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ABSTRACT

Gómez, Daniel Ph.D., Purdue University, August 2019. Human-Induced Vertical Vi-
bration on Pedestrian Structures: Numerical and Experimental Assessment. Major
Professor: Shirley J. Dyke.

In recent years civil engineering structures such as floors, footbridges, and stair-
cases, have reported unacceptable vibration when they are dynamically excited by
pedestrians. When such structures have a particular combination of high struc-
tural flexibility and low inherent damping, there is potential for excessive vibration.
Pedestrian-structure interaction (PSI) is especially noticeable when the lowest struc-
tural natural frequencies are close to the dominant pedestrian pace frequency or its
harmonics. Although most of these structures are designed according to existing
standards and guidelines, there are still many uncertainties in the human actions
that may lead to unexpected structural behavior, increasing the vibration responses
and exceeding serviceability limit states. How a pedestrian excites a structure and
how that structure affects a pedestrian’s gait is not fully understood. Therefore, a
realistic analysis of PSI must be performed to properly incorporate these effects to-
ward more rational structural designs. This study aims to identify, within this class
of the walking-induced load problem, the vibration mechanisms, the mathematical
models, and methods, to address excessive vibration in pedestrian structures. After
conducting an in-depth evaluation of current guidelines and provisions for analysis
and design of pedestrian structures, models to enable more realistic design under such
uncertainties have been developed. The results establish a body of knowledge regard-
ing human loads and structural responses, yielding the potential for more rational
approaches to improve the analysis and design of pedestrian structures.



1

1. INTRODUCTION

1.1 Motivation

An increasing number of slender structures such as floors, footbridges, and stair-
cases, have reported problems with excessive vibrations induced by pedestrians, even
when most of them were designed to strictly follow current standards and guidelines
(Cunha & Moutinho, 1999; Sachse et al., 2003; Gomez, Silva, et al., 2015). When
such structures have particular combinations of high structural flexibility and low
inherent damping, there is potential for excessive vibration, fatigue, and even failure.
Pedestrian-structure interaction (PSI) (see Fig. 1.1) is especially noticeable when the
lowest structural natural frequencies are close to the dominant pedestrian pace fre-
quency or its harmonics (Ellingwood & Tallin, 1984; Bachmann et al., 1995; Cunha
& Moutinho, 1999; Sachse et al., 2003). This condition exposes the pedestrian to
excessive structural vibration modifying his/her gait characteristics that may lead
unexpected structural behavior increasing the vibration responses and exceeding ser-
viceability limit states (Danion et al., 2003; Dang & Živanović, 2015; García-diéguez
& Zapico-Valle, 2018). Therefore, a more realistic analysis of PSI should be performed
and incorporated it into structural analysis and design procedures.

Pedestrian

Structure

Coupled system

(a) Pedestrian-structure coupled system.

Pedestrian

Structure

PSI

(b) Bi-directional in-
teraction.

Fig. 1.1.: Closed-loop system to represent the pedestrian-structure interaction.
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Rising concern regarding the potential for footbridge damages and even failures
demonstrate that PSI effects remain a worldwide problem. However, because such
structural issues have occurred sporadically in different countries over a few decades,
the problem has not clearly been articulated (Wolmuth & Surtees, 2003). It is perhaps
for this reason that the final design often deviates significantly from the predicted
model response, such as the Millennium bridge in London, Solférino bridge bridge
in Paris, and Squibb Park bridge in New York, among others. As a result, the
serviceability load conditions due to pedestrian activities are controlling the design
for these structures (Ellingwood & Tallin, 1984; Bachmann et al., 1995).

An examination of existing standards and guidelines yields a broad range of results
demonstrating a clear lack of knowledge of the actual demands to consider, when
common structures are exposed to dynamic and coupled pedestrian loads. Although
there has been growing interest in this topic, and updates to some guidelines attempt
to provide practical descriptions of the PSI effects, these are insufficient and the
persistent concerns reported indicate that the level of this interaction is still difficult to
estimate. Most international codes, including US design guidelines such as AASHTO
(2009) and ASCE-7/10 (2010) consider the pure static effects of humans and crowds
as live loads. As a consequence, the prediction of system’s response is inaccurate and
greatly depends on various uncertain parameters which the structural designer cannot
anticipate readily. Thus, as the field proceeds to pursue innovative and sustainable
solutions for designs, codes and procedures need to realistically consider the human
influence on the structure with its considerable randomness and uncertainty in the
structural response.

In summary, the increase of reported vibration problems in modern slender struc-
tures indicates that future structures should be designed with due consideration to
the coupled dynamic loads induced by humans, to minimize the restrictions to archi-
tectural features of very slender or lightweight structures. Clearly research is critically
needed because these serviceability load conditions due to human activities do con-
trol the design, especially in prominent structures where human occupants congregate
such as stadiums, long-span floors, gymnasiums, footbridges and theaters. Thus, as
society strives to build taller and longer, high-fidelity models and improved stan-
dards must enable the designer to perform an appropriate analysis to design reliable
and robust structures that achieve desirable performance even with realistic response
variations.
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1.2 Literature review

1.2.1 Walking-induced load

The first notable consideration regarding excessive vibration in suspension bridges
was published in a descriptive paper by Stevenson (1821). He noticed considerable
movement when a passing regiment marched in regular time on the Montrose and
Dryburgh bridges in Scotland. Based on his observations, he stated that this type of
load should not be considered simply as dead load. Later, both the Broughton sus-
pension bridge in England in 1831 and the Angers bridge in France in 1850 collapsed
while groups of soldiers were marching across them. After the Broughton suspen-
sion bridge collapse, the British Army issued an order that soldiers crossing a bridge
should break step.

A remarkable study conducted by Tilden (1913) developed an innovative experi-
mental program to measure the dynamic effects of a single subject performing different
activities such as standing up from crouching and sitting postures. Moreover, he led
two other novel tests based on his observations when a crowd of people ran from one
side to the other side of a bridge during a boat competition. In the first test, a man
walked on a rigid floor while being recorded by an arrangement of several cameras.
Using the sequential photos, professor Tilden was able to establish the movement of
the center of mass (COM) of the pedestrian. By obtaining the acceleration from the
displacements, an intent to estimate the horizontal forces exerted for a walker was
made. In the second test, a man was running from one side to another side on three
test bridges. Using a stop-watch, he calculated the speed of the runner based on the
time and the covered distance. Using the kinetic energy produced by the runner,
professor Tilden estimated the instantaneous horizontal force applied by the man on
each side of the bridge.

Later sporadic reports for large vibration amplitudes were divulged in different
countries. Several pedestrian bridges suffered annoying vibration in lateral and verti-
cal direction during exceptional crowd events, such as marching soldiers, procession,
crowd walking from one side to the another, crowd walking form one end to another,
etc. (Wolmuth & Surtees, 2003). In 1958, the Parkovy pedestrian bridge in Ukraine
was closed shortly after opening due to excessive lateral vibration. Frequency mea-
surements revealed that the first natural frequency in lateral direction was 1 Hz,
which is near the dominant frequency in the lateral direction of a walker (Blekher-
man, 2005). Another well documented example of excessive vibration occurred in
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1989 when the Toda park bridge, a cable-stayed footbridge in Japan, was heavily
used. This pedestrian bridge exhibited lateral vibration induced by crowd traffic due
to its natural frequency in the lateral direction at 0.95 Hz (Fujino et al., 1992, 1993;
Nakamura & Fujino, 2002). In vertical direction, the Jatujak Bridge in Thailand
with a 2 Hz first vertical mode suffered large vibration response causing alarm to
users (Poovarodom et al., 2003; Brand et al., 2017).

The most renowned examples of human-induced load took place when unexpected
lateral vibration occurred in two iconic bridges: namely, the Solférino bridge in Paris
(see Fig. 1.2(a)) and the Millennium bridge in London (see Fig. 1.2(b)). Such bridges,
which were closed to the public due to excessive vibrations in 1999 and 2000, respec-
tively, received wide attention from researchers, which demonstrated that structural
engineers were not able to predict large responses due to human loads in their analysis.
Moreover, this problem showed that the effects produced by human traffic and other
activities such as dancing, running, jumping, and so on over structures are still not
very well understood. Although, the lateral vibration problems of the Solférino and
Millennium Bridge were unusual, this phenomenon is not unique and similar problems
in the vertical direction have been observed in other structures. Therefore, guidelines
and building codes show serious limitations to predict when large structural response
amplitudes due to human loads will appear.

(a) Solférino bridge. (Adapted from Skyscrap-
ercity (2015)).

(b) Millenium bridge. (Adapted from London-
Town (2015)).

Fig. 1.2.: Noteworthy pedestrian bridges with reported excessive vibration problems.
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1.2.2 Pedestrian-structure models

Several analytical models have been developed in the last three decades to pre-
dict footbridge responses due to human walking in the lateral and vertical direction.
Many attempts to model human-induced effects in the lateral direction took place
soon after the Millennium bridge exhibited unexpected large amplitude vibrations on
its opening day in 2000 (Dallard et al., n.d.; Roberts, 2003; Ricciardelli & Pizzimenti,
2007; Eckhardt et al., 2007; Venuti et al., 2007; Macdonald, 2009). Also, of the sev-
eral analytical models of human-induced vertical vibration that have been proposed,
most of them consider a single pedestrian as a deterministic moving harmonic force
(Živanović et al., 2005), neglecting the interaction as a bi-directional effect between
the pedestrian and the oscillating bridge. Generally speaking, this approach is called
the moving force problem. In this strategy, the vertical ground reaction force (GRF)
generated by a pedestrian on a “rigid” floor is applied as a moving load. In fact,
this straightforward approach is often adopted by the most common international
standards and building codes (Archbold et al., 2011; Živanović et al., 2010).

Improving upon this approach, different mathematical models have been proposed
to describe pedestrian-structure interaction. Using a spring-mass-damper system to
represent a person crossing the bridge is one approach derived from the moving oscil-
lator problem (Fanning et al., 2005; Toso et al., 2013; Pfeil et al., 2014; Gomez, Silva,
et al., 2015), and a periodic force, which describes the GRF, is applied to the foot-
bridge at the pedestrian location (Archbold et al., 2011; Jimenez-Alonso et al., 2016).
Early developments in biomechanics and robotics representing the human locomotion
as an inverted pendulum were explained by Mochon & McMahon (1980), Onyshko &
Winter (1980), Alexander (1995), and Whittington & Thelen (2009). However, these
bipedal models were initially created to describe a human while walking on a station-
ary surface. Recently, more detailed models have been motivated by these bipedal
representations and were adapted for a moving surface (Bocian et al., 2013; Qin et
al., 2013a,b). Despite the fact that the equations for the bipedal alone are quite sim-
ple, when the structure is included, the system equations become more complex, and
accounting for the change of location of the pedestrian yields a time-varying system.

Historically, PSI models have been deterministic with the parameters of the pedes-
trian and structural models represented by specific quantities. However, for a walking
pedestrian, the value of the biodynamic parameters vary not only from person to per-
son, but also from trial to trial, even for the same subject performing a given activity
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(Živanović et al., 2007; Racic et al., 2009). Thus, deterministic simulations conducted
with a particular set of parameters may yield results that do not fully convey the types
of responses that are possible. Recently, uncertainty has been taken into account in
stochastic modeling under the premise that the pedestrian dynamic parameters can
be defined by known probability density functions (Piccardo & Tubino, 2009; Peder-
sen & Frier, 2010; Ingólfsson & Georgakis, 2011; C. C. Caprani et al., 2012; Krenk,
2012; Zhang et al., 2016; Bruno & Corbetta, 2017). However, there is still a lack of
sufficient data available to appropriately estimate the distributions of these random
variables. Therefore, the available experimental data regarding human parameters,
such as damping and stiffness, does not yet permit a probabilistic analysis (Wang
et al., 2017; Tubino, 2017). Moreover, such measurements are often collected using
pedestrians walking on rigid surfaces where the interaction effects between the pedes-
trian and the structure are not present (Brownjohn et al., 2004; Piccardo & Tubino,
2009; Ferrarotti & Tubino, 2016; Bruno & Corbetta, 2017; Gomez et al., 2018).

1.2.3 Guidelines and standards

Between 1860 to 1905, structural engineers and researchers were trying to establish
the weight of a crowd for design purposes (see Table 1.1). However, the live load
values used in the engineering practice at that time differ widely and in some case
was understate. The load values traditionally used for a crowd ranged from 40 to 157
psf, revealing a vast criterion to design pedestrian structures.

Table 1.1.: Weight of a crowd of people as live load used for structural design purposes.

Authority People in
the test

Area
[ft2]

Weight avg.
[lbs/person]

Total weight
[lbs]

Weight of crowd
[lbs/ft2] Year

Tredgold and Mr Nash (architects of Buckingham Palace) 314 120 1860
French practice 41 1881
Mr. Page, engineer to Chelsea bridge (London) 84 1881
Mr. E. W. Stoney 58 57 145 8404 147.4 1891
American highway bridges specifications 100 1892
Mr. W.N. Kernot (Working Men’s College, Melbourne) 13 14 1761 126 1893
Mr. W.C. Kernot (Melbourne University) 17 18.23 153.3 2606.1 143.1 1893
Professor Spofford (MIT) 142.5 1904
Herr Hunscheidt in Bonn 144 1904
C.C. Schneider, USA (structural designer) 40-45 1904
Lewis J. Johnson (Harvard University) 40 36 163.2 134.2 - 156.9 1905

One of the earliest experimental tests to measure the static load produced by a
group of people was conducted by Johnson (1905). He placed his students in a 36 ft2

wood box to measure the weight of a different number of people as shown in Fig. 1.3.
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He found that the maximum allowable load of 180 psf might occur in exceptional
cases, but 160 psf seemed to be the reasonable value that might occur more often. It
should be mention that the Canadian code (Chaussé, 1906) stated that 140 to 150
psf could be considered as the weight of a stationary group of people. However, for
pedestrian structures in with the crowd is moving, the value of the live load might
be considered greater in the analysis to take into account the effect of the human
movement in the structural response.

(a) 10 men on 36 ft2 (41 psf) (Adapted
from Johnson (1905)).

(b) 37 men on 36 ft2 (154 psf) (Adapted
from Johnson (1905)).

Fig. 1.3.: Weight of a crowd based on work done by Johnson (1905).

At this time serviceability guidelines are limited in considering the fact that
changes occur in the dynamic properties of pedestrian structures due to these dy-
namic interactions with moving pedestrians. Some standards still consider the max-
imum credible pedestrian loading as shown in the work done by professor Nowak in
2000 (Nowak & Collins, 2012) which is still used in the AASHTO (2009) as the maxi-
mum allowable pedestrian load neglecting the dynamic effect of the human movement.
Serviceability guidelines do not accurately predict the structural dynamic response,
and thus existing standards suffer from inconsistent and sometimes illogical design
solutions, demonstrating significant gaps in knowledge remain (Roos, 2009; Zuo et
al., 2012; Van Nimmen et al., 2014). Even with recent advances in load models and
response predictions, measured responses from pedestrian bridges in operation often
deviate greatly from those predicted (Živanović et al., 2009). The main reason for this
gap is that experimental studies of PSI, as well as the analytical models available to
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describe the loads produced by human walking, are unable to adequately reproduce
the dynamic interaction between the two systems (Shahabpoor et al., 2013).

(a) Live load of 100 psf. (Adapted from
AASHTO (2009)).

(b) Live load of 150 psf. (Adapted from
AASHTO (2009)).

Fig. 1.4.: Weight of a crowd based on work done by Nowak & Collins (2012).

Current design codes and standards commonly address the vibration serviceabil-
ity of structures at the design stage in a combination of one, two or even three
approaches: (1) setting a lower bound for the static live load value, which must be
increased by a factor to compensate for the lack of accuracy to estimate the structural
dynamic response; (2) setting a lower bound value for the fundamental frequency of
the structure with the intention to avoid the possibility of resonant response due to
the human activities; or (3) setting an upper bound of the acceptability acceleration
criterion limit as an assessment of vibration serviceability of pedestrian structures
under walking-induced vibrations (Brownjohn et al., 2015). This procedure, which
is described in different design codes (see Table 1.2) have several shortcomings, e.g.,
incomplete and unrealistic characterization of the actual loads, neglected dynamic in-
teractions between the humans and structures, and final designs that do not reflect the
architectural and aesthetic appearance to maintain a harmony with the surrounding
infrastructure. As a consequence, our ability to design for these loads is still limited.
Because the vibration requirements due to human loads are a dominant factor in
the actual structural response of pedestrian bridges, better modeling approaches are
critically needed.
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Table 1.2.: Recommended frequency and acceleration limits for vertical vibration
serviceability assessment.

Guideline Frequency, f
(Hz)

Acceleration, a
(m · s−2)

British Standards (BS5400, 1978) > 5 a < 0.5
√
f

Ontario Guide (ONT95, 1995) > 3 a < 0.25f 0.78

Eurocode 1 (EN 1991-2, 2002) f > 5 a < 0.7

DIN 2003 (DIN-Fachbericht, 2003)

1.6 > f > 2.4
3.5 > f > 4.5h

a<0.5
√
f

Eurocode 5 (EN 1995-2, 2004)a

f ≤ 2.5
2.5 < f ≤ 5h

a < 200/ (Mζ) c

a < 100/ (Mζ) c

Eurocode 5 (EN 1995-2, 2004)b

f ≤ 2.5
2.5 < f ≤ 5h

a < 46 · n · kvert/ (Mζ) d

a < 23 · n · kvert/ (Mζ) d

Bro-2004 (Bro2004, 2004) f > 3.5 arms < 0.5

Sétra (Sétra, 2006)



f ≤ 1 or f > 5 (neg.)g

1 < f ≤ 1.7 (med.)g

1.7 < f ≤ 2.1 (max.)g

2.1 < f ≤ 2.6 (med.)g

2.6 < f ≤ 5 (min.)g


a ≤ 0.5 (max.)e

0.5 < a ≤ 1 (med.)e

1 < a ≤ 2.5 (min.)e

a > 2.5 (Unacc.)e

ISO 10137 (ISO-10137, 2007) N/A a < 60
√

2 · arms
m

HIVOSS (Heinemeyer et al., 2007) 1.25 > f > 4.6


a ≤ 0.5 (max.)e

0.5 < a ≤ 1 (med.)e

1 < a ≤ 2.5 (min.)e

a > 2.5 (Unacc.)e

LRFD Footbridge Guide (AASHTO, 2009) > 3 N/A
a For one pedestrian crossing the bridge.
b For several pedestrians crossing the bridge.
c M is the total mass of the bridge in kg. ζ is the damping ratio.
d n = 13 for a distinct group of pedestrians, n = 0.6 · A for a continuous stream of pedestrians where A is the area of the
bridge deck in m2. kvert is defined in Fig. B-1 in EN 1995-2 (2004).

e Level of comfort: max = maximum, med = medium, min = minimum, unacc = unacceptable.
g Risk of resonance: max = maximum, med = medium, min = minimum, neg = negligible.
h Might be excited by the 2nd harmonic of pedestrian loads.
m arms is defined in Fig. C-1 (ISO-10137, 2007).

