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Electricity & Magnetism 

•  Coulomb’s Law 
•  Electrostatic Potential Energy 
•  Electrostatic Potential – Voltage 
•  Magnetic Force 
•  Electric Current 
•  Current & Voltage laws 
•  Resistive Circuits 
•  Capacitance & Inductance 
•  AC Circuits 



The Coulomb Force Law 
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•  The force exerted by one point charge on another acts along line  joining 
the charges. 

•  The force is repulsive if the charges have the same sign and attractive if 
the charges have opposite signs. 

Force on “2” by “1” r̂
r̂



Units and Constants 

SI units of electric charge: Coulomb, C 
Constants: 
 1/4πε0 = 9x109 N.m2/C2 
 ε0 = 8.85x10-12 C2/N.m2   permittivity constant 
 e = 1.602x10-19 C 

 1 C = 6.24x1018 elementary charges 
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Definition of Electric Field 
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Including direction: 

The Electric Field of a Point 
Charge 

+ 

- 



A particle with charge +2 nC (1 nanoCoulomb=10-9 C) is located at the origin. 
What is the electric field due to this particle at a location <-0.2,-0.2,-0.2> m? 

 

r = observed _ location − source_ location
r = −0.2,−0.2,−0.2 − 0,0,0 = −0.2,−0.2,−0.2
r = −0.2( )2 + −0.2( )2 + −0.2( )2 = 0.35 m

r̂ =
r
r
=

−0.2,−0.2,−0.2
0.35

= −0.57,−0.57,−0.57

r
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Solution: 
1.  Distance and direction: r
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Example Problem 



C
N

m
C

C
Nm

22

2

147
35.0
102

109
4
1

2

9
9

2
0

=⎟⎟⎠

⎞
⎜⎜⎝

⎛ ×
⎟⎟⎠

⎞
⎜⎜⎝

⎛
×==

−

r
q

E
πε

2. The magnitude of the electric field: 

3. The electric field in vector form:  
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Example Problem 



Example: The electric field at a particular location  
is <-300,0,0> N/C. What force would an electron experience if it were 
placed in this location? 

e 

Solution: 

N

N/CC

0,0,108.4

0,0,300106.1
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Forces due to an Electric Field 
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The Electric Field 
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Point Charge: 

Dipole: for r>>s : 
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Different materials respond differently to electric field 

Conductor: contains mobile charges that can move through material 

Insulator: contains no mobile charges 

Conductors and Insulators 



0=+= polappnet EEE
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In static equilibrium: 

Enet= 0 everywhere inside the metal! 

Mobile charges on surface rearrange to achieve Enet= 0  
Actual arrangement might be very complex! 

It is a consequence of 1/r2 distance dependence 

Enet= 0 only in static equilibrium! 

Electric Field Inside Metal 



Excess charges in any conductor are 
always found on an inner or outer 
surface! 

Excess Charge on Conductors 



Conductor Insulator 

Mobile charges yes no 

Polarization 
entire sea of mobile charges 

moves 
individual atoms/molecules 

polarize 

Static 
equilibrium 

Enet= 0 inside Enet nonzero inside 

Excess charges only on surface 
anywhere on or inside 

material 

Distribution of 
excess charges 

Spread over entire surface located in patches 

Conductors versus Insulators 
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An electric field polarizes a metal block as shown below. Select 
the diagram that represents the final state of the metal. 
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Q / A
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E1 = E3 ≈
Q / A
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Units: 
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Inside: 

Fringe: 

Step 4: check the results: 

Electric Field of a Capacitor 



Field inside: 

Field outside: 

 


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Q
r2
r̂ (like point charge) 

 


E = 0

Electric Field of a Spherical Shell of 
Charge 







q1 

q2 

r12 

Energy of the system: 

1.  Energy of particle q1 = E1 
2.  Energy of particle q2 = E2 
3.  Interaction energy Uel 

Esystem = E1+E2+Uel 

To change the energy of particles we have to perform work. 

