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Abstract

This paper studies an approach to minimize the power consumption of a mobile robot by controlling its traveling speed and
the frequency of its on-board processor simultaneously. The problem is formulated as a discrete-time optimal control problem
with a random terminal time and probabilistic state constraints. A general solution procedure suitable for arbitrary power
functions of the motor and the processor is proposed. Furthermore, for a class of realistic power functions, the optimal solution
is derived analytically. Interpretations of the optimal solution in the practical context are also discussed. Simulation results
show that the proposed method can save a significant amount of energy compared with some heuristic schemes.
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1 Introduction

Autonomous mobile robots are finding numerous appli-
cations, such as surveillance, transportation, environ-
ment sensing, and search and rescue (Drenner et al.
[2002], Davids [2002], Kurabayashi et al. [1996]). In these
applications, energy conservation is a crucial issue due to
the limited energy that a mobile robot can carry. With-
out demanding computations, the energy consumptions
in a mobile robot are dominated by the driving motor.
However, heavy computations, such as those required by
complex sensing and localization algorithms and path
planning algorithms, are often required while the robot
is in motion; thus the energy consumed by the proces-
sor can not be ignored (Mei et al. [2005]), especially for
small robots (Sibley et al. [2002], Colot et al. [2004]).

The power management of the processor and the speed
control of the motor are usually studied separately. For
the processor, one can schedule its CPU frequency to re-
duce its power consumption for a given task (Ishihara
and Yasuura [1998], Im et al. [2004]). For the motor,
one can manage its speed to reduce the energy for trav-
eling a certain distance (Mei et al. [2006], Wang et al.
[2005]). Since each optimization is performed indepen-
dently, the result may not correspond to the global op-
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timal solution for the overall system. In addition, for a
mobile robot, the deadline for its on-board processor to
finish a job usually depends on the speed of its motion.
Thus the two optimization problems are actually cou-
pled with each other not only through the cost function,
but also through the constraints. Due to this coupling, a
joint power management scheme that optimizes the fre-
quency of the processor and the speed of the motor si-
multaneously may result in a better power performance
for the whole system. We call this coupled optimization
problem for mobile robots the joint speed control and
power scheduling (JSP) problem.

Energy conservation of a mobile robot can be achieved
in many different ways, such as using energy-efficient
motors (Jordan [1994]), computing the energy-efficient
paths (Sun and Reif [2003], Wang et al. [2005]) or prop-
erly controlling some locomotion variables (Silva and
Machado [1999]). Compared with the previous research,
a distinctive feature of the JSP problem is its consider-
ation of the energy consumption of the CPU and the in-
teraction between the CPU and the motor. The problem
is originally proposed in Brateman et al. [2006], where
the best scheduling of the CPU frequency and the motor
speed are obtained through an exhaustive search algo-
rithm. The result is further extended in Brateman [2006],
where a generic algorithm is employed to expedite the
search for the optimal solutions. The main drawbacks
of the previous studies are: (a) the optimal solution can
only be obtained heuristically without any guarantee on
its optimality; and (b) the computation for finding the
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Fig. 1. Motivating example

optimal solution is excessive for real-time applications.
This paper studies the JSP problem from a different per-
spective. We perform a rigorous analysis on the problem,
and derive the solution analytically with guaranteed op-
timality and little computation effort. Specifically, the
contributions of this paper are the following. (a) The JSP
problem is formulated as a discrete time optimal control
problem with a random terminal time and probabilistic
state constraints. (b) The problem is transformed to a
deterministic nonlinear optimization problem and a gen-
eral procedure is proposed to solve it. (c) For a class of
realistic power functions of the motor and the processor,
the optimal solution is obtained analytically. Interpreta-
tions of the optimal solution in the practical context are
also discussed. In summary, this paper gives a complete
formulation and solution to the JSP problem and rep-
resents an important application of the optimal control
theory in the low power design of real-time systems.

The paper is organized as follows. The JSP problem
is introduced and formulated in Section 2. The general
procedure for solving the JSP problem is discussed in
Section 3. The optimal solution of a class of practically
important JSP problems is derived analytically in Sec-
tion 4. Simulation results are presented in Section 5. Fi-
nally, some concluding remarks are given in Section 6.

2 Problem Formulations

2.1 Motivating Example

Before formally formulating the JSP problem, we first il-
lustrate its basic idea through an example. Suppose that
a robot needs to travel from location A to E as shown in
Fig. 1 by following a series of signs placed at some turning
points. Before reaching the next turning point, the robot
must understand the meaning of the next sign through
certain visual recognition algorithm to avoid being lost
or colliding with obstacles. Different motor speeds corre-
spond to different times to reach the next turning point,
thus resulting in different deadlines for the recognition
task. On the other hand, for the on-board processor,
its best operation frequency and the corresponding en-
ergy consumption usually depend on the given deadline.

