
Convolutional Neural Networks
oConvolution with Vector Input and Output

oSingle and Multi-Layer CNNs

oUpsampling, Pooling, and Stride
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Limitations of Dense Neural Networks

▪ Too many parameters:

– Number of parameters scale roughly as 𝑁𝑥
2 for 𝑁-dimensional inputs.

– Processing a 1024 × 1024 image, requires ∼ 1012 parameters per layer.

– Both training and inference is slow.

▪ The solution to many problems should be space-invariant:

– Object recognition: Recognition shouldn’t depend on object position in 

image.

– Image denoising: Noise removal should depend on content, not absolute 

location in the image.
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What is Convolution?

▪ Discrete-time convolution is defined as*

In 2D, convolution is given by

𝑥 𝑗 = 𝑧 𝑗 ∗ 𝑤 𝑗 = ෍

𝑘=−∞

∞

𝑧 𝑗 − 𝑘  𝑤 𝑘  

= 𝑤 𝑗 ∗ 𝑧 𝑗 = ෍

𝑘=−∞

∞

𝑤 𝑗 − 𝑘  𝑧 𝑘  

𝑥 𝑗1, 𝑗2 = 𝑤 𝑗1, 𝑗2 ∗ 𝑧 𝑗1, 𝑗2 = 𝑧 𝑗1, 𝑗2 ∗ 𝑤 𝑗1, 𝑗2

= ෍

𝑘1=−∞

∞

෍

𝑘2=−∞

∞

𝑧 𝑗1 − 𝑘1, 𝑗2 − 𝑘2  𝑤 𝑘1, 𝑘2  

*CNN sometimes use a non-standard definition of convolution, but you can just time reverse 𝑤 to convert. 

However, the non-standard definition leads to issues. So, we will adopt the standard definition.
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“Convolution” in DNN Software

▪DNN software implements a non-standard “convolution”.

▪Non-standard DNN convolution is actually correlation:

෤𝑥 𝑗 = 𝑤 𝑗 ∗
DNN

𝑧 𝑗 = ෍

𝑘=−∞

∞

𝑤 𝑘 − 𝑗  𝑧 𝑘  = 𝑤 −𝑗 ∗ 𝑧 𝑗

▪The problem is that this “convolution” is not communitive:

෤𝑥 𝑗 = 𝑤 𝑗 ∗
DNN

𝑧 𝑗 = ෍

𝑘=−∞

∞

𝑤 𝑘 − 𝑗  𝑧 𝑘  

= ෍

𝑘=−∞

∞

𝑤 𝑘  𝑧 𝑘 + 𝑗  = 𝑧 −𝑗 ∗
DNN

𝑤 𝑗 = ෤𝑥 −𝑗

▪We will adopt the standard definition of convolution for our 
analysis, but remember that the software is different.
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Convolution with Finite Kernels 

▪ Discrete-time convolution is defined as

where 𝑤 is of length 2𝑝 + 1

▪ In 2D, convolution is given by

where 𝑤 is of size 2𝑝 + 1 2𝑝 + 1

𝑥 𝑗 = 𝑤 𝑗 ∗ 𝑧 𝑗 = ෍

𝑘=−𝑝

𝑝

𝑧 𝑗 − 𝑘  𝑤 𝑘

𝑥 𝑗1, 𝑗2 = ෍

𝑘1=−𝑝

𝑝

෍

𝑘2=−𝑝

𝑝

𝑧 𝑗1 − 𝑘1, 𝑗2 − 𝑘2  𝑤 𝑘1, 𝑘2
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2D Convolution with “Same” boundary
▪ For 3 × 3 filter is given by

Tensor notation
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𝑥𝑗1,𝑗2 = 𝑤 𝑗1,𝑗2
∗ 𝑧 𝑗1,𝑗2

𝑥 𝑗1, 𝑗2 = ෍

𝑘1=−1

1

෍

𝑘2=−1

1
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2D Convolution with “Valid” Boundary

▪ For 3 × 3 filter is given by

Tensor notation

1

0

1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

-1
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-1

1

1
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0

0

∗ =

0

0

0

0

0

0

0

0

0
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0
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0