ΔE1 + ΔE2 =Wext +Wint +Q

Wext – work done by forces exerted by other objects 
Wint – work done by electric forces between q1 and q2 
Q    – thermal transfer of energy into the system 

Electric Potential Energy of Two 
Particles 

Potential energy is associated with pairs of interacting objects 



q1 

q2 

r12 

ΔUel ≡ -Wint 

ΔKsystem + ΔUel =Wext +Q

Total energy of the system can be changed (only) by external forces. 

Work done by internal forces: 

 

ΔUel = −Wint = −

Fint • d

r
i
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∫

Electric Potential Energy of Two 
Particles 

if  Δ(mc2 ) = 0

ΔE1 + ΔE2 =Wext +Wint +Q
ΔE1 + ΔE2 −Wint =Wext +Q
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Electric Potential Energy of Two 
Particles Fint 

q1 
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The potential energy of a pair of particles is: 

(joules) 
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Electric Potential Energy of Two 
Particles Fint 
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Uel > 0 for two like-sign charges 
(repulsion) 

q1 

q2 

q1 

q2 

Uel < 0 for two unlike-sign  
Charges (attraction) 

Electric Potential Energy of Two 
Particles 
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Multiple Electric Charges 



Electric potential ≡ electric potential energy per unit charge 

q
U

V el=

Units: J/C = V (Volt) 

Electric potential – often called potential 

Electric potential difference – often called voltage 

Electric Potential 

Volts per meter = Newtons per Coulomb 

Alessandro Volta (1745 - 1827)




What is the electrical potential at a location 1Å from a proton? 
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1.6 ×10−19C( )
10−10m( ) V   J/C 4144.14 .==

What is the potential energy of an electron at a location  
1Å from a proton? 

VqUel = = 14.4 J/C( ) −1.6 ×10−19  C( ) = −2.3×10−18  J

1Å 

Exercise 



What is the change in potential in going from 1Å to 2Å from the proton? 

1Å 

 

ΔV = V 2 A
⎛

⎝
⎞
⎠ −V 1A

⎛
⎝

⎞
⎠ = −7.2 V

2Å 

What is the change in electric potential energy associated with moving an 
electron from 1Å to 2Å from the proton? 

 

ΔUel =Uel 2A
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⎝
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⎠ −Uel 1A
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⎠ = qV 2A
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⎠ = qΔV

ΔUel = −1.6 ×10−19  C( ) −7.2 J/C( ) = +1.15 ×10−18  J

Does the sign make sense? 

Exercise 



Example 

An electron traveling to the right enters capacitor through a small hole 
at A. Electric field strength is 2x103 N/C. What is the change in the 
electron’s potential energy in traveling from A to B? What is its 
change in kinetic energy? Δ(AB)= 4mm 

= (1.6x10-19 C)(2x103 N/C)(0.004m) =1.3x10-18 J 

ΔK = -ΔUelectric = -1.3x10-18 J


x 

 
ΔUelectric = −


Fint iΔ


l = −(−eEx )Δx = eExΔx



If qΔV < 0 – then potential energy decreases and K increases 

If qΔV > 0 – then potential energy increases and K decreases 

Sign of the Potential Difference 

Path going in the direction of E: Potential is decreasing (ΔV < 0) 

Path going opposite to E: Potential is increasing (ΔV > 0) 

Path going perpendicular to E: Potential does not change (ΔV = 0) 

ΔUel = qΔV

The potential difference ΔV can be positive or negative. 
The sign determines whether a particular charged particle will gain or lose 
energy in moving from one place to another. 



ΔUel = qΔV

To move a positive charge to the area 
with higher potential: 

Vf – Vi > 0 

0>Δ=Δ VqUel

V1 < V2 

Need external force to perform work 

Moving opposite to E means that potential is increasing 

Sign of the Potential Difference 



Question 

V1 < V2 

 A system consists of a proton inside of a capacitor. The proton 
moves from left to right as shown at a constant speed due to the 
action of an external agent. 

 Which of the following statements is true?


A)  The proton’s potential energy is unchanged and the external agent does 
no work on the system.


B)  The proton’s potential energy decreases and the external agent does 
work W > 0 on the system.


C)  The proton’s potential energy decreases and the external agent does 
work W < 0 on the system.