Hence, the motor’s speed not only determines the mo-
tor’s energy, but also affects the optimal energy for the
processor to finish the recognition task. The problem is
how to jointly control the motor’s speed and the proces-
sor’s frequency so that the robot can complete the trip
with the least energy consumption.

2.2 Deterministic JSP Problem

Motivated by the above example, we consider a general
problem where a mobile robot must finish a given com-
putation task T before traveling a certain distance D.
Let w be the total CPU cycles needed for task T. Sup-
pose that w is evenly divided into L bins, each of which
contains b = w

L cycles. During the execution of the kth

bin, assume that the processor operates at a constant
frequency f(k) and the robot moves at a constant speed
s(k). It is required that

s(k) ≥ 0 and f(k) > 0, k = 1, . . . , L. (1)

In other words, the robot may stop (but never go back)
during the execution of some bins to avoid running over
the given distance D; whereas the frequency of the pro-
cessor must be positive for each bin, as otherwise the
task T can never be completed. The goal of the JSP
problem is to find the best f and s so that the robot can
finish the task T before crossing the distance D, and at
the same time its energy consumption for traveling the
whole distance D is minimized.

Since both s and f are assumed to be constant during
the execution of the kth bin, the time spent for process-
ing the kth bin is b

f(k) , and the distance traveled over

this period is bs(k)
f(k) . Introduce a state variable x(k) to

represent the total distance that the robot has traveled
up to the completion time of the kth bin. Then the state
evolves according to the following difference equation

x(k + 1) = x(k) +
bs(k + 1)

f(k + 1)
, with x(0) = 0. (2)

To finish the task before crossing D, we have:

x(L) ≤ D. (3)

Since we allow the processor to finish the task strictly
before it reaches the destination, the whole process can
be divided into two stages: 1) the processor is comput-
ing while the robot is moving; 2) the computation task
is finished but the robot is still traveling for the remain-
ing distance. Let α(c) be the power consumption 1 of the

1 Here, the power consumption specifically means the rate
of energy dissipation.
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processor at frequency c and β(d) be the power consump-
tion of the motor at speed d. Both α(·) and β(·) are as-
sumed to be differentiable. In the first stage, the energy
consumed by both the processor and the motor is:

J1(f, s; L) =

L
∑

k=1

b

f(k)
[α(f(k)) + β(s(k))] . (4)

The total distance traveled during the first stage is x(L)
and the remaining distance for the second stage is D −
x(L). Upon the completion of the task T, the processor
can be turned off and consumes a constant power α(0).
Since the speed no longer affects the frequency schedul-
ing in the second stage, the robot can be assumed to
travel at a constant positive speed s0 consuming a con-
stant power β(s0). Hence, the energy consumed in the
second stage is

J2(s0; L) =
1

s0
(D − x(L))[α(0) + β(s0)]. (5)

For a known and fixed work load L, the JSP problem
can be formulated as the following discrete time optimal
control problem.

Problem 1 (Deterministic JSP Problem) Find the
controls s0, f(k), and s(k), for k = 1, . . . , L so that the
total energy J1(f, s; L) + J2(s0; L) is minimized subject
to (1), (2), (3) and s0 > 0.

2.3 Random JSP Problem

In Problem 1, we assume that w is fixed and known a
priori. This may not be true for some practical appli-
cations. Many computational tasks for a mobile robot
have some interactions with the environment. The exe-
cution time for these tasks may vary as the environment
changes. As in the motivating example, the recognition
algorithm may take different numbers of CPU cycles as
it processes different types of signs based on the noisy
video images. In this case, w is not fixed and cannot be
known before running the task. However, the statistics
of w is usually available beforehand based on previous
experiments. Therefore, it is more appropriate to assume
that w is a random variable with certain known proba-
bility distribution.

Following the previous notation, let b be a deterministic
constant representing the number of CPU cycles in each
bin. Since w is random, L = w/b, namely, the required
number of bins for a given task, also becomes a random
variable. Assume that L takes value l with probability
pl, l = 1, 2, . . . , n, where n is the maximum number of
bins needed for all the possible tasks. Denote by P (·) the
probability measure of L. Assume that P (L = n) > 0, or
equivalently pn > 0. Instead of minimizing the energy for
a fixed value of L, we shall minimize the expected total

energy over all the possible values of L. Note that only
the terminal time L is random; all the control variables
are still deterministic. Thus the system dynamics is still
governed by the deterministic difference equation (2).
To guarantee that the constraint (3) is always satisfied,
it is required that P (x(L) ≤ D) = 1. Hence, Problem 1
can be extended to the following problem.

Problem 2 (Random JSP Problem) Find the opti-
mal controls s0, f(k) and s(k) for k = 1, . . . , n that

minimize E[J1(f, s; L) + J2(s0; L)],

subject to (1), (2), s0 > 0, and P (x(L) ≤ D) = 1, (6)

where E[·] denotes the expectation with respect to the
probability measure P (·).