1.3 Objectives and contribution

The overarching research objective is to develop the necessary knowledge for un-
derstanding and modeling the effects of pedestrian-induced dynamic actions on a
structure. To achieve the research objective, this comprehensive analysis and ex-
perimental program can be split into two main concepts: (1) spatial and tempo-
ral analysis of the variation in gait characteristics when a pedestrian is influenced
by vertical vibrating conditions, and (2) the sensitivity of the structural response
to pedestrian-induced loads including biodynamic parameter variations. A common
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point of interest between human motor behavior, feedback systems, and serviceability
design of structures is pursued in this dissertation. By melding these three disciplines,
the research developed in this dissertation leverages tools and theories from: (1) ki-
nesiology to analyze and describe pedestrian gait characteristics and uncertainties
in biodynamic parameters. (2) control theory, to capture the salient features in of
pedestrian-structure system as coupled subsystems that interact dynamically. (3)
structural engineering, to interpret these models and establish rational serviceability
limits toward improve structural designs to meet realistic limit state specifications.
By blurring these research boundaries, the understanding of pedestrian-structure in-
teraction is pushed further, enabling structural designers to perform an appropriate
analysis and design that achieve desirable performance with realistic response varia-
tions.

The main contribution of this research is to significantly advance awareness and
understanding regarding PSI. This knowledge will be valuable for the accurate struc-
tural response prediction based on the development of a novel substructuring model
that is able to simulate the interaction between a pedestrian and structure adequately
(Gomez et al., 2018) (Chapter 2). Furthermore, by studying the effects of a lively
structure and their influence on the pedestrian gait characteristics, the kinematic vari-
ation in terms of step length, step width, pace frequency, and gait speed are obtained,
and the synchrony in PSI where a walking person matches his/her pace frequency with
the structure’s natural frequency is revealed (Gomez et al., 2019a) (Chapter 3). Then,
a systematic approach to combine the developed feedback model with gait variability
and intra- and inter-subject biodynamic uncertainties is implemented to provide a ro-
bust model suited to highlight the sensitivity of the structural response to pedestrian
parameter randomness (Gomez et al., 2019b) (Chapter 4). Therefore, the results here
establish a clear understanding of walking-induced load effects in structures, yielding
rational knowledge for improving the analysis procedures and design guidelines for
pedestrian structures where vibration leads to a reduction in serviceability.

1.4 Overview of the dissertation

This dissertation is organized in six chapters.

Chapter 2 presents a novel mathematical substructuring approach used to represent
a pedestrian-structure coupled system dynamics. The equations for each sub-
system are described, and a discussion of how the inputs and outputs of each
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substructure interact with each other are provided. Then, an experimental
study is described and the associated bridge and pedestrian models are con-
structed. Test subjects with different physical characteristics are considered,
and a method is developed to characterize each pedestrian using data obtained
while walking on a rigid floor. Finally, the predicted results of the PSI model
are validated against the experimental bridge responses due to a single pedes-
trian, and are also compared with the results obtained using traditional models
in both time and frequency domains. The methodology and results presented
in this chapter has been published as:

Gomez, D., Dyke, S. J., & Rietdyk, S. (2018). Experimental verification of a
substructure-based model to describe pedestrian-bridge interaction. Journal of
Bridge Engineering, 23(4), 1–14. doi.org/10.1061/(ASCE)BE.1943-5592.0001204.

Chapter 3 studies the stride kinematics and quantifies the variability among passing
subjects on a beam such as a moving surface under real structural conditions.
Overground data for a particular subject is first used as a baseline measurement.
Then it is used to compare the same length of walkway data obtained for the
same subject on an oscillatory beam. The main findings regarding changes in
spatio-temporal gait measures might be implemented to develop high-fidelity
models providing a better serviceability prediction of the structural response.
The methodology and results presented in this chapter will be submitted with
minor changes as:

Gomez, D., Dyke, S. J., & Rietdyk, S. (2019). Spatial-temporal assessment of
gait dynamics in walking-induced vibration. (To be submitted to Engineering
Structures).

Chapter 4 describes the uncertain system modeling concept and develops a struc-
tured parametric description of the pedestrian subsystem. The coupled equa-
tion governing the dynamics of the system with these uncertainties are provided,
and their closed-loop representation is established. The experimental program
is described, including the characteristics of the pedestrian test subjects and
the structure. Then, simulated structural response envelopes using the uncer-
tain model and measured acceleration data are compared. Finally, the main
findings are discussed and potential applications for this model are considered.
The methodology and results presented in this chapter has been submitted as:

https://doi.org/10.1061/(ASCE)BE.1943-5592.0001204
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Gomez, D., Dyke, S. J., & Rietdyk, S. (2019). Structured uncertainty for a
pedestrian-structure interaction model. (Submitted for review to Journal of
Sound and Vibration).

Chapter 5 examines the vibration serviceability limit states of an in-service foot-
bridge. An experimental program is conducted to obtain the dynamic properties
of the structure under service conditions, and a model of the footbridge is built
for evaluation purposes. Current guidelines are evaluated to assess the pedes-
trian comfort criteria. Finally, numerical simulations using the uncertain model
developed in Chapter 4 are conducted and compared with recorded experimen-
tal data. Findings are discussed regarding the serviceability limit state of the
footbridge and the comfort criteria established by design codes.

Chapter 6 presents the main findings, conclusions and future lines that have emerged
from this research.

It should be mentioned that the organization of this dissertation were initially
written as journal papers. Each chapter was adjusted from a written manuscript.
The chapters are organized in a sequenced assemblage of those papers. Thus, some
level of redundancy in the information during the dissertation is inevitable.
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2. A SUBSTRUCTURE-BASED MODEL TO DESCRIBE
PEDESTRIAN-STRUCTURE INTERACTION

In this chapter a new PSI model is developed to predict the vertical dynamic response
of a footbridge traversed by a single pedestrian. A modular approach is used to repre-
sent the pedestrian-structure system as coupled subsystems that interact dynamically
with each other. Thus, feedback links that represent the dynamic interaction between
the two subsystems as the pedestrian traverses the the bridge are directly integrated
into the model. This modular approach is based on state space equations, and of-
fers two distinct advantages. First, the bridge can be modeled using standard linear,
time-invariant techniques (e.g., a finite element model), and second, this approach
permits the inclusion of significantly different levels of damping in each subsystem.
With this model, changes in the modal characteristics are included by shifting the lo-
cation of the pedestrian, and applying the interactive inputs directly into the bridge
substructure based on the position of the pedestrian. No external disturbance is
applied, although a non-zero velocity is used to model the energy inserted into the
system by the pedestrian. Thus, the coupled model framework described herein will
support a variety of future investigations of human-induced vibrations in footbridges,
and it also facilitates structural analysis conducted for design purposes. To evaluate
this framework, the PSI model is created and its performance, in terms of both a
pedestrian’s vertical acceleration of the body center of mass and the structural re-
sponse of the bridge, are compared with experimental data. The results demonstrate
that the framework can be an efficient tool for the determination of the pedestrian
biodynamic parameters, as well as the prediction of bridge response under a single
pedestrian.

This chapter is organized as follows. In Section 2.1, the mathematical substructur-
ing approach used to represent the system dynamics is developed. The equations for
each subsystem are described, and a discussion of how the inputs and outputs of each
substructure interact with each other are provided. In Section 2.2, an experimental
study is described and the associated bridge and pedestrian models are constructed.
Test subjects with different physical characteristics are considered, and a method is
developed to characterize each pedestrian using data obtained while walking on a
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rigid floor. Finally in Section 2.2.3, the predicted results of the PSI model are vali-
dated against the experimental bridge responses due to a single pedestrian, and are
also compared with the results obtained using traditional models in both, time and
frequency domain.

2.1 Mathematical formulation

To represent the coupled subsystems, a model is developed that directly incorpo-
rates the bi-directional interactions between the bridge and pedestrian at the contact
point (i.e., the pedestrian location). This system is partitioned into two dynamic
substructures. One substructure is the footbridge, which is modeled here as a finite
element (FE) model. The second substructure is the pedestrian, which is modeled as
a mass-spring-damper (an oscillator). These two dynamic substructures are coupled,
and each will have an influence on the other. Coupling of the two substructures is
achieved by computing the response of each system at the interface, (i.e., the contact
location at each point in time), and using it as the appropriate input for the other sub-
system. This approach results in a time-varying system that considers the responses
of each system as inputs to the other system (Gomez, Dyke, & Maghareh, 2015).
Furthermore, this framework offers flexibility through the ready use of a well-defined
FE footbridge model together with a simple pedestrian biodynamic model.

In this coupled model the interaction effects, and thus the modal characteristics of
the combined system, change with the position of the contact location (see Fig. 2.1).
By decomposing the PSI system into two substructures, and feeding the inputs from
the complementary dynamic system into each substructure, the dynamic interaction
is directly included. The contact force generated by the pedestrian is the input to
the bridge, and the structure’s vertical acceleration is the input to the pedestrian
model. The individual substructure equations do not vary, and to model the fully
coupled system the contact location must only be modified at each time step. In the
following subsections, the PSI model and the formulation of each of the substructures
is discussed. Then, the interactions between the bridge and pedestrian are described
such that the PSI can be represented as a feedback system.
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Fig. 2.1.: Model of pedestrian-structure interaction system.

2.1.1 Bridge substructure

A typical FE model of a bridge is shown in Fig. 2.2. The bridge is represented as
a linear, time-invariant 2-D or 3-D FE model discretized as a series of beam elements
for this particular case. To demonstrate the method, only the n vertical degrees of
freedom (DOFs) are considered in the analysis, while the remaining DOFs have been
condensed. The number and location of each node are determined by the approximate
step length of a pedestrian, and this value should be considered to be an input of the
method.
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ÿi(t)

F con
i (t)

Step length

(a) Discretized substructure.
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(b) Block diagram representation.

Fig. 2.2.: Structural subsystem dynamic model.
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The equation of motion of the general bridge substructure (BS) is represented by

Msÿ (t) + Csẏ (t) + Ksy (t) = ΓF con
i (t) (2.1)

F con
i (t) = cpq̇(t) + kpq (t) (2.2)

Γ =
[
0 0 . . . 1︸︷︷︸

i−th

. . . 0︸︷︷︸
n

]ᵀ
(2.3)

where Ms, Cs, and Ks ∈ Rn×n are the mass, damping, and stiffness matrices of the
bare structure after condensation. Γ ∈ Rn is a column vector which varies with time
and is defined by the spatial location of the pedestrian on the bridge. This vector is
populated with zero entries except at the DOF corresponding to nodal displacement
of the deck where the pedestrian is acting. F con

i (t) represents the force imparted by
the pedestrian on the bridge at the i−th point of contact. Here, ÿ (t), ẏ (t), and
y (t) ∈ Rn are vectors containing the nodal acceleration, velocity and displacement
responses, respectively. Note, ÿi(t) is the nodal acceleration at the i−th point, which
is the point of contact. This output of the bridge subsystem will be used as the input
to the pedestrian substructure. As a result, at the i−th iteration step, the only input
applied to the bridge substructure is the distribution vector Γ times the contact force
F con

i (t). These feedback links are shown in Fig. 2.2(a). For a graphical relationship
between the signals in the bridge substructure, the matrix expression in Eq. ((2.1))
is presented in block diagram form in Fig. 2.2(b).

The equation for the bridge substructure in Eq. ((2.1)) can be written in state
space form. The input to this subsystem is represented by the scalar F con

i (t) described
previously. The state variables are assembled in the vector xs =

[
y (t) ẏ (t)

]ᵀ
∈

R2n×1 known as the state vector. The subsystem outputs are selected to include the
displacement y, velocity ẏ, and acceleration ÿ responses at the nodes of the bridge,
represented by the vector żs =

[
y ẏ ÿ ÿi

]ᵀ
∈ R(3n+1)×1. The nodal acceleration

ÿi is included in the output vector to readily be used as an input to the pedestrian
substructure at each iteration. The resulting state space equation is:


ẋs

−−
zs

 =


Astr | Bstr

−−− −− −−−
Cstr | Dstr




xs

−−
F con

i

 (2.4)
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where

Astr =
 0n×n In×n

−M−1
s Ks −M−1

s Cs


2n×2n

Bstr =
 0n×1

M−1
s Γ


2n×1

Cstr =


In×n 0n×n

0n×n In×n

−M−1
s Ks −M−1

s Cs

−ΓT M−1
s Ks −ΓT M−1

s Cs


(3n+1)×2n

Dstr =


02n×1

M−1
s Γ

ΓT M−1
s Γ


(3n+1)×1

(2.5)

and n, in Eq. ((2.5)), is the number of degrees of freedom of the condensed FE
structure model.

2.1.2 Pedestrian substructure

Typically the pedestrian is modeled as a moving force traversing the bridge. At
each step, a force profile is imparted on the bridge based on the force a pedestrian
imparts on a rigid floor while walking. This method is based on measurements of
ground reaction forces (GRF) using fixed force plates, which thus yield the force
profile used for each step. However, this procedure does not fully account for the
interactions between the pedestrian and the structure. To address this limitation,
a dynamic pedestrian substructure model is used here, consisting of a single-DOF
(SDOF) oscillator with a non-zero vertical initial velocity condition as a source of
excitation rather than using a ground reaction force.

In general, the energy in a human-structure coupled system is not conserved.
Energy can be added by the pedestrian, or it can be dissipated by both the pedestrian
and the structure itself. Therefore, an external energy source must be provided to
simulate how a human adds energy through his/her body. A non-zero vertical initial
velocity condition of the pedestrian mass is included here to incorporate the energy
exchange that occurs during human gait described by (Winter, 2009) and (Whittle,
2014). With the human gait, two different acceleration-based sources of energy take
place during the stride period. The main excitation source to this system is produced
when the heel strikes the ground. The second excitation source is related to swinging
of the limbs during walking (Ylli et al., 2015). By directly incorporating the first
source of excitation, the vertical movement of the COM can be reproduced more
accurately. In a subsequent section, a comparison is made between the measured
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vertical acceleration with the PSI predicted output in a rigid floor, showing that the
model is able to add energy to the system.

The pedestrian substructure (PS) is modeled here using the biodynamic charac-
teristics as well as input parameters which have been reported in several studies (Toso
et al., 2013; Pfeil et al., 2014; Ortiz & Caicedo, 2019). The biodynamic parameters
consist of a lumped mass mp attached to a linear spring and a viscous linear dashpot
with coefficients kp and cp, respectively. The additional input parameter is the value
of the non-zero initial velocity condition q̇ (to). An excitation in the PS is initiated, at
each iteration, by imparting a vertical initial velocity q̇ (to) to the pedestrian mass at
the time defined as the instant when the heel strikes the ground. This approach is ca-
pable of representing the vertical movement of the COM as it generates the transient
effects in the bridge response due to the heel strike.

mpq̈(t) + cpq̇(t) + kpq(t) = −mpÿi(t) (2.6)

Eq. (2.6) represents the pedestrian dynamics, where q̈(t), q̇(t), and q(t) are the
vertical acceleration, velocity and displacement of the pedestrian’s COM relative to
the bridge, respectively. The input to the pedestrian substructure is the vertical
acceleration of the bridge ÿi(t) at the contact point. The output, which was defined
as the input of the complementary system in Eq. (2.2), is the contact force F con

i (t),
applied to the bridge by the pedestrian, as shown in Fig. 2.3(a). The equation of
motion is also schematically depicted as a block diagram in Fig. 2.3(b).

The pedestrian subsystem is also written in compact state space form. In this
case, the state variables, including the relative displacement and relative velocity, are
assembled in the state vector as xp =

[
q(t) q̇(t)

]ᵀ
∈ R2. The input is represented by

ÿi(t). The outputs are represented by the vector zp =
[
q q̇ q̈ F con

i

]ᵀ
∈ R4. The

state space form is


ẋp

−−
zp

 =


Aped | Bped

−−− −− −−−
Cped | Dped




xp

−−
ÿi

 (2.7)

where
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(b) Block diagram representation.

Fig. 2.3.: Pedestrian subsystem dynamic model.
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0
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(2.8)

In this study, it is assumed that the pedestrian walks at a constant velocity, which
is included in the biodynamic model using the step length and pacing frequency. Fur-
thermore, the model assumes continuous contact between the pedestrian and struc-
ture, and does not distinguish between the single and double phase portions of the
stance. Therefore, the possibility of separation of the pedestrian from the bridge is
not considered, and the position of the pedestrian defines the contact point at each
instant in time. This model could readily be extended in the future to consider a
running or jumping human, or to consider variable walking speeds, as needed.
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2.1.3 Pedestrian-bridge interaction model

Next, consider the interactions between the pedestrian and bridge substructures
that must be included to establish the PSI feedback system. The dynamic response
of the beam is affected not only by the position of the moving mass, but also by the
vertical motion of the pedestrian. Thus, during the passage of a pedestrian walking
across the bridge, the pedestrian excites the bridge through the contact force at the
contact point, while the bridge only excites the pedestrian by its own movement at
this same contact point. With this closed-loop approach, the dynamic interaction is
directly integrated into the model.

The solution to these equations is obtained with a procedure that has the advan-
tage of being simple, accurate, and explicit, yielding a global response of the coupled
system. When these subsystems are solved together, this coupled and time-varying
model is able to capture the interactions between the human and the structure as
the position of the pedestrian on the bridge changes. In other words, the linear time-
invariant pedestrian and bridge subsystems are coupled and use a time-dependent
contact point, as shown in Fig. 2.4. Thus, this closed-loop system can be classified as
a linear, time-varying dynamic system. This interactive response can be obtained for
any discretized bridge and any pedestrian activity, making this pedestrian-structure
model a flexible tool.

