
Proceedings ofthe 2004 IEEE 
International Conference on Robotics 8 Automation 

New Orleans, LA Aprfl2004 

Energy-Efficient Motion Planning for 
Mobile Robots 

Yongguo Mei, Yung-Hsiang Lu, Y. Charlie Hu, and C.S. Georg,e Lee 
School of Electrical and Computer Engineering, Purdue University 

{ ymei, yunglu, ychu, csglee} @purdue.edu 

Abstract-This paper presents a new approach to find 
energy-efficient motion plans for mobile robots. Motion 
planning has two goals: finding the routes and determining 
the velocities. We model the relationship of motors’ speed 
and their power consumption with polynomials. The veloc- 
ity of the robot is related to its wheels’ velocities by per- 
forming a linear transformation. We compare the energy 
consumption of different routes at different velocities and 
consider the energy consumed for acceleration and turns. 
We use experiment-validated simulation to demonstrate up 
to 51% energy savings for searching an open area. 

.~ 

I. INTRODUCTION - 
Mobile robots usually carry their energy sources, such 

as batteries, so conserving energy is important. A robot’s 
energy consumption can be divided into two major parts: 
electrical and mechanical. The former is the energy con- 
sumed by the on-board computer. The latter considers the 
energy consumed by the robots’ motors and actuators. 
This paper focuses on minimizing the mechanical energy. 
Energy conservation can be achieved in several ways, 
for example, using energy-efficient motors, finding better 
routes, or avoiding frequent accelerations and turns. A 
motion plan includes a path plan and a velocity schedule. 
The path plan specifies the route from a source to 
one or more destinations. The velocity schedule decides 
the accelerations, velocities, and decelerations along the 
route. One example of velocity scheduling is using cruise 
control on a highway: by avoiding sudden accelerations, 
the vehicle’s fuel efficiency can be improved. 

In this paper, our goal is determining which motion 
plans are more energy-efficient. We compared the energy 
consumption of different paths at different velocities. 
We present a sixth-degree polynomial to model a DC 
motor based on our experimental data. We use linear 
transformations to describe the relationship between a 
robot’s velocity and its motors’ velocities. We calculate 
the energy consumption of different paths by considering 
turns, accelerations, and peak velocities. Our study is 
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both theoretical and practical. Our approach is different 
from existing studies because: (i) Our experimental data 
indicate that electromagnetic theory is insufficient in 
modeling motors’ power. (ii) We distinguish a robot’s 
velocity and its motors’ velocities because they may be 
different; hence, our approach is more general than ex- 
isting methods. (iii) We include the energy for turns and 
accelerations. We formulate a general problem in motion 
planning and use a commercial robot to experimentally 
validate our approach. We use an experiment-validated 
simulator and show up to 514; energy savings. 

11. PREVIOUS WORK 
Energy conservation can be achieved in several ways, 

for example, using energy-efficient motors [ 13 [4]. After 
the motors are chosen, energy can be saved by choos- 
ing routes and setting the v~:locities. For example, if 
a robot has to visit several places, the route can be 
arranged to reduce the total itraveled distance (similar 
to traveling salesperson problem, TSP) and to avoid 
sharp turns that requires decelerations and accelerations. 
Barili et al. [3] described the concept of controlling the 
velocities to save energy for a mobile robot. Their work 
did not discuss the relationship between path planning 
and velocity control. Hwang et al. [9] surveyed the 
methods for motion planning but did not discuss energy 
conservation. Katoh et al. [lo] presented an approach 
for energy conservation by creating elliptic paths but 
they focused on space manipulators for flying robots. 
Some energy-conserving techniques were designed for 
specific robots. For example, !Silva et al. [15] analyzed 
the energy consumption of wallung robots by controlling 
the locomotion variables. Yamasaki et al. [ 181 developed 
control algorithms to reduce thle energy consumption of 
humanoid robots. Both work focused on energy con- 
sumption of walking robots. Redi et al. [13] reduced 
the communication energy among a group of robots; 
the study did not consider the energy consumed by 
motors. Kim et al. [ l l ]  presented a control method for 
industrial manipulators to minimize a weighted time- 
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fuel cost function. They assumed that motors’ power 
was proportional to the drive torque and did not con- 
sider the loss due to armature resistance or mechanical 
friction. Li et al. [12] showed that parallel manipulators 
were more energy-efficient than serial manipulators in 
similar configurations. They considered the armature 
resistance loss and friction loss when they computed the 
energy consumption. Their calculation did not include 
the energy consumed by the control circuits. Duleba et 
al. [6] discussed nonholonomic energy-efficient motion 
planning based on the Newton algorithm. They took 
the square of control signal as the objective function; 
their work was theoretical without experimental valida- 
tion. Our method differs from previous work because 
we consider the power consumed by motors’ control 
circuits. We distinguish a robot’s motion from it motors’ 
velocities by using a linear transformation to describe 
their relationship. Finally, our approach is analytical and 
experimental. 