Problem 2 is an optimal control problem with random
terminal time L and probabilistic state constraint. Dif-
ferent realizations of the random variable L correspond
to different control horizons. For example, if l < n is a
realization of L for a particular task, then we only need
the controls {s(k), f(k)} up to k = l for this task. Since
L could be any integer between 1 and n, in Problem 2,
we need to find a sequence of control variables over the
largest possible control horizon (k = 1, . . . , n) that can
handle all the possibilities of L.

Problem 1 is a special case of Problem 2. In the rest of
this paper, we will focus on solving Problem 2 and obtain
the solution of Problem 1 as a special case.

3 General Solution Procedure

We first transform Problem 2 to a simpler version. Note
that the solution to the difference equation (2) is simply

x(l) =
l

∑

k=1

bs(k)

f(k)
. (7)

Since P (L ≤ n) = 1 and P (L = n) > 0, the proba-
bilistic state constraint in (6) can be transformed to a
deterministic control constraint as

P (x(L) ≤ D)=1 ⇔ x(n)≤ D ⇔
n

∑

k=1

bs(k)

f(k)
≤ D. (8)

Since s0 only affects J2(s0; L), the optimal value of s0

can be obtained as

s∗0 = argmin
s0>0

J2(s0; L) = argmin
s0>0

α(0) + β(s0)

s0
. (9)

The s∗0 defined above coincides with the optimal travel-
ing speed of the robot with no constraints on the time for
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completing the task. It is thus called the unconstrained
optimal speed in the rest of this paper. To simplify the
problem, an auxiliary control variable is introduced:

g(k) = s(k)/f(k), for k = 1, . . . , n. (10)

Since s(k) ≥ 0 and f(k) > 0, the new variable g(k) is
well defined and is nonnegative. Let Pl = P (L ≥ l) =
∑n

i=l pi and c∗ ,
α(0)+β(s∗

0
)

s∗

0

. With these notations, the

expected energy with s0 = s∗0 reduces to

E[J1(f, s; L)+J2(s
∗
0; L)]=

n
∑

l=1

pl(J1(f, gf ; l)+J2(s
∗
0; l))

=

n
∑

l=1

pl

[

l
∑

k=1

b

f(k)
(α(f(k)) + β(g(k)f(k)))

+
α(0) + β(s∗0)

s∗0
· (D − x(l))

]

=
{

n
∑

l=1

l
∑

k=1

pl
b

f(k)
[α(f(k)) + β(g(k)f(k))]

}

+ c∗D − c∗b

n
∑

l=1

l
∑

k=1

plg(k)

=
{

n
∑

k=1

Pkb

f(k)
[α(f(k)) + β(g(k)f(k))]

}

+ c∗D − c∗b

n
∑

k=1

Pkg(k)

,JP (f, g), (11)

In deriving the second last line, a simple fact has been

used:
∑n

l=1

∑l
k=1 γ(l, k) =

∑n
k=1

∑n
l=k γ(l, k) for an ar-

bitrary function γ(l, k). Considering (7), (10) and (11),
Problem 2 can be simplified as

min
f,g

JP (f, g)

s.t.

n
∑

k=1

g(k)b ≤ D, f(k) > 0 and g(k) ≥ 0.
(12)

Now Problem 2 has been transformed into a nonlinear
optimization problem without any dynamic state equa-
tion constraint. Such a problem can be solved using
various nonlinear programming methods (Luenberger
[1984]) or numerical optimal control algorithms (Teo
et al. [1990, 1991]). Although these computational ap-
proaches may produce a satisfactory solution, they often
suffer from problems such as local minima and high sen-
sitivity to initial guesses. Therefore, finding the optimal
solution analytically, if possible, is definitely preferred.
To characterize the analytical solutions of Problem (12),

we introduce the Lagrangian defined as

L(f, g, λ, v)=JP (f, g)−
n

∑

k=1

λ(k)(g(k))+v(
n

∑

k=1

g(k)b−D),

where λ(k) ≥ 0, for k = 1, . . . , n and v ≥ 0 are La-
grangian multipliers. Note that we do not need to as-
sign a Lagrangian multiplier for any f(k) as it must be
strictly greater than zero. By a standard result of op-
timization theory (Luenberger [1984]), the optimal so-
lution (f∗, g∗) to Problem (12) must satisfy the follow-
ing Karush-Kuhn-Tucker (KKT) conditions with certain
Lagrangian multipliers λ∗(k), k = 1, . . . , n and v∗:

∂

∂f∗(k)

{

Pkb

f∗(k)

[

α(f∗(k)) + β(g∗(k)f∗(k))
]

}

= 0

∂

∂g∗(k)

[

Pkb

f∗(k)
β(g∗(k)f∗(k))

]

−c∗Pkb−λ∗(k)+v∗b=0

λ∗(k)(−g∗(k)) = 0, v∗(

n
∑

k=1

g∗(k)b − D) = 0,

f∗(k) > 0, g∗(k) ≥ 0, λ∗(k) ≥ 0, v∗ ≥ 0.
(13)

When the objective function and the constraint set are
convex, the KKT conditions in (13) characterize the
global optimal solution to Problem (12). However, when
convexity is not available, some further examinations
should be carried out to exclude the possibilities of the
maximum, the local minimum and the saddle point.
These examinations are usually simple when a particu-
lar problem is being considered.