1 2 · · ·
i−th n

ÿi(t)

ÿi(t)

F con
i (t)

Step length

mp

v(t)

q(t)

cp kp

Fig. 2.4.: Pedestrian-structure interaction model.
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To solve for the response of this system, the equations of motion are solved nu-
merically for the time period St = 1/Fp within each pedestrian step (the average step
time taken by the pedestrian). Then, to simulate the response during the next step
length, the final conditions of the system at the end of that step length are used as
the initial conditions for the next step length. To begin, set the time to tk = 0, the
pedestrian first step as i = 1, and the initial conditions (ICs). Select a time incre-
ment ∆t for the numerical integration. Typically the integration time step is chosen
to correspond to a frequency that is at least 10 times the frequency of the highest
mode of the bridge model. The steps in the iterative procedure are summarized in
the flowchart shown in Fig. 2.5.

2.2 Experimental verification

To verify the PBI model, a series of experiments were conducted to measure typ-
ical structural responses induced by a single walking pedestrian. The experimental
specimen that serves as the bridge was selected based on its suitability for walking
safely, its large size, and its dynamic properties. Three test subjects having different
body characteristics were considered as pedestrians, and measurements were taken
under various walking conditions. The objective here is to provide a realistic testbed
that would exhibit significant, but representative, dynamic interactions that will be
useful for assessment and verification of the model. Thus, vertical motion of the
footbridge was perceptible in all tests. Comparisons are made between the measured
vertical responses of this experimental specimen and the PBI model predictions. Ad-
ditionally, the study considers the moving force model and moving oscillator model
to assess of the capabilities and limitations of all three classes of models.

2.2.1 Experimental setup and parameter identification

A simply-supported beam, representative of a typical girder from a full-scale bridge
deck, is used as the bridge. Based on the dynamic properties of this beam, it is
relatively sensitive to pedestrian-induced excitation with a pedestrian walking at a
typical pace. The structure is a W30x132 steel beam A992 (Fy = 345 MPa and E =
200 GPa) and each end rests on a concrete block. The entire beam has a length of
15.24 m and a weight of 29.4 kN. For these experiments, the unsupported distance
between the two end supports is 14.64 m (see Fig. 2.6).
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Fig. 2.5.: Flowchart of the solution procedure.

Eighteen uniaxial accelerometers are used in the experimental setup to capture
the vibrations of the beam, with twelve in the vertical direction and six in the lat-
eral (perpendicular to the long axis of the beam) direction as depicted in Fig. 2.7.
The accelerometers are PCB Piezotronics piezoelectric sensors model 333B40 with a
sensitivity of (±10%) 500 mV·g−1 and a frequency range from 0.5 to 3 kHz.

To identify the dynamic properties of the bridge alone in this configuration, forced
vibration testing is first conducted. The bridge is excited using an electrodynamic
shaker placed at 1.2 m from the midspan, with the objective of capturing structural
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Fig. 2.6.: Experimental setup of full-scale steel beam.
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Fig. 2.7.: Location of 18 accelerometers, with 12 in the vertical and 6 in the horizontal
direction.

responses over a broad frequency range in both the vertical and horizontal directions.
The sampling frequency is 1024 Hz, and an elliptical low-pass filter with cut-frequency
at 500 Hz is used to prevent aliasing. The duration of each test is set to 400 s. Eight
forced vibration tests are conducted using either linear and logarithmic chirp signals
with range frequency of 0.5-25 Hz, and band-limited white noise (BLWN) as inputs.

The time history and power spectral density function (PSD) from a representative
experimental acceleration response recorded during the experiments (sensor No. 8 in
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Fig. 2.7) are shown in Fig. 2.8. Based on the experimental data, the modal char-
acteristics of the bridge are identified. A common curve fitting method is applied
to the experimental complex frequency response function to identify the system as
a ratio of polynomials in the Laplace variable s (Dyke et al., 1996). The first three
vertical modes are at 2.15 Hz, 8.31 Hz and 18.12 Hz. Thus, noticeable interactions
would be expected due to human-induced vibration because the first vertical natural
frequency of this bridge is within the normal range of the human gait (i.e., 1.6-2.4 Hz)
(Bachmann et al., 1995; Sétra, 2006). The first two torsional modes are at 5.77 Hz
and 15.25 Hz. Also, a single lateral mode is present at 10.75 Hz. These were obtained
using an analyzed frequency range from 0.5 to 20 Hz. Also, the damping ratios asso-
ciated with the first three vertical modes are identified to be 0.28%, 0.48% and 0.31%,
respectively.

Fig. 2.8.: Structural subsystem acceleration measured response: (a) time history; (b)
power spectral density (PSD).

A two-dimensional FE model is developed based on the physical properties of
the bridge. Torsional and lateral modes are neglected here as their effects are as-
sumed to be insignificant for this analysis. The 2-D model is then updated using
the measured modal characteristics. To build the FE model, a simply-supported,
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homogeneous Euler-Bernoulli beam is discretized into n + 1 beam elements. The n
lumped masses are located at regular distances according to the average step length
of a pedestrian, and only the vertical and rotational degrees-of-freedom (DOF) are
considered. Proportional damping is assumed to generate a damping matrix for the
bridge substructure. The rotational DOF are condensed, yielding a bridge model with
n DOF. In the condensed model the MB, CB, and KB matrices in Eq. (2.1) are thus
defined, forming the bridge substructure described in Eq. (2.4).

2.2.2 Pedestrian parameters

Three healthy subjects,(SA, SB, and SC), with no history of postural problems,
participated in a series of experiments. The applicable ethics committee approved
this study, and all human subjects signed informed consent forms prior to participa-
tion. Two types of tests were conducted. In the first type of test, each subject was
instructed to walk according to his/her self-selected pace. In the second type of test, a
metronome was used to guide the walking pace frequency, denoted here as Fp. When
the metronome was used, several pacing rates were used ranging from slow to fast
(1.7, 1.8, 1.9, 2.0, 2.1, and 2.2 Hz). For each subject, the tests were first conducted
on a rigid floor, and then on the flexible bridge. These tests were useful for model
comparisons, as well as for parameter estimation.

The pedestrian motion was captured using a portable and non-invasive, triaxial
accelerometer (STMicroelectronics k330 3-axis accelerometer). The accelerometer has
a range of ±2 g and a resolution of 61 µg. The data were sampled at 100 Hz, and an
elliptical low-pass filter with cut-frequency at 50 Hz was used. This device was placed
close to the subject’s COM with a belt around the waist. The device was affixed to
the subject firmly above the sacrum along the spine to record trunk acceleration in
the vertical direction.

To identify the parameters of the biodynamic model of the pedestrian, the exper-
imental vertical accelerations, obtained with the pedestrian walking on a rigid floor,
were used. The PSI model was used to simulate the COM vertical accelerations, with
the bridge substructure stiffness set to a high value to minimize any dynamic interac-
tions. Using this simulation model, the biodynamic parameters cp and kp as well as
q̇ (to) were identified through a standard constrained optimization in MATLAB R© that
minimizes the error between the experimental vertical COM acceleration and the sim-
ulated vertical acceleration of the pedestrian mass during around 20 sec. The param-
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eter mp is the known mass of the pedestrian. The pedestrian substructure parameters
obtained for each test subject are given in Table 2.1. Mass ratios indicated in this
table are calculated as a ratio of the mass of each subject divided by the modal mass
of the first mode of the bridge alone, which is approximately 1500 kg. Note that all
of these values are well within the normal range found in the literature (Archbold et
al., 2011; Shahabpoor et al., 2013).

Table 2.1.: Bio-dynamic parameters obtained on a rigid floor.

mp
[kg]

cp
[kg · s−1]

kp
[N ·m−1]

q̇(to)
[m · s−1]

Mass ratio
[%]

SA 56 212.5 14000 0.30 3.73
SB 97 501.4 20000 0.38 6.47
SC 72 273.2 18000 0.22 4.80

A typical time-history of the measured acceleration (solid line) and simulated ac-
celeration (dashed line) of the human subject and the corresponding floor acceleration
(dash-dotted line) are shown in Fig. 2.9. Here the subject SA was instructed to walk
at Fp = 1.9 Hz using a metronome. And as an input to the model, an initial velocity,
as stated previously, was used here to emulate the effect when the heel strikes the
floor in each step, as shown with the dash-dotted line in Fig. 2.9. Clearly, the PSI
model is able to capture the fundamental behavior of the vertical COM acceleration
on a stationary surface without the use of an external force.

2.2.3 Experimental verification of the PSI model

The next step is the verification of the PSI model, in terms of its ability to capture
the human-structure dynamic interactions. To do this two independently identified
models with the established parameters that best model the pedestrian subsystem
and the structural subsystem are used. A dynamic simulation is performed to obtain
the response of the feedback system described in Eqs. (2.4) and (2.7) using a sin-
gle pedestrian. The identified biodynamic parameters shown in Table 2.1 are used.
Additionally, the moving force (MF) and moving oscillator (MO) models are consid-
ered to assess the relative capabilities and limitations of the modeling methods when
interaction is present.



27

Fig. 2.9.: COM acceleration in a rigid floor (subject SA).

For all simulations, the identified model of the beam is used. The MO model
described in (Fanning et al., 2005; Dang & Živanović, 2013) uses a secondary dynamic
system based on a lumped mass connected by a spring and damper with the bridge,
to represent a pedestrian. For purposes of comparison, this model also utilizes the
biodynamic characteristics of the pedestrian given in Table 2.1. Alternatively, the MF
model uses a moving force determined based on the weight of the pedestrian. Both
of these models also include a periodic function that has been shown to represent the
vertical force applied by a walker (Bachmann et al., 1995). This function is expressed
as a Fourier series multiplied by the mode shape to obtain the effective modal force,
as in

Fv (t) = αW · sin (2πFpt− ϕ) · φ (ct) (2.9)

From Eq. ((2.9)), the single-step forcing function Fv (t) is represented by an am-
plitude corresponding to the weight of the pedestrian W , and a dynamic function,
which includes the harmonic components of the pedestrian load. However, this pe-
riodic function may be limited and resolved, for practical reasons, only for the first
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harmonic vertical component (Sétra, 2006). Thus, α and ϕ are the Fourier coefficient
and phase lag of the first harmonic, respectively. The pace frequency is defined by Fp,
c is the constant anterior-posterior velocity of the pedestrian, φ (·) is the normalized
fundamental mode shape of the bridge, and t is the variable representing the time
that has elapsed. The values of the first harmonic amplitude and phase lag have been
chosen in this study as 0.4 and 0, respectively. Also, W , Fp, and c are defined for
each individual test based on the experimental data.

To quantitatively evaluate the models, the vertical experimental acceleration at
the midspan of the footbridge is compared with the corresponding predictions from
each of the models. The response is compared using an instantaneous relative error
(IRE) and a normalized root mean square error (NRMSE). The difference between
the simulated response Ÿsim (tm), and the measured response Ÿexp (tm), is computed
at each time sample tm, and appropriately normalized and compared. The IRE is a
measure of the instantaneous normalized error, and is computed at each individual
time step across the N samples of the time history. The NRMSE is a measure of the
overall response, and is computed using the complete response history. The IRE and
NRMSE are calculated using Eqs. (2.10) and (2.11).

IRE (tm) =

∣∣∣Ÿ exp (tm)− Ÿ sim (tm)
∣∣∣∣∣∣Ÿ exp (tm)

∣∣∣ × 100% (2.10)

NRMSE =

√
1
N

∑N
m=1

[
Ÿ exp (tm)− Ÿ sim (tm)

]2
max

(∣∣∣Ÿ exp (tm)
∣∣∣) × 100% (2.11)
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(a) Following the metronome at Fp = 1.9 Hz.

(b) Self-selected pace frequency.

Fig. 2.10.: Measured and predicted vertical acceleration responses and IRE compari-
son at midspan of the bridge for a single pedestrian.
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A total of 81 tests were conducted with the three subjects. 57 of these were
recorded while a metronome guided the pace of the pedestrian’s steps, and in the
remaining 24 tests the pedestrian walked at a self-selected pace. Two representa-
tive time-histories, for two different test subjects, are shown in Fig. 2.10. Here the
measured and simulated responses are shown, along with the corresponding value of
the IRE for each individual time sample. The response of the bridge (solid line) re-
mains zero before the pedestrian enters, gradually builds up during the pedestrian’s
passage, and attenuates in free vibration after the pedestrian has left the bridge. In
Fig. 2.10(a) subject SA was instructed to walk at Fp = 1.9 Hz following the beat
of a metronome. However, in Fig. 2.10(b) subject SC was instructed to walk at a
self-selected rate and his average pace frequency was 1.98 Hz. The dashed vertical
lines in Figs. 2.10 and 2.11 indicate the times at which the pedestrian enters and
leaves the bridge.

The results for these two cases demonstrate that the PSI model (dashed line)
reproduces the transient effects observed due to the heel-strike for each footfall in the
same manner that the data exhibits this behavior for a walking person. To assess
the performance of the PSI model, IRE values vs. time are shown in Fig. 2.10. The
instantaneous relative error measure is significantly smaller with the PSI model as
compared to the values obtained with the MF (dash-dotted line) and MO (dotted line)
models in those representative trials. Because this system is time-varying, a time-
frequency representation of the responses is adopted to investigate the non-stationary
characteristics using spectrograms. The experimental and simulated response data for
each model are provided (see Fig. 2.11). Fig. 2.11 shows the time-frequency analysis
of the measured data only, for clarity. Obvious horizontal stripes exist in each figure
around 2, 4, 6, 8 and 10 Hz due to the dominant harmonics resulting from the pace
frequency associated with the pedestrian walking on the bridge. Clearly the amplitude
of the structural response increases significantly in the frequency range between 1.7
and 2.3 Hz because this dominant first harmonic is close to the first vertical natural
frequency of the bridge (F1 = 2.15 Hz).
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(a) Following the metronome at Fp = 1.9 Hz.

(b) Self-selected pace frequency.

Fig. 2.11.: Time-frequency representation of the measured responses of the bridge to
single pedestrian. Zoom-in plot of a frequency range from the spectrogram including
measured and predicted vertical acceleration variation responses.
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The frequency variations that occur with the various models (MF, MO, and PSI
models), as compared to the frequency variations present in the measured responses
are also examined. Fig. 2.11 shows a zoomed-in plot over a limited frequency range
extracted from the spectrogram. Here one can observe the variations in the power
spectral density when a pedestrian crosses the bridge. The horizontal dotted line
represents the fundamental frequency of the empty bridge, where it is not affected
by the presence of the pedestrian. The solid line indicates the frequency associated
with the maximum value of the power spectral density at each point in time. In
both cases, when the subject walks at a specified pace of 1.9 Hz (see Fig. 2.11(a))
or at a self-selected rate with an estimated average pace frequency of 1.98 Hz (see
Fig. 2.11(b)), there is a significant variation in the frequency content of the experimen-
tal response with time. This variation can be attributed to a combination of: (1) the
mass distribution due to the pedestrian’s location; and (2) the forced response in the
pedestrian-bridge system due to the quasi-periodic loading at pace frequency Fp and
its harmonics. Additionally, the corresponding lines that are provided for the MF and
MO models indicate that in this case these models do not account for the significant
dynamic interaction effects. The variations in the accuracy of the predicted responses
of the coupled-system are more pronounced when the pace frequency is closer to the
vertical natural frequency of the structure. Better agreement is observed with the
PSI model in those representative trials.

The NRMSE obtained with each model was used to obtain a single value for each
of the 57 metronome-based experimental trials, and these results are summarized in
Figs. 2.12(a-c). Because several repetitions were performed for each of the tests, the
mean value and standard deviation of the NRMSE values are computed for each test
configuration. These values are shown for each of the corresponding pace frequencies
considered, where the pace frequencies are normalized against the first vertical natural
frequency of the structure F1. The NRMSE values associated with the responses of
the MF and MO models are typically larger than those of the PSI model. Moreover,
the MF and MOmodels produce particularly large NRMSE values when the frequency
ratio Fp/F1 are in the range between 0.7 to 0.9. Here, the dynamic interaction is low
and the behavior is dominated by the forced response of the structure. Furthermore,
both the MF and MO models overestimate the system response when the Fp/F1 is
close to unity (i.e., 0.9 to 1.05).
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(a) Subject SA.

(b) Subject SB.

(c) Subject SC.

Fig. 2.12.: Mean and standard deviation values of the NRMSE for test subjects.
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This result means that MF and MO have limited capacity to take into account
the interaction between the two subsystems. However, the PSI model exhibits signif-
icantly smaller normalized errors because the model accounts for the influence of the
bridge on pedestrian on the dynamics.

The responses are examined from an alternate perspective in Figs. 2.13(a-c). These
figures show the range of variation of the peak estimated acceleration of the responses
versus the normalized pace frequency. The upper and lower bounds provided are
defined by the mean and standard deviation of the maximum absolute values of
the response. Both the experimental and PSI prediction results are given for each
frequency ratio of interest in the tests using the metronome. Here the mean of the peak
values of the simulated responses have nearly the same amplitude as the peaks of the
measured responses. And as expected, more dynamic interaction occurs between the
two subsystems when the frequency ratio is close to one. Additionally, 24 experiments
were conducted at a self-selected pace frequency. These responses were analyzed and
the corresponding peak responses are represented with diamonds in Figs. 2.13(a-c).

It can be concluded that the PSI model yields an accurate prediction of the peak
acceleration of the pedestrian-bridge system as indicated by the discrete circles, even
when the pedestrian walks naturally. Indeed for SB, a pedestrian that walked at a
slower speed than in the metronome, the responses are typically in agreement with
the experimental data. Clearly the PSI model is able to capture the dominant coupled
dynamics of the pedestrian-structure system.
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(a) Subject SA.

(b) Subject SB.

(c) Subject SC.

Fig. 2.13.: Peak acceleration for test subjects.
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2.3 Summary

In this chapter a pedestrian-structure interaction model has been presented herein
for predicting the dynamic response of a structure traversed by a single pedestrian.
The predicted acceleration responses with the PSI, the MF, and the MO models were
compared with real acceleration data. Different gait speeds were considered while a
single human subject traversed a previously identified steel beam that served as a
bridge. Three different human subjects participated. The PSI model was found to
be better at predicting the variations in the natural frequency of the coupled system,
as well as the peak responses of the coupled system. The PSI model is thus effective
for predicting the structural response when dynamic interactions are present.
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3. SPATIAL-TEMPORAL ASSESSMENT OF GAIT
DYNAMICS IN WALKING-INDUCED VIBRATION

Pedestrian structures regularly exhibit excessive vibrations when they are dynamically
excited by human activities. Although several pedestrian models have been proposed
to capture the influence that humans have on such structures, current representations
simplify the human effect, potentially compromising the structure’s serviceability.
Thus, better walking-induced load models have to be developed to allow structural
designers to deal appropriately with realistic pedestrian-structure coupled effects.
Current modeling approaches neglect, due to the lack of suitable data, the temporal
and spatial kinematic changes when pedestrians are walking on a moving surface such
as a slab, footbridge, or stair.