111. ENERGY-EFFICIENT MOTION PLANNING 
A. Problem Description 

Consider a mobile robot that has to visit several 
places. These places can form a graph: each vertex 
is a place to visit and the edges represent the energy 
consumption between vertices. Path planning determines 
the order to visit these vertices (i.e. route). Velocity 
scheduling specifies the velocities and accelerations be- 
tween the vertices. Path planning is more difficult than 
TSP. In TSP, the cost between two vertices is fixed. In 
contrast, the energy consumption along an edge depends 
on the robot’s velocities. Moreover, the velocities also 
depend on the route. For example, if a shorter route 
contains several sharp turns, the robot may consume 
more energy due to frequent decelerations, changes of 
directions, and accelerations. A longer route may require 
less energy if the robot does not have to accelerate often. 
Many studies have been devoted to finding paths for 
mobile robots. Thus, we assume that a path planning 
algorithm can find several candidate paths. This paper 
focuses on comparing the energy of these paths. 

B. DC Motors’ Power Models 
DC motors are frequently adopted in robots so we 

focus on DC motors in this paper. Let P,(w,a) be 
the power consumption of a motor when it revolves at 
angular velocity w with angular acceleration Q (a = g). 
The value of P, depends on many factors, including 
the back electric and magnetic fields (EMF), armature 
inductance, and armature resistance. From the theory of 
electromagnetics, P,(w,a) of a basic DC motor can 
be modeled as a second-degree polynomial of w and 
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cy. For many DC motors, the effect of accelerations is 
negligible [7] [lo]. Our experimental data show that 
a second-degree polynomial is insufficient to closely 
model a DC motor’s power. This is because a typical DC 
motor also contains an internal control circuit. Figure 
1 is an example of a DC motor (MS492MH by Mr 
Robot Inc.). From this figure, we can see that a sixth- 
degree polynomial is a better model than a second-degree 
polynomial. The average relative error is decreased from 
3.63% to 1.59%. We chose a six-degree model because 
it can closely approximate the experimental data without 
significantly more computation. Figure 1 shows the 
energy cosmuption per radian of the motor. From this 
figure, we can see that a higher angular velocity is more 
energy-efficient. 

0.6 

Angular velocity (rads) 
0.6 

6 - -. Second-degree polynomial lining - S i - d e  rea o nornialiitlin 

o b i 2 3 4 s i ,  
Angular velocity (rad/s) 

Fig. 1. Power and energy efficiency at different angular velocities. 

C. Robot’s Velocity and Power Consumption 
A robot usually has multiple motors and each motor 

drives a wheel. A wheel’s velocity is the product of 
the wheel’s radius T and the controlling motor’s angular 
velocity w. The velocities of a robot’s wheels are not 
equivalent to the velocity of the robot itself. Consider a 
robot on a two-dimensional surface. We can represent its 
velocity by three variables: V,, V,, and R, as illustrated 
in Figure 2. In this figure, the robot is represented by 
a triangle. The three-element vector < V,, V,, R > 
represents the robot’s linear and angular velocities (when 



Fig. 2. A robot’s velocity can be Fig. 3. The robot’s velocity 
represented by (Vz, V,, 0). The (Vz, V,) is controlled by the 
value of R is the angular velocity three wheels’ velocities. 
when the robot is turning. 

the robot is turning). We use upper-case letters (Vs, 
V,, and R) to represent the velocity of the robot and 
lower-case letters for the motors. If the robot is in three- 
dimensional space, we need to add V, and two more 
angular velocities. 

Omnidirectional robots are one- particular type or 
robots that can change directions at their current lo- 
cations [5] [16]. Figure 3 is an example of a three- 
wheel omnidirectional robot [ 141. The three wheels 
are mounted at distance b. By adjusting the wheels’ 
velocities, the robot can move in any direction. If a robot 
is omnidirectional, it can turn (R # 0) without moving 
(V, = V, = 0). Let VI, v2, and v3 be the velocities of 
the three wheels. The relationship between the robot’s 
velocity and the wheels’ velocities can be expressed by 
~141 

212 v3 
... 