4 Analytical Solutions for a Class of Power
Functions

In this section we study in depth an important class
of Problem (12), where the power functions adopt the
following general structures:

α(f) = α0f
3 + α1, and β(s) = β0s

2 + β1s + β2. (14)

In other words, we use a particular class of third-order
polynomial and a general quadratic function to repre-
sent the power functions of the processor and the mo-
tor, respectively. In practice, many variable-speed pro-
cessors and motors can be effectively modeled using the
above functions (Mei et al. [2005], Xu et al. [2004]). To
exclude the degenerate case, we assume that α0 6= 0 and
β0 6= 0. Furthermore, in order for α(f) and β(s) to be
valid power functions, they must be positive for any pos-
itive f and s, which implies that

α0 > 0, α1 > 0, β0 > 0, and β2 > 0. (15)
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In the following discussions, α(f) and β(s) are always
assumed to take the forms specified in (14) with param-
eters satisfying (15).

4.1 Optimal Solutions

Now we derive analytical solutions of Problem 2 under
the conditions (14) and (15). First by (9), the optimal
speed for the second stage is

s∗0 =arg min
s0>0

β0s
2
0+β1s0+β2+α1

s0
=

√

α1+β2

β0
. (16)

The constant c∗ in (11) is thus given by

c∗ =
α(0) + β(s∗0)

s∗0
= 2

√

β0(β2 + α1) + β1. (17)

Plugging (14) into equation (13), the KKT conditions
reduce to

Pkb

(

2α0f
∗(k) + β0g

∗(k)2 −
β2 + α1

f∗(k)2

)

= 0, (18a)

Pkb(2β0g
∗(k)f∗(k)+β1 − c∗)+v∗b − λ∗(k)=0, (18b)

λ∗(k)(−g∗(k))=0, v∗(

n
∑

k=1

g∗(k)b − D) = 0, (18c)

f∗(k) > 0, g∗(k) ≥ 0, λ∗(k) ≥ 0, v∗ ≥ 0. (18d)

By condition (18b), the optimal speed s∗(k) can be ex-
pressed in terms of the Lagrangian multipliers as:

s∗(k) , f∗(k)g∗(k) =
c∗ − β1

2β0
−

v∗

2β0Pk
+

λ∗(k)

2β0Pkb
.

According to (16) and (17), c∗−β1

2β0

is exactly s∗0. Thus

s∗(k)=s∗0−
v∗

2β0Pk
+

λ∗(k)

2β0Pkb
, Q1(v

∗, λ∗(k), Pk). (19)

By (18a) and (19), the optimal frequency f∗(k) can be
expressed in terms of the Lagrangian multipliers as:

f∗(k) =

(

β2 + α1 − β0(s
∗(k))2

2α0

)1/3

, Q2(s
∗(k)) = Q2(Q1(v

∗, λ∗(k), Pk)). (20)

To find the optimal solutions, we now characterize the
Lagrangian multipliers through a series of lemmas.

Lemma 1 For optimal solutions, we must have v∗ > 0
and

∑n
k=1 g∗(k)b − D = 0.

PROOF. Assume that v∗ = 0. For an arbitrary k, if
g∗(k) = 0, then by (18b) and (17), λ∗(k) = Pkb(β1 −

c∗) = −2Pkb
√

β0(β2 + α1) < 0, contradicting condi-
tion (18d). Thus we must have g∗(k) > 0. In this case,
by (18c), λ∗(k) = 0. The optimal frequency as defined
in (20) becomes f∗(k) = Q2(Q1(0, 0, Pk)) = Q2(s

∗
0).

Considering (16) and (20), we have f∗(k) = 0, which
again contradicts condition (18d). Thus v∗ 6= 0 and the
desired result follows from (18c) and (18d).

We now eliminate λ∗(k) from equation (19) and (20)
and express the optimal solutions only in terms of v∗.
Note that when g∗(k) = 0, the exact value of λ∗(k) is
not needed because in this case the optimal solution can
be directly obtained as s∗(k) = 0 and f∗(k) = Q2(0). If
g∗(k) > 0, then by (18c), we automatically have λ∗(k) =
0. Therefore, to eliminate λ∗(k), we only need to deter-
mine the sign of each g∗(k).

Lemma 2 g∗(k) > 0 if s∗0 − v∗

2β0Pk

> 0, and g∗(k) = 0

if s∗0 −
v∗

2β0Pk

≤ 0.