0

0

0

0
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0

0

0

0

0

03

3

2

3

3

2

𝑥𝑗1,𝑗2 = 𝑤 𝑗1,𝑗2
∗ 𝑧 𝑗1,𝑗2

𝑥 𝑗1, 𝑗2 = ෍

𝑘1=−1

1

෍

𝑘2=−1

1

𝑧 𝑗1 + 1 − 𝑘1, 𝑗2 + 1 − 𝑘2  𝑤 𝑘1, 𝑘2 

0,0  

point

𝑧 𝑗1, 𝑗2

𝑥 𝑗1, 𝑗20,0  points
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2D Convolution with Vector Input
▪ Vector 2D convolution of depth 𝑑𝑖 = 2 and 𝑑𝑜 = 1

Tensor notation
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𝑥𝑗1,𝑗2 = 𝑤 𝑗1,𝑗2 ,𝑖 ∗ 𝑧 𝑗1,𝑗2 ,𝑖 
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𝑖=0

𝑑−1

෍

𝑘1=−𝑝

𝑝

෍

𝑘2=−𝑝

𝑝

𝑧 𝑗1 − 𝑘1, 𝑗2 − 𝑘2, 𝑖  𝑤 𝑘1, 𝑘2, 𝑖  
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0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
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4 0 0 0

2D Convolution with Vector Input/Output

https://pathmind.com/wiki/convolutional-network

▪ Vector 2D convolution of depth 𝑑𝑖 = 2 and 𝑑𝑜 = 2

– Beautiful animations at https://pathmind.com/wiki/convolutional-network
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Convolution Diagram

▪ Sum notation

– Tensor notation

where

𝑦 𝑥

𝑤

𝑑𝑖
𝑑𝑜

𝑥 𝑗1, 𝑗2, 𝑗3 = ෍

𝑖=0

𝑑𝑖−1

෍

𝑘1=−𝑝

𝑝

෍

𝑘2=−𝑝

𝑝

𝑦 𝑗1 − 𝑘1, 𝑗2 − 𝑘2, 𝑖  𝑤 𝑘1, 𝑘2, 𝑖 , 𝑗3  

𝑥𝑗1,𝑗2,𝑗3 = 𝑤 𝑗1,𝑗2 ,𝑖 
𝑗3 ∗ 𝑦 𝑗1,𝑗2 ,𝑖

𝑤 is 5 × 5 × 16 × 16 = 6,400
𝑦 is 512 × 512 × 16 = 4,194,304
𝑥 is 512 × 512 × 16 = 4,194,304
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Single Layer CNN

▪ Single layer 2D CNN example:

𝑥 = 𝑓𝜃 𝑧 = 𝜎 𝑤 ∗ 𝑧 + 𝑏

𝑥𝑗1,𝑗2,𝑗3 = 𝜎 𝑤 𝑗1,𝑗2 ,𝑖 
𝑗3 ∗  𝑧 𝑗1,𝑗2 ,𝑖 + 𝑏𝑗3 

▪ Tensor structures

𝑧 𝑥

𝑤

𝑑𝑖
𝑑𝑜

𝑤 is 5 × 5 × 16 × 16 = 6,400
𝑏 is 16 = 16

𝑧 is 512 × 512 × 16 = 4,194,304
𝑥 is 512 × 512 × 16 = 4,194,304

Parameter 

Tensors

Feature or 

State Tensors
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5 Layer CNN

▪ Parameters:
– Layer 1: filter 5 × 5 × 1 × 16; offset 16; ReLU; #params 416

– Layer 2: filter 5 × 5 × 16 × 16; offset 16; ReLU; #params 6,416

– Layer 3: filter 5 × 5 × 16 × 16; offset 16; ReLU; #params 6,416

– Layer 4: filter 5 × 5 × 16 × 16; offset 16; ReLU; #params 6,416

– Layer 5: filter 5 × 5 × 16 × 1; offset 1; ReLU; #params 401

– Total # params = 20,065

Image input Image output
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Simpler Diagram for 5 Layer CNN

▪ Good news:

– Dramatic reduction in number of parameters as compared to dense network

– Spatially invariant behavior (except for boundaries)

– For interior layers, each pixel is formed by a 16-dimensional feature vector

– Intuition: CNN can design its own features!