Even though several studies have successfully looked at characterizing the vari-
ability of the human gait, most of these were conducted overground for medical and
biomechanical purposes. This study provides a more complete spatial and temporal
analysis of the human gait parameters when the pedestrian is influenced under ver-
tical vibrating conditions. The results show a pedestrian’s tendency to adapt one’s
gait to the oscillating conditions of the structure, providing a better understanding
of the pedestrian intra-subject gait changes on a lively surface. These findings will
enable structural engineers to incorporate gait changes in realistic pedestrian models
in the analysis and design of structures.

The goal of this chapter is to quantify the spatio-temporal gait measures when
subjects walking on a beam such as a moving surface (MS) under real conditions.
Overground (OG) data is used as a baseline measurement to compare the same length
of walkway data obtained for the same subject on an oscillatory beam. Two gait
modes, at self-selected pace and following a metronome, are examined and their effects
in the structural response are also explored. The main findings regarding changes in
spatio-temporal gait measures and how gait is adapted might be implemented to
develop high-fidelity pedestrian-induced load models providing a better serviceability
prediction of the structural response.
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3.1 Introduction

Numerous studies have been conducted to examine gait variability and functional
mobility during locomotion (Grieve & Gear, 1966; Yamasaki et al., 1991; Maki, 1997;
Hausdorff et al., 2001; McAndrew Young & Dingwell, 2012; Collins & Kuo, 2013;
Svoboda et al., 2017; Cahill-Rowley & Rose, 2017; Begue et al., 2018). The approach
used to control stride variation during travel on altered, overground, compliant, uphill,
and downhill surfaces has received much attention over the last four decades across
many fields. The variability in the subject’s kinematic parameters are regarded as an
essential measure of motor skills, and its analysis provides an assessment of the gait
performance and even health (Sekiya et al., 1997; Zijlstra, 2004; Bailey et al., 2017).

Although these experimental programs were conducted with subjects walking un-
der different conditions, all of them were conducted on rigid surface. These procedures
do not fully account for the interaction between the pedestrian and an oscillating sur-
face. Therefore, how the movement of a pedestrian structure, especially in the vertical
direction, influences the human gait has not been fully studied. Despite this and to
the best of author’s knowledge, the only experimental study to address this limita-
tion was conducted by Dang & Živanović (2016), which was intended to quantify
the human locomotion under low-frequency vertical vibration and their effects in the
stride characteristics on three test subjects. In the experimental program a stationary
pedestrian walked on a treadmill that was placed at the midspan of a bridge. They
found that vertical vibration levels lead to a marginal increase in the pacing rate of
8%, and a slight decrease in the step length of 8%. However, they suggested that the
minimal differences are only circumstantial and should be further investigated. The
fact that a fixed speed provided by the treadmill might influence the gait behavior
(Dingwell et al., 2001; Jordan et al., 2007; García-Diéguez & Zapico-Valle, 2017; Choi
et al., 2017), shows that there are still considerable uncertainties regarding human
locomotion under vertical excitation that need to be researched in a more natural
environment.

3.2 Description of the experimental program

3.2.1 Participants

Six subjects (four males) are enrolled in the study (see Table 3.1). No participants
have any disease or disorder that impacted their gait, as verified by self-report. All
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participants signed an informed consent approved by the Institutional Review Board
of Purdue University. The subjects walked both OG and on the MS. Two gait modes
are examined: (1) prescribed cadence, where the participant walked at a frequency
(Fm) set by a metronome, and (2) self-selected speed. Each pass on the beam or on
the floor is considered a trial. Ten trials at a self-selected speed and seven trials at
a prescribed cadence were completed, where the prescribed metronome’s frequency
was selected between 1.7 and 2.3 Hz (in increments of 0.1 Hz) in each trial. The
metronome was set at a specific frequency and seven trials were conducted at this
frequency. Later the frequency was adjusted randomly at a different value to conduct
seven test at a new frequency. This procedure was applied to avoid psychological bias
and anticipation in the subject’s gait movement. A total of 708 trials were collected
and analyzed in this experimental program. All test subjects participated in both
experiments walking OG and on the MS the same length, for a fair comparison.

Table 3.1.: Test subject parameters.

Subject Age
(years)

Mass
(kg)

Height
(m)

Gender

S-1 31 55 1.67 Female
S-2 29 87 1.65 Male
S-3 39 89 1.81 Male
S-4 38 77 1.69 Male
S-5 34 109 1.76 Male
S-6 29 49 1.53 Female

3.2.2 Equipment

A wearable device, which uses the video and inertial sensors of a smartphone
records subject gait data of each step (SmartGaitTM, (A. Kim et al., 2015)). Step
length (SL), step width (SW), step time (ST), and gait speed (GS) are recorded on
both, overground and on the moving surface. To capture foot movements, reflective
markers are attached to the top of each shoe centered over the proximal phalanges.
The smartphone is attached to the trunk with a belt. SmartGaitTM has modest to
excellent agreement with a pressure-sensing walkway, with an average absolute error
of 6% or less of standard (A. Kim et al., 2015). SL is the distance between two steps
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in the anterior-posterior direction at double support phase. SW is the medial-lateral
distance between the foot markers at the same time. ST is the temporal difference
between two consecutive steps. Pace frequency (PF) is the inverse of ST with units
of Hz. Finally, GS is estimated by the SmartGaitTM on-board software as

GS = SL · PF (3.1)

with units of (m·s−1).

3.2.3 Instrumented structure

The test structure that serves as a vibrating surface is selected for its dynamic
characteristics, and it exhibits significant vertical vibration where, in extreme cases,
the acceleration reaches 1 g. The simple-support beam and a subject wearing the
SmartGaitTM are shown in Fig. 3.1. The structure is a W30x132 steel beam A992
(Fy = 345 MPa and E = 200 GPa) that is simply supported on top of two concrete
blocks, one at each end (see Fig. 3.1(c)). Cross section of the steel beam is depicted in
Fig. 3.1(c). The length of the beam is 15.24 m with an unsupported distance between
the two concrete blocks of 14.6 m. Two 3 m elevated wood platforms are installed as
starting and ending surfaces to allow subjects to reach steady-state walking conditions
before entering the beam. The entire structure weighs 29.4 kN. Twenty-two vertical
accelerometers are used to measure the structural responses, with locations schemat-
ically depicted in Fig. 3.1(c). An additional accelerometer (No. 19 not included in
Fig. 3.1(c)) is used as a trigger to indicate the time stamps at which the subject
enters and leaves the beam. The installed accelerometers are piezoelectric sensors
model 333B40 with a sensitivity of (±10%) 500 mV·g−1 and a frequency range from
0.5 to 3 kHz (PCBPiezotronics, Depew, New York).

A series of forced vibration tests are conducted to measure the response of the
bare structure. For characterization testing performed in advance of pedestrian tests,
the structure is excited using an electrodynamic shaker located 1.82 m from the
midspan with a 1.8 kg moving mass in vertical direction. The shaker is fixed in the
vertical direction on the structure (referenced with a square in Fig. 3.1(c)) with an
accelerometer on the base (accelerometer No. 7) and another accelerometer on the
moving mass (accelerometer No. 22). In each test, the shaker is driven with an input
that is either a linear or logarithmic swept-sine signal with a frequency range of 0.4
to 22 Hz spanning 480 s. The high-fidelity data acquisition system sampled all 22
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(a) Test subject walking with the SmartGait system on the struc-
ture.

Foot 
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(c) Beam top view with platforms, accelerometers, and shaker locations and beam cross section.

Fig. 3.1.: SmartGaitTM system and test structure.

channels at 1024 Hz with excitation signal amplitudes ranging from 1 to 5 V. The 22
accelerometers recorded only vertical acceleration responses.

Modal analysis is performed to identify the dynamic properties of the test struc-
ture. Based on the experimental input/output signal relations, transfer functions
of the dynamic system are calculated and plotted as magnitude and phase. Then,
a ratio of two polynomials in the Laplace variable s is fit to the experimental fre-
quency response functions (Dyke et al., 1996). Specifically, the transfer functions
from the relative acceleration of the moving mass to each of the measured responses
are estimated. A representative Bode plot for the experimentally determined transfer
function from the relative acceleration of the moving mass to the response at ac-
celerometer No. 20 is shown in Fig. 3.2. The first three vertical modes are identified
at 2.08 Hz, 8.06 Hz, and 18.18 Hz with associated damping ratios of 0.07%, 0.13%,
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and 0.07%, respectively. Two torsional modes are identified at 5.69 Hz and 15.06 Hz.
Additionally, a single lateral mode is later obtained at 10.47 Hz with a horizontal
arrangement of accelerometers that are not included in Fig. 3.1(c).

Fig. 3.2.: Experimental and identified transfer functions.

The SmartGait data are processed to obtain the SL, SW, PF, and GS (Fig. 3.3(a-
d)). The corresponding data for the same pedestrian position on both surfaces are
determined in each recorded data to compare the measurements across the trials.
As a location reference, two vertical dashed lines are used in the figures to indicate
when the pedestrian is on the beam and its counterpart on the floor. The same step
positions are identified in each trial to directly compare these measurements within
walking location for the same subject. For each test, the average value between
the right and left foot for each step is obtained to represent each particular test as
a line (see Appendix A for a detail representation of the gait variability for each
pedestrian). Box-and-whisker plots of each pedestrian’s kinematic parameter are
used here to represent the variability of the data. On each box, the central line
indicates the median, and the box indicates the upper and lower quartiles (25th and
75th percentiles). The whiskers represent the distribution of the individual results
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extended to the most extreme data points not considered outliers, and the outliers
are plotted individually using the + symbol.

Fig. 3.3.: Typical data results obtained using the SmartGaitTM system shown the
spatial-temporal gait representation measured in a trial. (a) Step length; (b) Step
width; (c) Pace frequency; (d) Gait speed; (Note: the two vertical dashed lines
indicate when the pedestrian enters and leaves the established walkway either on
the beam or on the ground).

The percent change (PC) is calculated to report the differences between (OGmedian)
and (MSmedian) quantities for the same subject. The PC is a measure of the instan-
taneous difference and is computed when pedestrian is in the middle of both on the
beam and on the ground. If the result is positive it means that a kinematic quantity
increases, and if the result is negative, that quantity decreases. PC is defined as

PC = MSmedian −OGmedian

OGmedian
× 100%. (3.2)
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3.3 Comparison of the gait kinematics on stationary and moving surfaces
for a walking subject using a metronome

In this section, the variability in the gait dynamics is compared on both MS and
OG surfaces when the test subject walked using a metronome. Pedestrian kinematic
parameters are presented for four selected metronome’s frequencies in the middle of
the walkway (Fig. 3.4).

3.3.1 Step length and step width

Under MS conditions, at Fm=1.7 and 2.3 Hz the PC of the SL slightly increases
from 6% to 9% for four of six subjects (Fig. 3.5). At Fm=2.0 and 2.1 Hz, SL increases
until 17% for all the individuals (Fig. 3.5) probably to keep a comfortable SL on
the vibrating surface with an increasing vertical deck acceleration, as shown later in
Fig. 3.8. With regard to SW, it is difficult to draw a conclusion due to apparent
differences in the subjects’ results.

3.3.2 Pace frequency and gait speed

At Fm=1.7 and 2.3 Hz, the PF has PC values between ±2% (Fig. 3.5). However,
at Fm=2.0 and 2.1 Hz the results show that is difficult for the pedestrian to follow the
beat and keep the PF constant due to the deck’s movement ranging the PC between
±6% for high vertical accelerations from 4 to 6 m·s−2 (Fig. 3.8). The GS increases
up to PC=16% during the walking tests on the structure at Fm=1.7 and 2.3 Hz for
four of six subjects. At Fm=2.0 and 2.1 Hz, GS also increases for four of six subjects
until 17%.

3.4 Comparison of the gait kinematics on stationary and moving surfaces
for a walking subject at self-selected pace

In this series of tests, each subject walked at his/her self-selected pace OG and on
an MS. The gait parameter comparison at both surfaces are shown in Fig. 3.6.
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Fig. 3.4.: Comparison for pedestrian kinematic parameters using a metronome’s beat.
Each row depicts a kinematic parameter while each column represents a test subject
both on the stationary and on the moving surface.
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Fig. 3.5.: Percent change (PC) for pedestrian kinematic parameters vs. metronome’s
frequency. Each row depicts a kinematic parameters while each column represents
a prescribed frequency. (Note: horizontal line at 0% indicates when the percentage
increases and decreases).

3.4.1 Step length and step width

When subjects walked at a preferred PF on the beam, the SL are kept similar in
both surfaces for five of six subjects (see Fig 3.7). The results show that walkers tried
to preserve their SL even with significant vibration amplitudes as shown in Fig. 3.8.
However, the SW increased for five subjects with a broad range from 8 to 38% (see
Fig. 3.7). It seemed that in each trial when the structural vibration increased, their
SW also tended to increase probably to improve the balance when vertical movement
of the surface is noticeable.
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Fig. 3.6.: Comparison for pedestrian kinematic parameters at self-selected pace. Each
row depicts a kinematic parameters while each column represents a test subject both
on the stationary and on the moving surface.

3.4.2 Pace frequency and gait speed

Subjects S-2, S-3, S-4, and S-5 slightly decreased their PF parameter keeping them
around PC=-6% as shown in Fig. 3.7. In contrast, subjects S-1 and S-6 increase their
PF to 7.5% and 5%, respectively. However, there is one case that is of special interest.
When subject S-1 walked on the beam near the dominant frequency of the combined
pedestrian-structure system, he/she shifted his/her PF in phase with the structure’s
oscillation and kept it close to PF=2.08 Hz most of the trials. This synchronization
could generate a deck’s vertical impulse on the subject at the same time that he/she
increased the dynamic load when the heel struck the structure in a positive feedback
loop. This effect may explain the obtained peak acceleration values (until 6.5 m·s−2)
with a body mass of 55 kg (see the black circles in Fig. 3.8). The PC of the GS
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Fig. 3.7.: Percent change (PC) for pedestrian kinematic parameters at self-selected
pace. Each row depicts a kinematic parameters while each column represents a test
subject. (Note: horizontal line at 0% indicates when the percentage increases and
decreases).

parameter for subject S-1, S-3, and S-6 increase until PC=14%. Subjects S-2, S-4,
and S-5 decrease their PC from -6% to -18%.

A summary of the variations on gait characteristics based on the experimental
results are indicated in Table 3.2.

3.5 Influence of the vibration level in the gait dynamics

In this section, the influence of the vibration level in the gait dynamics is evalu-
ated. Fig. 3.8 shows the peak vertical response of the beam in terms of accelerations
produced by each single walker. The filled circles depict the peak acceleration in the
middle of the structure with its corresponding frequency for each pedestrian during
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Table 3.2.: Obtained ranges for each gait parameter.

Gait
parameter

Metronome’s beat Self-selected

Fm (Hz) PC (%) PC (%)

SL 1.7 & 2.3 [-9 to 11] [-12 to 8]2.0 & 2.1 [-2 to 18]
SW 1.7 & 2.3 [-17 to 17] [-15 to 40]2.0 & 2.1 [-13 to 28]
PF 1.7 & 2.3 [-2.5 to 2.5] [-6 to 7]2.0 & 2.1 [-6 to 5]
GS 1.7 & 2.3 [-15 to 18] [-18 to 13]2.0 & 2.1 [-4 to 19]

metronomic walking. The black circles represent the peak acceleration response when
a pedestrian walked at self-selected pace. The results reveal that resonance occurs
at a frequency lower than the natural frequency on the empty bridge. This variation
can be attributed to the pedestrian mass, stiffness, and damping that behaves as an
attached dynamic oscillator and modified the dynamic properties of the bare struc-
ture (Gomez et al., 2018). The gray volume in Fig. 3.8 is obtained by estimating
the change in the frequency of the pedestrian-structure system by adding the maxi-
mum lumped mass for the tested subjects (m = 109 kg) in the middle of the beam.
The peak responses for each pedestrian following the beat laid in the gray volume,
however their magnitude varied for each trial until 30% revealing the intrinsic lack
of consistency (intra-subject variability) in human locomotion and their effect when
interact with a structure.

In Fig. 3.9 the mass of each test subject is plotted against the maximum value
of the structural acceleration response in the midspan. Four different metronome’s
frequencies are selected in the analysis. Fm=1.7 and 2.3 Hz are plotted because
they are the lowest and highest prescribed cadence frequency values, respectively.
Fm=2.0 and 2.1 Hz are also selected due to their proximity to the beam’s first vertical
frequency of vibration (f1 = 2.08 Hz), where dynamic amplification in the pedestrian-
structure system’s response is expected. Fig. 3.9 shows that when the metronome’s
frequency was set to 1.7 and 2.3 Hz, the peak acceleration values are not influenced
by the pedestrian mass. However, when Fm was set to 2.0 and 2.1 Hz, the dynamic
response increases when the mass increases for most of the pedestrians. Clearly, the
structural response is also highly influenced by the biodynamic damping and stiffness,
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Fig. 3.8.: Peak acceleration as a function of pedestrian mass and coupled system’s
frequency.

but the mass seems like a meaningful parameter that can be easily measured for a
preliminary structural response estimation.

Based on the percent changes obtained in Section 3.3, the midspan peak acceler-
ation of the moving surface is related with each gait parameter. Figs. 3.10 and 3.11
depict the influence of the vibration levels in the the gait characteristics of the test
subjects. When the metronome was set to 1.7 and 2.3 Hz, the pedestrian was sub-
jected, in most of the cases, to vibration levels up to 2.5 m·s−2 approximately, which
is near the maximum acceptable value (2.5 m·s−2) in guidelines and standard (e.g.,
Sétra (2006) and Heinemeyer et al. (2007)). The obtained PC ranges for SL, SW,
PF, and GS (-9 to 11%, -17 to 17%, -2.5 to 2.5%, and -15 to 18%, in in Table 3.2)
are in agreement with the reported results by Dang & Živanović (2016). However,
when the metronome was set to 2.0 and 2.1 Hz, the PF was near to the structure’s
natural frequency producing higher vibration amplitudes and important variations in
the walking locomotion. With vertical acceleration amplitudes higher than 2.5 m·s−2,
the gait parameters showed notable PC changes between both surfaces for SL, SW,
PF, and GS (-2 to 18%, -13 to 28%, -6 to 5%, -4 to 19%, in Table 3.2). These might
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Fig. 3.9.: Peak acceleration as function of pedestrian mass.

be associated with maximizing gait stability on an oscillatory surface without any
concern to minimize expended metabolic energy. Thus, the subject seemed to pro-
vide extra energy when the pacing frequency was close to the vertical frequency of the
structure to maintain the required cadence. This implies that the subject spent more
energy in the walking process to adapt and modulate the gait at an unnatural pace
frequency, consistent with published experimental observations (Holt et al., 1995).