PROOF. If g∗(k) = 0, then by (18b), λ∗(k) = Pkb(β1−
c∗) + v∗b. Considering (17) and (16), we have λ∗(k) =
b(v∗ − 2β0Pks∗0). It thus follows from the nonnegative-

ness of λ∗(k) that s∗0 − v∗

2β0Pk

≤ 0 when g∗(k) = 0. If

g∗(k) > 0, then λ∗(k) = 0. Since f∗(k) is always positive,

s∗(k) = f∗(k)g∗(k) > 0. By (19), we have s∗0−
v∗

2β0Pk

> 0

when g∗(k) > 0. The desired result follows easily by con-
traposition.

By Lemma 2, if g∗(k) > 0, then s∗0 > v∗

2β0Pk

. Since

Pk−1 ≥ Pk for any k, we also have s∗0 > v∗

2β0Pk−1

, indicat-

ing that g∗(k − 1) > 0 as well. Therefore, if g∗(ns) > 0
for some ns > 1, then g∗(k) > 0 for all k ∈ [1, ns]. This
indicates that once g(k) = 0 for some k, it can never
again be positive. Hence, there exists an integer N such
that the robot travels at a positive speed during the first
N bins and stops all the time for the rest of bins. This
integer N depends on the value of v∗ and cannot be zero
since by Lemma 1, g∗(k) cannot be zero for all the bins.
It thus can be defined as

N(v∗)=max{1≤k≤n : Q1(v
∗, 0, Pk)=s∗0−

v∗

2β0Pk
>0}.

With this definition, the total distance traveled during
the n bins is

H(v∗) =

n
∑

k=1

s∗(k)b

f∗(k)
=

N(v∗)
∑

k=1

bQ1(v
∗, 0, Pk)

Q2(Q1(v∗, 0, Pk))
, (21)
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Fig. 2. An example of H(v) with uniform distribution for
L. The parameters are β0 = β1 = α0 = b = 1, D = 5, and
α1 = β2 = 0.5

where Q1(·) and Q2(·) are functions defined in (19)
and (20), respectively. By Lemma 1, we must have
H(v∗) = D. This sets up an equation for determining v∗.

Lemma 3 For any D > 0, the Lagrangian multiplier v∗

can be uniquely determined as v∗ = H−1(D).

PROOF. Since N(v∗) ≥ 1, we have s∗(1) > 0. Consid-
ering that P1 = 1, we have v∗ < 2β0s

∗
0. This together

with Lemma 1 indicates that v∗ ∈ (0, 2β0s
∗
0). As v∗ → 0,

s∗(k) → s∗0 for all k ≤ N(v∗) and by (16) and (20),
f∗(k) → 0 for k ≤ N(v∗); thus H(0+) = ∞. On the
other hand, as v∗ → 2s∗0β0, clearly N(v∗) → 1. Notice
that λ∗(1) = 0 as s∗(1) > 0. Then by (19), we have
s∗(1) → 0 as v∗ → 2s∗0β0. Hence, H((2s∗0β0)

−) = 0. It
can be verified that for all parameters satisfying (15),
H(v∗) decreases monotonically from ∞ at v∗ = 0+ to 0
at v∗ = (2s∗0β0)

−. Thus, H(·) is invertible and for any
D > 0, v∗ can be uniquely determined as v∗ = H−1(D).

In Fig. 2, we plot an instance of H(·) and the correspond-
ing v∗. Note that v∗ usually cannot be obtained ana-
lytically, but can be easily computed numerically. For a
given distance D, v∗ can be uniquely determined, so are
N(v∗), s∗(k) and f∗(k). We thus can conclude that the
following solution is the unique solution satisfying the
KKT conditions (18):

s∗(k) =







s∗0 −
v∗

2β0Pk

if k ≤ N(v∗)

0 if k > N(v∗)
, and

f∗(k) =











(

β2+α1−β0(s
∗(k))2

2α0

)1/3

if k ≤ N(v∗)

(β2+α1

2α0

)1/3 if k > N(v∗)

,

(22)

where v∗ = H−1(D) and s∗0 is defined in (16).

Proposition 1 The solution defined in (22) is the
unique global minimum to Problem 2.

Remark 1 As mentioned at the end of the last section,
the KKT conditions (18) are only necessary conditions.
It is still possible for solution (22) to be a maximum or
a local minimum or a saddle point. However, these pos-
sibilities can be easily excluded by the following two ob-
vious facts: (i) solution (22) is the unique one satisfying
the KKT conditions; (ii) the cost function is infinite at
any points on the open boundary of the constrained set of
Problem (12), namely, the points that are on the bound-
ary but not contained within the constrained set. There-
fore, the solution (22) is indeed the global minimum to
be sought.