▪ Bad news: 

– Not very useful

– ReLUs are fast but can be difficult to train

– Spatial resolution of each layer is the same

– Output isn’t appropriate for classification
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CNN Stride
▪ Stride of 𝑑𝑣 , 𝑑ℎ = 2,2 , results in

 

▪Comments:
– Output has reduced dimensions of 𝑁𝑣/𝑑𝑣 , 𝑁ℎ/𝑑ℎ

– Also known as decimation

– Can be used with most operators

⇒

𝑥 𝑗1, 𝑗2 = 𝑧 2𝑗1, 2𝑗2

1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0

1

0

1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

𝑧 𝑗1, 𝑗2

𝑥 𝑗1, 𝑗2

0,0  

point

0,0  

point
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CNN Upsampling
▪ Upsampling of 𝐿𝑣 , 𝐿ℎ = 2,2 , results in

 

▪Comments:
– Also known as pixel replication

– Output has dimensions of 𝐿𝑣𝑁𝑣, 𝐿ℎ𝑁ℎ

⇒

𝑥 𝑗1, 𝑗2 = 𝑧 𝑗1/2 , 𝑗2/2

1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0

𝑥 𝑗1, 𝑗2

𝑧 𝑗1, 𝑗2

1

0

1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0,0  

point

0,0  

point
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CNN Average Pooling
▪ 2D average pooling equation

For 𝑝 = 2, and stride of 1,1 , we have

1

0

1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

𝑥 𝑗1, 𝑗2 = ෍

𝑘1=0

𝑝−1

෍

𝑘2=0

𝑝−1
1

𝑝2
 𝑧 𝑗1 + 𝑘1, 𝑗2 + 𝑘2

1/2

1 1 1 1/2

1 1 1 1/2

1 1 1 1/2

1/2 1/2 1/4 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0

0 0 0

0 0 0

⇒

𝑥 𝑗1, 𝑗2𝑧 𝑗1, 𝑗20,0  

point

0,0  

point 16



CNN Average Pooling with Stride
▪ 2D average pooling equation

For 𝑝 = 2 with stride of 𝑑1, 𝑑2 = 2,2 , we have

1

0

1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⇒

𝑥 𝑗1, 𝑗2 = ෍

𝑘1=0

𝑝−1

෍

𝑘2=0

𝑝−1
1

𝑝2
 𝑧 𝑑1 𝑗1 + 𝑘1, 𝑑2 𝑗2 + 𝑘2

1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0

𝑥 𝑗1, 𝑗2

𝑧 𝑗1, 𝑗2
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CNN Max Pooling
▪ 2D max pooling equation

For 𝑝 = 2 and stride of 𝑑1, 𝑑2 = 1,1 , we have

1

0

1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0

0 0 0

0 0 0

𝑥 𝑗1, 𝑗2 = max
0≤𝑘1<𝑝

max
0≤𝑘2<𝑝

𝑧 𝑗1 + 𝑘1, 𝑗2 + 𝑘2

⇒

𝑥 𝑗1, 𝑗2𝑧 𝑗1, 𝑗2
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CNN Max Pooling with Stride
▪ 2D max pooling with a stride equation

For 𝑝 = 2 and stride of 𝑑1, 𝑑2 = 2,2 , we have

1

0

1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

𝑥 𝑗1, 𝑗2 = max
0≤𝑘1<𝑝

max
0≤𝑘2<𝑝

𝑧 𝑑1 𝑗1 + 𝑘1, 𝑑2 𝑗2 + 𝑘2

⇒
1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0

𝑥 𝑗1, 𝑗2

𝑧 𝑗1, 𝑗2
19



Adjoint Gradients for CNNs
o Implementation of a CNN node

oThe fast adjoint gradient

oComputing the adjoint gradient for CNN nodes
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Backpropagation for CNN Nodes

▪ For each node you need two functions:

– Forward propagation function:

– Adjoint gradient function:

𝑧1 𝑓𝜃 𝑧

𝜃

𝑥 𝑥 ← 𝑓ሺ𝑧1, 𝜃ሻ
You need a software implementation 

of the forward function.

