best Paper Award

Invited Talks

o Trevor J. Bird and Neera Jain, “Unions and Complements of Hybrid Zonotopes,”

Proceedings of the 2022 American Controls Conference, Atlanta, GA, June 2022.

o Trevor J. Bird, "Hybrid Zonotopes: A Mixed-Integer Set Representation for the
Analysis of Hybrid Systems,” University of Texas at Dallas Controls Seminar, Richard-
son, TX, March 2022.

178



	TITLE PAGE
	COMMITTEE APPROVAL
	DEDICATION
	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	ABSTRACT
	INTRODUCTION
	Representing Nonconvex Sets
	Reachable Sets of Hybrid Systems
	Dissertation Objective
	Dissertation Outline

	BACKGROUND
	Notation
	Set Operations
	Set Representations
	Convex Polytopes
	Hyperplane Arrangements
	Zonotopes
	Constrained Zonotopes

	Reachability Analysis

	HYBRID ZONOTOPES
	Set Definition
	Set Operations
	Linear Mappings, Minkowski Sums, Generalized Intersections, Halfspace Intersections, and Cartesian Products
	Unions
	Complements
	Point and Set Containment
	Support Functions and Convex Enclosures

	Binary Trees
	Numerical Example: Obstacle Avoidance
	Chapter Summary

	FORWARD REACHABLE SETS OF HYBRID SYSTEMS
	Reachable Sets of MLD Systems
	Mixed Logical Dynamical (MLD) Systems
	Forward Reachable Sets of MLD Systems
	Redundant Inequality Constraints
	Numerical Examples
	Piece-Wise Affine System with Two Equilibrium Points
	Thermostat-Controlled Heated Rooms


	Reachable Sets of Closed-Loop MPC
	Motivation
	Multiparametric Quadratic Programming
	Zonotopic Representation and Explicit Solution of mp-QPs
	Forward Reachable Sets of Linear MPC
	Numerical Example
	Representation and Explicit Solution of the MPC Inputs
	Reachability Analysis


	Chapter Summary

	BACKWARD REACHABLE SETS OF HYBRID SYSTEMS
	Background
	Reachability via State-Update Sets
	Reachability using Hybrid Zonotope State-Update Sets
	State-Update Set: MLD Systems
	State-Update Set: Linear MPC

	Numerical Examples
	Piece-Wise Affine System with Two Equilibrium Points
	Thermostat-Controlled Heated Rooms
	Model Predictive Control

	Chapter Summary

	COMPLEXITY REDUCTION OF HYBRID ZONOTOPES
	Redundancy Removal
	Redundant Equality Constraints
	Redundant Continuous Generators
	Redundant Binary Generators

	Over Approximations
	Rescaling Continuous Generators
	Constraint Reduction
	Continuous Generator Reduction
	Binary Generator Reduction
	Combined Algorithm

	Error Metrics
	Radius Ratio
	Volume Ratio
	Collection of hyperboxes
	Uniform sampling
	Comparison of volume estimations

	Heuristics

	Numerical Examples
	Random Hybrid Zonotopes
	Thermostat-Controlled Heated Rooms
	Model Predictive Control

	Chapter Summary

	Conclusions
	Summary of Research Contributions
	Future Research Directions

	REFERENCES
	PUBLICATIONS