This type of relationship is not restricted to the robot 
shown in Figure 3. Linear transformations are also used 
in other types of robots, such as a differential robot [2] or 
a four-wheel omnidirectional robot [5 ] .  Suppose a robot 
has k motors and the velocity of the i th wheel is vi. 
We can find a transformation to describe the relationship 
between vi and < V,, Vu, R >. This relationship is 
called the robot’s manipulator Jacobian [8]. We control 
the robot’s velocity < V, V, R > by adjusting the 
motors’ velocity < 211 212 ... vk >. 

= J ( z )  

/VI \ 

\vd 
Let V(t) =< V,(t),V,(t),R(t) > be the robot’s 

velocity at time t. The i th wheel’s velocity is vZ(t) = 
J2,1V,(t) + Jz.2Vy(t) + J i , ~ f l ( t ) .  Suppose all wheels 
have the same radius. The motors’ angular velocities is 

the wheels’ velocities divided by the radius, T ,  of the 
wheels. The robot’s power consumption is the sum of 
all k motors’ power: 

D. Search Problem in An Open Area 

(a) (3) (C) 

Fig. 4. (a) scan lines (b) spiral, and (c) square spiral. 

We consider a search task to covers an open area, 
such as a robot for automatic floor cleaning. Suppose a 
robot that can clean a square tile of area (2Z)2 (I from 
the robot’s center to each side). The robot can clean 
the area in different ways. I n  this paper, we compare 
three cleaning strategies: scan lines, spirals, and square 
spirals. Figure 4 shows these strategies. Using the scan- 
line strategy, the robot starts from one comer and moves 
at a constant velocity until it reaches the boundary. Then, 
the robot turns 90°, moves 21, turns 90°, and moves 
at a constant velocity again. ‘The distance between two 
scan lines is 21 so that the robot can cover the whole 
area. With the spiral strategy, the robot follows a curve 
whose radius continuously increases. Using the polar 
coordinate, the radius linearlly increases as the angle 
increases. When the robot moves around an angle of 
2n, the radius increases by 21. Therefore, the radius p 
can be expressed as p = +;6’ = $6’. Square spirals 
are similar to spirals: the robot moves around the center 
and the traveIed distance increases after the robot moves 
2;1. around the center. The difference is that the robot 
moves along straight lines, not curves, for square spirals 
and have 90” turns. Notice that the robot starts from 
the center for the spirals and the square spirals. In 
contrast, in the scan lines the robot starts from one 
comer. Also, the covered shapes are different. Since our 
focus is calculating the energy per unit area, we do not 
consider these difference further. We calculate the energy 
consumed by the robot for covering a planar area. The 
energy-efficiency of a motion plan is defined as the size 
of covered area per unit energy: 

(4) 
s8ize of an area 

energy to cover the area 
energy efficiency = - 
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Even though we compare only three strategies, our 
approach is general and applicable to other motion plan. 
We calculate the robot's energy by dividing it into three 
parts: moving at a constant velocity, accelerating and 
decelerating, and turning. 

E. Energy Eficiency of Scan Lines 
Suppose the height of the scan lines is h and the width 

is 2n1, as shown in Figure 4 (a). This path can be divided 
into 2n  + 1 line segments: n + 1 of length h and n 
of length 21. The robot has to accelerate and decelerate 
once for each segment so it accelerates 2n  + 1 times. 
The robot also decelerates 2 n  + 1 times. The robot turns 
2n times, 90" each time. The scan lines in Figure 4 (a) 
show the movement of the robot's center. Because the 
robot covers a distance of E on each side, the covered 
area is (2721 + 21) x (h + 21). 