𝛿

𝑔 = 𝑔𝑤 , 𝑔𝑏

𝜖∇𝑓 𝑡
𝛿, 𝑔𝑤 , 𝑔𝑏 ← 𝐺ሺ𝜖, 𝑧, 𝜃ሻ

You need a software implementation of this 

function that multiplies 𝜖 by the adjoint gradient.

21



Gradient for Single Layer CNN

▪ Single layer NN:

– We will need the adjoint gradient w.r.t 𝜃 = 𝑤, 𝑏

– And, we will also need:

∇𝜃𝑓𝜃 𝑧 = ∇𝑤𝑓 𝑤,𝑏 𝑧 , ∇𝑏𝑓 𝑤,𝑏 𝑧

∇𝑧𝑓𝜃 𝑧

𝑤 ∗ 𝑧 𝑥𝑧

𝑏

𝜎 ⋅+

𝑓𝜃 𝑧 = 𝜎 𝑤 ∗ 𝑧 + 𝑏

𝑤
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Closer Look at the Adjoint Gradient

▪ Each node needs a function to compute the adjoint gradient:

▪ Conceptually, this is

𝑔𝑧

𝑔 = 𝑔𝑤 , 𝑔𝑏

𝜖∇𝑓 𝑡 𝛿, 𝑔𝑤, 𝑔𝑏 ← 𝐺ሺ𝜖, 𝑧, 𝜃ሻ

𝐴 = ∇𝑧𝑓𝜃 𝑧
𝐵𝑤 = ∇𝑤𝑓𝜃 𝑧
𝐵𝑏 = ∇𝑏𝑓𝜃 𝑧

𝑔𝑧

𝑔𝑤

𝜖

𝑔𝑏

𝐵𝑏
𝑡𝐵𝑤

𝑡

𝐴𝑡
Gradient with 

input

Gradient with 

filter weights

Gradient with 

offset weights
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The Fast Adjoint Gradient
▪ Conceptually, the adjoint gradient function computes this

▪ For input gradient, it computes

▪ Big Idea: Directly compute output without computing gradient!

𝐴 = ∇𝑧𝑓𝜃 𝑧
𝐵𝑤 = ∇𝑤𝑓𝜃 𝑧
𝐵𝑏 = ∇𝑏𝑓𝜃 𝑧

𝑔𝑧

𝑔𝑤

𝜖

𝑔𝑏

𝐵𝑏
𝑡𝐵𝑤

𝑡

𝐴𝑡

𝑁𝑦 × 𝑁𝑥

adjoint function 

gradient

𝐴𝑗,𝑖 =
𝜕 𝑓𝜃 𝑦𝑘 𝑗

𝜕𝑧𝑖

𝑁
𝑥

×
1

𝜖
 - erro

r v
ecto

r

=

𝑁
𝑦

×
1

𝑔
𝑧 - ad

jo
in

t 

g
rad

ien
t

You’re given 

this input
You need 

this output.

But do you really need to 

compute this huge matrix? No!
But how??
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Adjoint Gradient of Convolution w.r.t. Input

▪ Gradient of output with input:

▪ Adjoint gradient:

𝑤𝑖𝑧𝑖

convolution

𝑥𝑖

𝑤−𝑖𝜖𝑖

adjoint of 

convolution

𝑔𝑧 𝑖

Adjoint uses the 

time-reversed impulse response

𝑥𝑖 = 𝑤𝑖 ∗ 𝑧𝑖 = ෍

𝑗

𝑤𝑖−𝑗  𝑧𝑗  

So 𝑥 = 𝐴𝑧  where 𝐴𝑖,𝑗 = 𝑤𝑖−𝑗

𝜕𝑥𝑖

𝜕𝑧𝑗
= 𝐴𝑖,𝑗 = 𝑤𝑖−𝑗

𝐴𝑡
𝑖,𝑗 = 𝐴𝑗,𝑖 = 𝑤𝑗−𝑖

𝑔𝑧 𝑖 = ෍

𝑗

𝑤𝑗−𝑖  𝜖𝑗 = 𝑤−𝑖 ∗ 𝜖𝑖
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Adjoint Gradient of Convolution w.r.t. Weights