D)  The proton’s potential energy increases and the external agent does 
work W < 0 on the system.


E)  The proton’s potential energy increases and the external agent does 
work W > 0 on the system.




Potential Difference with Varying 
Field 
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Example: E = 3.106 N/C, Δl = 1 mm: 

ΔV = − 3×106  N/C( ) 0.001 m( ) = −3000 V

Potential Difference and Electric Field 
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Path independence principle: 
ΔV between two points does not 
depend on integration path 

Potential Difference: Path 
Independence 



E 

d =3 mm 

+Q -Q 

E ≈
Q / A
ε0  

ΔV = −

E • d

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∫

E = (6 Volts)/(0.003 m) = 2000 Volts/m

ΔV = 6 Volt 

+3 V -3 V 
Charges are on surface 

Potential in Metal 
In static equilibrium A Capacitor with large plates and a small gap of 3 mm 

has a potential difference of 6 Volts from one plate to 
the other. 

ΔV = Ed = 6 V



d =3 mm 

+Q1 -Q1 1 mm 

0

1
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E ≈

Charges +Q2 and –Q2 
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E ≈

What are the charges Q1 and Q2? 

Now we have 2 capacitors instead of one 
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∫
ΔVleft = ΔVright = 2000 V/m( ) 0.001 m( ) = 2 VΔV = 4 V 

Potential in Metal 
In static equilibrium Insert a 1 mm thick metal slab into the center of 

the capacitor. 

Metal slab polarizes and has charges +Q2 and -Q2 
on its surfaces. 

Q2=Q1 E inside metal is zero → 

ΔV inside metal slab is zero! 



Metal is not in static equilibrium: 
•  When it is in the process of being polarized 
•  When there is an external source of mobile charges (battery) 
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If a metal is not in static equilibrium, the 
potential isn’t constant in the metal. 

Potential in Metal 
Not in static equilibrium 

Nonzero electric field of uniform magnitude E throughout the interior of 
a wire of length L. 
Direction of the field follows the direction of the wire. 

For each step              , the potential 
difference is: ΔV = -EL 
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Question 

0.02m 0.03m 0.04m 

A B 

300 V/m 

0 V/m 

300 V/m 

What is VB-VA? A)  270 V 
B)  -270 V 
C)  -18 V 
D)  6 V 
E)  -6 V 



Electric field in a capacitor: 
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VQ Δ~In general: 

Definition of capacitance: 

VCQ Δ=

Capacitance 

Capacitance of a parallel-plate 
capacitor: 

s
A

C 0ε=

Capacitance 



Capacitance 

Michael Faraday 
(1791 - 1867)  

VCQ Δ=

Units: C/V, Farads (F) 
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Eplates =
Q / A( )
ε0

ΔV = Es =
Q / A( )
Kε0
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K
V

V vacuum
insulator

Δ=Δ

Potential Difference in a Capacitor with 
Insulator 



Electric field in capacitor filled with insulator: 
Enet=Eplates-Edipoles 

Enet =
Eplates

K

Eplates =
Q / A( )
ε0

Enet =
Q / A( )
Kε0

K – dielectric constant 

Dielectric Constant 
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A Capacitor With an Insulator Between the 
Plates 
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Potential Difference in Partially Filled 
Capacitor 
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[s − d(1−1 / K )]



Moving charge produces a curly magnetic field 

B units: T (Tesla) = kg s-2A-1


m/sC
mT 2
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Single Charge: 

Biot-Savart Law 

I = q i = q nAv

2
0 ˆ

4 r
rlI

B
×Δ=Δ




π
µ The Biot-Savart law for a short 

length of thin wire Current: 

i = electron current = #e/sec *Area 
* drift velocity  



Right-hand Rule for Wire 

Conventional Current Direction 



The current node rule 
(Kirchhoff node or junction rule [law #1]): 

In the steady state, the electron current entering a node in a circuit is equal 
to the electron current leaving that node 

i1 = i2 

i2 = i3 + i4 

Current at a Node 



Energy conservation (the Kirchhoff loop rule [2nd law]): 

ΔV1 + ΔV2 + ΔV3 + … = 0     along any closed path in a circuit 

ΔV= ΔU/q   ← energy per unit charge 

Energy in a Circuit 



ΔV1 + ΔV2 + ΔV3 + ΔV4 = 0 

(VB-VA)+ (VC-VB)+ (VF-VC)+ (VA-VF)=0 

General Use of the Loop Rule 



A Nichrome wire 50 cm long and 0.5 mm thick is 
connected to a 1.5 V battery. 