When the PF was not prescribed by a metronome’s beat, pedestrians were able to
walk freely on both surfaces. While four of them decreased their PF on the MS, one
subject walked on the beam with a pace frequency higher than 2.08 Hz (subject S-6),
and the other one shifted his/her pace frequency in phase to the natural frequency of
the pedestrian-beam system (subject S-1) (See the obtained PC ranges for SL, SW,
PF, and GS in Table 3.2). The results showed that subjects that walked with a PF
far from the structural frequency did not modify their gait parameters significantly
because of the low level of vibration. However, when the level of vibration was
noticeable at a frequency close to the natural pace frequency, the subject could either
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decrease his/her gait parameters to avoid an increase in the surface vibration or shift
his/her PF with the surface movement to walk in synchrony with the structure. It
seems that subjects might be susceptible to use the vertical impulse during the swing
phase to reduce the metabolic cost of walking by taking advantage of the structural
movement. This phenomenon might be evidence for vertical lock-in in pedestrian-
structure interaction where the pedestrian tries unconsciously to modify their gait
characteristics in order to minimize his/her metabolic energy, as was demonstrated
in the lateral direction by (Strogatz et al., 2005; Joshi & Srinivasan, 2015, 2018).

3.6 Summary

In this chapter the spatial-temporal intra-subject gait parameter changes for a
pedestrian walking both OG and MS conditions were quantified. A previous study
showed the influence of low-frequency vertical vibration on human walking by using a
treadmill on top of a bridge (Dang & Živanović, 2016). Besides, they used a shaker to
produce stationary levels of vibration at the same time the pedestrian was walking on
the treadmill. However, treadmill walking might not fully reflect natural gait dynam-
ics when the stride speed is constrained. From this perspective, we extended their
initial results adapting a beam that served as a lively structure to measure vertical
vibrations under real conditions while a pedestrian wore a non-invasive gait analyzer
device. As a result, the structural vibration amplitude caused in the experimental
study was appreciable for all of the subjects while walking, exposing them to differ-
ent self-induced vertical acceleration levels. The main findings are: (1) the obtained
ranges for each gait parameter based on different levels of vertical accelerations when
the pacing frequency was controlled by a metronome, (2) the gait parameter changes
in terms of ranges when the subject walked freely at self-selected pace showing the gait
adaptation to the moving conditions, and (3) the relation between the gait parameters
and how these changes affect the structural response.
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(a) Step length percentage change as function of the peak acceleration.

(b) Step width percentage change as function of the peak acceleration.

Fig. 3.10.: Influence of vibration amplitude in the pedestrian gait dynamics.
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(a) Pace frequency percentage change as function of the peak acceleration.

(b) Gait speed percentage change as function of the peak acceleration.

Fig. 3.11.: Influence of vibration amplitude in the pedestrian gait dynamics.
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4. STRUCTURED UNCERTAINTY FOR A
PEDESTRIAN-STRUCTURE INTERACTION MODEL

Model variability in control engineering is often represented using perturbations.
Specifically, in interval analysis (Moens & Vandepitte, 2007; Henriques, 2008; Moore
et al., 2009) and robust control (Packard, 1998; Skogestad & Postlethwaite, 2007),
uncertain variables can be defined in closed-bounded real intervals as parametric un-
certainties. The uncertainty in each parameter can be modeled with a nominal value
and a range of possible variations where the perturbations are organized in a struc-
tured manner (Paw & Balas, 2008). The parametric uncertainty technique has been
applied to civil infrastructure to suppress the dynamic response (e.g., Venini (1998),
Marinova & Stavroulakis (2007), and Huo et al. (2016) among others). They devel-
oped robust control approaches that consider parametric uncertainties in designing
a control algorithm for a structural frame with an active mass damper. In these
studies, the linear fractional transformation (LFT) is used as an effective approach to
include parametric uncertainties in the dynamic system. By separating what is known
from what is unknown in the dynamic subsystem, a feedback-like connection can be
transformed into an LFT structured uncertainty model (Moreno & Thomson, 2010).
Therefore, the model with uncertainties obtained using the LFT method has the ad-
vantage of relating each of the uncertainties with a physically meaningful parameter
in the system. As a result, parametric perturbation modeling, as a non-probabilistic
method, facilitates the calculation of structural system response bounds.

In this chapter a new analytical approach to include such uncertainties in pedestrian-
structure interaction analysis is developed and verified. A coupled model is used in
which the pedestrian is modeled as a moving dynamic subsystem represented by a
single degree-of-freedom (SDOF) oscillator. The structure is modeled as a multi-
ple degree-of-freedom (MDOF) mechanical system. To represent the variability of
the pedestrian’s dynamic characteristics, uncertainty is included in the pedestrian
subsystem. Parameters, including the mass, viscous damping, elastic stiffness, pace
frequency, and the initial velocity in the vertical direction of the body center of mass,
are considered to be uncertain model quantities using the LFT. To characterize the
uncertainties in this pedestrian model, experimental data collected with test subjects
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walking on a flexible surface are used. The capabilities of the model are evaluated
in terms of their ability to predict the structural responses. The analysis considers
the variability in the human-induced load among several single pedestrians (inter-
subject variability) as well as the variability overall in the human-induced load for
various pedestrians (intra-subject variability) are verified. Through the comparisons
between the experimental data and the simulated envelope responses using the uncer-
tain model, the capabilities of the approach to capture the combined system response
is demonstrated in both the time and frequency domains.

The contribution of this chapter is to develop a systematic approach to describe
the uncertainty of the pedestrian subsystem that provides a robust model suited for
adoption in current design procedures. The model highlights the sensitivity of the
structural response to pedestrian parameter variations. Thus, it enables the designer
to perform an appropriate analysis and design reliable and robust structures that
achieve desirable performance even with realistic response variations.

The organization of this chapter is as follows. In Section 4.1, the uncertain sys-
tem modeling concept is explained, and the structured parametric description of the
pedestrian subsystem is developed. The coupled equations governing the dynamics
of the system are provided with these uncertainties, and their closed-loop representa-
tion is discussed. In Section 4.2, the experimental program is described, including the
characteristics of the pedestrian test subjects and the structure. Section 4.3 provides
the results, where parametric uncertainties are determined and simulated structural
response envelopes using the uncertain model are compared to the measured accel-
eration data. Finally, the main findings are discussed and potential applications for
this model are considered in the Summary.

4.1 Representing system uncertainties

The PSI model established in Chapter 2 is adopted here in order to develop an
approach to consider parametric uncertainties. The pedestrian is assumed to walk
at a constant velocity v(t), which is represented in the biodynamic model with the
step length and the pace frequency Fp. The PSI model assumes continuous contact
of the pedestrian with the structure by means of a contact point, which defines the
pedestrian’s position at each instant in time. This coupled system is partitioned
into two dynamic subsystems as shown in Fig. 4.1. One subsystem represents the



57

pedestrian, and is modeled as a traveling oscillator. The other subsystem represents
the structure, and is represented as a finite element model (see Section 4.1.3).

1 2 · · ·
i−th n

ÿi(t)

v(t)

q(t)

Step length

m̄p

c̄p k̄p

Pedestrian
Subsystem

Structural Subsystem

Fig. 4.1.: Model of the nominal pedestrian-structure interaction system.

4.1.1 Pedestrian subsystem definition

The pedestrian subsystem includes the biomechanical characteristics of the pedes-
trian represented as a linear oscillator (i.e., a mass-spring-damper (MSD)). Nominal
biodynamic parameters include a lumped mass m̄p that is attached to a linear spring
and a viscous linear dashpot with coefficients k̄p and c̄p, respectively. The nominal
pedestrian subsystem dynamics are governed by the differential equation

m̄pq̈(t) + c̄pq̇(t) + k̄pq(t) = −m̄pÿi(t) (4.1)

where q(t), q̇(t), q̈(t) are the vertical displacement, velocity, and acceleration of the
body COM relative to the structure, respectively, and ÿi(t) is the i-th structural
nodal acceleration at the pedestrian’s point of contact (this is used as the input to
the pedestrian subsystem at each time step). The output of this subsystem model
is the force imparted by the pedestrian to the structure at the i-th point of contact,
defined as F con

i (t) and given by

F con
i (t) = c̄pq̇(t) + k̄pq (t). (4.2)

The block diagram of this nominal pedestrian subsystem model is illustrated in
Fig 4.2.
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Fig. 4.2.: Nominal pedestrian subsystem block diagram.

As the pedestrian travels horizontally, this model considers one additional pa-
rameter, a non-zero vertical initial velocity condition q̇ (to) that is imparted on the
dynamic oscillator at each step. This initial velocity is equivalent to an impulse ex-
citation at each step (at the instant when each foot hits the ground). To define the
pedestrian’s time-varying position, a vector is created

Γ =
[
0 0 . . . 1 . . . 0

]ᵀ
(4.3)

where Γ is used to represent the position of the pedestrian at each time, and thus
defines the point where the contact force F con

i (t) is applied to the structure in the
system of equations. The length of this vector corresponds to the number of possible
discrete pedestrian positions on the bridge. All components of this vector are equal
to zero except the one that specifies the pedestrian location at a particular time.

4.1.2 Structured parametric model uncertainty

In general, the precise mass, damping, and stiffness for a pedestrian will not be
known, either because they are hard to measure or due to inter- or intra-subject
variability (C. Caprani & Ahmadi, 2016; Racic & Brownjohn, 2011). Intrinsic uncer-
tainties in the human body are included in the MSD biodynamic model as paramet-
ric uncertainties. Thus, the dynamic response of a pedestrian-structure system with
uncertain-but-bounded pedestrian parameters can then be determined by represent-
ing the uncertain quantities as an LFT. By considering a suitable range of possible
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values for the biodynamic parameters to represent our lack of knowledge about the
pedestrian, realistic variability in pedestrian characteristics may be considered in the
analysis, and subsequently incorporated into the design process.

Uncertainty in a given parameter is modeled using a nominal value and an as-
sociated range of possible variations, where the perturbations ∆ are organized in a
structured manner (Skogestad & Postlethwaite, 2007). In this study, the LFT is used
to include such parametric uncertainties in the pedestrian subsystem. The LFT is
defined as the closed-loop transfer matrices from w 7→ z and is represented by the
operator Fu (N,∆), the upper LFT of N and ∆ (Marinova & Stavroulakis, 2007;
Moreno & Thomson, 2010; K. Zhou & Doyle, 1998) as shown in Fig. 4.3. Thus,
an uncertain model obtained using the LFT method has the advantage of directly
relating each uncertainty with a physically meaningful parameter in the pedestrian
subsystem.

∆

N

u∆ y∆

w z

Fig. 4.3.: LFT of a linear uncertain system.

Here, the realization of the LFT model, Fu (N,∆), is achieved through the derivation
of the N and ∆ matrices from the pedestrian subsystem. N is the coefficient matrix.
It is decomposed as shown in Eq. (4.4) into the known and unknown parts of the
uncertain system. N22 represents the nominal system, and the remaining matrices
describe how the system varies with the perturbed parameters. The matrix N is
represented as

N =
N11 N12

N21 N22

 . (4.4)

Thus, with some manipulations of the input and output signals of the block N in
Fig. 4.3, we can show
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y∆ = N11u∆ + N12w

z = N21u∆ + N22w

u∆ = ∆y∆.

(4.5)

Assuming that (I−N11∆)−1 exists, the LFT can be reduced to a linear function
Fu (N,∆) where

z =
[
N22 + N21∆(I−N11∆)−1N12

]
︸ ︷︷ ︸

Fu(N,∆)

w. (4.6)

The uncertainty block ∆ in Eq. (4.6) contains the unknown portions of the uncertain
system, included in a structured manner with real scalar system model uncertainties
along its diagonal. These model uncertainties are assumed to be bounded as

∆ = {δ ∈ R| − 1 < δ < 1} . (4.7)

The inputs and outputs of ∆ are represented by y∆ and u∆, respectively. As a
result, the parametric uncertainties are defined as the set of all possible values and
are parameterized using this uncertainty block.

The uncertain biodynamic parameters of the model, mp, cp, and kp represent the
possible perturbations of each parameter in the pedestrian subsystem. The nominal
value of m̄p, c̄p, and k̄p are the average values of mass, damping and stiffness of a
pedestrian, respectively. The uncertainty, or the variation from the nominal value, is
expressed as a percentage of the nominal value of the mass, damping, and stiffness
are defined by pm, pc, and pk, respectively. The perturbations in the pedestrian mass,
damping, and stiffness, defined as δm, δc, and δk, respectively, are unknown but lie in
the interval [−1, 1], and can be lumped as

∆ =


δm

δc

δk

 . (4.8)

As a result, the constant block diagram representation of the nominal model in Fig. 4.2
is modified to include each parameter with its specific known intervals, as is depicted
in Fig. 4.4.
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Fig. 4.4.: Pedestrian subsystem model with parametric uncertainties.

The structured dynamic representation to model the perturbed pedestrian param-
eters uses an LFT in δ represented as Fu (N, δ). Using this approach, the mass mp is
expressed as an inverse multiplicative uncertainty, and its upper LFT representation
in δm is

1
mp

= 1
m̄p (1 + pmδm) = 1

m̄p︸︷︷︸
N22

+ (−pm)︸ ︷︷ ︸
N21

δm

1− (−pm)︸ ︷︷ ︸
N11

δm


−1

1
m̄p︸︷︷︸
N12

= Fu (Nm, δm) with Nm =
−pm

1
m̄p

−pm
1

m̄p

,
(4.9)

while the damping cp and stiffness kp coefficients are expressed as multiplicative un-
certainties that can be represented as an LFT using δc and δk, respectively, as
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cp = c̄p (1 + pcδc) = c̄p︸︷︷︸
N22

+ pc︸︷︷︸
N21

δc

1− 0︸︷︷︸
N11

δc

−1

c̄p︸︷︷︸
N12

= Fu (Nc, δc) with Nc =
 0 c̄p

pc c̄p

,
(4.10)

and

kp = k̄p (1 + pkδk) = k̄p︸︷︷︸
N22

+ pk︸︷︷︸
N21

δk

1− 0︸︷︷︸
N11

δk

−1

k̄p︸︷︷︸
N12

= Fu (Nk, δk) with Nk =
 0 k̄p

pk k̄p

.
(4.11)

Within the structured uncertainty configuration in Fig. 4.4, the equations relating
all inputs to their corresponding outputs around those perturbed parameters are
obtained (Gu et al., 2005). The perturbed system can be arranged into an uncertain
state-space (uSS) model, as described in detail by Packard (1998). The augmented
interconnected system in Fig. 4.4 is given by



ẋ1

ẋ2

−−
ym

yc

yk

−−
F con

i



=



0 1 | 0 0 0 | 0
− k̄p

m̄p
− c̄p

m̄p
| pm − pc

m̄p
− pk

m̄p
| −1

−−− −−− −− −−− −−− −−− −− −−−
k̄p

m̄p

c̄p

m̄p
| −pm

pc

m̄p

pk

m̄p
| 0

0 c̄p | 0 0 0 | 0
k̄p 0 | 0 0 0 | 0
−−− −−− −− −−− −−− −−− −− −−−
k̄p c̄p | 0 pc pk | 0


︸ ︷︷ ︸

Gped



x1

x2

−−
um

uc

uk

−−
ÿi


(4.12)

where Gped is the uSS realization of the perturbed pedestrian subsystem. Gped has
four inputs (um, uc, uk, and ÿi), four outputs (ym, yc, yk, and F con

i ) and two states
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(x1, x2), as shown in Eq. (4.12). The effects of uncertain pedestrian parameters on
the system Gped are lumped in a matrix form as

u∆ = ∆y∆ (4.13)

with the outputs and inputs of the perturbation block ∆ defined as u∆ = [um uc uk]T

and y∆ = [ym yc yk]T , respectively. The Gped matrix in Eq. (4.12) includes the
input/output dynamics of the pedestrian subsystem, including the uncertainties in
the parameters shown in Eq. (4.13) (see Fig. 4.5). Note that a major advantage of
this approach is that Gped is completely defined by the average biodynamic values
m̄p, c̄p, and k̄p, and the percentages of uncertainties pm, pc, and pk.

Gpeduk

uc

um

ÿi
yk

yc

ym

F con
i

Fig. 4.5.: Input/output of the uncertain pedestrian subsystem.

4.1.3 Structural subsystem definition

The equation of motion for a conventional finite element model of a structure with
a point force excitation can be expressed in matrix form as

Msÿ (t) + Csẏ (t) + Ksy (t) = ΓF con
i (t) (4.14)

where the matrices Ms, Cs, and Ks are the global mass, damping, and stiffness
condensed matrices, respectively. The output vector of the structural subsystem
may be selected to include the displacement y (t), velocity ẏ (t), and acceleration
ÿ (t) responses at the nodes of the model. The i-th structural nodal acceleration
output at the pedestrian’s point of contact ÿi(t) is used as the input to the pedestrian
subsystem. The vertical force imparted by the pedestrian F con

i (t) is applied at the
i-th point of contact, simulating each individual step of the pedestrian. For the sake
of simplicity, no uncertainties in this subsystem are considered. A block diagram
representation of the structural subsystem is depicted in Fig. 2.2 but is reproduced
below for convenience.
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Fig. 4.6.: Structural subsystem block diagram.

4.1.4 PSI model with structured uncertainties

Using the perturbed pedestrian subsystem and the deterministic structural sub-
system, a pedestrian-structure interaction model with structured uncertainties (uPSI)
is assembled to consider the influence of a walker with unknown dynamic parameters
on a structure, as depicted in Fig. 4.7. The bidirectional interaction between the
structure and pedestrian is included by using dynamic substructuring, capturing the
effect of each subsystem on the other. By simulating the coupled set of equations,
this time-varying model has been shown to capture the interacting system dynam-
ics. Then, as the coupled system is perturbed, a family of responses is obtained.
Consequently, the range of responses of this closed-loop system (i.e., the envelope of
responses) can be easily obtained for any discretized structure (Gomez et al., 2018).