The optimal solution defined in (22) can be immedi-
ately obtained after finding the optimal multiplier v∗ =
H−1(D). Since H is monotonically decreasing, v∗ can be
computed almost instantaneously. Therefore, as opposed
to the brute-force method in Brateman et al. [2006] and
Generic-Algorithm approach in Brateman [2006], the
theoretical analysis in this paper can dramatically sim-
plify the computation of the optimal solution of the JSP
problem. Furthermore, the analytical result obtained
here also provides more insights about the underlying
JSP problem, which will be thoroughly discussed in the
next subsection.

4.2 Interpretations of the Optimal Solution

In the last subsection, we have derived analytically the
optimal solution to Problem (12) for the power functions
defined in (14). The next important step is to interpret
the optimal solutions in the application context. To this
end, we first look at some simple cases to gain some in-
sights of the JSP problem and then extend our observa-
tions to the general problem.

Consider the deterministic JSP problem where the exe-
cution time L is a deterministic constant m̄ with prob-
ability one. Thus Pk is 1 for k ≤ m̄ and 0 otherwise.
In this case, it is obvious that N(v∗) = m̄ for any
v∗ ∈ (0, 2s∗0β0). Applying (22), the optimal speed and
frequency for each k ≤ m̄ is computed as

s∗(k)=s∗0−
v∗

2β0
and f∗(k) = 3

√

β2+α1−β0(s∗(k))2

2α0
,

where v∗=H−1(D)with H(x)=
m̄b(s∗0−

x
2β0

)

3

√

β2+α1−β0(s∗

0
−x/(2β0))2

2α0

.

(23)

Note that for this deterministic case, we do not need to
consider any s∗(k) and f∗(k) for k > m̄ because they will
never be used. As discussed in the last subsection, for any
positive D, the v∗ in (23) can be uniquely determined as
a positive number in (0, 2s∗0β0). Thus the optimal speed
s∗(k) in (23) is less than s∗0 for any D and is constant
for all the bins. Recall that the robot needs to finish the

6



given task before traveling the distance D. Intuitively,
slowing down the traveling speed can provide more time
for the processor to finish the task, thus resulting in a
smaller frequency and a less power for the processor.
However, according to (16), the unconstrained optimal
speed for the motor is a positive number s∗0. Thus trav-
eling slower than s∗0 reduces the processor’s power but
increases the motor’s power. The solution s∗(k) in (23)
is a compromise of these two considerations. As shown
in Fig. 2, H(·) is a monotonically decreasing function.
If we increase the number of bins m̄, by (23) the whole
function H(·) shifts upward and thus the corresponding
v∗ gets larger and each s∗(k) becomes smaller. There-
fore, for the deterministic JSP problem, a longer horizon
corresponds to a smaller optimal speed. On the other
hand, if we increase D, v∗ gets smaller and s∗(k) be-
comes closer to s∗0. In other words, if we have looser con-
straints for the traveling distance, the constrained opti-
mal speed s∗(k) will get closer to the unconstrained op-
timal speed s∗0, which agree with our intuition very well.

The solution of the random JSP problem is just a
compromise among the solutions of all the possi-
ble deterministic cases. Let s(1), s(2), . . . , s(n) be the
optimal constant speeds for the deterministic cases
L = 1, 2, . . . , n, respectively. As discussed above, a
longer horizon corresponds to a smaller optimal speed.
Hence, s(1) > s(2) . . . > s(n). Now assume L is ran-
dom and takes value l with positive probability pl for
l ≤ n. The optimal solution defined in equation (22) can
be interpreted as follows. During the execution of the
first bin, the only available information is the distribu-
tion of L. Intuitively speaking, if L takes small integer
values with high probability, then the optimal speed
should be close to s(1); on the other hand, if L takes
large integer values with high probability, the optimal
speed should be close to s(n). The optimal solution
s∗(1) defined in (22) determines the best compromise
between these two extreme cases according to the dis-
tribution of L. After the completion of the first bin, two
events may occur: A = {the task is finished} and B =
{a new bin of CPU cycles is demanded by the task}. If
A occurs, the robot enters into the second stage where
it travels the remaining distance at the constant uncon-
strained optimal speed s∗0. If B occurs, the conditional
probability that L takes large integer values becomes
higher than before, indicating that we have underesti-
mated the value of L for this realization. As a correction,
the optimal speed for the second bin becomes smaller
than the first one, i.e., s∗(2) < s∗(1). Similarly, the
optimal speed keeps decreasing until it becomes zero
at bin N(v∗) + 1. Roughly speaking, the robot should
travel fast when small bin number is anticipated and
should travel slowly when large bin number is antici-
pated. As a compromise, in the optimal solution, the
robot travels fast initially and gradually slows down as
the bin number grows. If a realization of L is larger than
N(v∗), the robot will finish traveling the given distance
D after N(v∗) bins and then stop and wait for the pro-
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(b) Identification of β(s)

Fig. 3. Identification results of the power functions

cessor to finish the rest of the task. Although it is not
an optimal solution for this particular realization of L,
this strategy yields the least average energy cost over all
the possibilities. The optimal frequency sequence can
be interpreted in a similar way.