1. What is the electric field inside the wire? 

2. How would the electric field change if we change the wire diameter to 1 mm? 

4. What is the current in this circuit? 

Exercise 

3. How would the current change if the wire diameter is doubled? 



The current node rule (Charge conservation) 
Kirchhoff node or junction rule [1st law]: 

In the steady state, the electron current entering a node in a circuit is equal 
to the electron current leaving that node 

Analysis of Circuits 

ΔV1 + ΔV2 + ΔV3 + … = 0     along any closed path in a circuit 

The loop rule (Energy conservation) 
Kirchhoff loop rule [2nd law]: 

Electron current: i = nAuE , u = mobility – function of material 
Conventional current: I = |q|nAuE 



Charging 

time 

I 

time 

Ebatt 

time 

Ecap 

Energy conservation 

Capacitor in a Circuit 
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Widely known as  
Ohm’s law 

Resistance of a long wire: 
A
L

R
σ

= Units: Ohm, Ω 

George Ohm 
(1789-1854) 

Resistance 

Resistance combines conductivity and geometry! 



L=5 mm 

A = 0.002 mm2 

Conductivity of Carbon:  
σ = 3.104 (A/m2)/(V/m)  

What is its resistance R? 

A
L

R
σ

=

R =
0.005 m( )

3×104   (A/m2 )/(V/m)( ) 2 ×10−9   m2( ) = 83 Ω (V/A) 

What would be the current through this resistor if connected to a 1.5 V 
battery? 

R

V
I

Δ
= mA 18A 

V =≈
Ω

= 018.0
83
5.1

I

Exercise: Carbon Resistor 



Ohmic resistor: resistor made of ohmic material 

Ohmic materials: materials in which conductivity σ is independent of the 
amount of current flowing through 

R

V
I

Δ
=

A
L

R
σ

= not a function of current 

Examples of ohmic materials: 
metal, carbon (at constant T!) 

Ohmic Resistors 



Tungsten: mobility at room temperature is larger than at ‘glowing’ 
temperature (~3000 K) 

V-A dependence: 
3 V  100 mA 
1.5 V    80 mA 
0.05 V      6 mA 

R

V
I

Δ
=

I

V
R

Δ
=

R 
30 Ω 
19 Ω 
  8 Ω 

ΔV 

I 

Is a Light Bulb an Ohmic 
Resistor? 

Clearly not ohmic! 



Metals, mobile electrons: slightest ΔV produces current. 

If electrons were bound – we would need to 
apply some field to free some of them in order for 
current to flow. Metals do not behave like this! 

Semiconductors:  n depends exponentially  on E  

nuq=σ Conductivity depends exponentially on E 

Conductivity rises (resistance drops) 
with rising temperature 

Semiconductors 



ΔVbatt + ΔV1 + ΔV2 + ΔV3 = 0 

emf - R1I - R2I - R3I = 0 

emf = R1I + R2I + R3I 

emf = (R1 + R2 + R3) I 

emf = Requivalent I  ,   where   Requivalent = R1 + R2 + R3  

Series Resistance 



Know R , find ΔV1,2 

Solution: 
R

V
I

Δ
= IRV =Δ

1) Find current: 
equivalentR
emf

I =
21 RR
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+

=

2) Find voltage: 
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R
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3) Check: ΔV1 + ΔV2 = emf emf
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+ 21
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Exercise: Voltage Divider 

R1 

R2 

ΔV1 

ΔV2 

emf 



I = I1 + I2 + I3  

321 R
emf

R
emf

R
emf

I ++=

I =
1
R1

+
1
R2

+
1
R3

⎛
⎝⎜

⎞
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emf =

emf
Requivalent

321

1111
RRRRequivalent

++=

Parallel Resistance 



R1 = 30 Ω 

R2 = 10 Ω 

What is the equivalent resistance? 
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111
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Ω=
Ω
Ω=  

 
 

5.7
40
300 2

equivalentR
What is the total current? 