To obtain the envelope of structural responses for this perturbed, dynamically-
coupled model, the two subsystems are solved together to include the interaction
based on the location of the pedestrian as the pedestrian traverses the structure. The
procedure for this uncertain analysis is broken into seven main steps as described
below:

1. Establish the nominal values of the pedestrian’s biodynamic parameters, includ-
ing mass m̄p, damping c̄p, stiffness k̄p, pace frequency F̄p, and vertical initial
velocity ¯̇q (to). Then, define uncertainties as a percentage of each parameter’s
nominal value to define the uncertain intervals.



65

1 2 · · ·
i−th

ÿi(t)

n
ÿi(t)

F con
i (t)

v(t)

Step length

mp
q(t)

cp kp

Uncertain
Pedestrian
Subsystem

Structural Subsystem

Fig. 4.7.: Pedestrian-structure interaction model with uncertainties

2. Obtain the LFT realization using Eqs. 4.9, 4.10, and 4.11 for each pedestrian
characteristic. By deriving N and ∆ from the uncertain subsystem, the aug-
mented input/output model, shown in Fig. 4.4, is built.

3. Obtain the uSS model for the pedestrian subsystem using the augmented in-
put/output expressions defined by Eqs. 4.12 and 4.13.

4. Assemble and condense the matrices of the structural subsystem Ms, Cs, and
Ks, using the step length as the distance between the lumped masses given by
Eq. 4.14.

5. Initialize the states of the structural subsystem (y (0) = ẏ (0) = 0) and the
pedestrian subsystem (q(0) = q̇(0) = F con

i (0) = 0).

6. Select an appropriate time increment ∆t to perform the numerical integration.
Typically the integration time step is chosen to correspond to a frequency that
is at least ten times the natural frequency of the highest mode of the structural
model.

(a) The iterative procedure starts defining the number of pedestrian strides as
the vector i = 1..n, where n is the number of pedestrian spatial locations
on the structure subsystem, as:
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i. The length of the i−th iteration is defined by tk = 0..∆t..St, and
represents the time duration between two strides of the pedestrian
as St = 1/Fp. By using the output of the uSS model, the family of
perturbed responses can be obtained as follows:

• Compute F con
i (tk) as the family of forces applied to the structure

subsystem at the i−th pedestrian location using Eq. 4.2, while the
family of nodal responses of the structural subsystem, in terms of
displacement y (tk), velocity ẏ (tk), and acceleration ÿ (tk), are
calculated by solving the equation of motion given by Eq. 4.14 as
an interactive system.
• Extract the family of nodal vertical accelerations ÿi(tk) at the i−th

contact point which is the interface point between the pedestrian
and the structure, and apply them as inputs in Eq. 4.1.
• Compute the family of relative responses in displacement q(tk)

and velocity q̇(tk) of the uncertain pedestrian model using the
uSS model defined in step 3, and obtain the new F con

i (tk+1) to be
applied in the next iteration.

ii. Repeat Step 6(a)i until St is reached. This means that the pedestrian
has completed stride i and a new stride, i+ 1, will begin.

(b) Set the initial state values of the structural subsystem for loop i+ 1 equal
to the final state values from the previous iteration i, as

yi+1 (0) = yi(St)

ẏi+1 (0) = ẏi(St).
(4.15)

The initial states in the pedestrian subsystem must also be set equal to the
final state values from the previous iteration. Moreover, an initial COM
vertical velocity q̇ (to), to add energy at each stride, is applied as follows

qi+1 (0) = qi(St)

q̇i+1 (0) = q̇i(St) + q̇(to)
(4.16)

(c) The new position of the pedestrian at location i+1 will start from Step 6a.
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7. Repeat Steps 6a to 6c until the pedestrian exits the footbridge when i = n.

4.2 Experimental setup and procedure

The experimental study described herein is conducted to measure typical struc-
tural responses induced by a single walking pedestrian. The test beam that serves
as the experimental structure was described in detail in Section 3.2.3. The vibra-
tion amplitude of the simple-support beam shown in Fig. 4.8 is appreciable for all of
the subjects while walking during the test program, exhibiting significant pedestrian-
structure interaction. However, only the first three vertical modes are included in the
structural subsystem model.

Fig. 4.8.: Test structure used in the experimental program.

4.2.1 Subjects and anthropometric data

Fifteen participants (five females; mean age 31.8 (range 23-41) years; mean height
1.74 (range 1.53-1.90) m; mean weight 83.7 (range 49.3-108.9) kg) were enrolled in
the study. No participants had any disease or disorder that impacted their gait, as
verified by self-reporting. All participants signed an informed consent approved by
the Institutional Review Board of Purdue University. Two gait modes were examined:
(1) a self-selected speed, and (2) a prescribed cadence, where the participant walked
at a frequency set by a metronome. In the analysis, each pass across the bridge
is considered as a trial. Six trials at a self-selected speed were completed, and five
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trials at a prescribed cadence were completed, where the prescribed frequency was
randomly selected between 1.7 and 2.3 Hz. A total of 615 trials were used in this
study.

Several prior studies have sought to determine deterministic MSD biodynamic
parameters for a single pedestrian during PSI. A summary of the reported values, as
mean, standard deviation (SD), and/or the range of values, from those studies are
summarized in Table 4.1. Despite this amount of effort dedicated to this activity,
there is still a significant scarcity of results and a disparity in the damping and
stiffness coefficient values obtained. Even for most of the studies conducted on a
rigid surface, a wide range of results in the biomechanic characteristics are noticeable.
Although some efforts have recently been conducted by Zhang et al. (2016), Wang et
al. (2017), and da Silva et al. (2013) where the natural frequency and damping ratio
are determined as functions of the pacing frequency, there is still no consensus among
these studies regarding the biodynamic values and their impact on the inter-person
variability. This lack of consistency plays a key role in any PSI analysis and must be
considered in the analysis stage to meet serviceability-based design requirements.
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4.3 Results and discussion

In this section, the experimental data is used to quantify the uncertainties and
to investigate their impact on the response of the coupled system. A comparison is
made between the experimental and predicted responses to demonstrate the validity of
the proposed approach. Various cases are considered in which the parameter ranges
are determined for a single pedestrian in multiple trials (intra-person variability),
or different pedestrians (inter-person variability) under specific conditions. For the
sake of simplicity and to focus on the pedestrian variability, the beam’s structural
parameters are considered to be known. Thus, variations are not imposed on the
structural subsystem parameters. In contrast, the pedestrian subsystem parameters
such as, mass mp, damping cp, stiffness kp, pace frequency Fp, and the vertical COM
initial velocity q̇(to), are assumed to be uncertain-but-bounded parameters. Nominal
parameters are chosen as the average value of the ranges obtained. To quantify
the variability in each parameter, the relative magnitude of the uncertainty (RMU)
(Skogestad & Postlethwaite, 2007; Elishakoff et al., 1994) is defined as a percentage
using

RMU = εu − εl

2ε̄ × 100% (4.17)

where εu, εl, and ε̄, are the upper-bound, the lower-bound, and the mean values,
respectively. The RMU for the mp, cp, kp, Fp, and q̇(to) are denoted as pm, pc, pk,
pf , and pq, respectively. In addition, the peak acceleration response (PAR) ratio is
defined as the ratio between the largest ÿu

L/2 and smallest ÿl
L/2 values of the maximum

absolute acceleration response at midspan. The PAR is used to quantify the impact
of the variability by considering the range of experimental response produced by a
single pedestrian in the time domain, and is computed as

PAR =
max

∣∣∣ÿU
L/2

∣∣∣
max

∣∣∣ÿL
L/2

∣∣∣ . (4.18)

The parameter intervals are obtained based on several experimental tests con-
ducted with a subject walking on a lively structural surface. By comparing the
variations observed in the given measurement data with the robust envelope, devel-
oped based on the simulated responses, appropriate ranges for the parameters of the
pedestrian model are estimated. This process is performed manually with only a few
iterations, by changing the interval values to obtain the envelope that encompasses



71

the desired region. This procedure is simple yet systematic, and also takes advantage
of the computational efficiency of the LFT approach.

The acceleration responses of the experimental data are plotted for comparison
with the uPSI model predictions. Intra-subject variability is examined by compar-
ing the responses of the same participant walking at (1) self-selected speed and (2)
prescribed cadences. Inter-subject variability is examined by comparing different par-
ticipants walking at (1) self-selected speed and (2) prescribed cadences. Figs. 4.9-4.13
each provide experimentally measured results for a visual comparison with the en-
velope of uncertain simulated results (i.e., the uPSI model output). Each solid line
represents the vertical acceleration recorded at the beam’s midspan in a single test,
while the gray region depicts the envelope of simulated responses. Also, an analysis
based on the short-time Fourier transform is used to track the maximum of the power
spectral density at each of the time points in the spectrogram. Then, the spectra
of instantaneous frequencies versus time is obtained and plotted for each trial. Both
the acceleration record (in (a) and (c)) and the instantaneous frequency (in (b) and
(d)), are shown versus time. It can be observed from each figure, that the structural
response remains at zero before the pedestrian enters the beam. The response clearly
attenuates during a free vibration phase after the subject has exited the beam.

4.3.1 Response comparison for a walking subject using a metronome

In this initial study, different trials are examined for a single pedestrian on the
test structure. The measured responses are used to determine the uncertain param-
eter range, and the simulated responses are shown for a single subject to evaluate
intra-person variability. Two subjects are considered with quite different physical
characteristics. Each subject walks while following an audible beat with a specified
frequency Fm produced by a metronome. Two representative plots showing the mea-
sured responses for each trial (solid line) and the simulated envelope of responses (gray
region) are shown in Figs. 4.9 and 4.10 for the two different subjects. The data in
these figures corresponds to the case in which the frequency of the metronome’s beat
Fm is set to 1.7 and 2.0 Hz. The body mass of each subject is measured directly in the
lab, with a 1 kg variation assumed as modeling error. Other biodynamic parameter
ranges for cp, kp, Fp, and q̇(to) are estimated by matching the bounded-responses of
the model with the experimental measurements. Structural responses (Figs. 4.9 and
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4.10) and biodynamic parameters with their variabilities (Table 4.2) are shown for
two subjects with different masses walking at 1.7 and 2.0 Hz.

Note that when these two subjects walk at a frequency of Fp = 1.7 Hz, the
maximum amplitude of the acceleration responses are relatively similar, even though
the mass of the subject S-09 is almost double that of subject S-02. However, when they
are instructed to walk with a gait frequency that is close to the natural frequency
of the structure, the structural acceleration response produced by subject S-09 is
approximately double that of the acceleration response with subject S-02. Also, note
that the COM initial velocity parameter q̇(to) increases because the pedestrian must
provide extra energy when the pace frequency is close to the vertical frequency of the
structure. This implies that the subject expends more energy in the walking process
to adapt and modulate gait at an unnatural pace frequency, consistent with published
experimental observations (Holt et al., 1995). This also corresponds to an increase in
the pedestrian stiffness during the gait cycle.

Table 4.2.: Perturbed biodynamic parameters obtained for a walking subject following
an audible beat.

Fm [Hz] Subject mp [kg] kp [N ·m−1] cp [kg · s−1] q̇(to) [m · s−1] Fp [Hz] PAR
m̄p pm [%] k̄p pk [%] c̄p pc [%] ¯̇q(to) pq [%] F̄p pf [%]

1.7 S-02 55 ±1.8 11000 ±9.1 200 ±50.0 0.45 ±11.1 1.71 ±2.9 1.57
2.0 S-02 55 ±1.8 15000 ±6.7 250 ±10.0 0.6 ±11.7 2.01 ±2.0 1.49
1.7 S-09 109 ±0.9 20000 ±15.0 500 ±10.0 0.4 ±12.5 1.71 ±1.8 1.16
2.0 S-09 109 ±0.9 24000 ±4.2 650 ±7.7 0.92 ±10.9 2.05 ±1.2 1.28
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(a) Subject S-02.

(b) Subject S-09.

Fig. 4.9.: Single experimental record for a subject walking on the structure (solid line)
and uPSI model prediction (gray region) at Fm = 1.7 Hz. The two vertical dashed
lines indicate when the pedestrian is walking on the beam. (a) and (c) Midspan
acceleration amplitude; (b) and (d) Spectrum of instantaneous frequencies versus
time. The horizontal dotted line in (b) and (d) represents the first vertical natural
frequency of the bare structure.
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(a) Subject S-02.

(b) Subject S-09.

Fig. 4.10.: Single experimental record for a subject walking on the structure (solid
line) and uPSI model prediction (gray region) at Fm = 2.0 Hz. The two vertical dashed
lines indicate when the pedestrian is walking on the beam. (a) and (c) Midspan
acceleration amplitude; (b) and (d) Spectrum of instantaneous frequencies versus
time. The horizontal dotted line in (b) and (d) represents the first vertical natural
frequency of the bare structure.
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4.3.2 Response comparison for a single subject walking at a self-selected
pace

In these tests, each subject walks at his/her self-selected and natural speed, pro-
ducing structural responses and associated biodynamic parameters that are compared
among the individual subjects to evaluate the intra-person variability. Structural re-
sponses (see Fig. 4.11) and biodynamic parameters with their variabilities (Table 4.3)
are shown for two subjects with different masses walking freely on the structure. As
shown in Fig. 4.11(a and b), several trials are performed with subject S-06. This
subject demonstrates a self-selected pace frequency that has a small range from 1.89
to 1.97 Hz. This variability in the pace frequency might be produced by changes
in the step length, changes in the subject horizontal walking speed, or simply from
measurement error. However, the differences do affect the peak acceleration response
values, which ranged from 1.22 to 2.69 m · s−2.

Subject S-15 exhibits very different results (see Fig. 4.11(c and d)). Here the self-
selected pace frequency is higher than the first vertical frequency of the structure. The
subject’s pace frequency ranges from 2.18 to 2.24 Hz. However, the peak acceleration
response varies much less here, with values ranging from 1.39 to 1.68 m · s−2, thus
showing less sensitivity in the coupled dynamic response. Even for this subject, the
parameter values and ranges obtained (see Table 4.3) produce a good correlation
between the model response envelope and the observed data.

Table 4.3.: Perturbed biodynamic parameters obtained for a walking subject at self-
selected pace frequency.

Subject mp [kg] kp [N ·m−1] cp [kg · s−1] q̇(to) [m · s−1] Fp [Hz] PAR
m̄p pm [%] k̄p pk [%] c̄p pc [%] ¯̇q(to) pq [%] F̄p pf [%]

S-06 77 ±1.3 8000 ±50.0 295 ±16.9 0.37 ±16.2 1.93 ±2.1 2.2
S-15 49 ±2.0 14000 ±14.3 400 ±12.5 0.5 ±10.0 2.21 ±1.4 1.2
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(a) Subject S-06.

(b) Subject S-15.

Fig. 4.11.: Single experimental record for a subject walking on the structure (solid
line) and uPSI model prediction (gray region) at self-selected speed. The two vertical
dashed lines indicate when the pedestrian is walking on the beam. (a) and (c) Midspan
acceleration amplitude; (b) and (d) Spectrum of instantaneous frequencies versus
time. The horizontal dotted line in (b) and (d) represents the first vertical natural
frequency of the bare structure.
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From these results we conclude that individual test subjects, either when walking
at self-selected speed or following a periodic beat, do not walk in a similar manner
showing in every trial a spatial-temporal gait variation as shown in Chapter 3. This
observation demonstrates an inability to consistently predict the walking patterns of
any single subject. However, the PSI model with uncertainties is able to appropriately
incorporate modeling errors to capture the broad range of responses obtained in the
experimental data. This finding corroborates the concept of intra-subject variability
discussed by Živanović (2006) who concludes that deterministic models have a limited
ability to predict structural responses due to the use of a unique set of parameters.

4.3.3 Response comparison between subjects using the metronome

Next, to gain some insight into inter-subject parameter variability and its effects,
the dynamic responses with different pedestrians are examined. For this analysis, the
structural response is compared for fifteen subjects that walk following an audible
beat. The experimental and simulated responses when the metronome is set to 1.8,
2.1, and 2.3 Hz are shown in Fig. 4.12(a-f). In these figures, each solid line represents
a single experimental record for a different subject walking on the structure.

The parameter ranges needed to capture the variability of these subjects with dif-
ferent biodynamic characteristics are depicted in Table 4.4. Note that the mean value
for the pedestrian mass is experimentally obtained in Section 4.2.1 and a variation of
±30 kg is used in the analytic model. Also, the variability in the pedestrian model
parameters, when multiple pedestrians are included, is considerably larger than those
obtained when only the structural responses from a single pedestrian are analyzed (see
Table 4.2). The increase in these parameters observed is attributed to the necessity
of representing the inter-person variation in the parameters.

Table 4.4.: Perturbed biodynamic parameters obtained for walking subjects following
an audible beat.

Fm [Hz] mp [kg] kp [N ·m−1] cp [kg · s−1] q̇(to) [m · s−1] Fp [Hz] PAR
m̄p pm [%] k̄p pk [%] c̄p pc [%] ¯̇q(to) pq [%] F̄p pf [%]

1.8 85 ±35.3 8000 ±50.0 500 ±20 0.31 ±32.3 1.82 ±2.2 2.9
2.1 85 ±35.3 7000 ±28.6 350 ±28.6 0.82 ±30.5 2.12 ±0.9 1.7
2.3 85 ±35.3 12000 ±25 350 ±21.4 0.35 ±42.9 2.32 ±1.7 1.8
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(a) Fm = 1.8 Hz.

(b) Fm = 2.1 Hz.

(c) Fm = 2.3 Hz.

Fig. 4.12.: Single experimental record for a different subject walking on the structure
(solid line) and uPSI model prediction (gray region) following a metronome. (a), (c)
and (e) Midspan acceleration amplitude; (b), (d) and (f) Spectrum of instantaneous
frequencies versus time.
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4.3.4 Response comparison between subjects walking freely

Finally, the structural response comparison produce by each subject walking at
self-selected gait frequency is shown in Fig. 4.13. The simulated and experimental ac-
celeration response in time domain is depicted in Fig. 4.13(a), while the instantaneous
frequency of the response is shown in Fig. 4.13(b).

Fig. 4.13.: Single experimental record for a different subject walking on the struc-
ture (solid line) and uPSI model prediction (gray region) at self-selected speed. The
two vertical dashed lines indicate when the pedestrian is walking on the beam. (a)
Midspan acceleration amplitude; (b) Spectrum of instantaneous frequencies versus
time. The horizontal dotted line in (b) represents the first vertical natural frequency
of the bare structure.

The estimated ranges for the pedestrian parameters are given in Table 4.5. The
PAR is 3.3, which indicates the substantial variation in the structural response pro-
duced by having different subjects. However, it should be noticed that the nominal
value of q̇(to) remains lower indicating that when a subject walks at self-selected
speed, he/she expends less energy to perform each gait cycle, consistent with pub-
lished experimental observations (Holt et al., 1995).