First, we calculate the energy consumption while the 
robot moves at a constant velocity along straight lines 
(R = 0). We can find the energy consumed for each line 
segment. Let < 0, S,  0 > be the velocity when the robot 
moves upward vertically in Figure 4 (a). The value of S 
is the peak speed of the robot. The motion for the other 
directions (downward vertically and horizontally) can be 
calculated in the same way. Suppose the robot uses a 
constant acceleration, < 0, A,  0 >, to reach the velocity. 
It takes 5 time to accelerate and the robot moves 
2 during acceleration. For simplicity, we assume the 
deceleration is the opposite of the acceleration, namely 
< 0, -A, 0 >. The robot also moves & during deceler- 
ation. Consequently, the robot moves at the constant ve- 
locity across distance h - 5 for n + l vertical segments. 
For the n horizontal segments, the robot moves across 
distance 21 - $ at a constant velocity, < -S,O,O >, if 
the robot starts from the right comer. The total distance 
is (n + 1) x (h - $) + n x (21 - g). The time to 

The power of the motors can be computed by using 
Formula (3). Let P ,  be the power when the robot moves 
at the constant velocity. Let Ji be < Ji, l ,  Ji,2, Ji,3 > 
and f Ji < 0, S, 0 >T be the angular velocity of the ith 
motor. The total energy can be computed by 

travel this distance is $[(n+ l ) (h  - T )  s4 + n(21- e)]. 
A. 

k 

i=l (5) 
Ps = CPm(4Ji < O,S,O > T ; O )  

El = Ps x i [ ( n  + l)(h - $) + n(21- $)] 

If h < $ or21 < "1, the robot does not travel P at a constant velocity; instead, the robot consumes 
only acceleration, deceleration, and turning energy. To 
calculate the energy consumed during acceleration or 

decelerating, we have to find the instantaneous velocity 
of the motors. Suppose acceleration starts at time zero, 
at time t ,  the robot's velocity is < O,At,O >. The 
i th 'motor's angular velocity is f J i  < O,At,O >T 
and the angular acceleration is $Ji < O,A,O >T. Its 
power consumption is P,($Ji < O,At,O >T, f J i  < 
O,A,O >T).  Let PA@) be the power of all motors at 

time t ,  then  PA(^) = CPm(;Ji < O,At,O >T, $Ji < 
O,A,O >T).  Similarly, we can define the power during 

deceleration Po(t) = CPm(4Ji < 0,s - At,O >T 

, f Ji < 0, -A,  0 >T)  The total energy for acceleration 
and deceleration is 

k 

i= 1 

k 

i=l 

Last, we compute the energy consumed for turning. 
We can apply the same technique by dividing it into three 
parts: turning at a constant velocity, accelerating the 
angular velocity, and decelerating the angular velocity. 
Let R be the robot's constant angular velocity and A 
be the angular acceleration. The total energy for turning 
can be calculated using the same approach as shown in 
Formulas (5) and (6). We need to make four adjustments: 
(i) replace S by 52 and A by A, (ii) change 2n+ 1 to 2 n  
since there are only 2n  turns, (iii) change the traveled 
distance at the constant velocity to the turned angle at 
the constant angular velocity, and (iv) add them together. 
Let E4 be the energy for turning. The energy efficiency 
is the covered area divided by the total energy: 

(7) 
-- area - (2nl + 21)(h + 21) 
energy E1 + E2 + E3 + E4 

F: Energy Eficiency of Square Spirals 
A similar procedure can be used to calculate the 

energy efficiency of square spirals. In Figure 4 (c), the 
covered area is (2nl +21)2. Notice that the covered areas 
of square spirals are always square. This is different from 
scan lines because scan lines cover rectangular areas. 
There are 2n  + 1 line segments and 2 n  turns. The robot 
accelerates 2n+l times and decelerates 2n+1 times. The 
only difference between the scan lines and the square 
spirals is the length of the line segments: for the square 
spiral, the lengths gradually increase and are 21, 21, 41, 
41, 61, 61, ..., 2n1, 2n1, and 2nl. Therefore, El for the 
square spiral is written as follows: 
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G. Energy Eficiency of Spirals 
A different approach is needed for computing the 

energy efficiency for spirals. The robot is constantly 
turning (R # 0). Let 0 be the angle the robot moves 
around the center. The length of the path is 

(9) 
I” pd0 = le ked0 = -Q2 1 

2lT 
The covered area is 

The area 212 is added for half of the covered tile when 
the robot stops (the other half tile is included in the 
integration). The robot moves at velocity < V,, Vu, R >. 
To make a fair comparison, we assume the robot’s linear 
speed, Jm, is S. When the robot is at location 
( p ,  ! ) 2  using the polar coordinate, the curvature K is 

[17]. The robot’s angular velocity R is KS.  
$he total) energy is the integration of all motors’ power 
along the spiral. Due to the limitation of space, we do 
not derive the formulas in this paper. Interested readers 
are encouraged to follow the procedure explained earlier 
to obtain the analytic form of the energy efficiency. 