5 Simulation Example

To demonstrate and verify our theoretical analysis, sev-
eral simulations based on real-world data are performed
in this section. The data employed to identify the power
functions α(f) and β(s) are from Mei et al. [2005] and Xu
et al. [2004], respectively. The identifications are accom-
plished using the standard least square method. The per-
formances of the identified functions are shown in Fig. 3
and the resulting parameters are summarized in Table 1.
We assume that the worst-case execution takes 20 bins,
i.e., n = 20, where each bin contains 0.1 billion cycles,
i.e., b = 0.1 × 109. The maximum distance D that the
robot can travel before it finishes the given task is 100
meters.

Table 1
Identified Parameters

α0 α1 β0 β1 β2

1.5373×10−9 0.0780 0.012 -0.025 0.233
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In this setting, the JSP problem is studied for six dif-
ferent distributions of L. The first two are deterministic
distributions, where L = 10 and L = 20 with probabil-
ity one, respectively. The last four are uniform, (trun-
cated) Gaussian, and two different (truncated) exponen-
tial type distributions as shown in Fig 4. The optimal so-
lutions corresponding to these six distributions are com-
puted and compared in Fig. 5. Notice that the optimal
strategy for the deterministic case with L = 10 is defined
only for the first 10 bins, while the other optimal strate-
gies are defined over all the 20 bins. As can be seen from
Fig. 5, the optimal solution for any deterministic case is
constant. On the other hand, in the random case, the op-
timal speed decreases as the bin number increases until it
reaches 0, which is consistent with our discussions in the
last section. For example, the optimal speed for the Ex-
ponential2 distribution becomes zero after 11 bins. This
means that if a task demands exactly 11 bins of CPU
cycles, using the optimal strategy, the robot will finish
traveling the maximum distance D right after the CPU
finishes 11 bins of cycles. However, if a task demands
less than 11 bins (say 7 bins), then the CPU will fin-
ish computing the task strictly before the robot finishes
traveling the given distance D. In this case, the CPU
will be shut down after 7 bins and the robot will travel
at the unconstrained optimal speed s∗0 for the remaining
distance. In other words, this task has a nontrivial sec-
ond stage. On the other hand, if a task demands more
than 11 bins, the robot will finish the traveling strictly
before the CPU finishes the computation. In this case,
the robot will stop after 11 bins and then wait for the
CPU to completes the remaining task. Obviously, there
is no second stage for this task.

To demonstrate the effectiveness of the optimal strat-
egy in conserving the energy, for each of the four nonde-
terministic distributions of L, the energy consumption
of the optimal solution is compared with three heuris-
tic schemes, referred to as HS1, HS2 and HS3, respec-
tively. All of these heuristic schemes use constant speed
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Fig. 5. Comparison of optimal solutions in different cases

to travel the whole distance D and use constant fre-
quency to execute every bin. If the robot finishes travel-
ing the distance D before the CPU finishes executing all
the bins, then the robot will stop and wait for the CPU
to finish the rest of the bins. In this way, for any given
pair of the speed and frequency constants, the task can
be completed without violating the distance constraint.
For the three heuristic schemes in this simulation, the
pairs of the speed and frequency constants are chosen to
be

(sHS1, fHS1) = (5m/s, 800MHz),

(sHS2, fHS2) = (2.18m/s, 436MHz),

and (sHS3, fHS3) =
(

argmin
s≥1

β(s)

s
, arg min

f>0

α(f)

f

)

= (4.40m/s, 294MHz),

respectively, where (sHS1, fHS1) is chosen purely heuris-
tically, (sHS2, fHS2) is the optimal constant solution for
the deterministic case with L = 20, sHS3 is the optimal
speed of the motor without considering its interaction
with the processor and fHS3 is the optimal frequency
of the processor without considering its interaction with
the motor. To evaluate these heuristic schemes and the
optimal solution, for each distribution of L, we gener-
ate a set of large number of tasks with execution times
distributed according to the given distribution. Then we
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Gaussian, and the two exponential type distributions using
HS1, HS2, HS3 and the optimal strategy.

use the four schemes to execute each set of tasks. The av-
erage energy consumptions of these schemes for each set
of tasks are compared in Fig. 6. We can see that the pro-
posed optimal method always performs the best and can
save up to 30% energy compared with the worst scheme.
In addition, for the first three distributions, the optimal
solution performs much better than HS3. This means
that a significant amount of energy can be conserved by
considering the interactions between the motor and the
processor, which validate the study of the JSP problem.
It is also worth mentioning that the second best scheme
is not fixed, indicating that there is no trivial subopti-
mal strategy with constant speed and frequency.