The lack of consistency in the pedestrian’s parameters verify the hypothesis, that
it is important to consider the inter- and intra-subject variability. This need sug-
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Table 4.5.: Perturbed biodynamic parameters obtained for walking subjects at self-
selected pace frequency.

Subject mp [kg] kp [N ·m−1] cp [kg · s−1] q̇(to) [m · s−1] Fp [Hz] PAR
m̄p pm [%] k̄p pk [%] c̄p pc [%] ¯̇q(to) pq [%] F̄p pf [%]

All 85 ±35.3 18000 ±16.7 800 ±25 0.32 ±31.3 1.97 ±9.6 3.3

gests that parametric uncertainty should be incorporated when pursuing a robust
and comprehensive analysis methodology that can inform the design process. By
visually comparing the variation in the experimental data with the envelope of the
simulated responses, good agreement is obtained and parameter uncertainties can be
quantified using an LFT representations. The results imply, even for the same sub-
ject, that the biodynamic parameters cp, kp, and q̇(to) vary, and they also depend on
the pace frequency Fp to compensate for changes in speed and levels of vibration.

Overall, the results demonstrate that the uPSI model predictions for the time-
varying, coupled uncertain system can capture the recorded experimental accelera-
tions. The estimated results with these models not only exhibit a bounded response
that is similar to the experimental data, but also have good agreement with the time-
dependent frequency variation of the response. Furthermore, it is observed that the
nominal value and obtained ranges of the pedestrian biodynamic model, shown in Ta-
ble 4.5, are within the variation ranges reported in earlier studies and documented here
in Table 4.1. Thus, simulated bounded envelopes using the parameter ranges identi-
fied capture the interval of possible responses of this combined pedestrian-structure
system in both the time and frequency domains. The uPSI model provides a com-
prehensive view of the possible variations in the response. It also demonstrates the
importance of explicitly describing the uncertainty, and thus enabling robust design
and analysis to meet realistic serviceability specifications.

4.4 Summary

In this chapter a pedestrian-structure interaction model that is intended to cap-
ture the variability of human biodynamic parameters is developed. The predicted
responses are generated using a closed-loop configuration with a moving contact point
to define the pedestrian location. The envelope for the experimental responses is ob-
tained using the LFT with structured uncertainties, yielding closed-bound intervals
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for the biodynamic parameters. Using several tests with a single subject, a parame-
ter range is determined that captures the variability associated with a single subject.
Then the response of the structure with several different subjects are examined, and
the associated intervals are also determined to capture the variability in the biody-
namic parameters for several different subjects.
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5. EXPERIMENTAL AND NUMERICAL VIBRATION
SERVICEABILITY ASSESSMENT OF A FOOTBRIDGE

5.1 Introduction

In this chapter an assessment of the vibration serviceability limit state of an in-
service pedestrian bridge is performed. The approaches used in current guidelines are
implemented to assess the serviceability criteria in a full scale footbridge based on
normal operating conditions of the structure. The experimental program consists of
both ambient response measurements and human-induced vibration to capture the
dynamic characteristics of the operational footbridge. The identified fundamental
vibration frequency in the vertical direction based on ambient measurements lies in a
critical frequency range near the pace frequency, thus a vibration comfort assessment
is required using the current design standards. To obtain the peak acceleration re-
sponses of the structure, experimental results for different human-induced load condi-
tions are used. Then, numerical simulations using a pedestrian-structure interaction
model are conducted to obtain the robust prediction response. These are used to
demonstrate that the proposed methodology described in Chapter 4 can be easily
adopted to assess the serviceability comfort limit in the design stage.

Although a crowd-loaded scenario is the ideal traffic case with different pedestrian
densities, there are no common criteria regarding the number of individuals to assume
in a crowd, the density of pedestrian traffic, or the degree of pace synchronization.
Therefore, the complexity of the model becomes impractical and unrealistic. Besides,
most of the guidelines use an estimated response for a single pedestrian modified by
a factor to represent crowd-induced vibration on a structure (Van Nimmen et al.,
2014). Hence, a simple but refined pedestrian-structure interaction model to account
for the randomness in the dynamic properties of the walker is used here.

This chapter is organized as follows. Section 5.2 describes the experimental study
conducted in a full scale pedestrian bridge. Ambient vibration measurements are
used to estimate the operational modal characteristics of the bridge. An FE model
is developed and updated based on the identified vibration frequencies and modal
damping ratios. Section 5.3 presents the vibration serviceability assessment of the
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footbridge and its comparison with current codes and standards. Several experimen-
tal human-induced load tests are conducted with one, two, and three pedestrians
crossing the structure. The experimental bridge response data are then compared
against the predicted structural response envelopes using the uncertain PSI model
for different pace frequencies. Finally, the results from the experimental results and
the acceptability comfort criteria are presented in the Summary.

5.2 Footbridge description and experimental setup

A pedestrian bridge is selected with the aim to assess the response of a mod-
ern structure under service conditions. The Hackberry Lane Pedestrian Bridge (see
Fig 5.1), built in 2013 on the campus of the University of Alabama in the city of
Tuscaloosa, is adopted to conduct a footbridge serviceability analysis in this study.
The structure is an instrumented footbridge that exhibits dynamic interaction when
crossed by pedestrians. The footbridge, based on a note in the original drawings,
was designed in accordance with the AISC (2011). The crossbow bridge is made of
steel and concrete with a span length of 44.35 m between abutments and a width of
3.65 m. Two trusses support a 6 in galvanized composite concrete floor deck with
floor beams at regular intervals along the length of the bridge. In the design phase,
the pedestrian bridge was analyzed for a uniform dead load of 90 psf and a live load
of 85 psf, with allowed live load reduction up to 65 psf. An additional live load of
5 tons was included to consider light vehicle traffic on the bridge in the design.

Fig. 5.1.: Hackberry Lane pedestrian bridge in Tuscaloosa Alabama.
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5.2.1 Full scale measurements

The pedestrian bridge is instrumented with six PCB 393B31 uniaxial accelerom-
eters to capture vertical vibrations of the structure (see Fig. 5.2). The sensitivity
of the sensors is (±5%) 10 V·g−1 with a frequency range of (±5%) 0.1 to 200 Hz.
These sensors are connected to the data acquisition system with standard cables.
The data acquisition software package used in the testing program was configured
with a sampling frequency of 1024 Hz.

Ambient vibration tests are conducted to identify the natural frequencies, vibra-
tion modes, and modal damping ratios of the footbridge. The experimental data is
analyzed to identify the modal characteristics of the bridge. Several different ambient
acceleration response measurement sets are used in this analysis. The time history
and time-frequency representation from a representative ambient experimental accel-
eration response recorded during the experiments (Channel No. 4 in Fig. 5.2) are
shown in Fig. 5.3(a). Using the stochastic subspace identification (SSI) algorithm,
an operational modal analysis using output-only measurements are conducted. The
stabilization diagram together with the power spectral density (PSD) of the response
are superimposed to identify the stable poles of the structure, as shown in Fig. 5.3(b).
It is shown that stable frequencies associated with the predominant modes are found.

The first three vertical modes are at 2.26, 5.29 and 9.11 Hz, which correspond to
the 1st, 4th and 6th mode shapes, respectively, as shown in Fig. 5.4. The damping
ratios associated with the first three vertical modes are identified to be 1.1%, 0.97%
and 0.88%. The first two torsional modes are at 2.64 Hz and 7.3 Hz with associated
damping ratios of 0.97% and 1.91%, respectively. The torsional modes are the 2nd and
5th mode shapes. Although, there are no measurements taken in the lateral direction,
a mode shape in this direction is obtained. The 3rd identified mode at 3.79 Hz is found
to be associated with the 1st lateral mode based on the numerical model presented in
Section 5.2.2.

5.2.2 Numerical modeling of the footbridge

Based on the structural drawings of the bridge (Lansdell et al., 2017; S. Zhou
& Song, 2018), a 3-D finite element model (FEM) of the bridge is built assuming
linear elastic behavior using SAP2000TM (Computer & structures, 2017). The struc-
tural members are modeled as beam elements with each node having 6-DOF. The
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19(a) Elevation and plan views of the footbridge structure.

Ch 1

Ch 5

Ch 3

Ch 4

Ch 2

Ch 6

(b) Accelerometers in the vertical direction in the structure.

Fig. 5.2.: Details of the instrumented pedestrian bridge.

total number of DOF in the FE model is 1038, including the rotations as the bound-
ary conditions at the supports. The geometry, element connectivity, superimposed
loads, element sections, and material properties of the SAP2000 model are output to
MATLABTM (MATLAB, 2017). The above-mentioned information is then used to
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(a) Structural acceleration under ambient vibration and time-frequency rep-
resentation of the measured responses of the bridge.

(b) Stabilization diagram obtained from SSI algorithm and power spectral
density as reference.

Fig. 5.3.: Measured ambient response of the bridge (Channel No. 4).
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Fig. 5.4.: Identified mode shapes of the footbridge. Mode 1: 1st vertical. Mode 2: 1st

torsional. Mode 3: 1st lateral . Mode 4: 2nd vertical. Mode 5: 2nd torsional. Mode 6:
3rd vertical.

develop a FEM able to be used to perform a dynamic analysis applying the framework
described in Chapters 2 and 4.

To reduced the order of the FE model without loss of relevant and necessary
information, a lumped mass matrix per element based upon their tributary areas with
zero rotational mass is used in MATLAB. DOFs with small mass (less than 1% of
the maximum value) are neglected and assumed as zero. Then, static condensation
is applied by apportioning the mass and stiffness matrices into dynamic (non-zero
mass) and zero mass DOF. Once this step is completed, the transformation matrix
is determined, and the condensed mass and stiffness matrix are obtained. This series
of operations reduces the model to 213-DOFs. These assumptions are confirmed by
comparing the frequencies and mode shapes obtained with the SAP2000 model and
the reduced model (see Fig. 5.5). The modal characteristics of the SAP2000 model,
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which incorporates all vertical and rotational DOFs, is compared with the reduced
model, which results in error values several orders of magnitude smaller than the
initial model. Based on these results the DOF reduction applied to obtain a reduced
order model seems to be realistic. The reduced model is compared based on the
experimental modal analysis data to match, as close as possible, the first vertical
mode shape and its corresponding frequency, as shown in Table 5.1.

Fig. 5.5.: Analytical mode shapes of the footbridge. Mode 1: 1st vertical. Mode 2:
1st torsional. Mode 3: 1st lateral . Mode 4: 2nd vertical. Mode 5: 2nd torsional. Mode
6: 3rd vertical.
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Table 5.1.: Experimental and FEM modal parameters of the footbridge.

Mode Shape Experimental SAP2000 MATLAB

fn [Hz] ζ [%] fn [Hz] fn [Hz]
1st vertical 2.26 1.10 2.26 2.26
1st torsional 2.64 0.97 2.61 2.61
1st lateral 3.79 0.88 2.97 2.97
2nd vertical 5.29 0.30 3.81 3.81
2nd torsional 7.30 1.91 5.63 5.63
3rd vertical 9.11 1.21 6.72 6.72

Using the obtained experimental modal damping ratios (see Table 5.1), the damp-
ing matrix is formed by assuming proportional damping, as given by

Cstr = (Φᵀ)−1 ĈstrΦ−1 (5.1)

where Φ is the modal matrix and the (·)ᵀ symbol denotes the transpose operation.
In this equation Ĉ is

ΦᵀCstrΦ = Ĉstr =


2ζ1ω1m1

2ζ2ω2m2
. . .

2ζnωnmn

 (5.2)

where ζi, ωi and, mi are the modal damping ratio, the natural frequency, and the
generalized modal mass of the i−th mode shape, respectively.

5.3 Serviceability assessment for vertical vibration

The forced vibration response measurements of the footbridge are obtained when
one, two, and three pedestrians walked along the structure. The pedestrians walk
at a prescribed cadence where the pace frequency is synchronized by a metronome’s
beat. In the analysis, each pass across the bridge is considered as a trial. Several
trials at a prescribed cadence are completed, where the metronome’s frequency is set
to 1.7, 1.9, 2.0, 2.1, 2.15, 2.2 and 2.3 Hz. Here, comparisons are made between the
measured vertical acceleration responses of this footbridge, the uncertain PSI model
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prediction using the obtained ranges of the biodynamic parameters in Chapter 4, and
the serviceability standards in current guidelines.

5.3.1 Experimental assessment of pedestrian-induced vibration

The serviceability is examined by comparing the responses of the same partic-
ipant walking at different prescribed cadences. Distinct trials are investigated for
different pedestrian load conditions to evaluate the vibration levels on a footbridge.
The pedestrian walked while following an audible beat with a specified frequency
Fm produced by a metronome. Two representative plots showing the measured ac-
celeration responses for each trial (solid line) and their corresponding time-frequency
representations, are depicted in Fig. 5.6 for one pedestrian and in Appendix B for two
and three synchronized pedestrian, respectively. The experimental results in these fig-
ures correspond to the cases in which the frequency of the metronome’s beat was set
to 1.7, 1.9, 2.2, and 2.3 Hz. Note that when the pedestrian walk following the beat
at 2.2 Hz, the maximum amplitude of the acceleration response is obtained. Thus,
resonance effects are produced in the pedestrian bridge. Even for only one pedestrian
(see Fig. 5.6), the amplitude of the vertical acceleration response reached 0.6 m·s−2

when the pace frequency is near the first vertical natural frequency of the structure.
Horizontal stripes in time-frequency plots show the qualitative energy content due

to the dominant harmonics of the pedestrian load that excite a particular mode shape.
For instance, the pedestrian, in Fig. 5.6(a), follows the metronome’s beat walking at
1.7 Hz. Then, induced harmonics appear at 1.7, 3.4, 5.1, 6.8 Hz and so on. Hence,
the 2nd vertical mode of the structure at 5.3 Hz is excited by the 3rd harmonic of
the load showing a dark red stripe at that frequency. Similar effect happens when
the metronome is set to 1.9 Hz (see Fig. 5.6(b)). The harmonics of the pedestrian
load produce responses in the vertical mode shapes at 2.26, 5.3, 9.1 Hz, as well as
in the torsional modes at 2.64 and 7.3 Hz. It means that the input energy provided
by the pedestrian is spread and dissipated in different modes without increasing the
structural response. However, when the pedestrian walks at 2.2 Hz (see Fig. 5.6(c)),
the energy that is input by the walking force is concentrated mostly in the first mode,
producing a resonant condition that increases the response of the bridge. Finally,
when the metronome’s beat is set to 2.3 Hz, the 1st and 3rd modes of the structure are
excited by the 1st and 4th harmonics of the walking load, respectively (see Fig. 5.6(d)).
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(a) Fm=1.7 Hz. (b) Fm=1.9 Hz.

(c) Fm=2.2 Hz. (d) Fm=2.3 Hz.

Fig. 5.6.: Vertical accelerations due to a pedestrian walking at different frequencies
(Channel No. 04).

Similar behavior can be distinguished when two and three synchronized pedestrians
walk along the footbridge as shown in Appendix B.

5.3.2 Comparison with current standards

The vibration serviceability requirement in current guidelines is a two-step pro-
cedure (Gheitasi et al., 2016). First, a limit value for the vibration frequency is
compared with the natural frequencies of the footbridge. If the structure does not
meet this requirement because one or more frequencies lie in the critical frequency
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range specified for the code, the second step needs to be conducted. The second
step includes a more comprehensive dynamic analysis, where the structural acceler-
ation response is obtained since the fundamental frequencies are close enough to the
pace frequency and its harmonics. Then, vibration comfort is assessed comparing the
acceleration results with the maximum allowable acceleration values recommended
in current guidelines (see Table 1.2). The design codes evaluated in this study are:
AASHTO (2009), ISO-10137 (2007), Eurocode-5 (EN 1995-2, 2004), and Sétra (2006).
Even when these standards are based on frequency and acceleration criteria, all of
them have different comfort limit approaches to account for the acceptability of vi-
bration.

The experimental results show that the natural frequency at 3.79 Hz associated
with the lateral mode shape of the footbridge is in accordance with the frequency
criterion in the guidelines. This confirms there is no risk of resonance under medial
lateral pedestrian load. Therefore, this case is not analyzed in this study. However,
the frequency of the first mode in vertical direction (2.26 Hz) lies in the critical
frequency range established by the mentioned codes (see Fig. 5.7(a)). As a result,
the acceleration response of the bridge at the midspam needs to be verified. The
maximum vertical acceleration for one (Fig. 5.7(b)), two, and three (Fig. 5.7(c))
pedestrians are assessed in terms of vibration comfort levels. The comparison between
the experimental peak accelerations and the maximum allowable values in the codes,
as well as the comfort regions established by Sétra (2006), are reported in Fig. 5.7(b
and c) for one and three pedestrians, respectively.

For one pedestrian crossing the bridge (see Fig. 5.7(b)) the predicted maximum ac-
celeration calculated with Sétra (2006)(dashed-dotted line) and Eurocode-5 (EN 1995-
2, 2004)(dash line) are 0.18 m·s−2 and 0.26 m·s−2, respectively. Notice that these peak
accelerations limits are lower than those obtained during the experimental test when
the metronome was set to 2.2 Hz. At this pace frequency the footbridge peak acceler-
ation reached 0.6 m·s−2 exceeding the maximum comfort region established by Sétra
(2006). The vertical acceleration limit defined by ISO-10137 (2007) is not a function
of the number of pedestrians because it is established as an upper limit to keep the
vibration in a comfortable level. Thus, the limit value for this code remains the same,
no matter the number of pedestrians walking on the bridge.

For three synchronized pedestrian (see Fig. 5.7(c)), the experimental peak accel-
erations recorded at Fm=2.15 Hz, exceed the maximum allowable acceleration limits
established by Eurocode-5 (EN 1995-2, 2004), Sétra (2006) and ISO-10137 (2007),
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whose maximum predicted values are 0.26, 0.31 and 0.7 m·s−2, respectively. It should
be mentioned that the density of the pedestrian crowd is defined as the number of
pedestrians over the deck (Sétra, 2006; Heinemeyer et al., 2007). For this test, the
density due to three pedestrians on the bridge is 0.02 pedestrians·m−2. Because this
value is found to be extremely low considering the location of the footbridge on the
University campus, is very likely that a dense traffic condition might occur. For
a dense traffic load Sétra (2006) and Hivoss (Heinemeyer et al., 2007) suggest 0.8
pedestrians·m−2 as the density considered in the design, representing a group of 140
synchronized pedestrians over the bridge at the same time. Using this pedestrian
density value, the estimated peak acceleration on the bridge is 1.9 m·s−2, which is in
the minimum comfort region.