▪ Gradient of output with weights:

▪ Adjoint gradient:

𝑧𝑖𝑤𝑖

convolution

𝑥𝑖

𝑧−𝑖𝜖𝑖

adjoint to 

convolution

𝑔𝑧 𝑖

Autocorrelates 𝜖𝑗  with 

time reverse of 𝑧𝑖

𝑥𝑖 = 𝑧𝑖 ∗ 𝑤𝑖 = ෍

𝑗

𝑧𝑖−𝑗  𝑤𝑗  

𝑥 = 𝐴𝑤

where 
𝜕𝑥𝑖

𝜕𝑤𝑗
= 𝐴𝑖,𝑗 = 𝑧𝑖−𝑗 

𝐴𝑡
𝑖,𝑗 = 𝐴𝑗,𝑖 = 𝑧𝑗−𝑖

𝑔𝑧 𝑖 = ෍

𝑗

𝑧𝑗−𝑖  𝜖𝑗
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Adjoint Gradient of w.r.t. Input

▪ Forward function:

– The adjoint gradient ∇𝑧𝑓 𝑡𝜖 is given by

𝑓 𝑦 = 𝜎 𝑤 𝑗1,𝑗2 ,𝑖 
𝑗3 ∗  𝑧 𝑗1,𝑗2 ,𝑖 + 𝑏𝑗3 

𝛿𝑗1,𝑗2,𝑖 = 𝑤 −𝑗1,−𝑗2 ,𝑖 
𝑗3 ∇𝜎 𝑘1,𝑘2,𝑘3

𝑗1,𝑗2 ,𝑗3
𝜖𝑘1,𝑘2,𝑘3

𝑔𝑧

𝑔𝑤

𝜖

𝑔𝑏

𝐵𝑏
𝑡𝐵𝑤

𝑡

𝐴𝑡

Fast because it never computes 𝐴!
27



Adjoint Gradient w.r.t. 𝒃

▪ Forward function:

– The adjoint gradient ∇𝑏𝑓 𝑡𝜖 is given by

𝑓 𝑦 = 𝜎 𝑤 𝑗1,𝑗2 ,𝑖 
𝑗3 ∗  𝑧 𝑗1,𝑗2 ,𝑖 + 𝑏𝑗3 

𝑔𝑏 𝑗3
= 𝟏𝑗1,𝑗2 ∇𝜎 𝑘1,𝑘2,𝑘3

𝑗1,𝑗2,𝑗3
𝜖𝑘1,𝑘2,𝑘3

𝑔𝑧

𝑔𝑤

𝜖

𝑔𝑏

𝐵𝑏
𝑡𝐵𝑤

𝑡

𝐴𝑡

Note: 𝟏𝑗1,𝑗2 = 1 for all 𝑗1 and 𝑗2 28



Adjoint Gradient w.r.t. 𝒘

▪ Forward function:

– The adjoint gradient ∇𝑤𝑓 𝑡𝜖 is given by 

𝑓 𝑦 = 𝜎 𝑤 𝑗1,𝑗2 ,𝑖 
𝑗3 ∗  𝑧 𝑗1,𝑗2 ,𝑖 + 𝑏𝑗3 

𝑔𝑤 𝑗1,𝑗2,𝑖,𝑗3
= 𝑧 −𝑗1,−𝑗2 ,𝑖 ∇𝜎 𝑘1,𝑘2,𝑘3

𝑗1,𝑗2 ,𝑗3
𝜖𝑘1,𝑘2,𝑘3

𝑔𝑧

𝑔𝑤

𝜖

𝑔𝑏

𝐵𝑏
𝑡𝐵𝑤

𝑡

𝐴𝑡
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