6 Conclusion

The JSP problem is formulated as a class of optimal
control problems with random terminal times and prob-
abilistic state constraints. The problem is transformed
to a deterministic nonlinear optimization problem. The
first-order necessary conditions are derived for arbitrary
power functions of the processor and motor. For a class
of practically important power functions, the optimal so-
lutions are derived analytically. With nondeterministic
distribution of the execution time L, the optimal travel-
ing speed decreases monotonically until it reaches zero
and the optimal CPU frequency increases monotonically
until it reaches a positive constant. Simulation results
show that the optimal solution can save a significant
amount of energy compared with some heuristic meth-
ods. Future research will focus on the case where the
frequency can only take discrete values.

References

J. Brateman. Frequency and speed setting for energy conservation
in autonomous mobile robots. Master’s thesis, Purdue Univer-
sity, School of Electrical and Computer Engineering, 2006.

J. Brateman, C. Xian, and Y.-H. Lu. Energy-efficient scheduling
for autonomous mobile robots. In IFIP International Confer-
ence on Very Large Scale Integration (VLSI-SoC 2006), 2006.

A. Colot, G. Caprari, and R. Siegwart. Insbot: design of an
autonomous mini mobile robot able to interact with cock-
roaches. In Proceedings of the IEEE International Conference

on Robotics and Automation, pages 2418–2423, New Orleans,
LA, April 2004.

A. Davids. Urban search and rescue robots: From tragedy to
technology. IEEE Intelligent Systems, 17(2):81–83, 2002.

A. Drenner, I. Burt, T. Dahlin, B. Kratochvil, C. McMillen,
B. Nelson, N. Papanikolopoulos, P. Rybski, K. Stubbs,
D. Waletzko, and K. Yesin. Mobility enhancements to the
scout robot platform. In Proceedings of the IEEE Interna-
tional Conference on Robotics and Automation, pages 1069–
1074, Washington, DC, May 2002.

C. Im, S. Ha, and H. Kim. Dynamic voltage scheduling with
buffers in low-power multimedia applications. ACM Transac-
tions on Embedded Computing Systems (TECS), 3:686–705,
2004.

T. Ishihara and H. Yasuura. Voltage scheduling problem for
dynamically variable voltage processors. In Proceedings of the
international symposium on Low power electronics and design,
pages 197 – 202. ACM Press, 1998.

H. E. Jordan. Energy-efficient electric motors and their applica-
tions. Plenum, New York; London, 1994.

D. Kurabayashi, J. Ota, T. Arai, and E. Yoshida. Cooperative
sweeping by multiple mobile robots. In Proceedings of the
IEEE International Conference on Robotics and Automation,
pages 1744–1749, Minneapolis, MN, April 1996.

D. G. Luenberger. Linear and nonlinear programming (2nd Ed).
Addison-Wesley, Reading,MA, 1984.

Y. Mei, Y.-H. Lu, Y. C. Hu, and C. S. G. Lee. A case study of mo-
bile robot’s energy consumption and conservation techniques.
In International Conference on Advanced Robotics, pages 492–
497, 2005.

Y. Mei, Y.-H. Lu, Y. C. Hu, and C. S. G. Lee. Deployment
of mobile robots with energy and timing constraints. IEEE
Transactions on Robotics, 22(3):507–522, June 2006.

G. Sibley, M. Rahimi, and G. Sukhatme. Robomote: A tiny mobile
robot platform for large-scale ad-hoc sensor networks. In Pro-
ceedings of the IEEE International Conference on Robotics and
Automation, pages 1143–1148, Washington D.C, April 2002.

F. M. Silva and J. A. Tenreiro Machado. Energy analysis dur-
ing biped walking. In Proceedings of the IEEE International
Conference on Robotics and Automation, pages 59–64, Detroit,
MI, May 1999.

Z. Sun and J. Reif. On energy-minimizing paths on terrains
for a mobile robot. In Proceedings of the IEEE International
Conference on Robotics and Automation, pages 3782– 3788,
Taibei, Taiwan, Sep. 2003.

K. L. Teo, Y. Liu, and C. J. Goh. Nonlinearly constrained discrete-
time optimal-control problems. Appl. Math. Comput., 38(3):
227–248, 1990. ISSN 0096-3003.

K.L. Teo, C.J. Goh, and K.H. Wong. A Unified Computational
Approach to Optimal Control Problems. Longman Scientific
and Technical, Marlow, UK, 1991.

G. Wang, M. J. Irwin, P. Berman, H. Fu, and T. L. Porta.
Optimizing sensor movement planning for energy efficiency. In
ISLPED ’05: Proceedings of the 2005 international symposium
on Low power electronics and design, pages 215–220, New York,
NY, USA, 2005. ACM.

R. Xu, C. Xi, R. Melhem, and D. Moss. Practical pace for
embedded systems. In EMSOFT ’04: Proceedings of the 4th
ACM international conference on Embedded software, pages
54–63, New York, NY,, 2004. ACM Press.

9