It can be seen in Fig. 5.7(b and c) that under walking-induced loads, the levels of
accelerations exceed the recommended limits proposed by the considered guidelines.
These results are in agreement with the pedestrian perception of vibrations during
the experiments. Thus, the acceptance criteria for human serviceability conditions of
the footbridge are not suitable, even for only one pedestrian, hence, vibration comfort
is not assured.

5.3.3 Numerical prediction of the structural response

Finally, a simulation using the framework developed in this dissertation is used to
demonstrate that the pedestrian-structure behavior can be successfully anticipated
in the design stage. A comparison is made between the experimental and predicted
responses to demonstrate the validity of the approach proposed in Chapters 2 and
4. The robust response prediction of the footbridge is conducted using the modular
framework developed in Chapter 2. Because the human influence on the structure
has revealed considerable randomness that is not considered in any code, the pedes-
trian is modeled as an uncertain dynamic subsystem represented by a single SDOF
oscillator. To represent the variability of the pedestrian’s dynamic characteristics,
uncertainties are included in the pedestrian subsystem following the procedure es-
tablished in Chapter 4. The pedestrian subsystem parameters such as, mass mp,
damping cp, stiffness kp, pace frequency Fp, and the vertical body COM initial ve-
locity q̇(to), are assumed to be uncertain-but-bounded parameters. The biomechanic
parameter ranges in Table 4.5 are used to model a single pedestrian under a specific
pace frequency condition. The structural parameters of the footbridge are considered
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(a) Midspan peak acceleration as a function of the
metronome’s frequency.

(b) One pedestrian.

(c) Three pedestrians.

Fig. 5.7.: Vibration serviceability assessment of a footbridge under pedestrian-induced
loads.
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to be known. Thus, variations on the structural subsystem parameters are not take
into account.

The experimental and simulated responses when the metronome is set to 1.7, 2.2,
and 2.3 Hz are shown in Fig. 5.8(a-c). The prescribed frequencies at 1.7 and 2.3 Hz
are chosen to represent the minimum and maximum credible pace frequency of a
pedestrian. Due to the dynamic characteristics of the bridge, the level of interactions
between the pedestrian and structure at these frequencies is low. However, a high
level of interaction is noticeable when Fm is set 2.2 Hz. Each solid line represents the
vertical acceleration recorded at the midspan of the footbridge in a single test, while
the gray region depicts the envelope of simulated response. By visually comparing
the variation in each trial in the experimental test with the envelope of the simulated
responses, good agreement is obtained. The PSI model with uncertainties is able
to appropriately incorporate modeling errors to capture the broad range of responses
exhibiting a bounded response that is similar to the experimental data. Therefore, it is
observed that the simulated bounded envelopes using the parameter ranges identified
in Chapter 4 capture the interval of possible responses of this combined pedestrian-
structure system.

To perform a robust estimate of the structural response, parametric uncertainties
should be incorporated into the analysis prior the design stage. Prediction of the
bridge’s dynamic response obtained according to current codes might differ from the
real value of an operational bridge revealing, in some cases, unexpected behavior.
Therefore, this framework can easily be applied for a serviceability assessment to
address the vibration effects under pedestrian-induced loads considering the inter-
and intra-subject variability. This type of analysis, performed at design stage, can
help to determine if there is a need for an adjustment in the structural design or
implementation of an energy dissipation device.

5.4 Summary

This chapter presents the vibration serviceability assessment of an in-service foot-
bridge under controlled walking-induced load. An experimental program including
ambient measurements as well as pedestrian-induced vibration is conducted to obtain
the dynamic characteristics of the footbridge in both empty and in-service conditions.
A reduced order numerical model is built and used with the framework developed in
this dissertation to consider pedestrian uncertainties and interactions. Experimen-
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(a) Fm = 1.7 Hz.

(b) Fm = 2.2 Hz.

(c) Fm = 2.3 Hz.

Fig. 5.8.: Midspan acceleration amplitude of three experimental trials for a pedes-
trian walking on the footbridge (solid line) and uncertain PSI model prediction (gray
region). The two vertical dashed lines indicate when the pedestrian enters and leaves
the bridge.
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tal responses for different pedestrian load conditions are used to obtain observations
of the dynamic behavior of the bridge. Serviceability verification of the footbridge
is performed using current standards and guidelines. Two general alternatives are
typically considered to enhance the serviceability performance of a footbridges. The
first option is to increase the stiffness of the structure to shift its natural frequencies
out of the range excited by pedestrians. This criterion is the first to be considered
in any design code. However, the stiffening solution will also increase the mass and
sometimes could be very intrusive. The second option is to increase the damping of
the bridge to reduce the resonant response. However, this alternative is not explicitly
defined in any code or standard. Thus, further investigation should be conducted
to design and implement dissipative devices in the analysis and design stages of the
structure.

The assessment results show that the predicted maximum acceleration responses
by Eurocode-5 (EN 1995-2, 2004), Sétra (2006), and ISO-10137 (2007) differ from
the experimental results obtained for controlled single pedestrian and synchronized
crowd conditions. The recorded experimental acceleration data of the bridge exceed
the acceptable comfort limits established by these guidelines. The peak acceleration
of the structure is underestimated when the pace frequency is close to the funda-
mental frequency. Consequently, a more comprehensive dynamic analysis is required
to estimate reliable vibration levels, particularly when the fundamental frequency in
vertical direction of the bridge lies in the pace frequency range (between 1.6 to 2.4 Hz)
where vibration problems are expected.

Finally, the framework developed in this dissertation is used to predict pedestrian-
structure behavior during the design stage. The simulated bounded envelope re-
sponses using the parameter ranges identified in Chapter 4 show good agreement with
the experimental data. It demonstrates that the proposed uncertain PSI model is able
to capture the interval of possible responses of this combined pedestrian-structure sys-
tem when the uncertainties are described explicitly, thus enabling robust design and
analysis to meet realistic serviceability specifications.
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6. CONCLUSIONS AND RECOMMENDATIONS

In this dissertation, rational analyses of pedestrian-structure interaction have been
performed to properly incorporate these dynamic effects toward more realistic struc-
tural designs. A comprehensive analysis and experimental program was conducted
to quantify both the spatial-temporal variations in gait characteristics when a pedes-
trian is influenced by vertical vibrating conditions and the sensitivity of the structural
response to walking-induced loads including biodynamic parameter variations. The
common point of interest between human motor behavior, feedback systems and ser-
viceability design of structures results in significant contributions in diverse fields.
By blurring these research boundaries, the understanding of pedestrian-structure in-
teraction is pushed further, enabling structural designers to perform an appropriate
analysis and design that achieve desirable performance with realistic response varia-
tions. Thus, key knowledge yielding better understanding and modeling of the effects
of pedestrian-induced dynamic actions on a structure was developed in this disserta-
tion.

To take into consideration pedestrian-structure interaction effects, a sequential
strategy is proposed to be incorporated into the structural analysis and design. In
the future, this approach might be followed to become a simple but effective design
procedure. First, a refined PSI model to account for the interaction and randomness in
the dynamic properties of a walker must be used. Although a crowd-loaded scenario is
the ideal traffic case with different pedestrian densities, there are no common criteria
regarding the number of individuals to assume in a crowd, the density of pedestrian
traffic, nor the degree of pace synchronization. Therefore, the complexity of the
model becomes impractical and unrealistic. Thus, a novel substructuring model that
is able to simulate the interaction between a pedestrian and structure adequately was
developed in this dissertation for improved structural response prediction.

Furthermore, by studying the influence of a lively structure on the pedestrian
gait characteristics, the kinematic variation in terms of step length, step width, pace
frequency, and gait speed were found to have significant differences on a stationary
surface as compared to a moving surface under walking condition. The results showed
a pedestrian’s tendency to modify and adapt one’s gait based on the amplitude and
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the frequency of the vibration, which is likely either for stability balance or metabolic
energy minimization. Based on these results, the assessment of these gait changes in
the design process could be meaningful for the serviceability of pedestrian structures
they must be included at the design stage using the values indicated in Table 3.2.

Then, an explicit description of the pedestrian variability must be used to obtain
a robust design model fully capable of meeting realistic serviceability specifications.
A systematic approach to combine the developed feedback model with gait variability
and intra- and inter-subject biodynamic uncertainties was implemented to provide a
robust model suited to highlight the sensitivity of the structural response to pedes-
trian parameter randomness. Based on these variations, appropriate ranges for the
uncertain biodynamic parameters of the pedestrian were determined in Table 4.5 and
can be used by generating an arbitrary number of simulations to assess the structural
responses. Thus, these findings highlight the effect of human-structure interaction
and emphasize the importance of including this variability in high-fidelity models.

A serviceability verification of a footbridge was performed using the acceptable
comfort limits established by current standards and guidelines. The assessment
showed that the recorded experimental acceleration data of the bridge differed from
the estimated peak acceleration response obtained using the equations provided by
guidelines. It can be concluded that there is no unified agreement in the service-
ability assessment procedures to account for vibration comfort levels. Even the most
advanced standards and guidelines need to be carefully considered in the design stage
due to unforeseen results. Therefore, for any pedestrian structure, whose fundamental
frequency in vertical direction lies in the range of the pace frequency (between 1.6 to
2.4 Hz), a comprehensive procedure must be conducted as an alternative to reduce
the structural vibration.

First, structural design processes currently assume the pedestrian load as static,
which might be not appropriate when the vertical frequency of the structure is be-
tween 1.6 and 2.4 Hz. A simple pedestrian-structure model must be used to include
the bidirectional forces between the coupled system. Second, design guidelines must
reconsider the frequency criterion where the fundamental frequency needs to be high
enough to avoid dynamic amplification under pedestrian activities to offer other op-
tions when, for aesthetic or economic reasons, the frequency of the system cannot be
increased to guideline limits. Increasing the stiffness to shift the natural frequencies
of a footbridge out of the range excited by pedestrians might be unrealistic and even
unreasonable. Decreasing the mass it is also not easy in pedestrian structures where
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non-structural elements are not pervasive. Therefore, for any pedestrian structure,
whose fundamental frequency in vertical direction lies in the range of the pace fre-
quency (between 1.6 to 2.4 Hz), the use of supplemental devices such as a tuned
mass damper (TMD) and/or damper devices is recommended to decrease annoying
excessive vibration that is present even under low traffic conditions. The results and
methodologies here establish a clear understanding of walking-induced load effects in
structures, yielding rational knowledge for improving analysis procedures and design
guidelines for pedestrian structures where vibration leads to a reduction in service-
ability.

6.1 Future research perspectives

Some recommendations for future studies to improve the concepts and method-
ologies developed in this dissertation include:

• The proposed substructured model is presented and shown to be effective in
modeling the coupled dynamics associated with pedestrian-structure interac-
tion. The results demonstrated that the PSI model provides an effective and
reliable approach to simulate the interaction. Furthermore, the flexibility of
this framework could easily incorporate different pedestrian activities and more
complex models, of either pedestrians or bridges, and could also be used as a
framework to consider advanced damping devices or structural control systems.

• In the proposed models, PSI and uncertain PSI, the single and double phase
portions of the pedestrian stance is not distinguished. Future improvements
should consider the possibility to model each leg as a spring and damper to
consider a more natural stride in the simulation. Furthermore, the possibility
of separation of the pedestrian from the bridge should be considered. This
model could readily be extended in the future to consider a running or jumping
human, or to consider variable walking speeds, as needed.

• This study provides a more complete spatial and temporal analysis of the hu-
man gait parameters when the pedestrian is influenced under vertical vibrating
conditions. The results provide a better understanding of the pedestrian intra-
subject gait changes on a lively surface. These findings will enable structural
engineers to incorporate gait changes in realistic pedestrian models in the anal-
ysis and design of structures. However, an extensive statistical analysis with



101

more test subjects, at both moving and rigid surfaces, will refine parameters
regarding the gait variability ranges. Then, their implementation with the PSI
model will yield high-fidelity pedestrian-induced load models providing a better
serviceability prediction of the structural response.

• The frequency criterion in guidelines where the fundamental frequency needs
to be high enough to avoid dynamic amplification under pedestrian activities
should be reconsidered. Fundamental frequencies higher than 5 Hz are unre-
alistic for structures with longer spans. Even 3 Hz is a very strict criterion
that might not control the vibration requirements for serviceability and safety
conditions. The guidelines should allow an alternative design approach to add
external damping to reduce the response, if the fundamental frequency of the
structure is between 1.6 and 2.4.

• The response of the pedestrian-structure system is dominated by the pedestrian-
induced load that behaves as a quasi-periodic load with very well defined har-
monic components. Thus, the effectiveness of a tuned mass damper (TMD) is
considerably less than that expected due to the fact that conventional TMDs
are highly sensitive for the variability of the excitation and the modal changes of
the system. An optimal design of a TMD capable to take the transient loading
and the dynamic effects of the pedestrian-structure interaction into account,
should be further studied to decrease the footbridge response and improve the
serviceability requirements.

• Currently modal analysis is extensively used in PSI due to their ability to rep-
resent a MDOF system into a set of SDOF. However, the assumption of propor-
tional damping is often used and undamped modes which uncouple the mass and
stiffness matrices do simultaneously uncouple the damping matrix. However,
the influence of a crowd-structure system, where is well know that the human
body is a highly damped system, might not allow to decouple the equation of
motions due to non-proportionally damped modes in the coupled system. Fur-
ther analysis in grandstands and theatres where people are sitting would be an
ideal scenario to evaluate if the assumption of proportional modes is still valid.
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A. GAIT VARIABILITY

Gait kinematic characteristic comparison when the pedestrian walked on overground
and on the moving surface. Two gait modes are examined: (1) prescribed cadence,
where the participant walked at a frequency (Fm) set by a metronome, and (2) self-
selected speed. Each pass on the moving surface or on the floor is considered a trial.
The median values were obtained for each pedestrian’s kinematic parameter vs. step
number. Because less than ten trials per test were performed, the median is used
here. To provide a measure of the variability, the median absolute deviation (MAD)
is used for its insensitivity to outliers. The MAD of a dataset is the median of the
absolute values between the i-th data point, xi, and the median of the dataset as

MAD = median (|xi −median (xi)|) . (A.1)
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(a) Stationary surface.

0 5 10 15 20 25
0.7

0.75

0.8

0.85

0.9

0.95

1

0 5 10 15 20 25
0.16

0.18

0.2

0.22

0.24

0 5 10 15 20 25
1.5

1.7

1.9

2.1

2.3

2.5

0 5 10 15 20 25
1.2

1.4

1.6

1.8

2

2.2

(b) Moving surface.

Fig. A.1.: Prescribed cadence: Subject S-1.
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Fig. A.2.: Prescribed cadence: Subject S-2.
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Fig. A.3.: Prescribed cadence: Subject S-3.
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Fig. A.4.: Prescribed cadence: Subject S-4.
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Fig. A.5.: Prescribed cadence: Subject S-5.
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Fig. A.6.: Prescribed cadence: Subject S-6.
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Fig. A.7.: Self-selected pace: Subject S-1.

Fig. A.8.: Self-selected pace: Subject S-2.
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Fig. A.9.: Self-selected pace: Subject S-3.

Fig. A.10.: Self-selected pace: Subject S-4.
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Fig. A.11.: Self-selected pace: Subject S-5.

Fig. A.12.: Self-selected pace: Subject S-6.
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B. STRUCTURAL RESPONSE FOR DIFFERENT
PEDESTRIAN LOAD CONDITIONS

(a) Fm=1.7 Hz. (b) Fm=1.9 Hz.

(c) Fm=2.2 Hz. (d) Fm=2.3 Hz.

Fig. B.1.: Vertical accelerations due to two pedestrians walking at different frequencies
(Channel No. 4).
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(a) Fm=1.7 Hz. (b) Fm=1.9 Hz.

(c) Fm=2.2 Hz. (d) Fm=2.3 Hz.

Fig. B.2.: Vertical accelerations due to three pedestrians walking at different frequen-
cies (Channel No. 4).


	LIST OF TABLES
	LIST OF FIGURES
	ABSTRACT
	INTRODUCTION
	Motivation
	Literature review
	Walking-induced load
	Pedestrian-structure models
	Guidelines and standards

	Objectives and contribution
	Overview of the dissertation

	A SUBSTRUCTURE-BASED MODEL TO DESCRIBE PEDESTRIAN-STRUCTURE INTERACTION
	Mathematical formulation
	Bridge substructure
	Pedestrian substructure
	Pedestrian-bridge interaction model

	Experimental verification
	Experimental setup and parameter identification
	Pedestrian parameters
	Experimental verification of the PSI model 

	Summary

	SPATIAL-TEMPORAL ASSESSMENT OF GAIT DYNAMICS IN WALKING-INDUCED VIBRATION
	Introduction
	Description of the experimental program
	Participants
	Equipment
	Instrumented structure

	Comparison of the gait kinematics on stationary and moving surfaces for a walking subject using a metronome 
	Step length and step width
	Pace frequency and gait speed

	Comparison of the gait kinematics on stationary and moving surfaces for a walking subject at self-selected pace 
	Step length and step width
	Pace frequency and gait speed

	Influence of the vibration level in the gait dynamics
	Summary

	STRUCTURED UNCERTAINTY FOR A PEDESTRIAN-STRUCTURE INTERACTION MODEL
	Representing system uncertainties
	Pedestrian subsystem definition
	Structured parametric model uncertainty
	Structural subsystem definition
	PSI model with structured uncertainties

	Experimental setup and procedure
	Subjects and anthropometric data

	Results and discussion
	Response comparison for a walking subject using a metronome
	Response comparison for a single subject walking at a self-selected pace
	Response comparison between subjects using the metronome
	Response comparison between subjects walking freely

	Summary

	EXPERIMENTAL AND NUMERICAL VIBRATION SERVICEABILITY ASSESSMENT OF A FOOTBRIDGE
	Introduction
	Footbridge description and experimental setup
	Full scale measurements
	Numerical modeling of the footbridge

	Serviceability assessment for vertical vibration
	Experimental assessment of pedestrian-induced vibration
	Comparison with current standards
	Numerical prediction of the structural response

	Summary

	CONCLUSIONS AND RECOMMENDATIONS
	Future research perspectives

	REFERENCES
	GAIT VARIABILITY
	STRUCTURAL RESPONSE FOR DIFFERENT PEDESTRIAN LOAD CONDITIONS