R

V
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Δ
= A 

 
V 

4.0
5.7
3 =

Ω
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A 
 
V 

 
V 

4.0
10
3

30
3

21
21 =

Ω
+

Ω
=

Δ
+

Δ
=+=

R

V

R

V
IIIAlternative way: 

Two Light Bulbs in Parallel 



What would you expect if one is unscrewed?  

Two Light Bulbs in Parallel 

A)  The single bulb is brighter 
B)  No difference 
C)  The single bulb is dimmer 



Current: charges are moving → work is done 

VqUe Δ⋅Δ=Δ

Work = change in electric potential energy of charges 

Power = work per unit time: 

V
t
q

t
Vq

t
U

P e Δ
Δ
Δ=

Δ
Δ⋅Δ=

Δ
Δ=

I 

P = IΔVPower for any kind of circuit component: 

Work and Power in a Circuit 

W
s
J

C
J

s
C

AV ===Units: 



emf 
R 

Know ΔV, find P 

VIP Δ=

R

V
I

Δ
=

P =
ΔV( )2
R

Know I, find P 

VIP Δ=

IRV =Δ
RIP 2=

In practice: need to know P to select right size resistor – capable of 
dissipating thermal energy created by current. 

Power Dissipated by a Resistor 





VCQ Δ=
C
Q

V =Δ

Alternative approach: 

2

2
0EεEnergy density: 

sVE /Δ=

Energy: ε0 ΔV( )2
2s2

× As =
ε0A ΔV( )2

2s

s
A

C 0ε= =
C ΔV( )2
2

Energy Stored in a Capacitor 

dUelectric = dQΔV =
Q
C
dQ

Uelectric = dUelectric
0

Q

∫ =
Q
C0

Q

∫ dQ =
1
C

QdQ
0

Q

∫

Uelectric =
1
2
Q2

C
=
C(ΔV )2

2



Question 
A certain capacitor with only air between its plates has capacitance C and is connected to  
a battery for a long time until the potential difference across the capacitor is equal to 3 V.  
The battery is then removed from the circuit and a dielectric (K=2) is inserted between  
the capacitor plates filling the entire volume. The energy stored in the capacitor  
With dielectric compare to the energy stored Without dielectric is: 

A)  The same 
B)  Larger by a factor of 2 
C)  Smaller by a factor of 2 
D)    Larger by a factor of 4 
E)    Smaller by a factor of 4 
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Initial situation: Q=0 
R
emf

I =0

Q and I are changing in time 
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Quantitative Analysis of an RC Circuit 
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Current in an RC circuit 

What is I0 ? 

RCte
R
emf

I /−=

Current in an RC circuit 

RC Circuit: Current 



RCteII /
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Current in an RC circuit 

RCte
R
emf

I /−=

Current in an RC circuit 

dt
dQ

I =

IdtdQ =

∫∫ −==
t

RCt
t

dte
R
emf

IdtQ
0

/

0

Q = C emf( ) 1− e− t /RC⎡⎣ ⎤⎦

C
Q

V =Δ

RC Circuit: Charge and Voltage 

Check: t=0, Q=0, t--> inf, Q=C*emf 



RCte
R
emf

I /−=

Current in an RC circuit 

Charge in an RC circuit 

Q = C emf( ) 1− e− t /RC⎡⎣ ⎤⎦

Voltage in an RC circuit 

ΔV = emf( ) 1− e− t /RC⎡⎣ ⎤⎦

RC Circuit: Summary 



RCte
R
emf

I /−=

Current in an RC circuit 

When time t = RC, the current I drops by a factor of e. 

RC is the ‘time constant’ of an RC circuit. 