Iv. EXPERIMENTS AND SIMULATIONS 

We use a commercial mobile robot called Palm Pilot 
Robot Kit (PPRK) for our experiments: it was originally 
designed at Carnegie Mellon University [14]. The robot 
has three polyurethane omnidirectional wheels driven by 
three MS492MH DC servo motors. Figure 3 shows the 
top view of the robot. The robot is powered by one 9 V 
battery for the control circuit and four 1.5 V batteries for 
the motors. Every motor has three inputs: power, ground, 
and control. We use a data acquisition (DAQ) card from 
National Instrument Inc. to measure the current and 
the voltage of each motor. The DAQ is connected to 
a laptop computer so that the measurement facility can 
follow the robot while it is moving. We measure the 
motor’s power at different angular speeds. From our 
measurement, we construct a sixth-degree polynomial 
to describe the relationship between a motor’s angular 
velocity and its power consumption. Figure 1 shows that 
our model closely follows the measured data. 

We use simulations to compare the energy efficiency 
of different scenarios. Our simulator has been validated 
by comparing the simulated results with data from real 
measurement with 96% accuracy. For our robot, the 
distance from each wheel to the robot’s center b is 

0.12m. The radius of each wheel r is 0.02m. We use the 
following parameters for our simulations: the covered 
length 1 is 1 foot, the height of scan line h is 8 m, 
the constant speed S is 0.08m/s, the acceleration A is 
0.2m/s2, the constant angular velocity R is $rad/s,  the 
angular acceleration A is grad/s2. From our simula- 
tions, the energy for moving one meter along a straight 
line is 9.34 J .  The energy for turning 90 degree is 2.35 J .  
These numbers are validated by the real measurement. 

Figure 5 shows the energy efficiency of the three 
routes. When the covered area is very small, scan lines 
have the best efficiency because the robot moves along 
one straight line without turning. As the area increases, 
spirals become better. The reason is that scan lines need 
to decelerate, turn, and accelerate many times when the 
covered area is large. For a scan line, the robot has 
to turn 2n  times in order to cover area (2nZ + 21) x 
( h  + 21). For a large covered area, the efficiency of 
square spirals is between the efficiency of scan lines 
and spirals. This is because thr: robot travels increasingly 
longer straight lines between turns as the covered area 
of a square spiral grows. Thus, the overhead of turning 
decreases. This figure demonstrates the importance of an 
analytic approach for comparing different paths. Figure 
6 shows the efficiency of scan lines for different h when 
the covered area is loom2. When the area is fixed, 
increasing h reduces the number of decelerations, turns, 
and accelerations. As the figure indicates, the efficiency 
can improves 50% from 0.04:!m2/ J to 0.063m2/ J .  

0.05-- 
100 150 2w 

Ansa (m’) 

Fig. 5. Energy efficiencies of three paths with different covering area 

The energy efficiency is also affected by velocities. 
Figure 7 shows the energy efficiency at different veloc- 
ities S for an area of loom2. When S is small, it takes 
much longer time for the robot to cover this area. Figure 
8 shows the time to cover this area. As S increases, 
the efficiency quickly improves. For spirals, when the 
velocity S increases from 0.05m/s to O.lm/s, the 
energy efficiency increases 5 I .7% from 0.046m2/ J to 
0.07m2/J. When S is too large, however, the efficiency 
decreases again. This can be understood from Figure 1. 
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Fig. 6. Energy efficiencies of the scan lines with different heights 

The power increases rapidly as the angular velocity of 
the motor increases above 5 rads. 
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Fig. 7. Energy efficiencies of three paths with different velocities 
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Fig. 8. Time to cover loom2 with different velocities 

While these figures compare the energy efficiency of 
scenarios with specific parameters, our approach is very 
general and can be applied to any robot whose motion 
can be described through a linearly transformation of 
individual motors. 

V. CONCLUSION 
This paper presents a general approach finding the 

energy efficiency of different motion plans. We explain 
how to use manipulator Jacobian for computing the 
energy consumption of different plans, including both 

path plans and velocity schedules. We use simulations 
to compare the energy efficiency in different scenarios. 
The energy efficiency depends on the covered areas, the 
peak speeds, and the paths. For a small area, best energy 
efficiency is achieved when the robot move along straight 
lines. When the areas become larger, spirals become the 
most energy-efficient because the robot can continuously 
move without stopping and turning. This study provides 
a foundation for future investigation in conserving the 
energy consumption of mobile robots. 
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