37.0
718.2
11/ === −− ee RCt

The RC Time Constant 

A rough measurement of how long it takes to reach final equilibrium 



Consider two capacitors whose only difference is that capacitor number 1 has nothing

between the plates, while capacitor number 2 has a layer of plastic in the gap. They

are placed in two different circuits having similar batteries and bulbs in series with 
the capacitor. In the first fraction of a second - 


A)   The current decreases less rapidly in the circuit containing 
capacitor 1.


B)  The current decreases less rapidly in the circuit containing 
capacitor 2.


C)   The current is the same in both circuits.




A B 

C D 



Find currents through resistors 

Loop 1 

Loop 2 

Loop 3 

Loop 4 

I1 

I2 

I3 

I5 I4 

loop 1: 

017441111 =−−−− IRIRIRIremf

loop 2: 

033262222 =+−−−− IRIRemfIrIR

loop 3: 

0553344 =−− IRIRIR

nodes: 

04321 =−−− IIII

0523 =−+ III

0154 =−+ III

Five independent equations and five unknowns 

Exercise: A Complicated Resistive 
Circuit 
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For long wire: 

Magnetic force on lower wire: 

BlIFm


×Δ=
oLBIF 90sin1221 =



d
I

LIF 10
221

2
4π
µ=



Magnetic force on upper wire: 

d
I

B 20
2

2
4π
µ=

oLBIF 90sin2112 =


d
I

LIF 20
112

2
4π
µ=



What if current runs in opposite directions? 

Forces Between Parallel Wires 

Electric forces: “likes repel, unlikes attract” 
Magnetic forces: “likes attract, unlikes repel” 
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Gauss’s Law 



All the currents in the universe contribute to B 
but only ones inside the path result in nonzero path integral 

Ampère’s Law 

∑∫ =⋅ pathinsideIldB _0µ




101 IldB µ=⋅∫


202 IldB µ−=⋅∫


03 =⋅∫ ldB
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
B1 +


B2 +


B3( ) ⋅dl∫ = µ0 I1 − I2( )

∑∫ =⋅ pathinsideIldB _0µ


Ampere’s law 

Three Current-Carrying Wires 
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d
emf magΦ
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Formal version of Faraday’s law: 

 


ENC ⋅d


l∫ = −

d
dt


B ⋅ n̂dA∫⎡⎣ ⎤

⎦

Sign: given by right hand rule Michael Faraday 
(1791 - 1867) 

Faraday’s Law 

NC = Non-Coulomb 



 


ENC ⋅d


l∫ = −

d
dt


B ⋅ n̂dA∫⎡⎣ ⎤

⎦

Can we use total E in Faraday’s law? 

( )∫∫ ⋅+=⋅ ldEEldE CNCtotal



∫∫ ⋅+⋅= ldEldE CNC



=0 
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Including Coulomb Electric Field 



Right hand rule: 

Thumb in direction of 
fingers: ENC 

dt
Bd 1



−

Direction of the Curly Electric 
Field 



‘Magnetic force’ approach: 

BvqEqFtot


×+=

⊥= vBE LvBemf ⊥= I 

Use Faraday law: 

dt

d
emf magΦ

−=

ABmag Δ=ΔΦ ⊥ tLvB Δ= ⊥

LvB
t

emf mag

t
⊥→Δ

=
Δ

ΔΦ
=

0
lim I 

Faraday’s Law and Motional 
EMF 
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emfind 
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dI
Lemfind =

IremfV solindsol −=Δ

2
2

0 R
d
N

L πµ=
Unit of inductance L:  
Henry = Volt.second/Ampere 

Inductance 

Increasing the current causes ENC to oppose this increase 
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If t is very long: 
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Current in RL Circuit 
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Current in RL circuit: 

Current in RL Circuit 
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Current in RL circuit: 

Time constant: time in which 
exponential factor drops e times 

1=t
L
R

R
L=τ

Time Constant of an RL Circuit 
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Current in an LC Circuit 
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Current in an LC circuit 

Period:  LCT π2=
Frequency:  f = 1 / 2π LC( )

Current in an LC Circuit 
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Energy conservation: 

ACprimemfIemfI =secsec sec
sec I
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I
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prim −=

Transformer 


